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Morley’s theorem on Omitting types
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Abstract

We think about Morley’s omitting types theorem for countable first-
order theory. Then I introduce the result of having been related to Mor-
ley’s theorem shown by [4].

1 Introduction

Definition.(3-number) 3y = w, Jo+1 = 227, J5 = SUPL < x Ja-
Fact.(Erdés-Rado) Let a be infinite cardinal and n < w. Then 3} — (w*)2+1,
Tin - (AN

Note. a — ()7 means whenever |X| = o and given any function f from [X]"
into +, there exists a subset Y of X with |Y| = 8 and an i < « such that for all
ye [Y]nv f(y) =1

Theorem.(Stretching) Let £ be countable language, M be a model of theory
T of L, (A, <) be an infinite set of indiscernibles in M, and (B, <) be an arbi-
trary infinite lineary ordered set. Then there exist a model N of T such that
(B,<) is a set of indiscernibles in N, and for any a; < --- < a, € A and
by <--- < b, € B, tplay,-..,a,) =tp(by,...,bp).

a+n

Proof. Put ¥ := {t(x1,...,zn) : tisterm in L}. We define an equivalence
relation ~ on ¥ as follows. If t(xl,...,xn),t’(;rl,...,zcn) € X, define t ~
t'iff foranya; < -+ < a, € A M E t(ay,...,a,) = t'(a1,...,a,). Put
N := {t(by,...,bs) : t(z1,...,%p) € T,by < -+ < by € B} We define an
equivalence relation =~ on N as follows. If t(by,...,b,),t'(b},...,b,) € N, de-
finet = t' iff to(21,...,25) ~ t5(21,...,2s), Where {zl, cey Zg } = {xl, . :L‘n}U
{z1,-- -z} and to(21,. - -, 25) i= H(T1, . .-, Tn), B (21, - - -, 25) i= H (2, 20,).
Put N := {t(b)™ : t(b) € N}. Note that for any t,(b;)~,...,t,(b,)~ € N there

exists, for some b € B and t! € ¥ such that t;(b;)~ = t;(E')“. We treat B as a
subset of N by identifying each b € B with b~.

N can be made into a L-structure by defining constants, functions and re-
lations as follows:

(Constants) N | ey = ™.

(Functions) N = F(t1(0)%,...,t.()™) = (F(t1(b), ..., to(B)))™.

(Relations) N = R(t1(B)~,...,ta (D)%)

9 for all 4y < - < am € A, M |= R(t1@),. . ., tn(@)).
This definition dose not depend on the choice of representatives of the equiv-
alence classes under ~.



By induction on the complexity of formulas and use Skolem function it can
be shown that for any b; < --- < b,, € B and ¢(zxy,...,z,) € L,

N = ¢(b1,...,by) iff foralla; <---<a, € A,
M E ¢(ay,...,ay).

By indiscernibility of (A4, <), (B, <) is a set of indiscrnibles in N and for any
ap <---<ap€Aand b <--- <b, € B, tp(ay,...,a,) = tp(by,...,b,). In
particular, N = M, hence N is a model of T

2 Morley’s Theorem

Theorem. (Morley’s omitting types theorem) Let T be a theory of countable
language L, I' a set of partial types in finitely many variables over 0, u = (2“’)+.
Suppose {M,, : a < u} is a sequence of models of T such that

1. |M,| > 3a,
2. M, omits each member of I".

Then for every A > w, there is a model N with [N| = A of T such that N omits
each member of I'.
Proof. Assume to simplify an argument 7 has built-in Skolem functions and
the set of formulas I" in the unary. Let C = (¢; : ¢ < w) be a sequence of new
constant symbols, £* = LU C.

Now we construct the consistent L£*-theory @ as following properties:

1. TU{ci#¢cj:i<j<w}C&

2. for each term t(zy,...,z,) and p € I', there is a ¢, € p such that for all
11 < <ip <w,
—¢p(t(ciy,. . i) € P;

3. for any ¢¥(z1,...,xp) €ELifi; <+ <ip <wand j; <+ < jn < w,

Y(Ciyy-oon6i,) e Yy, .. .5c5,) €.

Notation. F := {(M,,Aq) : @ < p} is a sequence such that M, is satisfied
the hypotheses of the theorem and A, is subset of M, with |A4| > J,.

We say that F' = {(M/,B,) : @ < pu} is subsequence of F if for each M/,
there is 8 > a such that M, = M3 and B, C Ag with |B,| > 3,.

Fix a linear ordering of each M, in an arbitrary fashion denoting them all
by <.
Claim 1. Fix a term t(zy,...,z,). There is subsequence F’ of F as following
property: for each p € I" there is a ¢, € p such that for any (M}, B.) € F', if
’il <. < in < w and b'Ll € Bg then ]\/I(,l ": _\(ﬁp(t(bil,. .. ,bf ))

n
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Proof of claim 1. Note |I'] < 2%. Let N, = Mqyn. Define, for all a < y, fo :
Aasnl™ — LT (@ fa(@)) where fa(@) : T — L (p— (f2(@)(p) := dap € P)
such that N, | ~¢5,(t(@)) such a ¢g,, exists since No omits p.

Now |Aatn| > Jasn and for a >3, 3, > |L7].
By Erdés-Rado Theorem, (3a+n)* — (3F)f,r)- Thus we obtain Ba C Aa+n
and ¢4 p € L such that

1. |Ba| > 3
2. for all b € [Ba]™, No = ~¢a.p(t(D)).

Namely, for all b € [B,]™, f«(b) = constant.

As p = (2¥)*, by Erdés-Rado, there is subsequence {M/ : o < u} of
{N, : a < p} such that for all b € [B.]" and p € I, (fa(b))(p) = constant.
Thus {(M’,B.) : a < pu} and ¢, := (fa(b))(p) are required.

«

Claim 2. Fix a L-formula ¢(z1,...,z,). There is subsequence F’ of F as fol-
lowing property: for any (M/,By) € F/if i1 <, - <in < p, J1 < - <jn < p
and bik.abjk € B,

M E ¥(biy,....bi,) & ¥(bj,...,b;,).

Proof of Claim 2. Define, for all a < y, hq : [Aa]™ — 2 as follows:

ha(3) = {o it M, = ¥(a),

1 otherwise.

By Erdoés-Rado theorem, there is B, C A, such that |B,| > 3, and for all
b € [Ba]", ha(b) = constant. Thus, {(Mq, Ba) : a < p} is required.

Let {t; : i < w, t; is a term of £} and {v; : 1 < w, ¥; is a L-formula} be
enumerations of all the terms of £ and all the £-formula, respectively. Now we
construct @ by induction on i < w. Suppose Fy := {(Mqa,M,) : a < p} and
@y :=TU{c; #cj:i<j<w}. Clearly, for any (My, Ms) € Fo, My = ®o and
|Ma| > Ja.

Case 1 (i < w is even). Assume we have found F; and $;. We take new term
t(z1,...,25n) € {t; 1 i < w, t; is a term of L}, by claim 1,

there is subsequence F;;, of F; as following property: for each p € I', there is
a ¢p € p such that for any (M/,, By) € Fiy1,if i) <--- <ip <w and b;; € By,

‘A/It,l ": _'¢P(t(bi1’ RN bi-".))'

We put @;+1 = D; U {~¢p(t(ciy,....¢i,)):pET, iy <+ <ip <w}.

Case 2 (i < k is odd). Assume we have found F; and @;. We take new formula
¥(z1,...,on) € {¢i 11 <w, ¥ is a L-formula}, by claim 2, there is subsequence
F; ;1 of F; as following property: for any (M, By) € Fiy1 if i1 <,--+ <ip, < p,
J1 <+ < Jn <pand b‘ik7bjk € B,

]\J{) t: ’d)(bil,...,bi") — Ip(bjl,... ’bjn)'
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We put dji—l—l = @iU{w(Cil,...,C“) — ’l,[)(le,...,Cj”) <<ty <w, 1 <
s < Jp < wh

If put @ := U;<,P; then it is required L£*-theory. We take any (M,, A.) €
F :=nN;«,F;. By construction M, = &.

Let A be the set of all interpretation C = {¢; : i < w} in M,, N be Skolem
closure of A in M,. Thus N is model of T, omitting I', indicernibles in M,
and |N| = w.

Take any A > w. By stretching theorem, there is a model of T which the
cardinality of A such that omitting I". Note that if |I'| < w then it is sufficient
p=wi, see [2].

It is known that Morley’s theorem is proved in infinitary logic, and it is effec-
tive means to show existence of models in infinitary logic that the compactness
theorem is false generally, see [1], [3].

3 Related Result

The following result is related to Morley’s omitting type theorem. This
theorem says the thing that is stronger than Morley’s theorem under a certain
condition.

Theorem.(Tsuboi) Let T" be a countable complete L-theory and I' a set of
complete types with |I'| < 2¥. Suppose that for each a < wj, there is a model
M, = T with the following properties:

1. |[My| > Ja,
2. M, omits each member of I".

Then for each A > w there is a model N omitting I" and with |N| = A.

Proof. Let X = w; and {I; : i € X} be a set of infinite indiscernible sequences
and {t,;n < w} be an enumeration of all the £-terms. We may assume that
tn has n-variables. We will say that the set {I; : i € X} is t,-uniform if
the following condition holds: If 4,j € X, then tp(t,(1;)) = tp(tn(I;)) where
tp(tn(1i)) = tp(tn(ao,...,an-1)) (ap < -+ < apn-1 € I;). We will say that
{I; : i € X} is essentially t,-uniform if there is an uncountable subset Y of X
such that {I; : i € Y} is t,-uniform. For a formula ¢(z), define X®*» := {i €
X : ¢(z) € tp(tn(L;))}. Put Xy = wy, and for each i € Xy we fix a sequence
Iy(i) enumerating the universe M;.

Using the argument in the paper([4]), for n € 2<“ and k < w, we can
inductively choose X, C wi, {I,(i) : ¢ € X,} and formulas ¢, with the
following properties:

1. If » < v, then

(a) X, is an uncountable subset of X,);

(b) I,(i) is a subsequence of I, (i) for each i € X,.
2. i < j = [Iy(0)| < 1Iy(3)], and sup{|L,()] : i € X,} > .
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3. If n € 2" then
(a) each I)(i) is an infinite indiscernible sequence;
(b) {I,(3) : i € X,} : essentially t,-uniform = it is t,-uniform.

4. If n € 2" and k£ < n then
{I,(i) : i € Xy} : not t,-uniform
= X0 C (Xp) @+t and X, C (X)) (0®ns)ite,
For all v € 2¥, we define the following:

1. K, is the set of all n < w such that {I,,(i) : i € X,|n} is not t,-uniform;

2. forn € KV’ ALI("L‘) = Un§m<w{¢'f|mm(x) : I/(Tn) = O}UUn§m<w{—’¢V|m,"(x) :
v(n) =1}

3. &, := {{z:}icw is indiscernible}UU,, ¢ s, Aﬁ(tn(fn))UUngK,, Pujn(tn(Zn));
4. F, = {(M}!,I,(3)) :i € X,} (L.(¢) C M}).

wi
(Foy : (M) Loy (0), -+, M) oy (i), = Doy
2% ¢ F, (Mg I1,0),--, (M7, L3),- - =&,

;F(l-'-) H (Afélm),f(l,..)(O)), Ty (]\[i(lm ),I(l... )(i)), T t= 45(1...>

We can take v € 2% well, see [4], such that if {¢; : i < w} realizing &, in
MY, and N is Skolem closure of {¢; : i < w} in Mg then N omits I'. The rest
of the statement is clear from Stretching Theorem.
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