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MODELS FOR GSp(2,R) AND THE OUTER
AUTOMORPHISM GROUP OF Sp(2,R)
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ABSTRACT. We study the generalized Whittaker models for G = GSp(2,R) associ-
ated with indefinite binary quadratic forms when they arise from the principal series
representation induced from the minimal parabolic subgroup of G. We prove the
uniqueness of such models with moderate growth property. Moreover we express
the values of the corresponding generalized Whittaker functions on a one-parameter
subgroup of G in terms of Meijer’s G-functions.

§1. 1ZL®HIZ. GSp(2,R) ® B/ INEBIE S #EN» b FE I N2 ERFIRBICHT D
— %L Whittaker 425 (LiE LiZ, Bessel A & bIN3) D 5 b, FEFH 2 K
RICAHET B bOO—BH L TRFIRROBEY R M T D — L Whittaker
B 1 KRB DTN TVWARE Bl O TRET 5. K& REEBRIIRESC
Jacobi & (=Klingen &) H#BIER4BED b HEL e —RERFIRBUT OV TRROME
B3, UETO KBTI RFOFEES T OB (Mo-1] 28 . FEMIZ Mo-2] 22
R), SEOIERIL, £ITHSE Mi-1],[Mi-2], [Is] ® [Mo-2] & RI#RIZ, —f&{k Whittaker
O T MO RRRELERL, TOMEMERDB LT E>TREND, 4
B DRI BT BETL VBT, B3 B Lie B Sp(2, R) T, —AR{L Whittaker %
BOBHEHBAERIM/FTERVY, GSp2,R) KL T EREEBEZERT
HENRTES, LWHALHD, bIDPLELIRRS L, Sp(2,R) DEERARD
VER % TR B & —fR{k Whittaker FLBIKDZERILX 2IRTU T TH D Z L B3O DM,
% = diag(—1,1,1,~1) € GSp(2,R) P k> TBI& BZ &h 5 Sp(2, R) DB CRE
DEEC LY, 2055 1 RILHDHN GSp(2, R) D—M&{L Whittaker RBEEITIER S
NnNIBENHIZLETHD,

ZOMEDCEETH B GSp(2, R) LOFREFRD 7 — Y = BEIZ OV TO—RE
2T L, [Mo-2] (BXU[Mo-1]) THLKRRTEWEDT, £HbHZ2BRL TIRS
TLIRLEVS, SEOBRENOERY —ISHEIRTE L, F & GSp(2,Aq) ED
Hecke eigen form & 3 %% &, F 5 b €3 S 5 Kk#72 —i&{b Whittaker B%IZ, E
BEBBRERIC LT, KBEOEEIETHS GSp(2,R) & GSp(2, As) Do DFE
DRECHRT B LN TE B, kv, 7L 2 —{k Whittaker B2 &L L 9
2 L BSOS FRER (e.g. [An], [PS],[An-Ka], [PS-R], [F]) I\ T, ERKUTBY
PESBRYVBMLTHOIZ LN TES [EBIL, FATRTOFRER TR I,
AR AT BT B R4y —R{L Whittaker RO — B & FRARD, [B-F-F-1997] (2
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Lo TELNTWADT, LED GSp(2, Ag,) 15 DEFEIX, GSp(2,Q,) ORI —
21t Whittaker BIORE L TEL S EBTE 3], 28, RUDICRRE THNLT
WAR] &5 DI, 7o & xIE, spinor L BIROMETER ([An],[PS]) »HEL HX
FECBY AR — A MORHELRTVWE VI BERTE-TEY, ZOBEICOW
TIXEBOBRICR/LE B Lo LW, i, RN L EKEHLTY, SEO/MR
VL AB N VR 43 BED > 9538 S 17 Eisenstein && 3B % € DREFHRFIRO S Tl
FAEMCLRATEZITHY, DX IRIGABER D Z LZHMHFL TS,

§2. #®. G & %K 2 D similitude D RFIZEE, Go ZRHK 2 DERIRZREL T D:
G = GSp(2,R) = {g € GL(4,R) | *9Jg=v(g)J 3v(g) eR"}
Go=Sp(2,R):={9€G|v(g) =1}

ST = ( 0; é2 BB, G BLURG, D LieBY ZNEN g, go TR,
=42 2

G(resp. Go) PRIV R M BAWMK L LT, K=GNO¢4) (Ko=GoNO¥)) &
BET3, Ko iZa=F V-8 U(2) L A2 %:

U@2)3A++vV=1Bw— kap:= (_AB i) € K,, (A,Be€ M(2,R)).
¥7-. K = KoUKodiag(—1,—-1,1,1) BRRIYT 3, G D Siegel M2 # L £ D Levi
5rPR%

P = MN, M={m(h,A):=(h 0z

021 A th-1

V=157 ) o=

TED B, f= 18 My(R) ZIEBILE2KRNFHITFI& D & &, character Y5: N —
cW %

) | h e GL(2,R),A € R*},

sl () = exp(aryTex(pa)

TED B, Mg:={m(h,det(h)) € M | thBh =det(h)8} LB &, ZHiL s DM IZ
BT 5 EEILEBE {m € M | Yp(mnm™) = yg(n), Vn € N} DIEK 2 OHIFHTH
5. det(8) > 0 E7eiE det(B) < 0 WAL T, M = CX £724k My X R* x R* £725T
LIXBEBICHEID BN S, M O quasi-character x : My — CX #BEET BT &IT, HE
EBE Ry := Mg x N O quasi-character x -9 : Rg — C* & (x - ¥5)(mn) = x(m)¥s(n)
NEBEND, ZOLE, x- P PDOFARRDZERZ

C=(R\G;x - ¥s) = {W:GS C|W(rg) = (x-vs)(r)W(g) V(r,g) € Rsx G}

TEHET D, ZOZE/MICIX, G AEAEBETERT S, C*(Rs\G;x ¥s) BT W ()
DHIL, BERRLOTRDL

3C > 0,3N > 0s.t. [W(g)| < Cllg|l¥ VgeG
llgll := max{gi;, (g7")is | 1 < 4,5 < 4}
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BT b ODEKE O (Re\G; x - s) TET. (m, He) B (9, K) MBEEL T 5 &
X Bk —HB(L Whittaker NESRDZM%

GWG? (Ha, X - ¥g) := Homy g (7, Cov (Rs\G; X - ¥p))-
TEET S, G LoEEFRD 7 — ) = BROTRL, £ OEHEOHREY L BE~DIS
BBV T, RO 2OVEELETH S
P (A) : dime GWE (M, X - ¥5) < 1 BT ENRET DI &,

AIRE (B) : ® € GWD (Hr, X - p) BITEY R v € HL ITHL T, ®(v) DHRNLTW
KRAEZRHET L,

ET, AR TIREC R X 912, m S/ 73BE Poin > D FE SN e ERFIR
BT, det(0) < 0DFEEZH D, T, TRFIRBOEREEFXL L I0 Puin = MoAocNo
% G O/ NEER 5B D Langlands 3fE& 35, T2 T

Mo = (o := diag(—1,-1,1,1), 7, := diag(—1,1,—1,1), v := diag(1,-1,1,-1)),
= {diag(aoas, apaz,a7*,a5) | a; > 0 (1=0,1,2)},

1 *

*
Ny = 1 * eG

* =X *

1

o % My D character £ L, v = (1, 1n,13) € C3IZHL Texp(v) £V 5 AD quasi-
character %

exp(v H a;, for a = diag(apa1, apaz, arl,a;t)

WWEoTERTH, DL E, FERER
I(Ppin; 0,v) := C“-Indgmin (0 @ exp(v + p) ® 1n)

¥ GOERFIRBL VD, 2T, p=(3/2,2,1) € C3THD, ZDLTEBRIIR
D EICBRRBILB,

EBE. 7= [(Ppn;0,v) % GOERIIRHTEN R bDOLTD, Eicdet(f) <0 &L,

X : Mg — C* & Mg DIEED quasi-character &3 5.

(i) dimc GWng(ﬂ', X 'l,bﬂ) < 1.

(i) ® € GWT9(m, x - vg) BEWK v e Hy &L, v EH, & 7 OHN Ko-type IZ/T 5

JRAETB, ZOEE, B)(g) PH B 1 RTE I (KRESR) LOMEIX Meijer G-
4,0 a, a2 \ R

BE% Gu(z |bh o b4) FRAVWTRRSN B,

EE. B RERE (det(8) > 0) D& EDREDORERIL, [Ni], [Is] T/ TV D, Is| T

RARBROEABEIC SN TWARABOERILD S & T dime GWE (1, x - ¥5) <1 %

RIIENTE B,
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§3. HEADMMBREBTRAXDH. & € GWEI(T, x - ¥p) ILHL T, Wy(g) := 2(v)(9) €
Cos(R8\G; X  ¥8) % %53 % —RR{t Whittaker B3 e 35, 7, [Mo-2] THRAL T

HBESIT, f= (032 Céz) (c£0) LLTEW, T5&

Mpg = {zdiag(y1,1,1,31) | z € R*,y1 € R}

S ER2B,

S = {a(t,y) :=exp(tHo + %"Q - diag(1,1,-1,~1)) | t € R,y > 0}
'

Hy = 1

) € gdo-

B

LBTIE, G = RgSKy BT 5, LT, D7D, m 1% Ko-fixed vector vo € Hy
EROBE, Thbbo(n) =0l =10B8EEZ5,

® € GWZO(m, x-¥p) IEL T, Wy (9) := ®(v0)(g) € C(Rs\G; x-¥p) ZHRIET D~
&t Whittaker B3 e 35, Z OB W, (9)13h Ko-AERDT, D3 G = RpSK,
XY SEDEIZE > TREBIZFDEPRESZ LICEET S, Gy DEEBRERR U(go)
DEREZBETT LT, Wy(alt,y)) DW= T RBIFBAREF D, KIZ

Walalt,y) = S ¢9>)¥, teR, y>0
j20
LERTHL, EROBEIFBEARNPORDZ LBL1D,
(i) ¢<9>(y) 2% <92 (y) BHLBRKED (5 2 2),
(ii) 2 = (mey)? £ B< &, ¢(2) = ¢ (2) (k=10,1) i

0 {=Il6g —or-TIGz -t Joe =0
i=1 j=1

25 ARO—RIEBRMAFBRNE LT, 27EL o, BLT b, TENENL x BLT 7
DEFBNT A—FNLEEDIBEARETH D,

LIAT, W, (g) BIBRKT, Z(g)- AR, B K-HBRTHBZ LD, W,(9) iz—HiC
BB A TH 5 Z L Harish-Chandra D#EHE ([HC, Theorem 1)) i Ko Thh Y, £Z
M ¢<k>(2) Bz = +oo TREHTHDZ LBTED (cf. [Mo-2, §3])s LA >T,
() PRBSBEROTROE, TG (2|, (0 2, ) OEMMECRS L

1, 2 3y 4

FEATE B, Zhid, a;—b; € Zso (V5,5) PBARIIL BN TWBMR ([Er)), —#&
WIXEE 2 EREET 3 ([Mo-2, §9]). & bM< ZDORRT, dime GWZ (7, x - ¥5) < 2
THHIERbND, BH#EIZ, 7 = diag(-1,1,1,-1) e G LT 5L

W, (a(t,y)) =o(%)Ws(a(t,y)%) = (%) Wu(Yoa(-t,v))
=0 (%) x(%0)Wy(a(-t,y))
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2Bz LICERTIE, o(T)x(5) B 1 E7eiE —1 THADIKLT, ¢ (y) =0 %
21X < (y) = 0 THBZEBHBAETS, Z 9L Tdimc WG (Moo, X - ¥p) S 1TH
B LRRENTE, 2B, o)) = 1D E X, Wi (a(0,y)) PAKEEE £ dTH
Z 9

+v=TIoo TT. g
Wala0) =0 [ L D g

Yy Y H1gis4 I(a; — s)
with
+2 o —ut2
a; = %’ az = _2L,

bl — 1 +Z2+3 b2 — 4 +3 b3 Bl 1 -ZV2+3, b4 — =u -—V2+3

fBL, Z 2T 7(z) = idy, x(zdiag( \/_1,1/\/—1, 1/ /¥, ,) = y* (2> 0,41 > 0) Th
BELTc, DI —ZAEBBIFZDOLIRBEOBREHEETRT I ENTE IR, &
L UZERFFORILDOF TR0,

§4. TE. 2 OoBEBRERNTARERZD,

(1) LROFEHD L 512, GOERRINPLEL 5 Gy PHVFECAEBOIEREEX
&:MT%)J&D‘CE%EEE HEENREN B, FEB, [Mo-2, §10] % [Is-Mo, p.5706] Tk
7D ERT LY FHT, Novodvorsky D¥ — & % BT, 2 DOBIEMSLR (g, Ko)-

intertwiner H, — C2,(R\G; x - ¥g) BHERTE 3 & SIcBbh 2 (L EEIRMITRY
R B BT 5O THEMIZIED TV RVE, EECHENL L < BXB),

(2) W FEEDFHRI [Y] TiX, Hermite BI008RE - Biffi Lie BEDHFEIT, —AXAL Whittaker
NEEOEBER Hﬂﬁ:’ﬂ?ﬁimb BT3B, TORIXDFERY, Theorem 6.9 (3)]1%, %
DORVUZ B TIXD B L, det(B) > 0 DFAITIZ, (g, Ko)-intertwiner H, — Coo (R\G; X

Yg) PRTTIT L RTLUTTHBHZ L 2FREL TWEA ([Y] DERLIZHR X LIXPLR
723), Zhk [Is),[Mi-1) DR BRI TH S, —7F, [Y] TIZ, det(8) < 0 DI — R
BRAGEHENE LTV, §30ERLFAT S,

REFERENCES

[An] ANDRIANOV, A. N., Dirichlet series with Euler product in the theory of Siegel modular forms
of genus two, Trudy Mat. Inst. Steklov. 112 (1971), 73-94.

[An-Ka] ANDRIANOV, A. N. AND KALININ. V, Analytic properties of standard zeta-functions of
Siegel modular forms, Mat. Sb. (N.S.) 106 (1978) 323-339.

[Bu-Fr-Fu] BumpP, D. FRIEDBERG, S. AND FURUSAWA, M., Explicit formulas for the Waldspurger
and Bessel models, Israel J. Math. 102 (1997), 125-177.

[Er] ERDELYI, A. ET AL, Higher transcendental functions, vol I., (1953), McGrawHill.

[F] FURUSAWA, M., On L-functions for GSp(4) x GL(2) and their special values., J. Reine Angew.
Math. 438 (1993), 187-218.

[HC] HARISH-CHANDRA., Discrete series for semisimple Lie groups, II. Acta Math 166 (1966), 1-111.
[Is] IsHi, T., Siegel-Whittaker functions on Sp(2, R) for principal series representations., J. Math.
Sci. Univ. Tokyo 9 (2002), 303-346.

[Is-Mo] IsHil, T. AND MORIYAMA, T., Spinor L-functions for generic cusp forms on GSp(2) belonging
to principal series representations., Trans. Amer. Math. Soc. 360 (2008), 5683-5709.

[Mi-1] Mrvazaki, T., The generalized Whittaker functions for Sp(2, R) and the gamma factor of the
Andrianov L-functions, J. Math. Sci. Univ. Tokyo. 7 (2000), 241-295.

125



126

GENERALIZED WHITTAKER MODELS

[Mi-2] Mrvazaki, T., Nilpotent orbits and Whittaker functions for derived functor modules of
Sp(2,R), Canad. J. Math. 54 (2002), 769-794.

[Mo-1] MORIYAMA, T., %% 2 @ Siegel RAHRD Fourier BB & GSp(2, R) LD JHFT Bessel B¥K, %
HEETIARTRAR 1421 (2005) 44-54.

[Mo-2] MoRivaMA, T., Generalized Whittaker functions on GSp(2,R) associated with indefinite
quadratic forms, preprint (2009).

[Ni] N1wa, S., On generalized Whittaker functions on Siegel’s upper half space of degree 2. Nagoya
Math. J. 121 (1991), 171-184.

[PS] PIATETSKI-SHAPIRO, I. 1., L-functions for GSp,, Olga Taussky-Todd: in memoriam. Pacific J.
Math. (1997), Special Issue, 259-275.

[PS-Ra] PIATETSKI-SHAPIRO, I. I. AND RALLIS, S., A new way to get an Euler product, J. Reine

Angew. Math. 392 (1988), 110-124.

[Y] YamasHiTA, H., Multiplicity one theorems for generalized Gel’fand-Graev representations of
semisimple Lie groups and Whittaker models for the discrete series, In: Representations of Lie
groups, Kyoto, Hiroshima, 1986, 31-121, Adv. Stud. Pure Math., 14, Academic Press, Boston, MA,

(1988).

FACULTY OF SCIENCE AND TECHNOLOGY, SEIKEI UNIVERSITY, 3-3-1 KICH1IJOJI-KITAMACH]I,
MUsASHINO, TOKYO, 180-8633, JAPAN
E-mail address: ishii[at]st.seikei.ac.jp

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY,, MACHIKANEYAMA-
CHO 1-1, TOYONAKA, OSAKA, 560-0043, JAPAN
E-mail address: moriyama(at]math.sci.osaka-u.ac.jp



