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APPROXIMATIONS TO THE VOLUME OF HYPERBOLIC KNOTS

STEFAN FRIEDL AND NICHOLAS JACKSON

ABSTRACT. We present computational data and heuristic arguments which suggest that
given a hyperbolic knot the volume correlates with its determinant, the Mahler measure
of its Alexander polynomial and the Mahler measure of the twisted Alexander polynomial
corresponding to the discrete and faithful SL $($2, $\mathbb{C})$ representation.

1. INTRODUCTION

A 3-manifold is called hyperbolic if the interior of $N$ admits a complete metric of con-
stant curvature $-1$ of finite volume. If $N$ is hyperbolic, then it follows from Mostow-
Prasad rigidity that the hyperbolic metric is unique up to isometry. In particular the
volume of $N$ with respect to the hyperbolic metric is an invariant of the 3-manifold $N$ ,
which we denote by $vol(N)$ . If $N$ is any irreducible, compact, orientable 3-manifold with
empty or toroidal boundary, then we define $vol(N)$ to be the sum of the volumes of the
hyperbolic pieces in the JSJ decomposition of $N$ .

We say that a knot $K\subset S^{3}$ is hyperbolic, if $S^{3}\backslash \nu K$ is hyperbolic. In that case we will
denote the volume by $vol(K)$ . Note that by Thurston‘s geometrization theorem any knot
which is neither a torus knot nor a satellite knot, is a hyperbolic knot.

One of the most elementary invariants of a knot $K$ is its determinant $\det(K)$ . The
determinant has many equivalent definitions, in particular it equals any of the following:

(1) the evaluation at $t=-1$ of the Alexander polynomial $\triangle_{K}(t)$ ,
(2) the evaluation at $t=-1$ of the Jones polynomial $J_{K}(t)$ ,
(3) the order of the torsion part of the first homology of the 2-fold cyclic cover of

$S^{3}\backslash K$ ,
(4) the order of the homology of the 2-fold branched cover of $K$ .

Computations by Dunfield [Du99] showed that there exists a surprising correlation be-
tween the volume of a knot and its determinant. Other invariants of interest to us are the
Alexander polynomial $\triangle_{K}(t)$ , the Jones polynomial $J_{K}(t)$ and the symmetrized twisted
Alexander polynomial $\mathcal{T}_{K}(t)$ of $K$ corresponding to the discrete and faithful representation
which was introduced in [DFJII]. In this paper we will give computational and heuristic
evidence that the volume of a hyperbolic knot $K$ is related to the Mahler measure of
the Alexander polynomial, the evaluation at $t=-1$ and $t=1$ of $\mathcal{T}_{K}(t)$ and the Mahler
measure of $\mathcal{T}_{K}(t)$ .
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2. HYPERBOLIC VOLUME, $L^{2}$-INVARIANTS AND THE ALEXANDER POLYNOMIAL

In this section we will give some heuristic arguments, using the theory of $L^{2}$-invariants,
to justify why we think that the determinant, the Mahler measure of the Alexander
polynomial and the Mahler measure of $\mathcal{T}_{K}(t)$ are related to the volume of a hyperbolic
knot $K$ .
2.1. $L^{2}$-invariants. We first recall a few properties of certain $L^{2}$-invariants. We refer
to Liick $s$ monograph [L\"u02] for full details. Let $f$ be one of the following ‘classical
invariants’:

(1) the i-th Betti number of a topological space $X$ ,
(2) the signature of a compact even dimensional manifold $X$ ,
(3) the Atiyah-Patodi-Singer $\eta$-invariant of an odd-dimensional closed Riemannian

manifold $X$ (see [APS75] for details).
Each of the above invariants admits an $L^{2}$-version’. More precisely, given $f$ and $X$ as
above and a homomorphism $\varphi:\pi=\pi_{1}(X)arrow G$ to a (not necessarily finite) group $G$

there exists a real valued invariant $f^{(2)}(X, \varphi)$ which has in particular the following three
properties:

(A) Let $\varphi:\piarrow G$ be an epimorphism onto a finite group $G$ . If we denote by $X_{\varphi}$ the
cover of $X$ corresponding to $\varphi$ , then

$f^{(2)}(X, \varphi)=\frac{1}{|G|}f(X_{\varphi})$ .

(B) Let $\Gamma_{n}$ be a nested sequence of normal subgroups of $\pi$ , i.e. a sequence of normal
subgroups of the form

$\pi\supset\Gamma_{1}\supset\Gamma_{2}\supset\Gamma_{3}\ldots$

then
$f^{(2)}(X, \piarrow\pi/\cap\Gamma_{n})=\lim_{narrow\infty}f^{(2)}(X, \piarrow\pi/\Gamma_{n})$ .

(C) If $\psi:Garrow H$ is a monomorphism, then
$f^{(2)}(X, \varphi)=f^{(2)}(X, \psi 0\varphi)$ .

2.2. The $L^{2}$-torsion. Let $C_{*}$ be a chain complex over a field $F$ , together with a basis $c_{*}$

for $C_{*}$ . If $C_{*}$ is acyclic, then its torsion $\tau(C_{*}, c_{*})\in F^{\cross}=F\backslash \{0\}$ is defined. We refer to
[Mi66] and $[ThO1]$ for the definition. (Note that the convention used by Turaev $[TuO1]$

gives the multiplicative inverse of the torsion invariant defined by Milnor, we will follow
Milnor’s convention throughout.) Now let $X$ be a finite CW-complex. The cells naturally
give rise to a basis for the chain complex $C_{*}(X;\mathbb{R})$ . But $H_{0}(X;\mathbb{R})$ is always non-zero,
which means that the based complex $C_{*}(X;\mathbb{R})$ is not acylic, i.e. the torsion of $C_{*}(X;\mathbb{R})$

is not defined.
This problem can be circumvented by appealing to a more elaborate version of torsion.

Indeed, let $C_{*}$ be a chain complex over a field $F$ , together with a basis $c_{*}$ for $C_{*}$ and a
basis $h_{*}$ for the homology groups, then a torsion-invariant $\tau(C_{*}, c_{*}, h_{*})\in F^{x}$ is defined.
(We again refer to [Mi66] and $[TuO1]$ for details.)

Now let $X$ again be a finite CW-complex. The cells give again rise to a basis $c_{*}$ of
$C_{*}(X;\mathbb{R})$ . We pick a basis $h_{*}$ for $H_{*}(X;\mathbb{Z})/torsion$ . This basis gives rise to a basis for
$H_{*}(X;\mathbb{R})$ which we also denote by $h_{*}$ . A straightforward argument shows that up to a
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sign the invariant $\tau(C_{*}(X;\mathbb{R}), c_{*}, h_{*})$ is independent of the choice of $h_{*}$ . Note that torsion
is a multiplicative invariant, to keep the analogy with the previous section we now define

$\tau(X):=\ln|\tau(C_{*}(X;\mathbb{R}), c_{*}, h_{*})|$ ,

which is an additive invariant. By [$TuO1$ , Theorem 4.7] this invariant can be computed
as follows:

$\tau(X)=\sum_{i}(-1)^{i}\ln$ I $Tor(H_{i}(X;\mathbb{Z}))|$ .

Note that if $X$ is a 3-manifold, then it follows from Poincar\’e duality that
$\tau(X)=-\ln|Tor(H_{1}(X;\mathbb{Z}))|$ .

The awkwardness in the definition of the classical torsion of a finite CW-complex trans-
lates into serious technical difficulties for the $L^{2}arrow torsion$ . In particular, given a finite
CW-complex $X$ and a group homomorphism $\varphi$ the $L^{2}$-torsion $\tau^{(2)}(X, \varphi)$ is in general not
defined, even if all $L^{2}$-Betti numbers vanish (see [L\"u02, Section 3] for details). A suffi-
cient (but not necessary) condition for the $L^{2}$-torsion to be defined is that the $L^{2}$-Betti
numbers vanish and the Novikov-Shubin invariants are positive. (Note that there are
two conventions for the $L^{2}$-torsion: The torsion as defined in [L\"u02] equals the torsion of
[LS99] divided by two, we will follow the convention of [L\"u02]. $)$

A general approximation result for $L^{2}$-torsion has not been proved yet, in particular
the following two questions (which are a variation on [L\"u02, Question 13.73]) seem to be
wide open:

Question 2.1. Let $X$ be a finite CW-complex and let $\Gamma_{n}$ be a nested sequence of normal
subgroups of $\pi=\pi_{1}(X)$ . Suppose $\tau^{(2)}(X, \piarrow\pi/\cap\Gamma_{n})$ is defined and suppose that
$\tau^{(2)}(X, \piarrow\pi/\Gamma_{n})$ is defined for any $n_{f}$ does the following equality hold:

$\tau^{(2)}(X, \piarrow\pi/\cap\Gamma_{n})=\lim_{narrow\infty}\tau^{(2)}(X, \piarrow\pi/\Gamma_{n})$ ?

Question 2.2. Let $X$ be a finite CW-complex and let $\Gamma_{n}$ be a nested sequence of finite
index normal subgroups of $\pi=\pi_{1}(X)$ . We denote by $X_{n}$ the cover corresponding to $\Gamma_{n}$ .
Suppose that $\tau^{(2)}(X, \piarrow\pi/\cap\Gamma_{n})$ , does the following equality hold:

$\tau^{(2)}(X, \piarrow\pi/\cap\Gamma_{n})=\lim_{narrow\infty}\frac{1}{|X:X_{n}|}\tau(X_{n})$ ?

We refer to [BV10] for a detailed discussion of many related questions. We also refer
to [Se10, Section 4] for a helpful outline of the philosophy relating torsion and volume.

2.3. $L^{2}$-torsion of knots and the Mahler measure. Let $K\subset S^{3}$ be a knot. Through-
out this section we denote by $X=S^{3}\backslash \nu K$ the exterior of $K$ and we write $\pi=\pi_{1}(X)$ .
We will equip $X$ with the structure of a finite CW complex. The only $L^{2}$-torsions which
are well understood are the $L^{2}$-torsions corresponding to the identity map id: $\piarrow\pi$ and
corresponding to the abelianization map $\piarrow \mathbb{Z}$ which we denote by $\alpha$ . More precisely
the following holds:

Theorem 2.3. Let $K\subset S^{3}$ be a knot. Then $\tau^{(2)}(X, id)$ and $\tau^{(2)}(X, \alpha)$ are defined and
they are given as follows:

$\tau^{(2)}(X, id)$ $=$ $- \frac{1}{6\pi}vol(K)$ ,
$\tau^{(2)}(X, \alpha)$ $=$ $-\ln(m(\triangle_{K}(t)))$ ,
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where $m(\Delta_{K}(t))$ denotes the Mahler measure of the Alexander polynomial (we refer to the
appendix for the definition).

We refer to [L\"u02, p. 206 and Equation (3.23)] (see also [L\"u02, Lemma 13.53]) for a
proof regarding $\tau^{(2)}(S^{3}\backslash K, \alpha)$ and we refer to [L\"u02, Theorem 4.3] for details regarding
$\tau^{(2)}(S^{3}\backslash K, id)$ (see also [LS99, Theorem 0.7]). The second statement was also proved by
Li and Zhang (see [LZ06, Equation 8.2]). Note that the first statement in fact holds for
any irreducible 3-manifold.

The Mahler measure of the Alexander polynomial has been studied extensively. In
particular Silver and Williams [SW02, Theorem 2.1] proved the following theorem which
gives an affirmative answer to Question 2.2 in a special case.

Theorem 2.4. Let $K\subset S^{3}$ be a knot. Given $n\in N$ we denote by $X_{n}$ the n-fold cyclic
cover of $X=S^{3}\backslash K$ . Then the following equality holds:

$\ln(m(\Delta_{K}(t)))=\lim_{narrow\infty}\frac{1}{n}\ln|TorH_{1}(X_{n};\mathbb{Z})|$ ,

or equivalently

$\tau^{(2)}(X, \alpha)=\lim_{narrow\infty}\frac{1}{n}\tau(X_{n})$ .

Remark 2.5. (1) This theorem was proved by [Ri90] and Gonz\’alez-Acufia and Short
[GS91] for the subsequence of $X_{n}$ ’s for which the homology of the n-th fold
branched cover is finite.

(2) The theorem was recently reproved by Bergeron and Venkatesh [BV10, Theo-
rem 7.3] and it was also recently extended by Raimbault [Ra10] and Le [Le10] to
more general cases.

(3) Let $Y$ be any 3-manifold with empty or toroidal boundary. We denote by $\{Y_{n}\}$

the directed system of all finite covers of $Y$ . Thang Le [Le09] has recently shown
that the following inequality holds:

$\lim\sup_{narrow\infty}\frac{1}{[Y:Y_{n}]}\ln|TorH_{1}(Y_{n};\mathbb{Z})|\leq\frac{1}{6\pi}vol(Y)$,

or equivalently

$\lim\sup_{narrow\infty}\frac{1}{[Y:Y_{n}]}\tau(Y_{n})\geq\tau^{(2)}$ ( $Y$, id).

3. THE HYPERBOLIC TORSION

Given any orientable hyperbolic 3-manifold $Y$ we can consider the discrete and faithful
SL $($2, $\mathbb{C})$ -representation $\alpha_{can}$ . The corresponding twisted chain complex

$C_{*}(\tilde{Y})\otimes_{Z[\pi_{1}(Y)]}\mathbb{C}^{2}$

is acylic (see [Po97] and [MP10]), and it follows that the corresponding torsion $\tau(Y, \alpha_{can})\in$

$\mathbb{R}\backslash \{0\}$ is defined.
We recall the following recent result of Bergeron and Venkatesh (see [BV10, Theo-

rem 4.5] and Example (3) of [BV10, Section 5.9.3] with $(p, q)=(1,0))$ .
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Theorem 3.1. Let $Y$ be a closed hyperbolic 3-manifold. Let $\{Y_{n}\}_{n\in N}$ be a nested collection
of finite covers such that

$\bigcap_{n\in N}\pi_{1}(Y_{n})\subset\pi_{1}(Y)$

is trivial. Then the following holds:

$\lim_{narrow\infty}\frac{1}{[Y:Y_{n}]}\ln|\tau(Y_{n}, \alpha_{can}))|=-\frac{11}{12\pi}vol(Y)$ .

The question naturally arises, whether the conclusion of the theorem also holds for
hyperbolic 3-manifolds with toroidal boundary.

Conjecture 3.2. Let $Y$ be a hyperbolic 3-manifold of finite volume. Let $\{Y_{n}\}_{n\in N}$ be a
nested collection of finite covers such that

$\bigcap_{n\in N}\pi_{1}(Y_{n})\subset\pi_{1}(Y)$

is $tr^{J}i$vial. Then

$\lim_{narrow\infty}\frac{1}{[Y:Y_{n}]}\ln|\tau(Y_{n}, \alpha_{can})|=-\frac{11}{12\pi}\cdot vol(Y)$.

Given a hyperbolic knot $K$ the authors and Nathan Dunfield introduced in [DFJII] an
invariant $\mathcal{T}_{K}(t)\in \mathbb{C}[t^{\pm 1}]$ which is defined as the normalized twisted Alexander polynomial
of a hyperbolic knot corresponding to the discrete and faithful SL $($ 2, $\mathbb{C})$ representation of
the knot group. It follows from the definition and standard arguments (see e.g. [DFJII])
that the following equality holds: Let $K$ be a hyperbolic knot and denote by $Y_{n}$ the n-fold
cyclic cover of $Y=S^{3}\backslash K$ , then

$\lim_{narrow\infty}\frac{1}{n}\ln|\tau(Y_{n}, \alpha_{can}))|=-\ln(m(\mathcal{T}_{K}(t)))$ .

In light of the above results it is therefore perhaps not surprising that in our calculations
we will see that the natural logarithm of the Mahler measure of $m(\mathcal{T}_{K}(t))$ correlates
strongly with $vol(Y)$ .

Remark 3.3. Note that for any $m$ there exists a unique irreducible representation $\varphi_{m}$ :
SL $($ 2, $\mathbb{C})arrow$ GL$(m+1, \mathbb{C})$ given by the action of SL $($2, $\mathbb{C})$ on the symmetric powers of $\mathbb{C}^{2}$ .
Let $Y$ be a closed hyperbolic 3-manifold and $\rho:\pi_{1}(Y)arrow$ SL $($ 2, $\mathbb{C})$ a discrete and faithful
representation. M\"uller [M\"u09, M\"u10] showed that

$vol(Y)=\lim_{marrow\infty}-\frac{1}{m^{2}}4\pi\ln\tau(Y, \varphi_{m}\circ\rho)$.

It is unfortunately not clear to the authors how this beautiful result relates to the above
open questions.

4. CALCULATIONS

In this section we will compute various real valued invariants for all knots up to 15
crossings and we will compare the values to the volume.
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4.1. Comparison of invariants. Before we present our calculations we first introduce
some notation and definitions. Given a set $\mathcal{K}$ of hyperbolic knots and a real-valued
invariant $\Phi$ of hyperbolic knots we denote by

$A(\Phi, \mathcal{K})$ $;=$ $\frac{1}{|\mathcal{K}|}\sum_{K\in \mathcal{K}}\Phi(K)$ ,

$\sigma(\Phi, \mathcal{K})$ $;=$ $\sqrt{\frac{1}{|\mathcal{K}|}\sum_{K\in \mathcal{K}}(\Phi(K)-A(\Phi,\mathcal{K}))^{2}}$

the average value respectively the standard deviation of $\Phi$ . When $\mathcal{K}$ is understood, then
we will drop it from the notation. We furthermore define

$A_{vol}(\Phi, \mathcal{K})$ $;=$ $A(\Phi/vol, \mathcal{K})$ ,
$\sigma_{vol}(\Phi, \mathcal{K})$ $;=$ $\sigma(\Phi/vol, \mathcal{K})$ ,

$\Sigma_{vol}(\Phi, \mathcal{K})$ $;=$ $\frac{1}{A_{vol}(\Phi,\mathcal{K})}$ . $\sigma_{vol}(\Phi, \mathcal{K})$ .

Finally we define $r(\Phi, \mathcal{K})$ to be the Pearson correlation coefficient of the invariant $\Phi$ and
hyperbolic volume, i.e.

$r( \Phi, \mathcal{K})=\frac{1}{|\mathcal{K}|-1}\sum_{K\in \mathcal{K}}\frac{\Phi(K)-A(\Phi)}{\sigma(\Phi)}\cdot\frac{vol(K)-A(vol)}{\sigma(vo1)}$ .

Note that $r(\Phi, \mathcal{K})=1$ if there exists an $s>0$ such that $\Phi(K)=svol(K)$ for all $K\in \mathcal{K}$,
and $r(\Phi, \mathcal{K})=-1$ if there exists an $s<0$ such that $\Phi(K)=svol(K)$ for all $K\in \mathcal{K}$ .
In general $r(\Phi, \mathcal{K})\in[-1,1]$ . The absolute value of $r(\Phi, \mathcal{K})$ can be seen as a measure of
linear dependence between volume and $\Phi$ . For all of the above we will drop the invariant
$\Phi$ from the notation, if $\Phi$ is understood.

4.2. The data from polynomials. In the following pages we will plot the volume of
a hyperbolic knot against various invariants. The diagrams are drawn using a randomly
chosen sample of one quarter of all hyperbolic knots with at most fifteen crossings. In the
diagrams the data for alternating knots are plotted in red, while those for non-alternating
knots are shown in green.

Given $n$ we denote by $\mathcal{A}_{\eta}$ the set of all hyperbolic alternating knots up to $n$ crossings,
we denote by $\mathcal{N}_{n}$ the set of all hyperbolic non-alternating knots with up to $n$ crossings
and we denote by $\mathcal{K}_{n}$ the set of all hyperbolic knots with up to $n$ crossings.

The calculations were done with $n=15$ , and the results are shown in Tables 1-3. Note
that all but 22 prime knots with 15 crossings or less are hyperbolic (see [HTW98]).

TABLE 1. Calculated data for alternating knots with up to fifteen crossings

We would like to point out several observations:
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FIGURE 1. Plot of $vol(S^{3}\backslash K)$ against $\ln|\triangle_{K}(-1)|$ for hyperbolic knots $K$

with at most fifteen crossings.
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FIGURE 2. Plot of $vol(S^{3}\backslash K)$ against $\ln(m(\Delta_{K}))$ for hyperbolic knots $K$

with at most fifteen crossings.

41



$-2$ $0$ 2 4 6 6
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FIGURE 3. Plot of $vol(S^{3}\backslash K)$ against $\ln|\mathcal{T}_{K}(-1)|$ for hyperbolic knots $K$

with at most fifteen crossings.
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FIGURE 4. Plot of $vol(S^{3}\backslash K)$ against $\ln|\mathcal{T}_{K}(+1)|$ for hyperbolic knots $K$

with at most fifteen crossings.
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$\ln(m(\mathcal{T}_{K}))$

8 10

FIGURE 5. Plot of $vol(S^{3}\backslash K)$ against $\ln(m(\mathcal{T}_{K}))$ for hyperbolic knots $K$

with at most fifteen crossings.
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FIGURE 6. Plot of $vol(S^{3}\backslash K)$ against $\ln(m(J_{K}))$ for hyperbolic knots $K$

with at most fifteen crossings.
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TABLE 2. Calculated data for non-altemating knots with up to fifteen crossings

TABLE 3. Calculated data for all knots with up to fifteen crossings

(1) Note that the average ratio of $m(\triangle_{K}(t))$ to volume is

$0.105675594 \cong\frac{1}{3\pi}$ . 0.995969009.

At least a naive reading of Section 2 would have suggested that the ratio should
on average be $\frac{1}{6\pi}$ .

(2) Also note that the average ratio of $m(\mathcal{T}_{K}(t))$ to volume is approximately

$0.296509767 \cong\frac{11}{12\pi}$ . 1.0161959,

our calculations therefore are in line with Conjecture 3.2.
(3) According to the Pearson correlation coefficient the determinant of $K$ correlates

better with the hyperbolic volume than the Mahler measure of the Alexander
polynomial, especially for alternating knots. This also seems somewhat surprising
considering the discussion of Section 2.

(4) The Mahler measure of $\mathcal{T}_{K}(t)$ correlates very highly with the volume. The average
ratio of 0.2965097482 is rather mysterious though, it is not clear what ‘nice’ number
it corresponds to.

We conclude with a list of open questions:
(1) Does the Mahler measure of knot Floer homology (viewed as a multivariable poly-

nomial) correlate more with hyperbolic volume than the Mahler measure of the
Alexander polynomial?

(2) Does the Mahler measure of Khovanov homology (viewed as a multivariable poly-
nomial) correlate more with hyperbolic volume than the Mahler measure of the
Jones polynomial?

(3) Is there any correlation between the Chern-Simons invariant and the arguments
of the zeros of the Alexander polynomial?
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5. APPENDIX: THE MAHLER MEASURE

In this appendix we will quickly recall the definition and basic properties of the Mahler
measure of a polynomial. Throughout this section we refer to [Sc95, Section 16] and
[SW04] for details and references.

Let $p\in \mathbb{C}[t_{1}^{\pm 1}, \ldots, t_{m}^{\pm 1}]$ be a multivariable Laurent polynomial. The Mahler measure
$m(p)$ of a non-zero polynomial is defined to be

$m(p)= \exp\int_{(S^{1})^{m}}\ln|p(s)|ds$

where we equip the m-torus $(S^{1})^{d}$ with the Haar measure. (Note that the integral is
well-defined despite the zeros of $p.$ )

In the case of one-variable polynomials we can rewrite the definition as follows: Let
$p(t)\in \mathbb{C}[t^{\pm 1}]$ be a polynomial. Then

$m(p(t))= \exp\frac{1}{2\pi}\int_{\theta=0}^{2\pi}\ln|p(e^{i\theta})|d\theta$ .

If

$p(t)=ct^{k} \prod_{i=1}^{n}(t-r_{i})$ ,

then it follows from Jensen’s formula that

$m(p(t))=|c| \cdot\prod_{j=1}^{n}\max(|r_{j}|, 1)$ .
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