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Orbit algebras of repetitive categories

Andrzej Skowro\’{n}ski
Nicolaus Copernicus University

Abstract

We present results concerning the finite dimensional orbit
algebras of repetitive categories of algebras over a field and show
their importance for the representation theory of selfinjective
algebras.

1 Introduction
In the article by an algebra we mean a finite dimensional algebra over
a field $K$ which we shall assume (without loss of generality) to be basic
and connected. For an algebra $A$ , we denote by $mod$ $A$ the category
of finite dimensional right A-modules, by $\underline{mod}$ $A$ the stable category of
$mod A$ (modulo projectives), and by $\Gamma_{A}$ the Auslander-Reiten quiver
of $A$ . Two algebras $A$ and $\Lambda$ are said to be stably equivalent if the
stable categories $\underline{mod}A$ and $\underline{mod}\Lambda$ are equivalent. An algebra $A$ is
said to be selfinjective if $A_{A}$ is an injective module, or equivalently,
the projective modules and injective modules in $mod$ $A$ coincide.

In the representation theory of selfinjective algebras a prominent
role is played by the selfinjective algebras $A$ which admit Galois cover-
ings of the form $\hat{B}arrow\hat{B}/G=A$ , where $\hat{B}$ is the repetitive category of
an algebra $B$ and $G$ is an admissible group of automorphisms of $\hat{B}$ . In
this theory, the selfinjective orbit algebras $\hat{B}/G$ given by triangular al-
gebras $B$ (having finite global dimension) and infinite cyclic groups $G$

are of particular interest. Frequently, important selfinjective algebras
are socle deformations of such selfinjective orbit algebras, and we may
reduce their representation theory to that for the corresponding alge-
bras of finite global dimension. We also mention that, for an algebra $B$

of finite global dimension, the stable module category $\underline{mod}\hat{B}$ is equiv-
alent, as a triangular category, to the derived category $D^{b}(mod B)$ of
bounded complexes over $mod B$ [Ha].
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2 Selfinjective orbit algebras
Let $B$ be an algebra and $D=Hom_{K}$ $(-, K)$ : $mod Barrow$ Mod $B^{op}$ the
standard duality, where $B^{op}$ is the opposite algebra of $B$ . Moreover,
let $1_{B}=e_{1}+\cdots+e_{n}$ be a decomposition of the identity of $B$ into
a sum of pairwise orthogonal primitive idempotents. We associate to
$B$ a selfinjective locally bounded K-category $\hat{B}$ , called the repetitive
category of $B$ . The objects of $\hat{B}$ are $e_{m,i},$ $m\in \mathbb{Z},$ $i\in\{1, \ldots, n\}$ , and
the morphism spaces are defined as follows

$\hat{B}(e_{m,i}, e_{r,j})=\{$ $D(e_{i}Be_{j}),$$r=me_{j}Be_{i}0te+_{e}1$
$r=m$

, otherwise $|$

We denote by $\nu_{\hat{B}}$ the Nakayama automorphism of $\hat{B}$ defined by

$\nu_{\hat{B}}(e_{m,i})=e_{m+1,i}$ , for all $(m, i)\in \mathbb{Z}\cross\{1, \ldots, n\}$ .

An automorphism $\varphi$ of the category $\hat{B}$ is said to be:. positive if, for each pair $(m, i)\in \mathbb{Z}\cross\{1, \ldots, n\}$ , we have $\varphi(e_{m,i})=$

$e_{p,j}$ for some $p\geq m$ and $j\in\{1, \ldots, n\}$ ;

$\bullet$ rigid if, for each pair $(m, i)\in \mathbb{Z}\cross\{1, \ldots, n\}$ , there exists $j\in$

$\{1, \ldots, n\}$ such that $\varphi(e_{m,i})=e_{m,j}$ ;

$\bullet$ strictly positive if it is positive but not rigid.

Observe that the powers $\nu_{\hat{B}}^{r},$ $r\geq 1$ , of the Nakayama automorphism
$\nu_{\hat{B}}$ are strictly positive automorphisms of $\hat{B}$ .

A group $G$ of automorphisms of the repetitive category $\hat{B}$ of an
$algebra\wedge B$ is said to be admissible if $G$ acts freely on the objects of
$B$ and has finitely many orbits. Following Gabriel [Ga] we may then
consider the orbit category $\hat{B}/G$ defined as follows. The objects of
$\hat{B}/G$ are the G-orbits of objects of $\hat{B}$ , and the morphism spaces are
given by

$(\hat{B}/G)(a, b)=$

$\{(f_{y,x})\in\prod\hat{B}(x, y)(x,y)\in a\cross b|gf_{y,x}=f_{gy,gx}$ for all $g\in G,$ $x\in a,$ $y\in b\}$
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for all objects $a,$ $b$ of $\hat{B}/G$ . Since there are only finitely many G-
orbits of objects in $\hat{B},\hat{B}/G$ has finitely many objects, and we may
identify $\hat{B}/G$ with the associated finite dimensional algebra (the direct
sum $\oplus(\hat{B}/G)$ of the morphisms spaces $(\hat{B}/G)(a, b)$ for all objects

$a,$ $b$ of $\hat{B}/G)$ . In fact, $\hat{B}/G$ is a finite dimensional, basic, connected,
selfinjective algebra, called the orbit algebm of $\hat{B}$ with respect to the
action of $G$ . We have also the canonical Galois covering functor $F$ :
$\hat{B}arrow\hat{B}/G$ which assigns to each object $x$ of $\hat{B}$ its G-orbit $Gx$ , and
induces K-linear isomorphisms

$y\in ob\hat{B},Fy=a\oplus\hat{B}(x, y)arrow^{\sim}(\hat{B}/G)(Fx, a)$
,

$y\in ob\hat{B},Fy=a\oplus\hat{B}(y, x)arrow^{\sim}(\hat{B}/G)(a, Fx)$
.

For example, for an algebra $B$ and a positive integer $r$ , the infinite
cyclic group $(\nu_{\hat{B}}^{r})$ generated by the r-th power $\nu_{\hat{B}}^{r}$ of the Nakayama

automorphism $\nu_{\hat{B}}$ of $\hat{B}$ is an admissible group of automorphisms of $\hat{B}$ ,
and the associated selfinjective orbit algebra $\hat{B}/(\nu_{\hat{B}}^{r})$ is of the form

$T(B)^{(r)}=\hat{B}/(\nu_{\hat{B}}^{r})=\{b_{1},\ldots,$

$b_{r-1}\in B,$ $f,$ $\ldots,$

$f_{r-1}\in D(B)\{\begin{array}{llllll}b_{1} 0 0 f_{2} b_{2} 0 0 f_{3} b_{3} \ddots \ddots 0 f_{r-l} b_{r-1} 0 0 f_{1} b_{1}\end{array}\}\}$

called the r-fold trivial extension algebm of $B$ . In particular, $T(B)^{(1)}=$

$\hat{B}/(\nu_{\hat{B}}^{r})$ is the trivial extension $T(B)=B\ltimes D(B)$ of $B$ by the $B$-B-
bimodule $D(B)$ , which is a symmetric algebra.

In fact we have the following result proved by Ohnuki, Takeda and
Yamagata [OTY], essential for further considerations.

Theorem 2.1. Let $B$ be an algebm, $\varphi$ a positive automorphism of
$\hat{B}$ and $A=\hat{B}/(\varphi\nu_{\hat{B}})$ . Then $A$ is a symmetric algebm if and only if
$A\cong T(B)$ .

Let $B$ be an algebra, $G$ an admissible group of automorphisms of
$\hat{B}$ and $A=\hat{B}/G$ . The group $G$ acts also on the module category
$\hat{B}$ (identified with the category of contravariant functors from $\hat{B}$ to
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$mod K$ with finite supports) given by $gM=M\circ g^{-1}$ for any module
$M$ in $mod \hat{B}$ .

Then we have also the push-down functor $F_{\lambda}$ : $mod \hat{B}arrow mod A$

[BG], associated to the Galois covering $F:\hat{B}arrow\hat{B}/G=A$ , such that
$F_{\lambda}(M)(a)=\oplus_{x\in a}M(x)$ for $M$ in $mod \hat{B}$ and $a\in ob(\hat{B}/G)$ .

The following special case of a theorem proved by Gabriel [Ga] is
fundamental.

Theorem 2.2. Let $B_{\wedge}be$ an $algebra\wedge,$ $G$ a torsion-free admissible group
of automorphisms of $B_{f}$ and $A=B/G$ . Then

(i) The push-down functor $F_{\lambda}$ : $mod \hat{B}arrow mod$ $A$ induces an injec-
tion from the set of $G-orbits\wedge$ of isomorphism classes of indecom-
posable modules in $mod B$ into the set of isomorphism classes of
indecomposable modules in $mod A$ .

(ii) The push-down functor $F_{\lambda}$ : $mod \hat{B}arrow mod$ A preserves the
Auslander-Reiten sequences.

$Unfortunately\wedge$, in general the push-down functor $F_{\lambda}$ : $mod \hat{B}arrow$

$mod B/G$ associated to a Galois covering $F:\hat{B}arrow\hat{B}/G$ is not dense.
A repetitive category $\hat{B}$ is said to be locally support-finite [DSl] if, for
any object $x$ of $R$ , the full subcategory of $\hat{B}$ given by the supports
$suppM$ of all indecomposable modules $M$ in $mod \hat{B}$ with $M(x)\neq 0$ is
a finite category.

The following special case of the density theorem of Dowbor and
Skowro\’{n}ski from [DSl], [DS2] is crucial for our consideration.

Theorem 2.3. Let $Bbe\wedge$ an $algebra\wedge,$ $G$ a torsion-free admissible group
of automorphisms of $B,$ $A=B/G$, and assume that $\hat{B}$ is locally
support-finite. Then the push-down functor $F_{\lambda}$ : $mod \hat{B}arrow mod A$ ,
associated to the Galois covering $F:Barrow\hat{B}/G=A$ , is dense. In par-
ticular, the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is the orbit tmnslation
quiver $\Gamma_{\hat{B}}/G$ of the Auslander-Reiten quiver $\Gamma_{\hat{B}}$ of $\hat{B}$ with respect to
the induced action of $G$ .

3 Criteria for orbit algebras of repetitive
categories

Let $A$ be a selfinjective algebra. By a classical result of Nakayama
[Na] (see also [Y]) the left socle $soc_{A}$ $A$ and the right socle soc $A_{A}$ of
$A$ coincide, and hence soc $A:=$ soc $AA=$ soc $A_{A}$ is an ideal of $A$ . Two
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selfinjective algebras $A$ and $\Lambda$ are said to be socle equivalent if the
factor algebras $A/$ soc $A$ and $\Lambda/$ soc $\Lambda$ are isomorphic.

Let $A$ be a selfinjective algebra and 1 $=e_{1}+e_{2}+\cdots+e_{n}$ a
decomposition of the identity $1_{A}$ of $A$ into a sum of pairwise or-
thogonal idempotents of $A$ . We denote by $\nu=\nu_{A}$ the Nakayama
permutation of $A$ (with respect to this decomposition of $1_{A}$ ) that is
the permutation $\nu$ of $\{$ 1, $\ldots,$

$n\}$ such that top $e_{i}A\cong$ soc $e_{\nu(i)}A$ for
any $i\in\{1, \ldots, n\}$ . For a subset $X$ of $A$ , we consider the left an-
nihilator $\ell_{A}(X)=\{a\in A|ax=0\}$ and the right annihilator
$r_{A}(X)=\{a\in A|xa=0\}$ of $X$ in $A$ . Let $I$ be an ideal of $A$ ,
$B=A/I$ and $e$ an idempotent of $A$ such that $e+I$ is the identity
of $B$ . We may assume that $e=e_{1}+\cdots+e_{m}$ for some $m\leq n$ , and
$\{e_{i}|1\leq i\leq m\}$ is the set of all idempotents in $\{e_{i}|1\leq i\leq n\}$ which
are not contained in $I$ . Such an idempotent $e$ is uniquely determined
by $I$ up to an inner automorphism of $A$ , and is called a residual iden-
tity of $B=A/I$ . Observe that we have a canonical isomorphism of
algebras $eAe/eIearrow A\sim/I=B$ . We also note that if $e$ is an idempotent
of $A$ such that $\ell_{A}(I)=Ie$ or $r_{A}(I)=eI$ , then $e$ is a residual identity
of $A/I$ [SY6].

The following proposition proved in [SYl] is essential for further
considerations.

Proposition 3.1. Let $A$ be a selfinjective algebm, I an ideal of $A$ ,
$B=A/I,$ $e$ a residual identity of $B$ , and assume that $IeI=0$ . The
following conditions are equivalent:

(i) $Ie$ is an injective cogenemtor in $mod B$ .

(ii) $eI$ is an injective cogenemtor in $mod B^{op}$ .
(iii) $\ell_{A}(I)=Ie$ .

(iv) $r_{A}(I)=eI$ .
Moreover, under these equivalent conditions, we have soc $A\subseteq I$ and
$eIe=\ell_{eIe}(I)=r_{eAe}(I)$ .

The following criterion for a selfinjective algebra to be an orbit
algebra of the repetitive category of an algebra with respect to action
of an infinite cyclic group has been established by Skowro\’{n}ski and
Yamagata in [SY3] (sufficency part) and [SY6] (necessity part).

Theorem 3.2. Let $A$ be a selfinjective algebm over a field K. The
following conditions are equivalent:

(i) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is an
algebm over $K$ and $\varphi$ is a positive automorphism of $\hat{B}$ .
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(ii) There is an ideal I of $A$ and an idempotent $e$ of $A$ such that

(1) $r_{A}(I)=eI$ ,
(2) the canonical algebm epimorphism $eAearrow eAe/eIe$ is a re-

tmction.

Moreover, in this case, $B$ is isomorphic to the factor algebm $A/I$ .
Observe that, by Proposition 3.1, that the condition (ii) (1) is natu-

ral and rather easy to check. On the other hand, the condition (ii) (2) is
not easy to check and creates problems in applications of Theorem 3.2.
In order to deal with this problem socle deformations of selfinjective
algebras given by deforming ideals were introduced by Skowro\’{n}ski and
Yamagata in [SYl].

For an algebra $B$ , we denote by QB the (valued) quiver of $B$ . Recall
that the vertices of QB are the numbers 1, . . . , $m$ corresponding to the
choosen idempotents $e_{1},$

$\ldots,$ $e_{m}$ of $B$ with $1_{B}=e_{1}+\cdots+e_{m}$ . Further,
if $S_{1}=$ top $(e_{1}B),$

$\ldots,$ $S_{m}=$ top $(e_{m}B)$ are the associated simple B-
modules, then there is an arrow from $i$ to $j$ in QB if $Ext_{B}^{1}(S_{i}, S_{j})\neq 0$ ,
and to this arrow the valuation

$(\dim_{End_{B}(S_{i})}Ext_{B}^{1}(S_{i}, S_{j}), \dim_{End_{B}(S_{j})}Ext_{B}^{1}(S_{i}, S_{j}))$

is assigned.
Let $A$ be a selfinjective algebra, $I$ an ideal of $A$ and $e$ a residual

identity of $A/I$ . Following [SYl], $I$ is said to be a deforming ideal of
$A$ if the following conditions are satisfied:
(Dl) $\ell_{eAe}(I)=eIe=r_{eAe}(I)$ ;

(D2) the valued quiver $Q_{A/I}$ of $A/I$ is acyclic.

Assume $I$ is a deforming ideal of $A$ . Then we have a canonical iso-
morphism of algebras $eAe/eIearrow A/I$ and $I$ can be considered as an
$(eAe/eIe)-(eAe/eIe)$-bimodule. Following [SYl], we denote by $A[I]$

the direct sum of K-vector spaces $(eAe/eIe)\oplus I$ with the multiplica-
tion

$(b, x)(c, y)=(bc, by+xc+xy)$

for $b,$ $c\in eAe/eIe$ and $x,$ $y\in I$ . Then $A[I]$ is a K-algebra with the
identity $(e+eIe, 1-e)$ , and, by identifying $x\in I$ with $(0, x)\in A[I]$ ,
we may consider $I$ as an ideal of $A[I]$ . Moreover, $e=(e+eIe, 0)$ is a
residual identity of $A[I]/I=eAe/eIearrow\sim A/I,$ $eA[I]e=(eAe/eIe)\oplus$
$eIe$ and the canonical algebra epimorphism $eA[I]earrow eA[I]e/eIe$ is a
retraction.

The following properties of the algebras $A[I]$ have been established
in [SYl], [SY2], [SY7].
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Theorem 3.3. Let $A$ be a sefinjective algebm and I a deforming ideal
of A. Then the following statements hold.

(i) $A[I]$ is a selfinjective algebm with the same Nakayama permuta-
tion as $A$ and I is a deforming ideal of $A[I]$ .

(ii) $A[I]$ is a symmetric algebm if $A$ is a symmetric algebm.

(iii) $A$ and $A[I]$ are socle equivalent.

(iv) $A$ and $A[I]$ are stably equivalent.

It follows from Proposition 3.1 that if $A$ is a selfinjective algebra,
$I$ an ideal of $A,$ $B=A/I,$ $e$ an idempotent of $A$ such that $eI=r_{A}(I)$ ,
and the valued quiver $Q_{B}$ of $B$ is acyclic, then $I$ is a deforming ideal
of $A$ .

The following theorem has been proved in [SY3].

Theorem 3.4. Let $A$ be a selfinjective algebm, I an ideal of $A,$ $B=$

$A/I$ and $e$ an idempotent of A. Assume that $eI=r_{A}(I)$ and QB is
acyclic. Then $A[I]$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ for some
positive automorphism $\varphi$ of $\hat{B}$ .

As a direct consequence of Theorems 3.3 and 3.4 we obtain the
following fact.

Corollary 3.5. Let $A$ be a selfinjective algebm, I an ideal of $A,$ $B=$

$A/I$ and $e$ an idempotent of A. Assume that $eI=r_{A}I$ and $Q_{B}$ is
acyclic. Then $A$ is socle equivalent and stably equivalent to an orbit
algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ for some positive automorphism $\varphi$ of $\hat{B}$ .

We mention that there are examples of selfinjective algebras $A$ with
deforming ideals $I$ such that the algebras $A$ and $A[I]$ are not isomorphic
(see [SY3]). The following result from [SY5] describes the situation
when the algebras $A$ and $A[I]$ are isomorphic.

Theorem 3.6. Let $A$ be a seffinjective algebm with a defoming ideal
$I,$ $B=A/I,$ $e$ be a residual identity of $B$ and $\nu$ the Nakayama per-
mutation of A. Assume that $IeI=0$ and $e_{i}\neq e_{\nu(i)}$ for any primitive
summand $e_{i}$ of $e$ . Then the algebras $A$ and $A[I]$ are isomorphic. $In$

particular, $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ for some pos-
itive automorphism $\varphi$ of $\hat{B}$ .

It has been proved in [SYl] that if $A$ is a selfinjective algebra over an
algebraically closed field $K,$ $I$ a deforming ideal with a residual identity
$e$ , then the second Hochschild cohomology sopace $H^{2}(eAe/eIe, eIe)$

vanishes. This leads to the following consequence of Theorems 3.2 and
3.4.
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Theorem 3.7. Let $A$ be a selfinjective algebm over an algebmically
closed field K. The following conditions are equivalent:

(i) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})_{f}$ where $B$ is an
algebm over $K$ with acyclic quiver QB and $\varphi$ is a positive auto-
morphism of $\hat{B}$ .

(ii) There is an ideal I and an idempotent $e$ of $A$ such that

(1) $r_{A}(I)=eI_{f}$

(2) the quiver $Q_{A/I}$ of $A/I$ is acyclic.

Moreover, in this case, $B$ is isomorphic to $A/I$ .

4 Selfinjective algebras of canonical type
We exhibit here the class of selfinjective algebras of quasitilted type
playing a prominent role in the representation theory of selfinjective
algebras.

Following [HRS] an algebra $\Lambda$ is called quasitilted if $\Lambda$ has global
dimension at most two and every indecomposable module in $mod \Lambda$ has
projective or injective dimension at most one. It has been proved in
[HRe] that the class of quasitilted algebras consists of the tilted algebms
(endomorphism algebras of tilting modules over hereditary algebras)
[HRi] and the quasitilted algebras of canonical type (endomorphism
algebras of canonical algebras of Ringel [Rinl], [Rin2] $)$ [LSl].

A selfinjective algebra $A$ over a field $K$ is said to be a selfinjective
algebm of quasitilted type if $A$ is isomorphic to an orbit algebra $\hat{B}/G$ ,
where $B$ is a quasitilted algebra over $K$ and $G$ is an admissible torsion-
free group of automorphism of $\hat{B}$ .
Theorem 4.1. Let $B$ be a quasitilted algebm, $G$ an admissible torsion-
free gmup of automorphisms of $\hat{B}$ , and $A=\hat{B}/G$ the associated orbit
algebm. Then the following statements hold.

(i) $G$ is an infinite cyclic gmup genemted by a strictly positive au-
tomorphism $\varphi$ of $\hat{B}$ .

(ii) $\hat{B}$ is locally support-finite.

(iii) The push-down functor $F_{\lambda}$ : $mod \hat{B}arrow mod$ $A$ associated to the
Galois covering $F:\hat{B}arrow\hat{B}/G=A$ is dense.

(iv) The Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is isomorphic to the orbit
quiver $\Gamma_{\hat{B}}/G$ of the Auslander-Reiten quiver $\Gamma_{\hat{B}}$ of $\hat{B}$ with respect
to the induced action of $G$ on $\Gamma_{\hat{B}}$ .
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Let $B$ be a quasitilted algebra over a field $K,$ $G$ an admissible infi-
nite cyclic group of automorphisms of $\hat{B}$ , and $A=\hat{B}/G$ the associated
selfinjective algebra of quasitilted type. Then $A$ is said to be a

$\bullet$ selfinjective algebm of tilted type, if $B$ is a tilted algebra;

$\bullet$ selfinjective algebm of canonical type, if $B$ is a quasitilted algebra
of canonical type;

$\bullet$ selfinjective algebm of Dynkin type, if $B$ is a tilted algebra of
Dynkin type;

$\bullet$ seffinjective algebm of Euclidean type, if $B$ is a tilted algebra of
Euclidean type;

$\bullet$ selfinjective algebm of wild tilted type, if $B$ is a tilted algebra of
wild type;

$\bullet$ seffinjective algebm of tubular type, if $B$ is a tubular algebra;

$\bullet$ selfinjective algebm of wild canonical type, if $B$ is a quasitilted
algebra of wild canonical type.

In fact, the class of selfinjective algebras of quasitilted type splits
into five disjoint classes: selfinjective algebras of Dynkin type, selfinjec-
tive algebras of of Euclidean type, selfinjective algebras of wild tilted
type, selfinjective algebras of tubular type and selfinjective algebras
of wild canonical type. The Auslander-Reiten quivers of selfinjective
algebras of quasitilted type are described by the following theorems
(for more details see [EKS], [LS2], [Skl], [Sk4] and [SY9]).

Theorem 4.2. Let $A=\hat{B}/G$ be a selfinjective algebm of Dynkin type
$\Delta$ . Then the stable Auslander-Reiten quiver $\Gamma_{A}^{s}$ of $A$ is isomorphic to
the orbit quiver $\mathbb{Z}\Delta/G$ and is of one of the forms
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$\searrow\ldots.\nearrow.\searrow\ldots.\nearrow.\backslash \cdots\cdots\cdots\cdots\cdots\cdots\cdots\cdots\cdots\cdot\nearrow.\searrow\ldots.\nearrow$

.
$\blacksquarearrow\cdotarrow\cdotarrow\cdotarrow\cdot-$ $\neq\cdotarrow\cdotarrow 0$

$0\nearrow\cdots\cdot\cdot\searrow\cdot\nearrow\cdots\cdot\searrow./\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots..\searrow.\nearrow\ldots.\searrow$
:

Theorem 4.3. Let $A$ be a selfinjective algebm of Euclidean type $\Delta$ .
Then the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is of the $fom$

$6*\ovalbox{\tt\small REJECT}_{\tau_{r-2}}$ $\tau_{2}6\ovalbox{\tt\small REJECT}$

. .
$where*denote$ pmjective-injective $modules_{f}r\geq 1,$ $\mathcal{X}_{i}^{s}=\mathbb{Z}\Delta,$ $\mathcal{T}_{i}^{s}$ is an
infinite family of stable tubes, for each $i\in\{0,1, \ldots, r-1\}$ . Moreover,
for each $i\in\{0,1, \ldots, r-1\}$ , all but finitely many stable tubes in $\mathcal{T}_{i}^{s}$ are
of $mnk$ one and $\mathcal{X}_{i}$ contains at least one pmjective-injective module.
Theorem 4.4. Let $A$ be a selfinjective algebm of wild tilted type $\triangle$ .
Then the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is of the $fom$

$|**|\mathcal{X}_{r-1}$ $\mathcal{X}_{1}|$ $|$

...
where $*denote$ projective-injective modules, $r\geq 1,$ $\mathcal{X}_{i}^{s}=\mathbb{Z}\Delta$ and

$\mathscr{C}_{i}^{s}$ is an infinite family of components of the $fom\mathbb{Z}A_{\infty}$ , for each
$i\in\{0,1, \ldots, r-1\}$ .
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Theorem 4.5. Let $A$ be a selfinjective algebm of tubular type. Then
the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is of the $fom$

where $*denote$ pmjective-injective modules, $r\geq 3,$ $\mathcal{T}_{i}^{s}$ is an infinite
family of stable tubes, for each $i\in\{0,1, \ldots, r-1\}$ , and $\mathcal{T}_{q}$ is an infinite
family of stable tubes, for each $q\in \mathbb{Q}_{i}^{i-1}=\mathbb{Q}\cap(i-1, i)$ . Moreover,
for each $q\in \mathbb{Q}\cap[0, r]$ , all but finitely many stable tubes in $\mathcal{T}_{q}^{s}$ are of
$mnk$ one.

Theorem 4.6. Let $A$ be a selfinjective algebm of wild canonical type.
Then the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ is of the $fom$

. .
where $*denote$ projective-injective modules, $r\geq 1,$ $\mathcal{T}_{i}^{s}$ is an infinite
family of stable tubes and $\mathscr{C}_{i}^{s}$ is an infinite family of components of
the form $\mathbb{Z}A_{\infty}$ , for each $i\in\{0,1, \ldots, r-1\}$ . Moreover, for each
$i\in\{0,1, \ldots,r-1\}$ , all but finitely many stable tubes in $\mathcal{T}_{i}^{s}$ are of $mnk$

one and $\mathscr{C}_{i}$ contains at least one pmjective-injective module.
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5Selfinjective algebras of polynomial growth
Throughout this section $K$ will be an algebraically closed field.

Let $K[x]$ be the polynomial algebra in one variable over $K$ . Follow-
ing Drozd [Dr], an algebra $A$ is said to be tame if, for any dimension $d$ ,
there exists a finite number of $K[x]-A$-bimodules $M_{i},$ $1\leq i\leq n_{d}$ , which
are finitely generated and free as left $K[x]$ -modules and all but finitely
many isomorphism classes of indecomposable modules in $mod$ $A$ of di-
mension $d$ are of the form $K[x]/(x-\lambda)\otimes_{K[x]}M_{i}$ for some $\lambda\in K$

and some $i\in\{1, \ldots, n_{d}\}$ . Let $\mu_{A}(d)$ be the least number of $K[x]$ -A-
bimodules satisfying the above condition for $d$ . Then an algebra $A$ is
said to be of polynomial growth if there is a positive integer $m$ such
that $\mu_{A}(d)\leq d^{m}$ for all $d\geq 1$ . We note that from the validity of the
second Brauer-Thrall conjecture we have $\mu_{A}(d)=0$ for all $d\geq 1$ if
and only if $A$ is of finite representation type.

The following tame and wild dichotomy theorem proved by Drozd
[Dr] is fundamental.

Theorem 5.1. Every algebm $A$ is either tame or wild, and not both.

We mention that the representation theory of a wild algebra over a
field $K$ comprises the representation theories of all finite dimensional
algebras over $K$ , hence a classification of finite dimensional indecom-
posable modules is only feasible for tame algebras (see [SS, Chap-
ter XIX] $)$ .

The following theorem announced in [Sk4] (see also [Skl]) shows
the importance of selfinjective algebras of quasitilted type in the rep-
resentation theory of tame selfinjective algebras.

Theorem 5.2. Let $A$ be a nonsimple selfinjective algebm. The follow-
ing statements are equivalent;

(i) $A$ is of polynomial growth.

(ii) $A$ is socle equivalent to a selfinjective algebm $\overline{A}$ of Dynkin, Eu-
clidean, or tubular type.

(iii) $A$ is socle equivalent to an orbit algebm $\overline{A}=\hat{B}/(\varphi)$ , where $B$

is a quasitilted algebm with positive semidefinite Euler form $\chi_{B}$

and $\varphi$ is a strictly positive automorphism of $\hat{B}$ .
We note that the selfinjective algebra $\overline{A}=\hat{B}/(\varphi)$ of quasitilted

type socle equivalent to a nonsimple selfinjective algebra $A$ of polyno-
mial growth is uniquely determined by $A$ (up to isomorphism), and is
also a geometric degeneration of $A$ in the affine variety of algebras of
dimension $d=\dim_{K}A$ .
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We also present the orbit algebras interpretation [Sk4] of the Riedt-
mann’s classification of the selfinjective algebras of finite representation
type.

Theorem 5.3. Let $A$ be a nonsimple selfinjective algebm. The follow-
ing statements are equivalent:

(i) $A$ is of finite representation type.

(ii) $A$ is socle equivalent to a selfinjective algebm $\overline{A}$ of Dynkin type.

(iii) $A$ is socle equivalent to a selfinjective algebm $\overline{A}=\hat{B}/(\varphi)$ , where
$B$ is a quasitilted algebm with positive definite Euler $fom\chi_{B}$

and $\varphi$ is a strictly positive automorphism of $\hat{B}$ .

We end this section with the orbit algebras interpretation of the
Brauer tree algebras playing the fundamental role in the Morita equiv-
alence classification of blocks of group algebras of finite representation
type. Recall that the Bmuer tree algebras are the symmetric algebras
$A(T_{S}^{m})$ associated to the Brauer trees $T_{S}^{m}$ , which are finite connected
trees with a circular ordering of edges converging at each vertex and
with one fixed (exceptional) vertex $S$ with a multiplicity $m\geq 1$ .

Theorem 5.4. Let $A$ be a nonsimple selfinjective algebm and $m$ a
positive integer. The following statements are equivalent:

(i) $A$ is isomorphic to a Bmuer tree algebm $A(T_{S}^{m})$ .

(ii) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi)$ , where $B$ is a tilted
algebm of Dynkin type $A_{n}$ and $\varphi$ is a strictly positive automor-
phism of $\hat{B}$ with $\varphi^{m}=\nu_{\hat{B}}$ .

In the above theorem, we have $n=me$ , where $e$ is the number of
edges of the Brauer tree $T_{S}^{m}$ .

6 Selfinjective algebras with generalized stan-
dard components

Let $A$ be an algebra over an arbitrary field $K$ . By general theory,
the Auslander-Reiten quiver $\Gamma_{A}$ of $A$ describes essentially “only“ the
quotient category mod A/radoo $(mod A)$ , where rad$\infty(mod A)$ is the in-
finite Jacobson mdical of $mod A$ , that is, the intersection of all powers
rad$i(mod A),$ $i\geq 1$ , of Jacobson radical rad$(mod A)$ of $mod A$ . In par-
ticular, $A$ is of finite representation type if and only if rad$\infty(mod A)=$
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$0$ [ARS]. In general, it is important to study the behaviour of the com-
ponents of $\Gamma_{A}$ in the module category $mod A$ . Following Skowronski
[Sk2] a component $\mathscr{C}$ of an Auslander-Reiten quiver $\Gamma_{A}$ is said to be
genemlized standard if $rad_{A}^{\infty}(X, Y)=0$ for all indecomposable mod-
ules $X$ and $Y$ in $\mathscr{C}$ . It has been proved in [Sk2] that every generalized
standard component $\mathscr{C}$ of $\Gamma_{A}$ is quasiperiodic, that is, all but finitely
many $D$ Tr-orbits in $C$ are periodic. Moreover, by a result from [SZ],
the additive closure add $(C)$ of a generalized standard component $C$ of
$\Gamma_{A}$ is closed under extensions in $mod A$ .

For a selfinjective algebra $A$ and a generalized standard component
$C$ of $\Gamma_{A}$ , the stable part $C^{s}$ of $C$ is one of the three possible forms:

$\bullet$ $\mathbb{Z}\Delta/G$ , for a Dynkin quiver (of type $A_{m},$ $B_{m},$ $\mathbb{C}_{m},$ $D_{m},$ $E_{6},$ $E_{7}$ ,
$E_{8},$ $F_{4},$ $G_{2})$ and an infinite cyclic admissible group $G$ of auto-
morphisms of $\mathbb{Z}\Delta$ ;

$\bullet$
$\mathbb{Z}\triangle$ for a finite valued acyclic quiver, different from a Dynkin
quiver;

$\bullet$ stable tube $\mathbb{Z}\triangle/(\tau^{r}),$ $r\geq 1$ .

In this section, we are concerned with the following problem.

Problem 1. Describe the structure of all selfinjective algebras $A$ for
which $\Gamma_{A}$ admits a generalized standard stable tube.

Observe that the following open problem is a very special case of
Problem 1.

Problem 2. Describe the structure of all selfinjective algebras $A$ of
finite representation type.

It is expected that a nonsimple selfinjective algebra $A$ is of finite
$represen_{\wedge}tation$ type if and only if $A$ is socle equivalent to an orbit
algebra $B/(\varphi)$ , where $B$ is a tilted algebra of Dynkin type and $\varphi$ is a
strictly positive automorphism of $\hat{B}$ .

The following theorem from [SY3] describes the structure of self-
injective algebras whose Auslander-Reiten quiver admits an acyclic
generalized standard right (respectively, left) stable translation sub-
quiver.

Theorem 6.1. Let $A$ be a selfinjective algebm over a field K. The
following statements are equivalent:

(i) $\Gamma_{A}$ admits an acyclic genemlized standard right stable full tmns-
lation subquiver which is closed under successors in $\Gamma_{A}$ .
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(ii) $A$ is socle equivalent to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is
a tilted algebm over $K$ not of Dynkin type and $\varphi$ is a positive
automorphism of $\hat{B}$ .

(iii) $\Gamma_{A}$ admits an acyclic genemlized standard left stable full tmns-
lation subquiver which is closed under predecessors in $\Gamma_{A}$ .

Moreover, if $K$ is an algebmically closed field, we may replace in (ii)
“socle equivalent” $by$ “isomorphic“.

In particular, we have the following consequences of the Theo-
rem 6.1 (see also [Sk4]), describing the selfinjective algebras whose
Auslander-Reiten quiver admits an acyclic generalized standard com-
ponent.

Theorem 6.2. Let $A$ be a selfinjective algebm over a field K. The
following statements are equivalent:

(i) $\Gamma_{A}$ admits an acyclic regular genemlized standard component $\mathscr{C}$ .

(ii) $A$ is socle equivalent to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is a
tilted algebm of the $fomEnd_{H}(T)$ , for some hereditary algebm
$H$ over $K$ and a regular tilting H-module $T$ , and $\varphi$ is a positive
automorphism of $\hat{B}$ .

Moreover, if $K$ is an algebmically closed field, we may replace in (ii)
“socle equivalent” $by$ ”isomorphic”.

Theorem 6.3. Let $A$ be a selfinjective algebm over a field K. The
following statements are equivalent:

(i)
$C\Gamma_{A}$

admits an acyclic nonregular genemlized standard component

(ii) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is a tilted
algebm of the $fomEnd_{H}(T)$ , for some hereditary algebm $H$

over $K$ and a nonregular tilting H-module $T$ , and $\varphi$ is a strictly
positive automorphism of $\hat{B}$ .

The crucial role in the proof of Theorem 6.1 is played by Theorems
3.2, 3.3, 3.4, Corollary 3.5 and the following result $hom$ [SYl].

Theorem 6.4. Let $A$ be a selfinjective algebm over a field K. Assume
that $\Gamma_{A}$ contains an acyclic genemlized standard right stable (respec-
tively, left stable) full tmnslation subquiver $\Sigma$ which is closed under
successors (respectively, predecessors) in $\Gamma_{A}$ . Let I be the annihilator
$ann_{A}(\Sigma)$ of $\Sigma$ in $A,$ $B=A/I$, and $e$ a residual identity of B. Then
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I is a defoming ideal of $A$ such that $eI=r_{A}(I)_{f}Ie=\ell_{A}(I)$ , and $B$

is a tilted algebm of the $fomEnd_{H}(T)$ , where $H$ is a hereditary al-
gebm over $K$ not of Dynkin type and $T$ is a tilting H-module without
nonzero postpmjective (respectively, preinjective) direct summands.

The problem of a description of selfinjective algebras whose Auslan-
der-Reiten quiver admits a generalized standard quasitube (the stable
part is a stable tube) seems to be very difficult. Namely, it has been
proved in [Sk3] that, for every finite dimensional algebra $B$ over a field
$K$ and a finite dimensional B-module $M$ , there exists a symmetric
algebra $A$ such that $B$ is a factor algebra of $A,$ $\Gamma_{A}$ admits a generalized
standard stable tube $\mathcal{T}$ , and $M$ is a subfactor of modules in $\mathcal{T}$ .

We have also the following necessity condition for the existence of
generalized standard stable tubes in the Auslander-Reiten quivers of
symmetric algebras, proved in [BSY].

Theorem 6.5. Let $A$ be a symmetric algebm over a field $K$ such that
$\Gamma_{A}$ admits a genemlized standard stable tube. Then the Cartan matrix
$C_{A}$ of $A$ is singular.

We also mention that there are many selfinjective algebras with
nonsingular Cartan matrices for which the Auslander-Reiten quivers
admit generalized standard stable tubes (see [BSY]).

We end this section with the following recent result established in
[SY8].

Theorem 6.6. Let $A$ be a selfinjective algebm of infinite representa-
tion type over a field K. The following statements are equivalent:

(i) Every component of $\Gamma_{A}$ is genemlized standard.

(ii) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is a tilted
algebm of Euclidean type or a tubular algebm, and $\varphi\dot{u}$ a strictly
positive automorphism of $\hat{B}$ .

(iii) $A$ is isomorphic to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is a qua-
sitilted algebm with positive semidefinite Euler $fom\chi_{B}$ , and $\varphi$

is a strictly positive automorphism of $\hat{B}$ .

7 Stable and derived equivalences
We discuss here invariance of the selfinjective algebras of quasitilted
type under stable and derived equivalences.
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We may associate to an algebra $A$ the derived category $D^{b}(mod A)$

of bounded complexes of modules from $mod A$ , which is the localiza-
tion of the homotopy category $K^{b}(mod A)$ of bounded complexes of
modules from $mod$ $A$ with respect to quasi-isomorphisms. We note
that $D^{b}(mod A)$ is a triangulated category (see [Ha]). Two algebras
$A$ and $B$ are said to be derived equivalent if the derived categories
$D^{b}(mod A)$ and $D^{b}(mod B)$ are equivalent as triangulated categories.
The prominent derived equivalences of algebras are induced by tilting
modules. Namely, if $A$ is an algebra, $T$ a tilting module in $mod$ $A$ and
$B=End_{A}(T)$ the associated tilted algebra, then $A$ and $B$ are derived
equivalent. More generally, Rickard proved in [Ricl] his celebrated
criterion: two algebras $A$ and $B$ are derived equivalent if and only if
$B$ is the endomorphism algebra of a tilting complex over $A$ .

The following result proved by Rickard [Ric2] is fundamental for
study of the stable and derived equivalences of selfinjective algebras.

Theorem 7.1. Let $A$ and $\Lambda$ be derived equivalent selfinjective algebms.
Then $A$ and $\Lambda$ are stably equivalent.

The class of all orbit algebras $\hat{B}/G$ (even all selfinjective algebras
of quasitilted type) is not closed under stable equivalences. However,
we have the following general result proved in [KSY].

Theorem 7.2. Let $A$ be a selfinjective algebm over a field K. The
following statements are equivalent.

(i) $A$ is stably equivalent to an orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ , where $B$ is a
quasitilted algebm over $K$ and $\varphi$ is a strictly positive automor-
phism of $\hat{B}$ .

(ii) $A$ is isomorphic to an orbit algebra $\hat{R}/(\psi\nu_{\hat{R}})$ , where $R$ is a qua-
sitilted algebm over $K$ and $\psi$ is a strictly positive automorphism
of $\hat{R}$ .

For the orbit algebras $\hat{B}/(\varphi\nu_{\hat{B}})$ of tilted type, with $\varphi$ a positive
automorphism of $\hat{B}$ , we have the following theorem from [SY2], [SY7].

Theorem 7.3. Let $A$ be a selfinjective algebm over a field $K$ and $\Delta$

be a finite, connected, acyclic, valued quiver. The following statements
are equivalent:

(i) $A$ is stably equivalent to a selfinjective orbit algebm $\hat{B}/(\varphi\nu_{\hat{B}})$ ,
where $B$ is a tilted algebm of type $\Delta$ over $K$ and $\varphi$ is a positive
automorphism of $\hat{B}$ .
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(ii) $A$ is socle equivalent to a sefinjective orbit algebm $\hat{R}/(\psi\nu_{\hat{R}})$ ,
where $R$ is a tilted algebm of type $\triangle$ over $K$ and $\psi$ is a positive
automorphism of $\hat{R}$ .

We would like to point out that in general we cannot replace in (ii)
”socle equivalent” by “isomorphic“ (see [SY4, Proposition 4]).

The following problem seems to be interesting.

Problem 3. Is the class of selfinjective algebras stably equivalent to
the selfinjective algebras of quasitilted type closed under socle equiva-
lences?
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