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1 Introduction

Let (H,kx,Q) be a reproducing kernel Hilbert space consisting of analytic
functions on a domain Q in C* with the variable z = (z,. .., z,) and the
reproducing kernel £y = k(J,-), where \ is a point in Q. Without loss of
generality, we may assume that ) contains the origin. Moreover, we as-
sume that H is invariant under pointwise multiplication of any polynomial
in Clz1, ..., 2,]. Then a family of operators encoding structure of (H, k, Q)
is obtained under appropriate conditions. In this note, these operators will
be denoted by Ay. We should mention that A = A has been studied already
by many researchers on some Hilbert function spaces.

This note has been organized as follows. In Section 2 and Section 3, we
will give a partial announcement of results obtained in [8], where we dealt
with Ay’s of submodules in Hardy space over the bidisk. In Section 4, we
revisit the Hardy space over the unit disk from our point of view. In Section
9, we studies Ay’s of submodules in the Bergman space over the unit disk.

2 Rudin’s module

Let D denote the open unit disk in the complex plane C, and let H?(D) be
the Hardy space over D. The Hardy space over the bidisk D? will be denoted
by H?*(D?), or H? for short. Then z = (2, 2,) will denote the variable of
functions in H2. We note that H? can be defined as the tensor product
Hilbert space H*(D) ® H*(D). A will denote the bidisk algebra. Then,
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under pointwise multiplication, H? becomes a Hilbert module over A. A
closed subspace M of H? is called a submodule if M is invariant under the
module action, that is, a submodule is an invariant subspace of H? under
multiplication of each function in A. [S] denotes the submodule generated by
a set S. The rank of a submodule M is the least cardinality of a generating
set of M as a Hilbert module, and which will be denoted by rank M, and

the following inequality is well known:
dim M/[(Zl - )\1)M + (22 - /\Q)M] S rankM (()\1, /\2) € D) (21)

Set a, =1 —n~% (n € N), and let b,, be the Blaschke factor whose zero

is a,,. Then

M = Zq]-Hz(]D)) ® 2 (Where g = Hbg:j)
=0 n=J
has been called Rudin’s module (cf. Rudin [7]). The striking fact on Rudin’s
module is that the module rank is infinity. Indeed, for any A = (A1, A2) in

D?, we have

dim M/[(z1 — M)M + (22 — A)M] =

1 (otherwise).

{n +1 (A= (an,0))

As n tends to infinity, we have rank M = oo by (2.1).
Therefore we are interested in the following family of quotient vector

spaces.

M/[(Zl — /\1)M + (22 - )\Q)M] ((/\1, )\2) € ]D)z)

3 H?(D?) case

Let M be a submodule of H?>(D?). Then R; denotes the compression of a
Toeplitz operator T into M, that is, we set Ry = PpTf|pm where Py is the
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orthogonal projection of H% onto a submodule M. The following operator
is called the defect operator of a submodule M.

A=Ip—RyR:, —R,R. + R, R,R. R

22+ V29 22

which has been introduced by Yang in [9, 10] (see, also Guo [3] and Guo-
Yang [5]). Moreover, we introduce the following operator valued function:

A/\ = IM - Rb)\l (21)-RZ:\1 (z1) — }%b)\2 (zz)RZ)‘z (2z2) + Rb/\l (Zl)RbAg(22)RZ,\1(21)R;A2(22)’

where

(ba, (21), baz(22)) = (

21—)\1 Zg—)\g
1—Arz1’ 1= Xz

) (A = (A1, A2) € D?).

Since (by, (21), ba,(22)) defines an automorphism of D? (i.e. a biholomor-
phic map acting on D?) , Ay can be seen as a defect operator perturbed by
an automorphism. The following theorem is the reason why we are interested
in Ay, which was shown in Guo-Yang [5] for the case where A = 0 (see also
Guo-Wang [4]), and their proof can be applied to the general case.

Theorem 3.1 (Guo-Yang [5], Guo-Wang [4]) Let M be a submodule of
H?(D?). Then for any X € D?,

ker(IM - A)\) = M/[(Zl — )\1)./\/1 + (252 - )\Q)M]
Yang defined a new class of submodules in H?(D?).

Definition 3.1 ([10]) A submodule M in H? is said to be Hilbert-Schmidt
if A is Hilbert-Schmidt.

Yang showed that Hilbert-Schmidt class includes Rudin’s module and sub-
modules generated by polynomials.

Theorem 3.2 (S [8]) Let M be a submodule of H2.

(i) If A, is Hilbert-Schmidt for some p in D?) then A, is Hilbert-Schmidt
for any A in D?.
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(ii) If M is Hilbert-Schmidt then ||Ax — Aull2 = 0 (A — p).

Theorem 3.3 (S [8]) Let M be a Hilbert-Schmidt submodule such that
dimker(I — A,) = n > 1 for some p in D?. Then, for any neighborhood
Ui of 1 such that o(A,) N U, = {1}, there exists a neighborhood U, of p
such that o(A) NUy = {1,01(}),...,00_1(N)} for any X in U,, counting
multiplicity.

Example 3.1 (Yang [9], S [8]) Let ¢1 = ¢i1(21) and g2 = ¢2(22) be one
variable inner functions, and let M be the submodule generated by ¢, and
g2 in H?(D?). Then we have

2 (if g1(M) = g2(A2) = 0)

dim ker(IM — A)‘) =
1 (otherwise).

and
O'(A)\) = {07 17 iO’(/\)},

where we set

a(N) = V(1 =) P (1~ g(X2)?).
This calculation has been done already in the case where (A1, A2) = (0,0) by
Yang in [9]. If o(A\) # 1 then the eigenfunction corresponding to o () is

e(A) = (\/1 —lg2(M2)]2 —V/1 - IQ1()\1)|2) (1 _qjl\_fz;((li(?)/\—zzz)

@A)  a(z)d - Q2(/\2)Q_2(22))
1—lg2(A2)2 (1= Arz1)(1 — A2zo)

q1(A1) Q2(22)(1_" Q1(/\1)CI_1(21))
1—]gr(A)2 (1= Aiz1)(1 — A22e)

If o(A\) = 1 then the eigenfunctions corresponding to o(\) are

q1(21) q2(22)
(1=Xz)(1 = deze)’ (1 —Aiz1)(1 = dozg)
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Note that e(\) converges to 0 as () tends to 1.

4 H?(D) case
The defect operator of a submodule M in H?(D) is as follows:
A= Iy — R,R, = Proj(M/2M) =¢®yq,

where ¢ is the inner function corresponding to a submodule M by Beurling’s
theorem. The definition of A, is similar to that given in Section 3, and we

have
Ay = Iy — By, Ry, = Proj(M/(z — M)M) = gK, Q gK,

where we set by = (z — )\)/(1 — Az) and K, denotes the normalized Szegd

kernel. These facts are well known.

5 L2(D) case

In this section, we deal with the defect operator of a submodule in Bergman
space over . The Bergman space over D is defined as follows:

L2(D) = {f € Hol(D) : %/}DU(Z)IQ dzdy < oo (z = x—i—zy)}

The reproducing kernel is

1
kx(z) = (7:72)_2 (the Bergman kernel),

and the operator S, : f — zf acting on L2(D) is called the Bergman shift.
The definition of submodules in L2(D) is the same as that of H?(D?). We
summarize well known facts on submodules of LZ(D).

Theorem 5.1 Let M be a submodule of L2(D).

(i) dim M/(z — A)M is independent of choice of A in D (Richter [6]).
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(ii) For every n in {1,2,...,00}, there exists a submodule M such that
dim M/2M = n (Apostol-Bercovici-Foias-Pearcy [1]).
(iii) M/2M is a generating set of M (Aleman-Richter-Sundberg [2]).

The defect operator of a submodule of L2(D) is as follows:

A = Iy — 2R,R: + R’R}?

z7%z )

which was introduced by Yang-Zhu [11] (they called this the root operator
of M). The definition of A, is similar to that given in Section 3,

Ax = In — 2Ry, R;, + R RLZ,

where we set by = (z — A)/(1 — Az). The following theorem was shown in
Yang-Zhu [11] in the case where A = 0, and their proof can be applied to the

general case.
Theorem 5.2 (Yang-Zhu [11])
ker(IM - A)\) = M/(Z - /\)M

The Hilbert-Schmidt class of submodules in L2(D) is defined as same as
that given in Section 3.

Theorem 5.3 (S) Let M be a Hilbert-Schmidt submodule of L2(D). Then
(i) A, is Hilbert-Schmidt for any A in D,

(i) [[Ax = Aulla = 0 (A — w).
Proof First, we shall show (i). Setting kM = Py k,, we have

(Axf)(2) = (AN, ké“)
= ((Im = 2Rn, Ry, + Ry, Ry) £,
= (f,(Im — 2R, R}, + R%AR* k)
= (f,(1 = 2bx(2) Ry, + br(2) RZ )kM}
= (f,(1 = 25x(2)br + ba(2) B3)KM)

_ / fw)(1 = ba(2)ba(w))2kM(w) dA(w),
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where dA(w) = n!'dzdy (w = = + iy). Hence A, is Hilbert-Schmidt if and
only if

(1= ba(2)ba(w)) ;" (w)
is square integrable with respect to the Lebesgue measure on D?. We note
that

(1= by (2)ba(w))? 1— AP ’
(1 — zw)? ((1-Az)(1—Xw)) ' (51

Hence we have

(1= B ) w) = LoD 1z

O N U S
‘((1_Az)(1-—}‘w)) A-z0f%" (632

Since trivially (5.1) is bounded on D?, (5.2) is square integrable on D?. This
concludes (i).
Next, we shall show (ii). Since the integral kernel of A, is

(1 = B2 (w))P kM (w),
and using (5.2), we have
1Ay — A, 2
- / / (1 = Ba(2)ba(w)) kM (w) — (1 — b(2)by(w)) kM (w) [ dA(2)dA(w)
2
1— |A]? 2 1— |pf? ?
((1 31— Aw)) ((1 —A —m))

x (1 — 7w)2kM? dA(2)dA(w)

—0(A—p)

by the Lebesgue dominated convergence theorem. This concludes (ii).
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