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A probabilistic algorithm which generates
standard tableaux of a generalized Young diagram

KENTO NAKADA JOINT WORK WITH SHUJI OKAMURA

1. B&

FRDET=BNETH 3 generalized Young diagram i3 1991 £E, J. B. Carrell DERL
[1]DHRICECHTHRNS.

w3 [1]1C KU D. Peterson (&, Kac-Moody Lie fA#D Weyl E£D minuscule 7T w
? reduced decomposition (B ZT) DIREHS:

£(w)!

o bt (B)’
EZBLEIALIZEENS. T T T Red(w) 1& w D reduced decomposition D4
B, €w) i w D length, ® (w) iX w D inversion set, ht (8) i B D height T 5.

—7, KLHSN TV &K 51, Young diagram Y O standard tableau DA% :

#Y!
nveY hv’
L7 %. T T T STab(Y) id Y D standard tableau DA, A, 1 v @ hook length TH 3.

K (1.1) & (1.2) DR E#EDOBICHAAT,

O(w)e—7Y
Red (w) «— STab(Y)
f(w) = #O (w) «— #Y
ht(B) (B € @ (w)) «— h, (v€Y)

EWVIEBRMNRTLENS. CTOBFREEL S T, Fr4&Z minuscule 7 w D inversion set
® (w) % generalized Young diagram & FEUM 200,

(1.1) #Red (w) =

(1.2) #STab(Y) =

C.Greene, A Nijenhuis, H.S.Wilf &3 [3] T, Young diagram D3 XT D standard
tableau ZEFHERICHERK T S random walk ICH I 7)Vd) XLEER LI (85 3 Hig
). FIC T D7)V dY X Lh 5, Young diagram @ hook length formula (1.2) DFFRAAS
#5M%. £7:,B. E. Sagan 33X [10] T [3] DA% shifted Young diagram D&
WEA L, U ORER RS (55 4 iBR).

A H& T, generalized Young diagram (7277 L, simply-laced T % L {RET %) 2 Hf
LTRIO7NVIY XL (Z—RIELI=6 D (55 2 i) NERTE 3 T L 2R
9B FICTDTIVTY XL 5, simply-laced DHFE D generalized Young diagram D
hook length formula (1.1) DEFFRANE SN S,

2. GNW-ALGORITHM D EH

2.1. graph. GNW-algorithm ZE&J 37/, T TRIHORTED=DICT S
TZRV3. S1%,BEX5757 T =(V,-) XERAYS 7T, UTOMEA (1),2),03) %
W79 LIRET %!



(D) TRERTS T (TEDL,#V < x).
Q) TRB#MYS 7 (Thbdb, BEIDZLAV).
(3) T & cycle #8857 T 7IiC&E %\ (RFIC loop HFEAKWY).

-~ O

FiGure 2.1. cycle and loop

Remark 1. ZREELC T d =#V £BL.
Definition 1. TR ve VIR LT, BEHr (W' (cT) ZRTED S:
Hr()'={uel |voul.
BHW v é) strict hook £PLX:.

Definition 2. d = #V LB, EHH L (1, ,d) — T &, ROFHKZH-TL ¥
(V; =) D standard tableau &PEHIN%:

L ->LD=k>1, kle{l, - ,d).
I' = (V; =) O standard tableaux £{&DxTHRE % STab(V; —) L EL.

EzonlzdI57 0 =;-)KRUT, UTO7 NI XL (3] \DOHEZAD
) % T ICXNT B GNW-algorithm £FET TV

GNWI1. Seti:=0andsetly:=T.

GNW2, (Now I'; has d — i nodes.) Set j := 1 and pick a node v; € I'; with the probability
1/(d-i). . . .

GNW3. If#Hr, (v;)" # 0, pick a node v;.; € Hr, (v;)" with the probability 1/#Hr, (v;)". If
not, go to GNWS5.

GNW4. Set j := j + 1 and return to GNW3.

GNWS. (Now #Hr, (vj)+ =0.) Set L(i + 1) := v; and set I',; :=I'; \ v; (the graph deleted
\J] from F,)

GNWS6. Seti:=i+ 1. Ifi < d, return to GNW2; if i = d, terminate.

T OMRAT IV XL, BRI vy € V(I s.t. Hr, (Vi)' = 0 ZHERIICE
G ERELT, TOEBADT L = (v, vy, ,vq) ZHERMICERTS. ERELTT
DIERDI|L = (vi,ve, -+ ,vg) WERESNZHER% Probr(L) EBL. DO LE7)VT
) XLDEHED S T O standard tableau IC7x 5.

SV NE, co7)ivd) XL, BREES STab(l) O _LICHERIIT Probr() 25
Z 5. R, —ROT T, TOMRDAEN—RIMICES LITBIERFTE RO,
AFFEDOEFERIE, D. Peterson, R. A. Proctor DEBKD—E{L X 117z Young diagram H»
BHBRONBZTITICBVTIE, TOEBIHED—RIHICED L2EERTS.

FHERZARRBHIC, AHFFROLEITHIEL LT, Young diagram DIFE L shifted
Young diagram DIFE B3,
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3. YOuNG DIAGRAM DIFEE

AHITId, Young diagram % Nx N DO#H & L LTE L TH<. Young diagram D
hook IZRD K S IcEHE TN S,

Definition 3. Y 7% Young diagram £ 5. v=(i,/)e Y £ T 5. Y DESLEEHW) %
RTERT 5:

Hy () :={(",/)€Y|“i=7 and j<j” or “i<¥ and j=j"}.
Hy (v) 2 v @ hook & FEZN,
i 2L, Figure 3.1 DFFHDERSH hook TH 3.

]

Figure 3.1. hook at w and v

FRvueYIKNHLT,vouZueHy(v) and u#v TEBTSL,T=(¥;>) &
T57Hirgs.
DL E RMNEOID.

Theorem 3.1 (C. Greene, A. Nijenhuis, H. S. Wilf [3]). Y % Young diagram £ ¢ %
#Y =d L9 3B) TDLE graphT = (Y;-) I¥5F B GNW-algorithm & standard
tabuleau (vy,- - ,v4) € STab(I") %

#H
@3.n Probr(vy, -+ ,vg) = ﬂﬂ_ar_}i’)

THERMICERT 5.
Corollary 3.2. Probr() i3—RHHTH 5.

Proof. (3.1) DA standard tableau DBRUHFIKIFEL TWERWNWHA S, o
Corollary 3.3,

d!
[Tvey #Hy (v)
Proof. Corollary 3.2 W5 HES. =
Remark 2. £ 55 A, Tk J. S. Frame, G. de B. Robinson, R. M. Thrall [2] I2 &> T

& <HI5 N7z Young diagram @ standard tableaux DFEUCDNTD T v 2 NRTH 3.
a3 [3] 1& Young diagram D7 v 7 NKOBIEEHE S X T\ 3.

Remark3. G-N-W DX [3] TR TS T7DEETT NIV XLETBRL TR HIFTIE
BODN, T TERMORBOBEETR LRI T ABICT S TOSETIRLT.

#STab(I') =



4. SHIFTED YOUNG DIAGRAM DI S

AT, shifted Young diagram % {(i,j) eNxN|iz< j} DOHPEEL LTERLT
$5<.. shifted Young diagram M hook (I RD K S ICEBE N 5.

Definition 4. S 7% shifted Young diagram &9 3. v=(,j) e S £95. S DFITHEE
Hs (v) R CESET 3:

Hs (V)= {(7./)€S|“i=¢ and j< 7 or “i<¥ and j=j” or “j+1=0"}.
Hs (v) 2 v D hook (3 % U i3 bar) &FES.
Bl % 1L, Figure 4.1 OFHDERTH hook TH 5.

e

FiGure 4.1. u,v & wIC I % hook (bar)

ERvueSIKMLT,vou®uecHsg(v) and u#v CEEET S L, I'=(S;-) ik
TS5 bHizd3.
TDLE RVEOILD.

Theorem 4.1 (B. E. Sagan [10]). S % shifted Young diagram £ 3% #S =d £ 9%). C
Dk ¥, graphT = (§; =) ICBF % GNW-algorithm |3 standard tabuleau (vy, -+ ,v4) €
STab(I') % :

@.1) Probr(vy, - - ,va) = Q@%Hs_(v)
THERMICERT 3.
Corollary 4.2. Probr() I3—H73HTH 3.
Proof. (4.1) DA:4lX standard tabuleau DBUHITEKFEL THERWLDN S, m]
Corollary 4.3.

#STab d!

PO M 5 0

Proof. Corollary 42 555 . o

Remark 4. £ 53 A, THiZ R. M. Thrall [11] I & > T & L H15 e shifted Young
diagram @ standard tableaux DFEICDONT DT v I NRTHB. R [10] & shifted
Young diagram D7 v 7 NARDFEIAZ 5 X T\ 5.

Remark 5. WHIRHERRICBO T, 2EROBEED DL > TWT, TDLIC—kk
FHERHBZDTHNE, BIBTERNEC 2RI, 1/(EBR) THZLEXS. L
L,[B]1R[10] TRE-SLFDRRICE>TWVS. DD, SEROERE L&
WA, EICHW K ZFDLIC—RRODEHH D, BIBTTERN B 2HEHNHETES. L
Mo TE2BROBEER, YBBRERNBI2ER) THELFRLTVWEDTHS.
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5. GENERALIZED YOUNG DIAGRAM 0D E 3

5.1. Kac-Moody Lie algebra Hh* 5 D#E{#. generalized Young diagram %2 E&3 % /=8
IC, simply-laced Kac-Moody Lie fX¥(D/L— b FREHW 3 (F] %13 [4][5] Z2E).

A = (ai )i jer : simply-laced Kac-Moody Lie algebra g ® Cartan matrix.
b : Cartan subalgebra over R,
b* : b @D dual space,
(,) :b" xbh — R : canonical bilinear form.
II:= {a; lie I} C b* : simple roots DES,
I .= {a}’ lie 1} C b : simple coroots DA,
such that (a;,¢)) = a; .
A€ b ERZWTZS & ¥ integral weight L " EITN5:
AalyeZ, iel

Integral weights D2ki3 P L EH N 3.
BiellTHLT,s e GL(Y) %:

SiZ/lH/t"(/l,Q’?’)Q’i, ﬁeb*,
TEHRT 5.

W .= (s;|iel): Weyl group
@ := WII : real root system
@Y := WII" : real coroot system
V:® 38+ BY € ®V: the dual of real roots

@, & O_ T, ® D positive roots & negative roots #7&J".
BReICHLT,spe WERTEST :

ss(D)=A2-(A, B)B, A€,

LIeMo>T,hICiERT act §5:
sg(h) =h— (B, HB", hebh.

BweWITXHLT, 8 ©(w)(C D,) % (inversion set of w EHENB) RTEHT 5.

@ (w) := {y €D, |wl(y) < 0}.
5.2. Generalized Young diagram &, Z® hook.
Definition 5. A € P I pre-dominant T 3 L&, REHI:3 L TH3:

ALB"Y2-1, Bed,.

Pre-dominant integral weights D7z 38 &% P,_, THT.

Definition 6. 1 € P, I U T, RCEBENBESE DW) € O, & A D diagram &
B

D) := {Be @, [(1,8") = -1}.
A B finite TH 3 L&, #D(A) < 0o 2123 T £ TH%. Finite pre-dominant integral
weights DX §REZ PIn, L &L,



Definition 7 ([6])). A€ Pf" e D) £§5. COLE, BREH, (B ZRTEDS:

H, () := D(A) N @ sp)-
B H,(B) % B IcHBV B hook LFES.

Lemma 5.1 ([6]). 1€ Pi" ,BeD(1) £95. TDLE RHBEHILD:
(D) yeHa(B\ B ETBL y<BT B 7Y)=1
(2) #H, (B) = ht(B) .
Lemma5.1iC&D,B8,y e D) IIHRLT,

BoyvyeyeH;(B) and vy # B
TDW) TS TLIRRTIEMNTES.

53. EER.

Theorem 5.2 (N-Okamura [7], Okamura [8]). 1€ P, 29°%. TDL &, L € STab(D(4))
&9 % &, GNW-algorithm |} L 2 HESR:

[Tgen(ay #Ha (B)

(5 1 ) PI’ObD( 2) (L) = T

TERT 5.
Corollary 5.3. Probpy() &~ TH 3.
Proof. (5.1) D343 standard tableau DRV HICHEEL TWHERWH 5. m]

Corollary 5.4.
d!

[gepry #HA (B)
Proof. Corollary 5.3 D SHES. m)

Remark 6. Theorem 5.2( & AHMIC FHEZ EIE) I3 /4, FRBEICK > THBAI N
[8](formulation HVX o 7z < Hix 3). [8] iIC 5T B EEEAIE, R. A. Proctor IZ & % 9748 [9]
ICED< case-by-case argument &, REFFIDFEMIC KB ETAE N —A, (7]
TIFEEBAAEZ KIBICZ R U, colored hook formula [6] % RV = #i— M2 3ERAIC A2 5
TW3.

5.4. minuscule Jo& DBAMR. MmRIC, THER & Peterson D7 v 71K (1.1) DBIRICD
WTHBIGRRTEHEE L.

A € P 7% dominant integral weight £ 3 % & &, w e W H' A-minuscule JTTH 3 L iF,
w D& % reduced decomposition (s;,, - - ,s;,) € Red(w) I LT,

(5.2) (Sigy - Si(A), @y =1,  k=1,---,d

MDD L THD. TDLE,FEED (si, - ,5,) € Red(w) IKFR LT (5.2) HB’ALH
DT EMNTNB (6]

7z, we W72 A-minusucule TLE T 5 &, w(A) € Pin Lix b, T OXSIZEBSH
THBETEMNGNB. T5IT, 1 =wA) EBTIE, O (w) = DW) L3 [6].

C DMED T T, Red (w) & STab(D(A)) (3EYNic Rl—# & N, Corollary 5.4 1% (1.1)
O (simply-laced DIFE D) FHEE X 3.

#STab(D()) =
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