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ABSTRACT. In the present article, we prove the sharp local well-posedness and
ill-posedness results for the “good” Boussinesq equation on T; the initial value
problem is locally well-posed in H~1/2(T) and ill-posed in H*(T) for s < —31.
Well-posedness result is obtained from reduction of the problem into a quadratic
nonlinear Schrédinger equation and the contraction argument in suitably mod-
ified X*° spaces. The proof of the crucial bilinear estimates in these spaces,
especially in the lowest regularity, rely on some bilinear estimates for one dimen-
sional periodic functions in X*° spaces, which are generalization of the bilinear
refinement of the L* Strichartz estimate on R. Our result improves the known
local well-posedness in H*(T) with s > —2 given by Oh and Stefanov (2012) to
the regularity threshold H—!/ 2(T). Similar ideas also establish the sharp local
well-posedness in H~!/ 2(R) and ill-posedness below H —1/2 for the nonperiodic
case, which improves the result of Tsugawa and the author (2010) in H*(R) with

5> —% to the limiting regularity.

1. INTRODUCTION

We investigate the following initial value problem for the “good” Boussinesq equa-
tion (GB):

020 — 02v + Otv + 9%(v?) = 0, (t,x) € [-T,T] x Z, (1.1)
v(0,2) = vo(z), Ow(0,2) = vy (x), '

where Z = Ror T := R/27Z. The unknown function may be real-valued or complex-
valued. The principal aim of this article is to establish the sharp well-posedness and
ill-posedness results for (1.1) in Sobolev spaces.

In the 1870’s, Boussinesq proposed some model equations for the propagation of
shallow water waves as the first mathematical model for the phenomenon of solitary
waves which had been observed by Scott-Russell in the 1840’s. One of his equations
may be written in the form

Otv — 0%v — Otv + 92(v?) = 0, (1.2)

which we call “bad” Boussinesq equation in contrast with (1.1). In fact, (1.2) is
linearly unstable due to the exponentially growing Fourier components, though it has
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a Lax pair formulation and admits the inverse scattering approach ([23, 4]). These
equations arise as a model for the nonlinear strings ([23]), while the Boussinesq type
equations of “good” sign also arise in the study of shape-memory alloys ([5]). It is
also known that solutions to GB may blow up in finite time ([10, 21]).

Let us review some of the known results on the local well-posedness (LWP) of
(1.1) in Sobolev spaces. The first result may go back to Bona and Sachs [2], who
applied Kato’s theory of quasilinear evolution equations to establish LWP for initial
data (vo,v1) in, roughly speaking, H*(R) x H*?(R) with s > 2. They also showed
the nonlinear stability of solitary wave solutions to (1.1) which leads to the global
existence of solutions close to a solitary wave.

Note that (1.1) is formally rewritten as

sin(ty/—02 + O%)

v (1.3)

t —5’2
+ in((t —t')\/—02% + 04) ——=2—v*(t') dt’,
[ st = )/=22 30 )

in which the loss of two derivatives in the nonlinearity is totally recovered. Thus,

v(t) = cos(ty/—02 4+ 0%)vy +

one expects that the Strichartz type inequalities are effective for lower regularities.
Linares [16] exactly did that and showed LWP of (1.1) for roughly (vg, v1) € L*(R) X
H%(R). We see that the difference of regularities between vy and v; is natural from
the viewpoint of the integral formulation (1.3).

Now, we recall the relation between (1.1) and quadratic nonlinear Schrédinger
equations mentioned in [15]. Consider the real-valued case for simplicity (for the
complex-valued case we refer to [15]). Putting u := v + (1 — §?)~'d;v, the Cauchy
problem (1.1) transforms into

{i@tu+6§u: (u—1a) — W (u+a)3,  (tz)el[-T,T]xZ, (1.4)

1
2
u(0,2) = uo(x),

where the unknown function is complex-valued and

—0?
w? = 1_32, ug = vo +i(1 — 02) ;.

We can recover (1.1) from (1.4) by putting v := Ru, (vg, v1) := (Ruo, (1 — 0%)Suy).
The mappings

H(T;R) x H2(T;R) > (vg,v1) — ug € H¥(T; C),
C([0,T); H*(T;R)) N CH([0, T}; H**(T;R)) 3 v u € C([0,T]; H*(T; C))

are bi-Lipschitz, so LWP of (1.1) in H® x H*™? is equivalent to that of (1.4) in

H*. Since the term %(u — @) in (1.4) is harmless, the “good” Boussinesq equation

can be regarded essentially as the nonlinear Schrodinger equation with nonlinear-
ity w?(Fy(u,u) + Fy(u,u) + F3(u,u)), where Fi(u,v) = uv, Fy(u,v) := uv, and
F3(u,v) = uv.
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7 Quadratic Schrodinger equations (1.5) “Good” B ) ) 1
Fi(w, ), Fy(w,u) ‘ F(w, u) 00 oussinesq equation (1.1)
Bilinear estimate in X** (b > 1)
R| s>—3][11] s> —1 [11] s> —1 [7]
T s> —2 [11] s >0 [3] s> —1 (8]
Local well-posedness in H* (in H* x H*™2 for (1.1))
R| s>—1*[1,12] s> —1 " [15] s> —1 [15]
T s> —2 [11] s>0*[3] s > —3 [20]

TABLE 1. The best known results on the local well-posedness of (1.1)
and (1.5). * indicates the optimality of these results in the sense that
the data-to-solution map fails to be continuous below these regularity

thresholds.

The initial value problem of quadratic nonlinear Schrodinger equations (qNLS)

{ O+ Ou = Fi(u,u),  (t,x) € [-T,T] x Z,

w(0,z) = up(z) € H(Z),  j=1,2,3 (1.5)

has been extensively studied since Bourgain [3] introduced the X** norms (see (2.2)
for the definition). When we apply the X** norm method (i.e. Picard iteration
method using the X*° norms), LWP of (1.5) in H* is often reduced to some bilinear
estimate in X*°, typically as follows:

15 0)

Xs,b—1 5 Hu‘ Xs:b ‘U‘ Xsb*

(We usually take b such that § < b(< 1) to keep the X** norm stronger than
L HS.) Also for GB, the X*® norm method has provided substantial progress in low
regularity theory. See Table 1 for the best known results on the local well-posedness
of (1.1) and (1.5). The result of Fang and Grillakis [6] applied the argument of
Bourgain to the case of (1.1) on torus and proved LWP in L? just the same as
the best regularity obtained for (1.5) with nonlinearity F,. (Results on GB should
be compared with the worst results on gNLS among Fj’s, since the nonlinearity in
(1.4) includes all of them.) Similarly, Farah [7] and Farah, Scialom [8] successfully
adapted the argument of Kenig, Ponce, Vega [11] for qNLS in the R case and the T
case, respectively, obtaining LWP in H® x H*™? with s > —}1 in both cases. These
results in [11, 7, 8] are the best that one can show by the standard iteration argument
in X*, because the bilinear estimates in X** (with b > ) fail if s is lower than
these thresholds.

It is worth noting the difference between (1.1) and (1.5): Concerning the bilinear
estimate, the required regularity for T is %1 worse than that for R in the results on
gNLS, while there is no difference in the results on GB. To explain this, we should
note that the worst nonlinear interaction which breaks the bilinear estimate in X*? is
of high x high — low type, i.e., the interaction of two components in high frequency
{€| > 1} brings component in low frequency {|¢] < 1}. The contribution from low
frequency is severer on torus than on R, which explains the difference of required
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regularities between R and T in the case of qNLS. However, the additional operator
w? in GB acts as 92 in low frequency and reduces significantly (completely, in the
torus case) the low frequency component. That is why the difference becomes less
clear in GB.

Lack of the bilinear estimate in X*°, however, does not necessarily imply ill-
posedness of the problem. For instance, there may be a chance that one can recover
the bilinear estimate by changing function spaces. In fact, Bejenaru and Tao [1]
introduced a suitably modified X*° space for the problem (1.5) on R with nonlin-
earity F, which captures the worst nonlinear interaction in this case and restores
the bilinear estimate, extending the previous result in [11] from s > —% tos > —1.
They also provided a general machinery to show ill-posedness, and actually obtained
the ill-posedness of this problem for s < —1. Their ideas were refined further by
the author [12] to give the same conclusion for the case of another nonlinearity Fj,
and also appeared in the work of Tsugawa and the author [15] treating (1.5) with
nonlinearity F5. The idea of modifying X*? is also effective for GB, and the previous
LWP results for (1.1) on R was improved in [15] to s > —3i. On the other hand,
a different approach was recently taken by Oh and Stefanov [20] to push down the
regularity threshold for GB on T to s > —%; they applied the method of normal
forms to show that the Duhamel part of the nonlinear solution is much smoother
than the free solution.

In this article, following [15], we shall perform more refined modification of the
X*® norms and establish the sharp LWP results for GB on both R and T. The main
result is as follows.

Theorem 1.1. Let Z be R or T. Then the initial value problem (1.4) in H*(Z) is
locally well-posed for s > —% and ill-posed for s < —%. More precisely, we have the
following.

(I) Let —; > s > —5. Then, for any r > 0 and any ug € H® with |Jue|/gs < r,
there ezists a solution u € C([=T,T|; H®) to the integral equation associated to
(1.4) with the existence time T = T(r) > 0. Moreover, the solution is uniquely
obtained in some Banach space W3 embedded continuously into C([-T,T]; H*), and
the data-to-solution map from { uy € H* | luollms <7} to Wi is Lipschitz.

(1I) Let s < —%. Then, there exists Ty > 0 such that for any 0 < tq < Tgy the
flow map of (1.4), ug € H™Y? = u(ty) € HY? (defined in (I) for sufficiently small
data), is not continuous at the origin as a map on H®.

Concerning (I), the definition of the function space W3 (modification of X**) for
the periodic case with s > —3 will be essentially the same as that for R given in [15].
Proof of the key bilinear estimate, which will be given in Section 4, is also simple,
based on some well-known estimates such as Bourgain’s L* Strichartz estimate [3]
and the Sobolev embeddings. The limiting case s = —% is much more difficult to
deal with, and we will have to refine further the definition of the function space and

exploit some estimates including gain of derivatives.
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For (IT), we follow the argument in [15] which showed the ill-posedness for gNLS of
F, type below H~Y*. This kind of argument was previously established by Bejenaru
and Tao [1] in more abstract settings, as mentioned above. They showed that one
can upgrade discontinuity of one of the Picard iterates to discontinuity of the whole
nonlinear solution map, in some special situations. It should be emphasized that, in
such situations, the LWP estimates for the limiting regularity (s = —% in our case)
should be required for ill-posedness below that regularity. In fact, we will show the
discontinuity (unboundedness) of the second iterate for the problem and apply the

1

argument mentioned above, but it is not possible without LWP for s = —3.

As a corollary of Theorem 1.1, we establish the sharp LWP and ill-posedness of
(1.1).

Corollary 1.2. Let Z be R or T. Then the initial value problem (1.1) in H*(Z) x
H*72(Z) (real- or complez-valued) is locally well-posed for s > —2% and ill-posed for

L 2
s < —35-

The paper is organized as follows. In the next section we will define the function
spaces and show the required estimates except for the bilinear estimate. Proof of
Theorem 1.1 (I) will be also given. In Section 3, we will prepare some modified
version of the L* Strichartz estimate for periodic functions. We will give a proof of
the crucial bilinear estimate, for the case s > —% in Section 4 and for the limiting
case s = —% in Section 5. Finally, a proof of Theorem 1.1 (II) will be given in
Section 6. Appendix A will be devoted to the proof of some estimate which we will
use to derive the uniqueness of solutions.

2. PRELIMINARIES

We begin with the scaling argument. When (¢, z) solves (1.4),
u(t, x) = AN 2u(ATH AT ), A>0
solves the following rescaled initial value problem:

Ot + 02ut = I — ud) — L (ut +ur)?, (tx) € [-N2T, AT x Z),
{ w0, 2) = ud(z) € H*(Z))

(2.1)
with u)(x) := A%ug(A '), where Zy = Rif Z = R and Z, = T := R/(2r)\Z) if
Z =T. We have also used the notation
)\2&-2

14 A2¢2 Fo-

wi:]—"gl

For the torus case, we define the Fourier coefficients of a 2w\ periodic function ¢ in
the usual fashion as

27
Foop(k) = \/12?/0 e y(x)dr, k€ Zy:=T/\
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Zy is equipped with the normalized counting measure and for f : Z, — C,

ey = > lfte k)P

|’¢‘ He(Ty) " H<k>s}—x Hzg(zk)’ () =+
A simple calculation shows that if s < 0, we have
g ] He(zy) SN " 3/2Huo} H5(Zy)

for A > 1. In the following, we treat 0 > s > —% and construct solutions to

the rescaled problem (2.1) with A > 1 on the time interval [—1,1] for initial data
sufficiently small in H*(Z)).

The X*° spaces for spacetime functions u(t,z) on R x Z, is defined via the
following X ** norm

H“l XSb(RXZy) H (T + fQ}bﬂHLg(z;;LZ(R))’ (2.2)

where u = F, ,u denotes the spacetime Fourier transform of v and Z; = R or Z,.
Also define the Y*® spaces by

ys T H@ SaHLgL;'

Now, we define the space W*, which is modification of X*° by the following norm

el = [[Prersensigyull e

>8> ——

AN

for —

+ HP{ T+HELZ }u‘X5+10+ ”P{ T+E2)>>(€)
[ ||P{<r+s2>s<s>}“HX71/z,1
+{[Puosirrensierytl ximo

" MZl;iyadic 1P reranngrrenzion @l xvze + [ Prensigmtlly-ves

where we denote by Py, the spacetime Fourier projection onto a set 2 C R x Z3.

Remark 2.1. In [15] we have used similar spaces defined by

zs T HP{<T+52>5<5>}“| X

1>S>—1
2

+|Purrenzienytl xumoe T 1 Prrensontly =3

for the nonperiodic case.

For T' > 0, define the restricted space W7 by the restrictions of distributions in
We to (=T,T) x Z, with the norm

lellyy, = inf LTy

This notation will be used for various function spaces of spacetime functions.

U € W?¥ is an extension of u to R x Z }

These spaces obey the following embeddings.
Lemma 2.2. For —1 > s> —1 and 0 < <1 with (s,0) # (=3, 1), we have

Xs’l, Xs+9,1—9 N YS < Ws SN XS,O N Ys.
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Proof. W* — X% is trivial by the definition. For W* — Y* it suffices to show

Xs+1,0 + ||P{(T+§2>§N}UN‘

| Prengvnun |y S || Pivsirrensaeyun] Xo1

for each dyadic N > 1, where uy := Pye~nyu. This follows from the Cauchy-
Schwarz inequality as follows:

. < (N2 1/2||P{N<(7—+§2>N2}UN|

~ || Pivgirren saeyun|

| Piveiriens oo

Xs+1,07

> || Pyrreyearyun
1<M<N

S X M| Pyryeyannun|
1<M<N

v S 2 M1/2||P{<T+g2>~M}UNHXS,O
1<M<N

ol S (ZM )2 || Prirsery<yun|

Xs1

S| Pirreny svyun| o

We next consider Xst01-9nYys < T/, This immediately follows from the defini-
tion if s > —=. For s = —3, it suffices to observe that the Cauchy-Schwarz inequality
implies

3 1P renanaiesenziony vl e
5 Mz HP{<7+£2 Y~ MIN{(T+E£2) 2 2}“||x—1/2+0,<1—9>/2
S ]\/[Z>1M 1 9 / HP{ T+§2 NM}Q{<T+£2> < 2}UHX*1/2+9,170

= LY

The above proof also works in the case of # = 0. Then, X*! < W?* follows from
X1 < Y which is easily verified by the Cauchy-Schwarz inequality in 7. O

The integral equation associated with the initial value problem (2.1) is
192 t ; AY-Y
u)\ (t) — eltazuéx _ 7//> ez(t—t )8ZF>\ (t/) dt/,
0
where
rvo_ Lo = Lo e
F ::5)\ (u* —u )—L—lw/\(u + ur)”.

To solve this on the interval [—1, 1], we take the same approach as [13] and consider
the following equation:

uMt) = Pt uf + TFA1),
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where ¢ : R — [0,1] is a smooth bump function satisfying 1;_1,1) < ¢ < 1[5 and
1 denotes the characteristic function of €2,

o0

t )\ t"
TP = e [ P <T+£>; Dt + )" ar
+_ zt@zf /F/\ (_'7_'2—2>£2> dr

1—9(r + 52)}
i(r+&)

We observe that ZF? is actually an extension to ¢t € R of the inhomogeneous part
in the integral equation on t € [—1,1]. Note that we do not put #(¢) on the third
term. This is due to the fact that it seems difficult to show the stability of our space
W~1/2 with respect to time localization, namely, ||1/(t)u|ly-1/2 < ||ully-1/2. For the
case s > —%, it turns out that our space has this property, and we may consider the
usual equation

—iF P 7€)

t
i 2 . 2
A0 = v — iwle) [ SO ar,
0
similarly to the nonperiodic case [15].
For convenience, we define the following spacetime Fourier multipliers
J = FNO F A= Fl v ) F
for o € R. Homogeneous and inhomogeneous linear estimates are stated as follows.

Lemma 2.3. Let A\ > 1 and —}1 > 5> —%. Then the following estimates hold with
constants independent of \.
) [ ud]lye < 11l ey l6d)]
(i) [[ZF |y S [IA7 Ay

H9(Z5) for any n € S(R).

Proof. (i) From Lemma 2.2, we see that

[n@®e* gy < [ gon = € + ) Fnlr + ) Fug©)| 2,

= ¢l o]
(ii) For the first and the second terms in ZF* we note the support property of
This is
sufficient for the claim since W* < Y*® from Lemma 2.2. The estimate for the third

¥ and apply the same argument for (i), obtaining the bound HA‘lF ’\‘

ys®

term follows directly from the fact

= 1—y(r+ &%) -1,
2 ———== < N R . 0
(r o S 4 ) IR
As discussed in [15], linear terms in the right-hand side of (2.1) is negligible when
A is sufficiently large. This can be seen from the following lemma.

Lemma 2.4. For A > 1 and — > s> ——, we have

HA‘IUAHWS Sl LT Sy (7| P
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Proof. Tt follows from the embedding W* — X®*0 (= AX®!) < AWW?® given in
0

Lemma 2.2 and Hﬁ‘ = Hu)‘}

Xs,0 Xs,0°

Now, we state the key bilinear estimate, which will be proved in Sections 4-5.

Proposition 2.5. Let A > 1 and —} > s > —3. Then, we have

1At @ oMy S Cs [ g0
—25-1/2 1 1
Cs(N) = § 1/2 for ! >1S =T
(log(1+ X)) for s=—7.

If w* is replaced by u™ or uMv>, then the above estimate holds without Cy()).

Finally, we employ the argument of Muramatu and Taoka [19] to prove the unique-
ness of solutions in W7. This approach, also previously taken in [12, 13], is effective
especially if the resolution space is not a simple X*° space but modified in a com-
plicated way. Note that the simple scaling argument used in [15] to establish the
uniqueness for the nonperiodic case with s > —% cannot be applied the limiting
regularity s = —%.

The following proposition is the key for our argument. It was essentially proved
in [13], Lemma 4.2, employing the result of [19], Theorem 2.5. However, we will give

a complete proof in Appendix A to keep the article self-contained.

Proposition 2.6. Let Z be either R or T¢ := RY/(27A\Z)? for d > 1, A > 0.
Let s € R and X*° be a Banach space of functions on Ry x Z, with the following
properties:
(i) S(R x Z) is dense in X*,
(i) X*(R x Z) — X* — Cy(R; H*(Z)) for some b > §
(i) X*"¥'(R x Z) < X* for some s' € R and 1 <V < 1.
Suppose that a function u € X*® satisfies u(0,-) =0 in H*(Z). Then, we have

= 0. (2.3)

lim ‘
T—+0

From Lemma 2.2, we have X%! «— W* «— Y* and XHoinys — we. Then,
since Y* < Cy(H*) and X*T11 < Y*, we see that our space W* (—3>s>-3)
satisfies the above properties (i)—(iii).

We are in a position to prove the local well-posedness for (1.4).

Proof of Theorem 1.1 (I). We only consider the case s = —z for simplicity. We first
show that the map

t
Dy vt e”&gué‘ — z/ e"(t’tl)agF’\(t') dt’
0

yUp

associated with the rescaled problem (2.1) is a contraction on a ball in Wfl/ 2N
is sufficiently large and |lud||-1/2 is sufficiently small. By Lemmas 2.3, 2.4, and
Proposition 2.5, there exists Cy > 1 independent of A such that

N T e P [ P S [ [y
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—1/2
for u* € W /? and

H(I)A,ua (u) — @A,uo HW 1/2

< (32| -

Mlyarn + X2y [ o) o = 2y )

for u*,v* € Wi /% Therefore, if A2 > A2 := 4C, and ||[ud||g-12 < (4C)"2A~Y/2,
the map @, ,» will be a contraction on { u* € w2 ’\HW 12 < (4Co)TIATY2 Y,
giving a solution u* to (2.1) for this initial datum u} on the time interval [—1,1].
Lipschitz continuity of the map ug + u* is easily verified in a similar manner.

Next, consider the original problem (1.4) with initial data ug satisfying ||uo|| g-1/2 <
roIfr < (4C)2M\%, then we have [[ud? || g-1/2 < g |uoll -1z < (4Co)~2Ag"* and
obtain a solution uAO to the Ag-rescaled problem on [—1, 1], thus obtain a solution
u to (1.4) with existence time T = A;%. If (4Co) 2M\% < r =: (4Co)2A\(r)/2, we
solve the A(r)-rescaled problem on [—1,1] in the same way to obtain a solution of
(1.4) with 7' = A(r) 2

Finally, we show the uniqueness of solution. Assume that v and v are solutions

[

o (1.4) with the common data wuy and the common existence time Tp, and that
both of them belong to WT_Ol/Z. Then, u*(t,z) = A 2u(A7%t,\"'z) and v* are
solutions to the A-rescaled problem (2.1) with initial data uy(z) := A2up(A\'z).
Applying Lemma 2.4 and Proposition 2.5 to the integral equation, it follows for
0 < T < min{l, \*T} that

o = s < o (A2 A s+ A2 ) =

(2.4)
From Lemma 2.3, we sce that
N[y mare < N2t = e mave + AV 0o
< N2 = s+ O e
Since (u* — €% up)|,_, = 0, Proposition 2.6 implies that [|u* — e/*%u e — 0 as

T — 0. Now, for given ug we choose A = A(||ug||g-1/2) > 1 sufficiently large so that

N 4+ 200N g e < 7

and choose T'= T'(A\, u,v) > 0 so small that

oo oo 1
Y2((|, A _ itd?, A A itd2, A
CoA / (Hu —e UOHW;I/Q + HU e UOHW;UZ) < T
Then, (2.4) yields [|u* —v*|,-1/2 = 0, so we conclude that u(t) = v(t) for —A7*T <
T
t < X72T. If \=2T = Ty,, then the claim follows. If not, the coincidence on the whole

interval [—Tp, Tp] is obtained by a continuity argument. O
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3. REFINED BILINEAR L* ESTIMATES FOR PERIODIC FUNCTIONS

In this section, we prepare some bilinear refinement of the L* Strichartz estimate.
Let us begin with the following.

Lemma 3.1 (Bilinear L* estimate). Let b,b' € R be such that
b>1% V>4, b+d >3
Then, we have

levll iz S el o l[ol] o
In left-hand side, uv can be replaced by uv or uv.

If we take b =0V = g, then Lemma 3.1 becomes equivalent to the well-known L*
estimate of Bourgain [3] stated as [Jul[rs < [[ullxos/s. In fact, we will always use it
with b =0 = 2 in this article. We give a proof in the following, but a similar proof
can be found in [22], Proposition 2.13.

Proof. For a dyadic number M > 1, we write uy; to denote the restriction of u to
the frequency dyadic region { (1,8) ERXZS | (T + &) ~ M } Then, the Plancherel
theorem and the triangle inequality imply

leoll,, < 2 Juanvasl|
t,x >1 t,x

2 1/2
~ 3 (/ de§> :
Ml,MQZI RXZ;

(If Z5 = Zn, [, 5 f(7.€)dTdE means + > [o f(7,k)dr.) By Cauchy-Schwarz in-
A kEZy

equality in (71,&;), this is bounded by

1/2
s (o yo ) s [l
My, Mz>1 T,£)ERX Z5 { 7'1"'€1N 1 } 7€ ™€

(T—m1+(§—&1)%)~M2
Let us estimate the integral. The quantity

(71‘1‘53)"‘(7'—71‘1‘(5—51))—74‘ + 3(6 — 26)? (3.1)

is bounded by max{M;, My} whenever (71,&;) is in the integral domain. This
implies that, for fixed (7,§), & is restricted to at most two intervals of measure
O(max{M;, M,}'/?). On the other hand, if we also fix &, then 7, is restricted to a
set with its measure O(min{M;, Ms}), so we obtain

S max{M;, My} min{ M, Mg}l/zHuMlHLz HUM2HL2

My, Ma>1

/ Un, (11, 61) 0, (T — 71, € — &1) dT1déy
Rx Z*

as a bound of [luv]|.z .
We may restrict our attention to the case M; > M, by symmetry and estimate

N1/4 1/21|7 It
> (MM MY [anae | [Pl
M,M’>1 7€ 7€

_ Z MI(1/4=b) Zle M3/4_b_bl((MM/)b||ﬂMM/

M'>1

) ).
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Applying Cauchy-Schwarz inequality in M and then summing over M’, we finish
the proof. O

The following Lemmas 3.2-3.5 are modified bilinear L* estimates for periodic
case which provide % gain of regularity. These estimates should be of independent
interest; compare them to Lemma 3.1, which has no regularity gain.

This type of smoothing effect is well known in the nonperiodic case. For instance,
we can show that

I [[ 46 - €= 0, 6000 — 106 - €)1y s S el ol

for b > % (see e.g. Corollary 2.3 in [9]). In the periodic setting, such a ‘dispersive
smoothing effect’ is not available in general. However, we can still capture the same
type of smoothing effect if functions are restricted out of an ‘exceptional’ frequency
region. On the other hand, there seems to be no way to gain regularity with respect
to x in this exceptional region, but such region is sufficiently small so that we can
gain enough regularity with respect to t. Even in the periodic case, these refined
estimates enable us to make arguments close to those for the nonperiodic problem.

Estimates of similar spirit are found in the paper by Molinet ([17], Lemma 3.4),
who treated the KdV and the modified KdV equations. See also a result of the author
([14], Lemma 2.5) for higher dimensional cases. The feature of our estimates is that
we specify ‘exceptional’ frequency set where the dispersive smoothing vanishes, and
separate it from unexceptional region in the estimates.

Lemma 3.2. Let A\ > 1 and

Dyo= { (1,k, 1, k) € (R X Z3)? | By — (b — k) + (/2(=7 — 3k2)| < A7

ki — (k= ky) — /2(—7 — 1k2)

1 ~ ~
I5 = [ k= (k- k)2 Lagers (7, ke, 71, k() )O( — 1,k — ko) Y P

ki1€Zy JR

< MMl
t,@

or <\ }

Then, we have

UHL%@, (3.2)

1 ~ ~
HX 1A1ﬂF1(7—7 k, 1, lﬁ)u(ﬁ, k’1)U(T — 71,k — kl) dTlegm
R T

k1€Z
<\T2 min{Mll/Z, M21/2}||UHL§QE”U”L§J’ (3.3)

where My, My > 1 are dyadic numbem: and |

A= {(r. k7, k) | (i + kD) S My and (1 —71) + (k — k1)*) S M }.

Proof. Similarly to the proof of Lemma 3.1, (3.2) and (3.3) are reduced to the
estimates

1
sup  ~ >, [ (k1 — (k= k) Layarg (7, b, 7o, ki) e S My Mo (3.4)

(T,k)ERXZ)\ k1€Z\J R
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and

1 _ .
sup N Z 1A1ﬂl—‘1 (7—7 k77—17 kl) dTl 5 )\ ! mln{M17 M2}7 (35)

(T,k)ERXZA k1€Z\JR

respectively.
We fix (7, k) and exploit the identity (3.1) again. In A; NI, it follows that
O(maX{Ml, MQ}) = ‘(k’l - (lf - kl))Q + 2(7’ + %kﬁQ)‘

> )\~ max{‘k:l — (k= k) + (/2(—7 — 12)

’1/2

k’l — (]C — k’l) — 2(—7' — lk’Q)

2

}

> AT 4 5k
Consider the following two cases.
(i) max{M, Mo} 2 |7 + 3k?. In this case, (ki — (k — k1))* is bounded by
O(max{M,, M}), so we have

1
2 [ (k= (k= ki) Layerg (7, b, 71, k1) d

A k1€Zy JR

. 1
S min{My, My} > (k1 = (k — k1))
k1€Zy; (k1—(k—Fk1))?
=O(max{Mi, M2})

S min{Ml, Mg}maX{Ml, MQ} = Mle.

This proves (3.4).
(i) A7 + 1K2V2 < max{M;, Mo} < |7 + 1k?|. We may assume 7 + 1k < 0.
It follows that
ey — (k — k1) = 12(7 + 3E2)Y2 + O(|7 + $K°| 72 max{M,, My}).

Since |7+ 1k2|~V2 max{M;, M,} = A~', the number of k; € Z, satisfying the above
condition is comparable to Al + 1k?|7/2max{M;, M}, and such a k; satisfies
k1 — (k — k1)| ~ |7 + 3Kk*|'/2. Hence, we obtain the same bound, and then (3.4).
For (3.5), it is sufficient to observe that I'; contains only an O(1)-number of k;’s
for each (7,k). O

Lemma 3.3. Let A\ > 1 and
Ty = {(1.k, 71, k1) € (R x Z\)* | |7 — k* + 2kky| < A7k .

Then, we have

H|k|1/21 > Laperg (7, ks k(K )o(m — 7k — k) dn|
A kiezy JR o
< Ml ol (59)
Ik Ly (7. b, 7, k)T, b )B(r = 7 ks = R) |
k1€Z) JR M

< A1/2 min{Mll/Q, le/Z}HUHL?I HU”L?,/ (3.7)
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where My, My > 1 are dyadic numbers and
A2 = { (7', k,Tl, kl) | <7'1 + k%> 5 M1 and <(7'1 — 7') + (kl — k)2> 5 MQ }

Proof. We may consider only the case of k£ # 0 in the left-hand side of (3.6) and
(3.7); otherwise, they are trivial. As before, it suffices to show

1
sup k|5 >0 [ Lagnrg(7, k71, k) dm S MMy (3.8)
(7,k)ERXZ k1€Z\JR
and
1 _ .
sup — Z 1A20F2<T7 ]{Z,Tl,kl) d7'1 SJ A 1II1111{M1, Mg} (39)

(T,k)ERXZ/\ k1€Z)\JR

Following the proof of Lemma 3.2 and using the identity
(i+ kD) = (= 7+ (ky — k)*) = 7 — k? + 2kky
instead of (3.1), we see that

T—kQ max{Ml,Mg}

ky = ok +O( k| )7
which yields (3.8). Eq. (3.9) also follows similarly to (3.5) in the proof of Lemma 3.2.
OJ
Lemma 3.4. Let A > 1 and
Ay = { (7, k, 71, k1) € R X Zy)? || — kT + 2k k| < A7k
Then, we have
1 ~ ~
> /|k1|1/2131m§(7, o, k)i, k)3 — 1k — k) d| e
ki€zy JR kT
< MM full ol
1 ~ ~
||X IBlﬂAl (T7 ka T1, kl)u(Tb k1>U(T — T, k— kl) dTl ||Z2L2
k:1€ZA R kT
SN min{MY2, MY ul] e o]l
where M, My > 1 are dyadic numbers and
By = {(1,k, 71, k1) ‘ (T+K)SMand (1 —71) + (k— k1)*) S Ms }.
Proof. The claim comes down to Lemma 3.3 through a duality argument. 0

Lemma 3.5. Let A > 1 and

AQ = { (T,k,Tl,k'l) € (R X Z)\>2 } ‘]{7 — (k’l — k’) + 2(—7'1 - %k%) S )\71

or ‘k (b — k) — /2= — 2k2)| < A1)
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Then, we have

||* Z (k’l — k)>1/2lBgﬂAg(Ta k}77'1, kl)ﬂ(ﬁ, kl)'ﬁ(ﬁ - T, ]{31 — ]C) dTlHZ2L2
k‘lEZA ]R T
< MY | lo
B> | Lo (7 ks kim0 )3 — 70k = ) d|
kT

k1€Z)\
—1/2 - 1/2 1/2
<A V2 min{ MY2, M, }HuHL% H’UHL? :
,T ,T

where M, My > 1 are dyadic numbers and
By = { (1, k, 71, k1) ‘ (T + k2 <M and (11 — 7) + (k1 — k)?) < M, }
Proof. Again by duality, the claim is reduced to Lemma 3.2. U

Lemmas 3.2-3.5 can be regarded as the extension of the following nonperiodic
modified bilinear L* estimates. We note that the above estimates for 2w\ periodic
functions contain A\ as a parameter and formally converge to the corresponding
estimates stated below as A — oo. The argument in the proof of Lemmas 3.2-3.5
can be naturally adjusted to the nonperiodic case, so we will omit the proof.

Lemma 3.6. The sets Ay, As, Bi, and By are the same as in Lemmas 3.2-3.5.
Then, we have the following estimates for spacetime functions u, v on R x R,

I /R a—(e- ENY2 10, (7, €, 70, §0)i(r1, &)B(r — 71,€ — &) dndé ||,

+ [llgr / 1,767, &), £)0(n — 7.6 — &) dndéal|

S MMl [0l

|| / ‘€1|1/2131 (7—7 57 T1, §1>ﬂ(7—17 51)5(7 - 7—175 - 51) dTldngLﬂz_yg

+ ||/ g _f > 2 le(T 5 717£1> (7—1751)@/(7—1 _7—751 _f) dTldngLi5

< Ml/Qle/QHUH%H“HLE,;

4. BILINEAR ESTIMATE FOR s > —l

In the case of s > —3, Proposition 2.5 can be established by the Hélder, the
Young inequalities and Bourgam s L* estimate (Lemma 3.1). Hence, in the most
part of the proof there is no difference between the periodic and the nonperiodic
cases. We will concentrate on the case of T, and the same argument gives another
proof of LWP on R obtained in [15] (see also Remark 4.1 below).
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Proof of Proposition 2.5 for s > —%. We show only the estimate for uv; the other
cases are treated similarly, as to be mentioned at the last part of the proof.
For a set Q C (R x Zx)z, define a bilinear operator (u,v) — Bq(u,v) by

BQ( )(7' ]{3) 27T)\ Z 19(7',/{3,7'1,]{71) (7'1,]{31) (T—Tl,]{? l{?1>d7'1

k1€Zy) JR
= Z 19(77]{,7—17kl)ﬂ('rl;kl)g(ﬁ_T>k1_k)d7—l'
27T>\k1€Z)\ R

Note that B(rxz,)2(u,v) = uv.
First of all, we assume , v > 0 without loss of generality. Since w} acts as Prrzoy,

P 4 —_—~—

we can decompose the domain of integral as w3 (uv) < > Bq,(u,v),
=0

Qo= { (7, k, 71, k1) € RXZ\)?||ka| S1or|ky— k| S 11,
Q= {(r,k, 1, k1) € (R X Zy)?* |1 S k| S Jky — k| ~ |K] },
Q= {(Tk‘ﬁ, 1)G(RXZ)\)2|1§|/{:1—k,‘|,§|k‘1|~|/€|},
Qs = { (1,k, 71, k1) € R x Z,))* |1 S |k| < |ka| ~ [k — K] },
Q= {(r,k, 7. k1) € RxZ)? [ A" < k| <1< |ka| ~ [k — K] }.

In the following, we will show that

ZHA 'Ba, (u,0) gy S [l [0

HA "B, (u, v HW ~

ol

Co[elyp [0l

Estimate in ()

In the region |k;| < 1, for example, we note that (k) ~ (k; — k) and apply the
Young inequality. Also note that we may estimate the X*° norm of Bq,(u,v) with
the aid of Lemma 2.2. We have

1B (e, 0)]

~ ||ft’xBQO (u, JSU)H

Xs,0 0212

S Hftﬁwp{\k\él}uHelﬂHEHﬂLl S el geoll
The case of |k; — k| < 11is treated in the same manner.
For the remaining cases, the algebraic relation
Ly := max{|7 + k|, |7 + k3|, |(1s — 7) + (ky — k)*[}
> ‘(7‘ + k) = (m+ kD) + (= 7))+ (ks — k;)2)‘/3 = 2|k||k1 — k|/3
will play an essential role.

Estimate in (),
Recall that (k) ~ (k;) in this region. Consider three subregions

Qo 1= {(7'7 k,mi,k) € ‘ |7y +k’f| e |k1|}
QQQ Z:{(T,]{Z,Tl,kl)692“(7’1-7)"‘(1(51 |>|/€1 ]{?|}
Qg 1= Qo \ (21 U Qyo)
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separately. In €y, we may measure u in X*T5°. Following the argument for Qg we
obtain the upper bound

HBQm (U, U)‘

X0 S HaHflLQ v

Since s + 1 > —, we have ||u||pr2 < [|u]|xs+10 by the Cauchy-Schwarz inequality in

k. The estimate in €299 is the same.
In Qs, the relation (4.1) implies that (7 + k%) ~ Ly ~ (k){(ky — k) (< (k)?), so

~

we have
FA ' Bqg,,(u,v) < FBa,,(J 'u, J ).

Also, we may estimate the X*™% norm of A~ Bg,,(u,v) by the X*! norm of u and
v. We use Lemma 3.1 to obtain

—1 —1 S —1
(] PR Sl PP

X5,3/8 ||U||X—1,3/87

which is an appropriate bound.

Estimate in
The argument for this case is parallel to that for €2,.

Estimate in ()3
Recall that (k1) ~ (k1 — k). Consider three subregions

Q31 = { (1, k, 11, k1) € Q3 ‘ |7+ k3| 2 |k }
Qo = { (7, k, 71, k1) € Q| |(1 = 7) + (ks — k)?| 2 [k1 — K] },
Q33 1= Q3 \ (Q31 U Q)
separately.
See the estimate for Q3 first. We may measure v in X*T5%. Since 0 > s > —%,

we can choose 1 < ¢ < 2 < p < oo such that

1 1 11 1 1 1
-5 > - — -, I+-==-+; 25+1> - — .
2 p P q 2 q 2

For such (p, ¢), the Holder inequality, followed by the Young and again the Holder,
implies that

[ Bau, (u, v)]
Sl
The case of 235 is almost identical.
Now, consider (233, where we again have (1 + k%) ~ (k)(k; — k) from (4.1). We
may measure v and v in X*! or Y*. Using Lemma 3.1 we obtain
HB933 (u7 U)|

while an application of the Holder inequality implies

HA 'Bo,, (u,v) |

xeo S 1 FBon (7, I°0) | S [ FT75 717 ]y o750 o

Xs+1,0 v

st S TIPS [lull a0l gvrnie

S |F T

L~ ||BQ33 J 12y, J_1/2v)}

ys—1
which is evaluated by ||u|ly-1/2||v]|y—-1/2 from the Young inequality.

Estimate in )y
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This is the worst case where the loss of C5(\) occurs. We claim that

1A Pyeiony Ba, (s 0) [y, S N2 Jul .

UHWS (4.2)

for dyadic N € [A71,1]. The desired estimate will follow by squaring (4.2) and
summing over N.
Fix N. We imitate the argument for {23 and divide €4 into five subregions

Qo= { (7, k, 71, k1) € Qu||m + kT| 2 |ka| },

Uy = { (7, k, 71, k1) € U|lk] 2 |1 + K| 2 N\kl\}

Qo 1= { (1, k, 11, k1) € Q4 | (11— 7) + (k1 — k)% 2> |k — K| }

Q= { (7, k, 71, k1) € Q| lki — k| 2 |(1 = 7) + (k1 — k)?| 2 Nlky — k| },
Q3 = Qg \ (Qq1 U, U Qe UQL,).

In the region Q4 or €2, we first use the Holder inequality in & to have

~ || Py (T u*0 NY2|| F Py (S uT70)

Moz

| Py (ud)] )00 S

Xs,0

and then apply the Young to obtain the bound N2 ||lu||x—so||v||ys. Since N?* > 1
and s + 1 > —s, this is sufficient for the estimate in {4; where we may measure u
in X510 In ), where u should be evaluated in X*!, we have

|v

| Pirsazyzvmyt]| oo S N*°[Ju]

Xs,—2s)

and conclude (4.2). We employ the same argument for €245 and €2),.
In Q43 we take a similar way, but now the relation (4.1) implies that (T + k%) >
|7 + k?| ~ Nl|ki| ~ N(k;). The estimate of the X* norm is

||P{|lc|~N}BQ43(u7 U)‘ S N1/2H‘FA?lP{|k|~N}BQ43(u7 U)HgooLQ

Xs+1 -1 ~
SJ Nl/QNQSHf'A 1— QS(JSUJS,U HgooLz 5 N1/2N23H ‘Xs,O v
The Y* norm can be treated similarly and estimated by N'/2N?3||ul|ys||v||y, there-

fore (4.2) also follows in this case.

All the above argument works in the case of uv and uv with some trivial modifi-
cation. We use the algebraic relation

Ly :=max{|7 + k*|, |1 + K|, |(T — 71) + (k — k1)?[}

) ) ) (4.3)
> (T 4+ k) = (n+ k) — (1= 7) + (k= k1)*)|/3 = 2lkal[k — k1] /3
for the uv case and
Ly :=max{|t + k|, | - + K|, |(11 — 7) + (k1 — )2|}
>+ k) + (4 k) + (n—7)+ (k1 —k)*)|/3=F + ki + (k1 — k)*)/3
(4.4)

for the uv case instead of (4.1). The bilinear operator Bq(u,v) is also replaced by

Bé)( )(T k) 2 )\ Z 19(7—7]{’7—1a kl)ﬁ(le kl)@/(’r - Tl7k - kl) dTl

k1€Zy JR
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for uv and

B (u,v) (7, k) == — 27T)\ > 1o(T, k Tl,kl) (Tl,krl) (tT—1,k—k1)dn

k1€Zy JR

= Z 19(7', k, 1, /ﬁ)a(—ﬁ, —k1)5(71 -7,k — k?) dm
27”‘ kiezZ, JR

for uv. In fact, situation is much better than the case of uv and there is no loss in
A from the region |k| < 1 (there is no need for separating Q3 and €2y). O

Remark 4.1. Concerning the bilinear estimate for the nonperiodic case, the only
difference from the above proof appears in the estimate inside €)4; we also have to
consider the case |[¢| < A71. We still have (4.2) for dyadic numbers N < A~!. Then,
noting that w} ~ A2N? for frequencies |[£] ~ N < A™!, we have

1A Pyl Ba (s 0) . S NNZ2]ful |y, [|o

ol

Since 2s + g > 0, we can sum up over 0 < N < A~! and reach the conclusion.

5. BILINEAR ESTIMATE FOR S = —%

If we try to apply the above proof of Proposition 2.5 to the case of s = —%, the
logarithmic divergences will occur in several parts of the proof. To overcome these
divergences, we shall exploit modified bilinear L* estimates (Lemmas 3.2-3.5) which
provide % gain of regularity.

Again, we will focus on the case of T); the nonperiodic case is easier to treat,
and it suffices to use Lemma 3.6 instead of Lemmas 3.2-3.5 and then modify the
estimate in low frequency (see Remark 4.1).

Proof of Proposition 2.5 for s = —%. We first establish the bilinear estimate for uv
by modifying the proof for the case of s > —%. Notations are the same as before.

Estimate in ()
The previous proof works also in the present case.

Estimate in ),
Recall the previous division
le = { (T, k,Tl,kl) € QQ ‘ ’7'1 —+ k%‘ Z |]€1| }
Qoo :={ (7, k, 71, k1) € Q| |(m = 7) + (ky — k)?| 2 [k1 — K },
Qoz 1= Qg \ (Q21 U Qgo).

We first see that the estimate in 293 is completely the same as before. Observe
that (k) < (t+k2) ~ (k)(ky — k) < (k)* in this region and u@ is estimated in
x1/2-1

In €251, the same proof is not applicable because of the criticality. However, since
(k) ~ (k1) in this case, it suffices to show

H3921<UN’U)HX*1/270 S ”uN”Xl/QvO}}U}lY*1/2
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for each dyadic N > 1, where uy := Pyp~nyu. In fact, if we show this, then it
follows that

By 00~ 3 1P B (00

S 3 Bau(wr0)llxvm0 S 3 Muwllmo - folly-e ~ el ooy
which is the desired estimate. Since the Cauchy-Schwarz inequality implies
lanllerze S NY2[unllezce ~ Junllxio,

the argument for s > —% is now applicable.

The case of €255 needs a little more attention, since we cannot decompose v into
dyadic pieces as above. We now assume by the previous case that (1) + k%) < (k;),
thus u should be measured in X /21,

Consider the following three subsets of (255:
Qooa = Qoo N {1 + k7Y < (ky), (k1 — k) S(m1 — 7+ (ky — k)?) < (k) (k1 — k)},
Qoo = Qoo N {71 + k7)) < (K1), (11 — 7+ (k1 — §)?) ~ (k) (ky — k)},

Qose 1= Qoo N {71 + k1) < (ka), (11 — 7 + (k1 — k)*) > (k) (k1 — k)}.

Then, the W~'/2 norm of v is bounded from below by |[v|| x1/20 in Q29, and compa-
rable to

2 Nvass| 120 + [10lly-v
Ma>1

in a9y U Coy, where My is dyadic and vy, 1= Pyirir2yons) V-

The estimate in g9, is similar to that for Q3. In fact, it also holds that (7 + k2> ~
(k)(k1 — k). Then, the X'/~! norm of Ba,,, (u,v) is bounded by [|J~"2uJ=Tv||z2
similarly, which is in turn estimated with the Young inequality as

—_— —~——
—1/2 -1
17742 ullo o [T 0l 12 S Nlally el vz

for any € > 0.

For Q99;,, we will use Lemma 3.3, one of modified versions of Lemma 3.1 stated in
the beginning of this section. It suffices to evaluate the X /20
in the following way:

norm of Bqg,,, (u,v)

HBme(uN?U)Hx—I/ZO SJ ||uN||X—1/2’1 E HUM2HX1/2’0
Ma>1

for any dyadic N > 1.
In the region 99, N IS, we decompose v and v into dyadic frequency pieces in
7+ k% and apply Lemma 3.3 to each one, obtaining

HBQQ%QFQ (UN> U) ||X71/2,0 N N2 Z Z ||BQz2bﬂF§ (P{<T+k’2>NM1}uN’ UM2> HL?
M1>1 M2>1 -

SN MM, Pieyanyun |l [ Povigeanyvas | 5 -
My >1 Mz>1 * b
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From the Cauchy-Schwarz inequality, we see that

N7Y2 5 M| Prsseyrnyun

P
Lt,z

Mi>1
12 L 5 \1/2
(2 M) (% N M| Peanyunlyy ) flunl e
Mi>1 My >1 z

while we have

N71/2 Z M21/2||P{N<k>~M2}UM2HL? 5 Z HUMQHX1/2,07
My>1 @ My>1

which concludes the estimate.
In Q99, N T'y, we decompose only u and apply Lemma 3.3, then

HBQQQbﬂFz (uNa U) HX71/2,0 S NT2 Mz;1 HBanﬂFQ (P{<T+k’2>NM1}uN’ U) ||L§Z
> \

SN 5 Pyl (ol S s sl e

as desired. (Since ¥ is restricted to the region (7 + k?) ~ N(k), we can apply the
second estimate of Lemma 3.3 with M, = N2 However, we see from the proof of
Lemma 3.3 that such restriction is actually not needed.)

Remark 5.1. Since {1y — 7 + (k; — k)?) ~ L is the biggest in Qgg, it seems natural
to apply Lemma 3.4 (with u and v replaced by v and u, respectively) rather than
Lemma 3.3. However, Lemma 3.4 will provide only |k, — k|'/? gain of regularity,
which is not enough in this case. We have used Lemma 3.3 to obtain N'/2? gain
of regularity, but then we need a little stronger structure than the simple X0
in order to sum up the dyadic frequency pieces in the estimate without any loss
of regularity. It is only here that such ‘/*-Besov’ structure in the W ~1/2
essentially needed.

norm 1s

Finally, we treat Qgs.. It holds from (4.1) that (7, — 7 + (k; — k)?) ~ (7 + k?) >
(k) (k1 — k), which implies

FA'Bq,,. (u,v) < FBay,. (J tu, J'v),
similarly to the case of €255. It is then enough to evaluate

]\%1 HP{<T+]€2>NM}BQQQC (u7 U) Hxl/Z,—l + HA_lBQQQC ('LL, 'U) ||Y—1/2

S 2 || Bogo. (772, T Prrazynny) || oo + | F Bos (T2, T710) || -

Applying the Young and the Holder inequalities to each term, we have the bound

TPl 3 1T Pyl + 195l | 7T

Slelly-e 2 N Prrianyvll g ameo + [ullyrie o]y
M>1

for any £ > 0, which easily implies the claim.

Estimate in
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Now |k; — k| is comparable to |k|, and |k;| can be very small. If we consider a
similar decomposition

Q1 I:{(T,k,Tl,k‘l)EQlHTl—T-f—(/{Jl k2| > |ky — k|}
Qo o= { (1, k, 71, k1) € Q| |1 + kf| 2 |kal },
Dz =0\ (11 U o),
then €3 is treated in the same manner as ()o3. In 11, we imitate the estimate for

91, in turn decomposing v into dyadic pieces in k.
For €15, we again perform a similar decomposition

QlQa = ng N {<7'1 - T+ (k’l — k‘)2> < <k’1 - k’), <k’1> 5 <7’1 + k’%) < <k’><k’1 — k‘)},

Qi = Qo N {11 — 7+ (k1 — k)*) < (k1 — k), (11 + kT) ~ (k) (k1 — k) },

Quoe = QN {1 — 7+ (k1 — k)?) < (ky — k), {11 + k3) > (k) {k; — k)}.

The argument for €25, or €25, is the same, so we focus on the case of (qgp. If
we localize v (and thus uv) to the frequency (k) ~ N, we see that u has very high
modulation (7, + k?) ~ N? and that it is risky to employ Lemma 3.3 as for Q.
Rather, it is natural here to use Lemma 3.5, and fortunately it will provide enough
gain of regularity. It will turn out that the stronger (Besov) structure of W~/ is

not necessary here.
Lemma 3.5 yields (k — (k1 — k:))l/ ? gain of regularity, so we further divide 9 as

Qap—o = { (1, k, 71, k1) € Qo | (k — (k1 — k)) < (k) },
Qqap—1 2—{ T k 7'1,]{31) S Ql2b‘ ki — ]{3)> ~ <l{3> }

In Qq9,_0, we can exploit the property (k) ~ <k1> ~ (k1 — k). Then, the estimate
is much easier; for instance, the argument for €21 or {5 is also sufficient here.

We next see the estimate in (219,17 N A§, where A, is as in Lemma 3.5. Since
(T + k%) S (k) (kg — k:} ~ (k)?, we do not need to control the Y ~/2 norm of A~ (u®).
By Lemma 2.2 (6 = ) it suffices to estimate

”P{ T+k2) S }BQ12b71ﬁA§ u,v HX—l/Q,O
+ HP{ S(T+E2)S(k >2}Bﬂ1zb71ﬂA§(uaU)HX1/4,—3/47

thus we will show
N2 | Pyrsrzymnny Baya, anas ()| 2
MsN t,x

NS MU Pranyean Bow g (0w o S (el e [[onlx-ave
NSMSN? @

for each dyadic N > 1, where vy := Pygy~nv. Note that Lemma 3.5 now produces
the N2 gain of regularity. Decomposing v with respect to 7 + k% and applying
Lemma 3.5, we bound the left-hand side by

(vt 3 e Nt S ) a3 M Py,

M<N N<MEN2

—1/2 1/2
5 Hu”sz N Z 1”2 HP{(7+k2>~Mg}UNHL§Z 5 Hu”Xl/Q,oHUNHX—UQ,U
’ May>1 )
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as desired.
Finally, in €49,_1 N Ay we decompose v again and use Lemma 3.5 to obtain

IBoy el 00y S Al N2 52 8 Psireaiyon
22

which is sufficient.

Estimate in ()3

We begin with the same division of domain as before:
Qs o= { (7, k, 71, k1) € Q| |11 + k| 2 |ka }
Qo :={ (7, k, 71, k1) € Q| |11 — 7+ (k1 — k)*| 2 |ky — K| },
Qg3 := Q3 \ (Q31 U Qs32).

Q31 and Q35 are almost symmetric. Consider Q3;. We first deal with the Y ~1/2
norm, which is easily handled with the Holder inequality followed by the Young:

AT Py gy Bas (0, 0) ||y e S IAAT Pud - 120)]|,

SNFT P 20) g S Nl ol ]l -1se-

To estimate the remainder of the W~/2 norm, a further decomposition is required:
Q31a Z:{(T,]{?,Tl,k'l)GleHTl—T‘i‘(k’l |<|k1 k|}
Q31b 2:{(T,l€,7'1,k1)EleHTl—T—F(kl | > ‘kl k‘}

In Q31, we have to measure v in X~ Y21, so the (k; — k)"/? gain of regularity
is essential, which we can generate from Lemma 3.5. Note that (k — (k1 — k)) ~
(k1 — k) in Q3. For the estimate in Q3,, N Aj, we use Lemma 2.2 with § > 3 and
Lemma 3.5 as follows:

| Bagianas (1 0) || xo-1j2-0 S Py | Prir52) a3 Baganag (72, 0) || oo
<3 MYV ul| o pmo || Prirsiyenia ¥ o S Nll e [[0]] 1/
M>1 Ma>1

At the last inequality we have used the Cauchy-Schwarz inequality in Ms. In €31, N
A,, we have

oo
S uln £ MIP e olvan S ol golloll v
22

[ Boursat:0) |20 5 1| B, (120, 7120

It remains to treat g3, Here, we may measure both v and v in X'/?0. From
Lemma 2.2 with § = § + ¢ (0 < & < 1), it suffices to bound

HBQS1b (u> U)|

Xe,—1/2—¢ S.J HBleb(‘]gu7 ,U) ||X0,71/2—5 .
Using the Holder and the Young inequalities, we evaluate the above by

17 Bosu (Tw )l S 1Tl page Nl viaze S el ool oz

as required.
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For Q35 we just have to use Lemma 3.4 (with u and v replaced with v and u,
respectively) instead of Lemma 3.5 and follow the above argument for 3.
Now, we treat the remaining region (233, where we have to estimate

MZ>1 HP{<T+/§2)NM}BQ?,3 (u, U)HXl/z!*l + H/\’lBQ33 (u,v)Hyfl/z.

The Y~'/2 norm is treated in the same way as for the case of s > —1. Since

(k1) ~ (ky — k) and (7 + k%) ~ (k)(ky — k) = (k1 — k), after decomposing u and v
in k£ we only have to show that

MN\YZ — -1
S (%) MPGreean v )| o0 S N7 o lon| o
MZ>N
for each dyadic N > 1, where uy := Pygy~nyu and similarly for vy. This estimate
follows easily from Lemma 3.1.

Estimate in )y
We shall prove that

1A Py By (w,0) [y S N7l ysga o]y (5.1)

for dyadic N € [A\7!,1]. The desired estimate will follow by summing (4.2) over N.
We fix N and again divide €24 as follows:

Q= { (7, k, 71, k1) € Q| |m + kf| 2 |ka] },

Oy = { (1, k, 71, k1) € Q| [ka| 2 |1+ k7| 2 N\k;l\}

Qo = { (7, k, 71, k1) € Q| [(n = 7) + (k1 — k)% 2 |k — k| },

Uy = { (7, k, 71, k1) € Q| k1 — k| 2 |(1 = 7) + (k1 — k)| 2 Nlky — k| },
Qs =\ (Qu UQ, UQup UQ,),

then the previous argument for s > —% also works in each region, except for the

estimate of the X209 norm in Q3.
To conclude the proof, it is sufficient to decompose u and v into dyadic pieces in
k and show that

J\/IZ> HP{ T+k2>~M}P{\k|~N}BQ43(uN1’ UN, HX1/2 'S N71/2HUN1 fol/zl ”UNl HX*1/2,1

for dyadic N; > 1. Observe again that (7 4+ k%) > |7 + k?| ~ N|ki| ~ NNj, which
implies

Py || Prirr2ynry Pty Bews (U, vw) || 1o,

~ || Petrs 2y mmas 1,581 Poibieny Boass (w08 || 10,1
Therefore, the summation over M essentially consists of just one M, and we may

estimate the usual X/29 norm instead of the stronger Besov-type X/?° norm. Now,
the previous argument for s > —% works.

When the nonlinearity uv is replaced by uv or uv, we use the algebraic relation
(4.3) for uv or (4.4) for wv, and also replace Bq(u,v) with Bg(u,v) or Bg(u,v),
respectively. Note that for these nonlinearities the two cases of ; and {2y are
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completely symmetric and we just have to consider any one of them, and also that
similarly to the case of s > —%, we do not need to separate (24 from €23, so there
occurs no loss in .

In fact, the above proof for uv has to be reconsidered just in the cases where we
have used one of modified bilinear L* estimates (Lemma 3.2-3.5). For other cases,
modification of the argument is trivial.

For uv, we consider the region corresponding to ,UQ,US23, then the proof should
be changed in treating (o9, 231 and (235. For the first case, we use Lemma 3.2
instead of Lemma 3.3 and follow the above proof. Note that we have to consider
the region (k1 — (k — k1)) < (k1) separately, where (k — ki) ~ (k;) holds and we
can imitate the above proof in €219,_g. The last two cases are symmetric, where we
may follow the above proof for 23;, using Lemma 3.4 instead of Lemma 3.5.

Consider uv next. Now, we treat the region corresponding to 2y U ; U 23, and
focus on the proof in the cases of (2195, €231 and €235. In 9, however, the same
argument as above (with Lemma 3.5) is applicable. In the remaining cases are
symmetric and we can apply Lemma 3.5 again to conclude the proof.

This is the end of the proof for Proposition 2.5. 0

6. ILL-POSEDNESS FOR s < —3

In this section we prove Theorem 1.1 (II). The scaling argument will again play
a major role in the proof of ill-posedness. Let A > 1 be a large spatial period to
be chosen later, and consider the rescaling equation (2.1) first (for a while we omit
the superscript A). We observe that the nonlinear interaction of w3 (uu) shows bad
behavior below H~1/2 in the first nonlinear iterate.

Lemma 6.1. Let A > 1 and 0 <ty < 1. Suppose that N € Z3 satisfies

1 1 2Nt, _ (™ 37
2Nt <3 A [2’ 2 )

When Zy = T), define the 2w \-periodic function ¢ n by

N >0, mod 27. (6.1)

1, k=N or N+

F k)=
r (k) {0, otherwise.
When Zy =R, define o n on R by

1, €€[N,N+2JUN+AL N+ AT

10

~7:¢>\,N(f) = {

0, otherwise.

Then, for any s it holds that
| 2]

—1/2 n7s
He(2Zy) AN ’ (6.2)

|| A2(dan) (t0)]

—1/2 a7—1
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where
oot
Ay (9)(t) :== ;/ ei(t_t/)agw?\ [eit,aﬂgqﬁ . eit’aa%gb] dt'.
0

Proof. (6.2) is easily derived from the definition.
For (6.3), consider the case of T) first. It suffices to show that

‘.7'}142(¢>\,N)(t0, )\_1)‘ > N1

An explicit calculation then implies that
fA2(¢AN)(t07 C / —UNTINE dt/ C/ ( —2iA" 1Nt _ 1)7

where C,C" € C is a constant (depending on \) such that |C|, |C’| ~ 1. Therefore,
the claim follows from (6.1).

Next, consider the case Z, = R. Again by some calculation, we see that for
9>\ ! <¢< 11)\ !

tO g/ 2 12 ! 2 / /
FoAa(drn)(to, &) = 1+>\2€2 /f(b,\N ENVForn(E — 5)/ HE—EHE=OT gy g
0

o V€ N+ f—e‘%toﬁ(f'—ﬁ) 1 »
= > T ‘
1+ >‘2§2 /N+>\1 Cb,\Jv(f f) f(f’ . f) f
In particular, for A=t < ¢ < 212,\0— 7

NH{EATY o =2ito(€'—€)

Faomolz] [ R[ }df,
N+¢
1 N+pA!
2 LN (1 — cos(2t0§(§’ _ 5))) df’

N+¢
N+ At
2 o / (1 — cos(2tp€¢)) de'.

Observe that the Value of 2to&¢’ varies over many periods while (£,¢") moves on
A1 ZAT] X [N, N 4 55171, since we have assumed ol s 1 We split the interval
(AT 2N 1nto submtervals {I;} of length 100t T < |I | < 50t o then 2to£E" varies
at most over & periods on each interval (&, ') € I; x [N, N + 55 A~*]. We only pick
up intervals I; such that cos(2t0&¢’) < 3 on I; X [N, N+ %A‘l], and obtain

1

HAQ((b)\,N)(tO)‘ H3(R) 2 foAz(@,N)(to)||L2([,\_17%,\_1D 2 N A2 O

Now, fix ¢ty € (0,1]. For n € N, we choose N,, € Z5 satisfying (6.1) and N,, — oo
(n — o00). Let us define

Ugn := ONY2pr ni,s

where 0 > 0 is a small parameter to be chosen later, which is independent of A. Note
that (6.2) implies ||ugp||z-1/2 ~ A2, so we see from the proof of Theorem 1.1 (I)
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in Section 2 that there exists a solution wu,(t) to (2.1) on the time interval [—1, 1],

which is unique in a closed ball of Wl_l/ 2, if A>1and d < 1.
Also define
.
U (1) = €% gy, Uon (1) := Ag(ug,)(t) = %/ eit=00,2 (w1, | () dt’,
0

and w,, := u,, — (uln + u2n). Then, w, satisfies the integral equation

t
wn(t) = )72 / ei(t_tl)agé{ (Uln + Ugp + wn) - (uln + Ugp + wn) }(t/) dt’
0

Lo 9
+ z/ ellt—t Wﬁ%{(um + Ugp + Wn)? + (u1n + Uy + wn)z}(t’) dt’
0

to 2 - .
+ 7,/ el wg%{teln(uzn + wy) + Ttn (U2 + wy) + (Ugn + wy,) (U2 + wn)}(t’) dt’.
0
On the other hand, estimates for LWP (Proposition 2.5, Lemma 2.4) in H~'/? yield
that
Hulnle_l/z 5 ||u0nHH71/2 ~ (5)\*1/2’

2 _
znlyyar2 S A2 a2 S 02271
for any n. Therefore, we can deduce from the above integral equation that

)\72Hu1n+u2n+wn —1/2 + ||U1n+u2n+wnH‘2/Vl—1/2

[[nlly 12 S HWl

[T
o N2 (flan v+ 272 + [tz + w100
SN (fwnlly ) + N2+ [l y1r2)”
+ AZLONTRENTZ 4 [Jwn [ yo2) + (02N + [ y12)}
SOV AT+ N2 (02 4 )|y 172+ A2 [} e
If § and A~! are small enough, it follows that
N2 v S (6A2 4+ 6N 2 4+ 6%) 4+ A2 (A2 | 2)°,

It is easily verified that the above estimate also holds with the same constant
when we replace ug, with fug,, 0 < 6 < 1 in the definition of u,, u1,, s, and w,.
It follows from the LWP results in H~'/2 that for each n,

[O, 1] 50— Hwn(9>HW1—1/2

is continuous and w,,(0) = 0. Therefore, we conclude that

sup Hwnqu/z SONT2 4 2N 4 N2
n 1

and thus

sup sup Hwn(t)HH,l/2 SONTZ 4 2N 4 N2
n —1<t<1

whenever A is sufficiently large.
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Let s < —3. Combining the above with (6.2) and (6.3), we see that

(o))

e 2 Hu%(to)‘ Hs Hw”(tO)HH—W o ||u1n(t0)} Hs

> CTIENTE = OGN AT+ FAT) — CoNTIANA
for any n. Choosing ¢ sufficiently small, and then A sufficiently large, we have

L > CTIATY2 oA AN /2

e to)]

Therefore, we have shown that

Jn [l oz, = 0 liminf [lun(to)|] 1.

> £2)-1/2
Z)\)Né)\ .

Note that §, A are independent of the choice of ¢y3. Rescaling back to the original
equation (1.4), we obtain

iz = O lim inf [1n(At0)| H5(2)

lim HUOH‘ Zé,)\ 17

n—oo

which establishes Theorem 1.1 (II) with 7, = A~2.

APPENDIX A. PROOF OF PROPOSITION 2.6

Here, we give a proof of Proposition 2.6. Our argument is originated in the work
of Muramatu and Taoka [19] who considered the Cauchy problem for quadratic NLS
equations in some Besov type function spaces.

We now prepare mixed ¢!-Besov spaces B;’i’, which is the completion of S(R x Z)
with respect to the norm

o]
where the dyadic decomposition p; is defined by

Po ‘= wa pj(g) = 77Z}<2_j§> - ¢<2j_1§) (] = 17 27 s )

By = ]; kz:% 25720k "pj<€)pk(7—)’6HL37§(RxZ*)’

and 1 is the bump function given in Section 2. We see that
[o1(t)va ()|

Then, our theorem is reduced to the following result given by Muramatu and
Taoka.

o= (ol gy o llee] :
By HiBg @) 17211 Bs , (2)

Theorem A.1 ([19]). Let s € R and 5 < b < 1. Assume that f € S(RX Z) satisfies
f(0,z) =0. Then, we have

tim |/

» =0.
By r

We shall derive our theorem from Theorem A.1.
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Proof of Proposition 2.6. Assume all the condition on X* and u € X*® in Propo-
sition 2.6. First, fix an arbitrary ¢ > 0 and a global-in-time extension of v € &7}
denoted by U. Then, from the density property of X®, there exists a smooth function
V on R x Z satisfying

(A.1)
We also fix such V. Since V' is smooth,
e (V (1) = (D)™ V(0)) = eV (1) = ()V(0)

is smooth and vanishes at ¢t = 0. Using the embedding X*"¥ < X'* with % <V <1
and the fact

H eitagv(w ‘

= < vl
X HUHth(H;) ~ Ve
we have

V(1) = )=V (0)]| ., S eV () = (6)V(0)

Applying Theorem A.1, we see that
i o ito2
Jim |V () = ¢()e"=V(0))

2,1,T

x5 0. (A.2)
We next use the embedding X*? < X* with b > % to have
[ =V O . < VO

Here, we have used U(0) = 0. From the embedding X* — Cy(R; H*(Z)) and (A.1),
we conclude that

H¥(2)'

2) ~ I - V)(O)HHS(Z) = Sup |(U = V)()]

[V (0)]| . S e (A.3)
Combining (A.1)-(A.3), we obtain
§ €.
N0
Since ¢ is arbitrary, the claim follows. O

In the rest of this section, we shall again describe the proof of Theorem A.1. To
do this, the following difference norm of B;Z{ will be useful.

Lemma A.2. Let s € R and 0 < b < 1. Then, we have
Byt ™ Z2Sj||fj”L2(sz) + ZQSj /R [ £t + ) — fj(t’x>HL2(RxZ)%’
j=0 Jj=0

where fi(t,x) = Pif(t,x) = F 'p;j (&) Fuf(t,€).

Note that the usual Besov norm has a similar representation

1]

dr

W%MMNWM®+AM*WVH%me®M (A4)
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for 0 < b < 1. From definition of the B‘;lf norm, it suffices to show

[e.9]

_ d
Z2kafjk||L2(RxZ) ~ HfJ'HL2(RxZ) + /R I bej(t—I—r,x) - fj(tw)HL?(RXz)ﬁ

k=0

for each j, where fj; = F.'p; (&)pr()f. This equivalence can be verified in the
same way as the proof for (A.4). Thus, we omit the proof and refer to [19], Theo-
rem 8.1.

Using Lemma A.2, we can verify a similar representation for the restricted norm.

Lemma A.3. Let s € R and % <b< 1. Define

[e.e]

GT(f;p) = 228j||fj(t + P, .Z‘) - fj(t7x)HL2(IT,p><Z)’

=0
Ir, =[-T,T\N[-T —p, T — p|.

forT >0, fe S(Rx Z), and p € R. Then, we have

2T
| wrena
2T

oT
s/ 7 Gr(fi )2+ |10
forany f € S(Rx Z) and T € (0,1].

Assume Lemma A.3 for now, then it suffices for the proof of Theorem A.1 to show
that
2T

. _ d
1 "Gr(fip) L =0
TI{H‘O 72T|p| T(f p) |p|
for f € S(R x Z). However, we observe that G7(f;p) < G1(f;p) for any f and p.
Eq. (A.5) shows that p=°~1G(f; p) is integrable on p € (—2,2), so we conclude that

2T 2T
[ rtensnt< [ et o @),

27
as desired.
It remains to prove Lemma A.3. The most important problem is what function
7b -
1] € By p. In this
point of view, the following representation lemma plays a great role.

. b . . .
in By'] we should choose as a global-in-time extension of f ‘ e

Lemma A.4 ([18]). Let w € C*(R) be a non-negative function satisfying

supp w C [—1,1], /w(z) dz = 1.
R
Define the following functions:
K(t,z) == zw(z — 1), M(t, z) := 0,K(t,2),
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and also
Ki(t, z) := K(t, z), Ks(t, z) := K(t, 2), Ks(t,z) == M(t, z),
Li(t,z) := =0, M(t, z), Lo(t,z) := 0, M(t, 2), Ls(t,z) := M(t, z).
Let T'> 0 and f € S(R). Then, the following identities hold for any t € [T, T]:
r 1 t t—1t d
- [ [ Tl)f(tl) an g, (A7)

—Z// L S ) di % g (A.8)

where
form [ el (0, a)do,
filnty) = /HT/R,le(;,“ 1) (1) dty 22,
o) :/PLT/RiLx;i,“ 1) () dty .
At = [ [ a2 ) a2,
Proof. For (

t) € (0,00) x R, define
T

p>t)
pot) = [ RSl = Dpydn, 1t = [ DL S0 e dn

T

Note that h(T't) = fo. Since [ tw(*=F — 7)dty = 1, we have

) = 10 = [ Ze(=l = D((w) - ro))

I
—— [ wle = (=) - 0}

We observe that supp w(- — %) C [=2,2] for any t € [-T,T], so the Lebesgue

convergence theorem implies that h(u,t) — f(t) as p— 0 uniformly inte|[-T,T).
On the other hand, observe that @L(iw(t_tl - 1)) = — 2 M (7, 51), then

o T
1
Ouh(p,t) = _;H(Nv t).

Thus, we have

T "
- H at )
/O (1,1) =,
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which shows (A.7). We substitute (A.7) into itself to have

f0+f0// MG "
// tttl//Ry t1 tlytg)f(tQ)dth?udtld#
// M t“// CM(2 R )f(tQ)dzafdtlu.

The second term vanishes because [, M(t,z) dz = 0. We next observe that

0, K

t t—1 1 t t—1t

—, =—-M(=, )

()= M5 =)

Then, after an integration by parts with respect to t;, the third term becomes

T
t t— tl tl tl tg dv d/L
/ / K(iv L 8t1 |:/ e VM L )f(tg) dtg 1/:| dtl 7
t t—1 t1 t
/ / 1 / Ll + LQ] (;,, L L )f(tg) dtg — dtl L .

Collecting the above, we obtaln (A.8). O

We prepare one more lemma.

Lemma A.5. Let 0 < T <1.
(i) Assume that K, : R x R — R is a smooth function satisfying

(t,z) € supp K, = t—z <1
For (p,t,x2) € (0,T) X RXx Z and g : (0,T) — S(R x Z), define
1 t t 1
HK(gaﬂ’atax) ‘_/R'uw(T)K*(Twu)g( 1, )dtla
where 1 is the same bump function as before. Then, we have
HHK(QW)HH(RM) S Hg('u)HLQ(RXZ)’ (A.9)

1k (g ot + 1) = Hicgs ot 2| ey S in{1, |;}IIzJ(M)I|Lz(RXz) (A.10)

for any 0 < pu <T and r € R. The implicit constants depend only on K,.
(i) Assume that L, : RxR — R is a smooth function satisfying [, Li(t,z) dz = 0
and

(t,2) € supp L, =[t—z <1

For (v,t1,z) € (0,T) x Rx Z cmdgES(RXZ) define

t t
Hulgivtia) = [ LG (e, ) d

Then, we have

||HL<9;V)HL2(R><Z) 5 /R11/1[—111/,111/](:0)Hg(t1+pa I) _g<t1’x)HLflﬁz(R><Z) dp (A11>



WELL-POSEDNESS FOR “GOOD” BOUSSINESQ EQUATION 33
for any 0 < v <T. The implicit constant depends only on L.

Note that the functions K, K5, K3 defined in Lemma A.4 satisfy the condition
for K,. Also, Ly, Lo, and L3 all meet the condition for L,.
For the proof of Lemma A.5, we recall the following.

Lemma A.6. Suppose that a smooth function k on R X R satisfies
sup/ |k(t,t1)| dt; < Cp, sup/ |k(t,ty)| dt < Cy (A.12)
t R t1 JR

for some Cy > 0. Then, for any f € S(R x Z), we have

| [ b 6,2) il ey < CollF ey

Proof. We use the Minkowski and the Cauchy-Schwarz inequalities to obtain

H/Rk(t,tl)f(tbfﬁ) dtlHig’x(sz)

S/R</R‘k(t’tl)wf(tl)”L%(Z)dtl)th
< [([meatan)( [ el s, o) i
<swp [ Irtenldnn - [ (7@l ( [ 166l an

<C? O

[

,=1). From changes of vari-

k(t, ) dh < [ |K.(L, 2)]dz <1,
T
R R
/|k(t,t1)|dt§ /z/;(“ ;MZ)|K*(HT“Z,;;)|dz§/1[_373](2)6&5 1.
R R R

(Note that |[9FH2| < 2 and |22 — 2| < 1 imply |2| < 3.) Then, (A.9) follows from
Lemma A.6.
Also, for (A.10), it suffices to verify that

(1) = o (S (G ) — LK ()

Proof of Lemma A.5. (i) Put k(t, t1) = L4(7) Ku(
ables, we see that

’ﬂlw

satisfies (A.12) with Cy < min{1, %} The triangle inequality and the above argu-
ment imply that Cy < 1 for any » € R. On the other hand, an application of the
mean value theorem followed by change of variables shows that Cy < |T if |r| < p,
as desired.

(ii) We first see that

Hylgiwtoa) = [ To(LE "Ligltr+ pa)dp.



34 NOBU KISHIMOTO

The term 0 = — [, L0(&:) Lo (%, =2)g(t1, 2) dp is added and we have
H gvytla / 1/] 7/ {g t1+p7 ) t17 }dp
Then, it is sufficient to show that
ty tv | p
{57 <2, ?+;\§1 (A.13)
implies
—11v < p < 11y, the€lp,=[-T,TIN[-T—p, T —p|. (A.14)

It follows from (A.13) that
2 < e+ | <10
v

and we have the first one in (A.14). It remains to prove |“t2| < 1, for which we
divide the analysis corresponding to the sign of ¢ and p. If ¢1, p > 0, then we have

o<iitr ot Ll
T
Ift; <0 <p, then
31 ti+p _ t
-1 < =< < = <
1< T S =7 —|— 1.
The remaining cases are reduced to the above two cases. O

Finally, we shall prove Lemma A.3 and conclude this appendix.

Proof of Lemma A.3. Let F be any extension of f!te[iT 1 € B;ll’T Then, we use
Lemma A.2 to see that

2T
/lpleTpr_/lple (Fin)® <)

=27

Taking infimum over F', we obtain (A.5).
For (A.6), we first estimate || f(0,z)] Bt - Choosing ¥(t) f(0,z) as an extension

of 1_7.7(¢) f(0,2) € BZZILT, we have
it < [l g, oy 1705

Therefore, it remains to show

53, S £ g

Hf(t,l“) - f(O,I)

2T ip
W < / PG f; 0) 2
T _oT ol

We note that the integral in the right-hand side with respect to p can be replaced
with [, because I, = 0 if |p| > 2T
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From the representation formula (A.8), we have the following identity for (¢,z) €
[-T,T]| x Z:
d
ft,2) - / AR = ) 2

—Z// ~K;(0 fz(ﬂatla )dtldf,

t1 t1 —to —pdv

/ / » ) f(ta, ) dty — T

r tl tl —t2 Mdv

u?tIJ = v )f(t27 )dtQ
I

oo, ) = / / 1L3<%,“; ) (b, ) dty 2.

Then, we use the following function as an extension of f(¢,z) — f(O,x)’te[fT 1 €

s,b .
By r:

(L t=hyyh d
Z// ¢ )Wﬁ)fi(%thﬁ)dh?ﬂ

— 1 (0. "ty by g dp
; [ /R L0 K0, 00 il ) iy

(A.15)

We see from the support property of ¢ and K; that the above function is actually

equal to f(t) — f(0) on [T, T].
We now estimate the first three terms in (A.15), which is simply written as

3 T
Z/O E(Mat7m)%v Mat :L’ = / ¢ el @)@b(%)fi(/%thx) dty.
=1

Applying Lemma A.2, we reduce the estimate of HFi(M)HB;’; to that of

Z?S]‘HEMMHL%M (A.16)

dr
) [r|

Z2Sﬂ/|r| (1P Ful b+ 7, ) = PiFi(p b0 s s (A.17)

7=0

For (A.16), we apply Lemma A.5 (i) to bound || P;F; ()| L2rxz) by

oAt s sy
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which is then estimated with Lemma A.5 (ii) by

T
1 d
| [ At Past o+ ) = Biitadly g, oo 5.
L 12U
T 1 wdv
/ /RV]-[—llu,lly](p)Hij(tl+p)_E)jf(tlax)“L% (I Xz)dp;77
u 1,T P

T
| d
/ /RVl[—uu,uu](ﬂ)Hij(tl+P)—ij(thﬂ?)HLg Ir Xz)dﬂjy-
u 1,T P

Therefore, (A.16) is bounded by

T 1 ILl,dl/
/ /yl[—llu,llv](p)GT(f;p) P | ’
I R
T
1 d
/ /Vl[—nmuu}(P)GT(f?p) Iz |H V’
I R
T 1 dp dv
=111 (p)Gr (S5 p) T Iol—-
/ﬂ /]RV 1w ()G (f P)|p| || y

We next compute the integral with respect to v. For the first and the second one,
we have

™1 pdv 1 W dv wopl
Bt < [ St % < mingy, )

Similarly, we obtain the bound 1_;; 1y (%) for the last one. Collecting these results,
we have

< kel el . 4
(016 5 [ (ming . 2y + 100 () Grtri )
In the same manner, Lemma A.5 implies that
. d
(Alﬂfié(mmﬁg by 1y H]p!/|\bmmﬂ o R
< b : lel el
St [ (ming, 2y + 1ean ()Gt

Then, we calculate the integral with respect to g,

ATﬁwﬁfﬂ(mmﬁg o ()

|P| e o] [e%)
pd b b _
S/AN“+//N2MW+/ p e S lpl
0 Pl S Ipl/11

and complete the estimate for the first three terms in (A.15).
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The second three terms in (A.15) are much easier to treat. Let us estimate the
term including f;, for instance. First, we have

oy B t )
| /0 /R LU E(0, =)0 () falpn b ) di S|
T oy . t N
—t )
= Hw”BS,l(R)H/(; /RuKl(OaIu)w<w)f1(u,t1,x)dtlMHBS’I(Z)
©© T
SZTJ/O /Ri‘Kl( HW VP fi(p,ti, @ )HLg(Z)dtl%
=0

We apply the Cauchy-Schwarz inequality in ¢; to bound it by

225]/ (/‘Kl ‘ dtl) H¢ VB fi(psth, )HLfl’w(RxZ)%'

On the other hand, a simple calculation shows that

1 —t1y 2 1/2 _ _
</|K1(,1)| dt1> S
H R H

Thus, we obtain exactly the same quantity as that we have estimated above. The
other two terms are treated in the same way, and the proof is completed. OJ
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