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Extremal structure of the set of absolute norms !
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Abstract. Recently, we have a series of papars about geometrical properties of absolute
normalized norms on R? (or on C2). In this note we describe the results about the extremal
structure of the set of absolute normalized norms on R2.

A norm || || on R? is said to be absolute if ||(|z|, |y])|| = ||(z, y)]| for all z,y € R,
and normalized if ||(1,0)|| = ||(0,1)|| = 1. The £,-norms || - ||, are basic examples:

(Jz|P + [y[P) 7, if 1<p< oo,
Iz, y)ll, =

max{lafl, Iyl}a if p=oo.
Let AN, be the family of all absolute normalized norms on R2, and let ¥y be the set
of all (continuous) convex functions on the unit interval [0, 1] with ¢¥(0) = (1) =
1 and max{l—t,t} <¢(t) <1fort e [0,1]. It is well-known that AN, and ¥,
are in a one-to-one correspondence with ¥(t) = ||(1 — ¢, t)|| for ¢ € [0,1] and

(ad + o () (e9) 7 0.0)

0, if (z,y) =(0,0).

(2, )l =

For 1 < p < o0, let 9, be the corresponding convex function with || - ||,. Namely,

(L=t + PP if 1<p< oo,
wp(t) = .
max{l — t,t}, if p=oo.

Recently, geometrical properties of absolute normalized norms have been studied
by several authors. For example, Saito, Kato and Takahashi in [9] calculated and
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estimated the von Neumann-Jordan constant for absolute normalized norms on C?
by considering W,. Mitani and Saito [7] calculated the James constant for absolute
normalized norms on R?.

In this note we consider the extremal structure of the set AN, of absolute nor-
malized norms on R%. Note here that the set AN, has the convex structure in

the sense that || - ||| - ||' € AN2,0 < A < 1= (1=N|-||+Al-] € AN..
Moreover, the correspondence ¥ — || - ||, preserves the operation to take a convex
combination. Namely, it holds that (1 — A)|| - |ly + Al - lo» = || - la=nyg+re- So,

VY €V, 0<AL<1I= (1= NP+ M) € Py

Definition 1 We call a norm || - || € ANz an extreme point of ANy if

1
F-AF= A0 - AF -1 € AN = {11 =11 - 11"

Also we call a function ¢ € Yy an extreme point of Uy if

W= 2 ), W€ Uy = o

2
Example 1 Let
2141 if 0<t<i
vt =3,"° L
4+l i l<t<l
Then ¢ € ¥,. Put
p(t) = 29(t) — Yoo(2)
It is clear that
—3t+1 if 0<t<},
cp(t) ~ 31 2 e 1
Then ¢ is convex on [0, 1]. Hence v € ¥,. Note that
ol = W I I
I, wlly = max {Je| + 55, 55 + 1yl }

and 5 o
I )l = max { | + Zyl, Shel + [yl }.

Hence 1) = 3(¢ + ¥s) and ¢ # . Thus ¢ is not an extreme point of ¥y (|| - || is
not an extreme point of AN,).
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It is clear that 91 (or ¥ ) is an extreme point of ¥y. Let us consider the family
of extreme points of AN,. For 0 < a < % < B <1, we define

1-—t¢ 0<t<a
Ya,s(t) = “;f; S ﬁﬁ_fzﬁ (a<t<B)
t (B<t<).

For 0 < o < 3 = B we put Yu3 = Y. Then o5 € VU, for all a,3. The

corresponding norm is
(1, 22) [

2] (2] < 125 1))
2y 4 QD] (12| < feal, S aa] < )
2] (Flza| < 1).

Weput £ = {3 € Vy:0<a< 2 <B< 1)

Then we have the following.

Theorem 1 ([5], cf. [3]) The following are equivalent:
(1) || - |ly is an extreme point of AN,.
(ii) ¥ is an extreme point of V.

(i) ¢ € E.
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As applications we calculate the von Neumann-Jordan constant and the James
constant of (R?, ||-||) when ||-|| is a extreme point of AN;. The von Neumann-Jordan
constant of X was introduced by Clarkson as the smallest constant C' for which

1l Pl ul
C = 2+ Nlyl®)  —
for all 2,y € X with (,y) # (0,0). For any Banach space X, we have 1 < Cn;(X) <
2. (ii) X is a Hilbert space if and only if Cny(X) = 1. (iii) If 1 < p < oo and dim
L, > 2, then Cnj(L,) = 2%/ ™in{pa}=1 where 1/p+1/q = 1.
Saito, Kato and Takahashi in [9] calculated the constant Cn;((R% ] - |l4)), as
follows.

Proposition 1 ([9]) Let ¢ € Vs.
() If Y > ¢s, then

2
Cra((R% |1 - ll)) = max %(%5

(ii) If ¥ < o, then
Ya(t)”

Ona(R 11 lly) = mmax < Fonz

(iii) If ¢ is symmetric with respect tot = 1/2, and M; = max{2 .0 <t <1} or

Ya(t)
M, = max{‘f’;((tt)) :0 <t <1} is taken att = 1/2, then

Cna((R% 1| - ll)) = M{M;.
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We consider a function 1 € E such that 1 is symmetric with respect to t = 1/2,
that is, ¥1-gs € E. Then 9;_ss < 9 if and only if 1/2 < 8 < 1/+/2. Applying
Proposition 1 (iii) we have the following.

Theorem 2 ([5]) Let1/2 << 1. Then

Lrlor, if 1/2< 8<1/V2,

CNJ((R2’ ” ) le—ﬂ,ﬁ)) =
2082+ (1-p)?), if1/V2<B<1.

We consider a function ¢, 5 € E with ¢¥,5 < to. Since 93/1, 5 takes its
maximum at ¢t = « (resp. t = B) if a+ 8 > 1 (resp. a+ B < 1), we have by
Proposition 1,

Theorem 3 ([5]) If Yo s < ¥, then

M 1fa+/6217

Crna((R% || - [lgnp)) = § 7
? OB ifa+f<1.

The James constant J(X) of a Banach space X is defined by
J(X) = sup { min{||z + gl |z = yll} : 2,y € X, ||z = lly| = 1}.

It is known that (i) J(X) < 2 if and only is X is uniformly non-square, that is, there
is a 0 > 0 such that

Iz =y)/2ll>1-46, |zl =llygll =1=(z+y)/2| <1-4

(ii) For all Banach space X, v2 < J(X) < 2. (iii) If X is a Hilbert space, then
J(X)=+v2. (iv) Let 1 <p < oo, 1/p+1/g =1, then J(L,) = max{2'/7, 21/}

Mitani and Saito [7] the James constant of (R?, ||-||,,) when v is symmetric with
respect to ¢t = 1/2, that is, ¥(1 — t) = ¥(¢) for t € [0, 1].

Theorem 4 ([7]) Let v € Vy. If 9 is symmetric with respect tot = 1/2, then

) ~ 2-2 [ 1
TR, - ) = max, s w(2_ 2t) .

We calculate J((R?, | - ||y, ,)) for any o, 8 with 0 < o < 1/2 < 8 < 1. Let
a =1— B. Then 9, g is symmetric with respect to ¢t = 1/2.




76

Theorem 5 ([7]) For 8 € [1/2,1],

1/8, if Be[1/2,1/V2]
28, if Be[1/v2,1].

Let @« # 1 — 8. We define ¢() = (cos 8,sin0)/||(cosb,sinb)|, for 0 < § < 2.
Clearly, we have ||2(6)|, = 1. Then,

J(R? || [Y1-p,6)) = {

Lemma 1 ([1]) Let 6y <80, <0y < 03(< 0+ 7). Then

(©) lx(81) = 2(82)lly < ll2(60) — (63)lw
(i1) fl¢(61) + 2(82)lls 2 [l2(60) + 2(83)ly-

Using this lemma, we obtain following.

Theorem 6 Let0<a<1/2<B8<landa<1-8.
(i) If a,6(1/2) < 5=, then

TR llyop)) = m

(i) If grgy < Yous(1/2) < c(a, ), then
N 1
Was(1/2) + 2L

a

TR ]| lly.,s) =1

(iii) If %a,5(1/2) > c(a, B), then

TR, ]I+ llga,5)) = 2tha,5(1/2),

c(a,,@):i(1—2[3ﬁ__;+\/(1+2;__al)2+4).
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