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1 Introduction
Woodin [5] proved that if the forcing \‘axiom for a poset $\mathbb{Q}$ holds, then for

any regular $\theta$ with $\mathbb{Q}\in \mathcal{H}_{\theta}$ there are stationary many $M\in[\mathcal{H}_{\theta}|^{W_{1}}$ for which
\‘a$n(M, Q)$-generic filter exists. In this paper we make a rernark on this fact
in the standard model of Martin $s$ maximum (MM).

First we present the precise statement of the above mentioned fact due
to Woodin. For this first we review the notion of $(M, \mathbb{Q})$ -generic filter and
stationary sets:

Definition 1.1. Suppose that $\mathbb{Q}$ is a poset.

(1) Let $D$ be a set consisting of dense subsets of $\mathbb{Q}$ . $A$ filter $H$ on $\mathbb{Q}$ is

said to be $\mathcal{D}$ -generic if $H\cap D\neq\emptyset$ for any $D\in \mathcal{D}$ .

(2) Let $M$ be a set. A subset $h$ of $\mathbb{Q}\cap M$ is called an $(M, \mathbb{Q})$ -generic

filter if $h$ is a filter on $\mathbb{Q}r(\mathbb{Q}\cap M)$ , and $h\cap D\neq\emptyset$ for any dense
$D\subseteq \mathbb{Q}$ which belongs to M. (Note that ${}^{t}h\cap D\neq\emptyset$

” is equivalent to
$h\cap D\cap M\neq\emptyset^{f}$

’ because $h\subseteq M.$ )

Definition 1.2. A set $X$ is said to be stationary if for any function $F$ :
$[\cup X]^{<\omega}arrow\cup X$ there exists $x\in X$ which is closed under F. For a set $A$

and a regular uncountable cardinal $\mu$ , a set $X\subseteq[A]^{\mu}$ $(or X\subseteq[A]^{<\mu})$ is

said to be stationary in $[A]^{\mu}$ (or in $[A]^{<\mu}$) if $X$ is stationary, $and\cup X=A$ .

Remark 1.3. In this paper we adopt the above notion of stationary sets
introduced by Woodin. It slightly differs from the classical definition of
stationary subsets of $[A]^{<\mu}$ , due to Jech $[2J$. $X$ is a stationary subset of
$[A]^{<\mu}$ in the sense of,Jech’s classical definition if and only if the set $\{x\in$

$X|x\cap\mu\in\mu\}$ is stationary in $[A]^{<\mu}$ in the sense of Def. 1.2. Moreover $X$
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is a stationary subset of $[A]^{<\mu^{+}}$ in the sense of Jech’s definition if and only

if the set $\{x\in X|\mu\subseteq x\}$ is $stationar^{v}y$ in $[A]^{\mu}$ in the sense of Def.1.2.

Fact 1.4 (Woodin [5]). Let $\mathbb{Q}$ be a poset, and suppose that the forcing axiom

for $\mathbb{Q}$ holds, $i.e$ . for every family $\mathcal{D}$ of dense subsets of $\mathbb{Q}$ with $|D|=\omega_{1}$

there evists a $\mathcal{D}$ -generic filter. Then for any $\mathbb{Q}$ and any regular uncountable

cardinal $\theta$ with $\mathbb{Q}\in \mathcal{H}_{\theta}$ the set

{ $M\in[\mathcal{H}_{\theta}]^{\omega_{1}}|\omega_{1}\subseteq M\wedge an(M,$ $\mathbb{Q})$ -generic filter exists}

is stationary in $[\mathcal{H}_{\theta}]^{v_{1}}$ .
In this paper we prove the following:

Theorem 1.5. Suppose that $\kappa$ is a supercompact cardinal in V. Let $\mathbb{P}$ be

the standard revised countable support iteration of length $\kappa$ forcing MM, and

let $W$ be an extension of $V$ by P.

(1) (Veli\v{c}kovi\v{c}) In $W$ , for any $\omega_{1}$ -stationary preserving poset $\mathbb{Q}$ and any

regular cardinal $\theta$ with $\mathbb{Q}\in \mathcal{H}_{\theta}$ the set

{ $M\in[\mathcal{H}_{\theta}]^{\omega_{1}}|\omega_{1}\subseteq M\wedge an(M,$ $\mathbb{Q})$ -generic filter $ex’ists\wedge M\cap\theta\in V$ }

is stationary in $[\mathcal{H}_{\theta}]^{\omega\iota}$ .

(2) Assume that there are pmper class many Woodin cardinals in V. Then

in $W$ , for any $\omega_{1}$ -stationary preserving poset $\mathbb{Q}$ and any regular car-
dinal $\theta\geq\kappa^{+}$ with $\mathbb{Q}\in \mathcal{H}_{\theta}$ the set

{ $M\in[\mathcal{H}_{\theta}]^{\omega_{1}}|\omega_{1}\subseteq M\wedge an(M,$ $\mathbb{Q})$ -genertc filter $ex’ists\wedge M\cap\kappa^{+}\not\in V$ }

is stationary in $[\mathcal{H}_{\theta}]^{\omega_{1}}$ .

Thm.1.5 was proved in the course of a joint work with B. Veli6kovi\v{c} on
the following result of Vialle and Weiss [4]:

Theorem 1.6 (Vialle and Weiss [4]). Assume that $\kappa$ is an inaccessible

cardinal and that there exists a poset $\mathbb{P}$ Unth the following properties;

(i) $\mathbb{P}$ has the $\kappa$ -covering and the $\kappa$ -approximation properties.

(ii) IP forces that $\kappa=\omega_{2}$ .

(iii) $\mathbb{P}$ forces the proper forcing axiom (PFA).
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Then rc is a strongly compact cardinal. Moreover if there $emSts$ a proper $\mathbb{P}$

with the above properties $(i)-(iii)$ , then rc is supercompact.

A natural question is whether we need the assumption of properness of $\mathbb{P}$

to obtain supercompactness of $\kappa$ . Our Thm. 1.5 (2) shows some difficulty to
drop the assumption of properness. See [4] for details on the relationship
between Thm. 1.5 (2) and $Thln.1.6$ .

2 Standard iteration for MM
Here we briefly review the standard iteration forcing MM, which is intro-

duced by Foreman-Magidor-Shelah [1].
Let $\kappa$ be a supercoinp\‘act cardinal in $V$ .
The iteration is constructed according to a Laver function. Recall that

a Laver function is a function $L$ : $\kappaarrow \mathcal{H}_{\kappa}$ such that for any set $a$ and
any cardinal $\lambda\geq$ rc with $a\in \mathcal{H}_{\lambda}$ there exists a $(\kappa, \lambda)$-supercompact em-
bedding $j$ : $Varrow K$ with $j(L)(\kappa)=a$ , where $j$ : $Varrow K$ is called a
$(\kappa, \lambda)$-supercompact embedding if $K$ is a transitive inner model of ZFC
with $K^{\lambda}\subseteq K$ , and $j$ is an element,ary embedding whose critical point is
$\kappa$ and such that $j(\kappa)>\lambda$ . Recall also tha,$t$ there exists $a$ . Laver function
$L:\kappaarrow \mathcal{H}_{\kappa}$ if $\kappa$ is a supercompact cardinal.

Let $L:\kappaarrow \mathcal{H}_{\kappa}$ be \‘a Laver function. Then let $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa)\})e$

the revised countable support iteration such that for each $\beta<\kappa$ ,

$\bullet$ $\dot{\mathbb{Q}}_{\beta}=L(\beta)$ if $L(\beta)$ is a $\mathbb{P}_{\beta}$ -name for a semi-proper poset,

$\bullet$
$\dot{\mathbb{Q}}_{\beta}$ is a $\mathbb{P}_{\beta}$-name for a trivial forcing notion otherwise.

Then MM holds in $V^{\mathbb{P}_{h}}$ . This follows from the generic elementary embed-
ding argument and the fact below:

Fact 2.1. In $V^{\mathbb{P}_{\kappa}}$ every $\omega_{1}$ -stationary preserving poset is semi-proper.

We call $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa\rangle$ (or $\mathbb{P}_{\kappa}$ ) the standard iteration for MM
according to $L$ .

3 Set of models whose traces are in $V$

In this section we prove Thm. 1.5 (1). We use the following lemma:
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Lemma 3.1. Suppose that $\kappa$ is a supercompact cardinal and that $L:\kappaarrow$

$\mathcal{H}_{\kappa}$ is a Laver function. Let $\theta$ be a regular cardinal $>\kappa$ , $a$ be an element

of $\mathcal{H}_{\theta}$ and $\mathcal{M}$ be a countable expansion of $(\mathcal{H}_{\theta},$ $\in,$ $\kappa,$
$a\rangle$ . Then there exists

$M\in[\mathcal{H}_{\theta}]^{<\kappa}$ such that

(i) $M\prec M$ ,

(ii) $M\cap\kappa$ is an inaccessible cardinal $<\kappa$ ,

(iii) if we let $\sigma$ : $Marrow\hat{M}$ be the tmnsitive collapse, then

$\bullet$

$\hat{\theta}:=\hat{M}\cap$ On is a regular cardinal $<\kappa$ , and $\hat{M}=?i_{\hat{\theta}}$ ,

$\bullet L(M\cap\kappa)=\sigma(a)$ .

Proof. Let $j$ : $Varrow K$ be a $(\kappa, |\mathcal{H}_{\theta}^{V}|)$ -supercompact embedding such that
$j(L)(\kappa)=a$ . By the elementarity of $j$ it suffices to show that in $K$ there
exists $M\in[\mathcal{H}_{j(\theta)}^{K}]^{<j(\kappa)}$ such that

(i) $M\prec j(\mathcal{M})$ ,

(ii) $M\cap j(\kappa)$ is an inaccessible cardinal $<j(\kappa)$ ,

(iii) if we let $\sigma$ : $Marrow\hat{M}$ be the transitive collapse, then

$\bullet$

$\hat{\theta}:=\hat{M}\cap$ On is a regular cardinal $<j(\kappa)$ , and $\hat{M}=\mathcal{H}_{\tilde{\theta}}^{K}$ ,

$\bullet j(L)(M\cap j(\kappa))=\sigma(j(a))$ .

Let $M$ $:=j[\mathcal{H}_{\theta}^{V}]$ . Then $M\in K$ , and clearly $M$ satisfies (i) above. More-
over $M\cap j(\kappa)=\kappa$ , and hence $M$ satisfies (ii). Finally note that $jr\mathcal{H}_{\theta}^{V}$ is

the inverse of the transitive collapse of $M$ . Then it can be easily seen that
$M$ satisfies (iii) $at)ove$ . $\square$

Now we prove Thrn. 1.5 (1):

Proof of $Thm.1.5(1)$ . Let $\kappa$ be a supercompact cardinal, $L:\kappaarrow \mathcal{H}_{\kappa}$ be a
Laver function and $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa\rangle$ be the standard iteration for
MM according to $L$ . Moreover suppose that $G_{\kappa}$ is a $\mathbb{P}_{\kappa}$-generic filter over
$V$ , and let $W$ $:=V[G_{\kappa}]$ .

In $W$ take an arbitrary $\omega_{1}$ -stationary preserving poset $\mathbb{Q}$ , an arbitrary
regular cardinal $\theta$ with $\mathbb{Q}\in \mathcal{H}_{\theta}^{W}$ and an arbitrary hllction $F$ : $[\mathcal{H}_{\theta}^{W}]^{<\omega}arrow$

$\mathcal{H}_{\theta}^{W}$ . All we have to show is that in $W$ there exists $M^{*}\in[\mathcal{H}_{\theta}^{W}]^{\omega_{1}}$ closed
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under $F$ such that $\omega_{1}\subseteq M^{*}$ , such that an $(M^{*}, \mathbb{Q})$ -generic filter exists and
such that $M^{*}\cap\theta\in V$ .

Let $\dot{\mathbb{Q}}$ and $\dot{F}$ be $P_{\kappa}$ -names of $\mathbb{Q}$ and $F$ , respectively. By Lem.3.1, in $V$ ,

there exists $M\in[\mathcal{H}_{\theta}^{V}]^{<\kappa}$ such that

(i) $M\prec\langle \mathcal{H}_{\theta}^{V},$ $\in,$ $\kappa,$ $L,$ $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa\rangle,\dot{\mathbb{Q}},\dot{F}\rangle$ ,

(ii) $\hat{\kappa}$ $:=M\cap\kappa$ is an inaccessible cardinal $<\kappa$ ,

(iii) if we let $\sigma$ : $Marrow\hat{M}$ be the transitive collapse, then

$\bullet$

$\hat{\theta}$ $:=\hat{M}\cap$ On is a reguIar cardinal $<\kappa$ , and $\hat{M}=\mathcal{H}_{\hat{\theta}}^{V}$ ,

$\bullet L(\hat{\kappa})=\sigma(\dot{\mathbb{Q}})$ .

Here note that $\mathbb{Q}$ is semi-proper in $W$ by Fact 2.1. Then $\mathbb{P}_{\hat{\kappa}}=\sigma(\mathbb{P}_{\kappa})$

forces that $L(\hat{\kappa})=\sigma(\dot{\mathbb{Q}})$ is semi-proper by (i) and (iii) above. Therefore
$\dot{\mathbb{Q}}_{\dot{\kappa}}=\sigma(\dot{\mathbb{Q}})$ .

We work in $W$ below. $I_{\lrcorner}etG_{\hat{\kappa}}$ be the $\mathbb{P}_{\hat{\kappa}}$ -generic filter naturally obtained
from $G_{\kappa}$ . Then note that the elementary embedding $\sigma^{-1}$ : $\hat{M}arrow \mathcal{H}_{\theta}^{V}$ can
be naturally extended to an elementary embedding $\tau$ : $\hat{M}[G_{\hat{\kappa}}]arrow \mathcal{H}_{\theta}^{W}$ . (For
each $IP\wedge$ -name $\dot{a}\in\hat{M}$ let $\tau(\dot{a}^{G_{\dot{\kappa}}}):=\sigma^{-1}(\dot{a})^{G_{h}}.)$ Note also that

$M^{*}$ $;=\tau[\hat{M}[G_{\hat{\kappa}}]]=$ {a $G_{\kappa}|\dot{a}$ is a $\mathbb{P}_{\kappa}$-name in $M$ }.

Then $\omega_{1}\subseteq M^{*}$ clearly, and $M^{*}$ is closed under $F$ because $F\in M^{*}\prec$

$(\mathcal{H}_{\theta}^{W},$ $\in\rangle$ . Moreover $M‘\cap\theta=M\cap\theta\in V$ . Finally recall that $\dot{\mathbb{Q}}_{\hat{\kappa}}=\sigma(\dot{\mathbb{Q}})$ .
Hence $\tau(\mathbb{Q}_{\hat{\kappa}})=\mathbb{Q}$ , where $\mathbb{Q}_{\hat{\kappa}}=(\dot{\mathbb{Q}}_{\dot{\kappa}})^{G_{\hat{\kappa}}}$ . Let $H_{\dot{\kappa}}$ be the $\mathbb{Q}_{\hat{\kappa}}$ -generic filter
over $V[G_{\hat{\kappa}}]$ naturally obtained from $G_{\kappa}$ . Then $\tau[H_{\hat{\kappa}}]$ is an $(M^{*}, \mathbb{Q})$-generic
filter. Therefore $M^{*}$ is as desired. $\square$

4 Set of models whose traces are not in $V$

Here we prove Thm.1.5 (2).
We use the station\‘ary tower forcing, which was introduced by Woodin.

First we briefly review basics on the stationary tower forcing. Details can
be found in Larson [3].

For a set $X$ and a set $A\supseteq\cup X$ let

$X\uparrow A$ $:=\{x\subseteq A|x\cap\cup X\in X\}$ .
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Definition 4.1. Let $\mu$ be an inaccessible cardinal. Then the stationary

tower forcing notion $\mathbb{P}_{<\mu}$ is the poset consisting of all stationary $X\in \mathcal{H}_{\mu}$ .
For each $X,$ $Y\in \mathbb{P}_{<\mu},$ $X\leq Y$ if the set $X\uparrow(\cup X)\cup(\cup Y)\backslash Y\uparrow(\cup X)\cup(\cup Y))$

is nonstationary,

Let $\mu$ be an inaccessible cardinal, and suppose that $I$ is a $\mathbb{P}_{<\mu}$-generic
filter over $V$ . Then we can construct the ultrapower Ult $(V, I)$ in $V[I]$ :

Let $V^{(<\mu)}$ be the class of all functions $f\in V$ such that dom $(f)=\mathcal{P}(A)^{V}$

for some $A\in \mathcal{H}_{\mu}^{V}$ . For each $f\in V^{(<\mu)}$ and each $A\in \mathcal{H}_{\mu}^{V}$ including $\cup$ dom$(f)$

let $f\uparrow A$ be the function on $P^{V}(A)$ such that

$f\uparrow A(x)=f(x\cap\cup$ dom$(f))$ .

For each functions $f,g\in V^{(<\mu)}$ , letting $A$ $:=$ ( $\cup$ dom $(f)$ ) $U$ ( $\cup$ dom$(g)$ ),

define

$f=Igg’\{x\in P(A)^{V}|f\uparrow A(x)=g\uparrow A(x)\}\in I$ .

Then $=I$ is an equivalence relation on $V^{(<\mu)}$ . For each $f\in V^{(<\mu)}$ let
$(f)_{I}$ denote the equivalence class represented by $f$ . Moreover for each
$(f)_{I},$ $(g)_{I}\in V^{(<\mu)}/=I$ let

$(f)_{I}\epsilon_{I}(g);g^{f}\{x\in \mathcal{P}(A)^{V}|f\uparrow A(x)\in g\uparrow A(x)\}\in I$ ,

where $A=$ ( $\cup$ doin $(f)$ ) $\cup$ ( $\cup$ dom $(g)$ ). It is easy to check that $\epsilon_{I}$ is well-
defined. Let

Ult $(V, I)$ $:=\langle V^{(<\mu)}/=:,$ $\epsilon_{I}\rangle$ .

Moreover let

$j_{I}$ : $V$ $arrow$ $Ult(V, I)$

$($V (V

$a$ $\mapsto$ $(c_{a})_{I}$

where $c_{a}$ is the function on $\{0\}$ with $c_{a}(0)=a$ for each $a\in V$ . The following

is Los’ theorem for this ultrapower:

Fact 4.2. Let $\mu$ be an inaccessible cardinal in $V$ , and suppose that I is
$a\mathbb{P}_{<\mu}$ -generic filter over V. Suppose also that $\varphi$ is a formula and that
$f_{1},$

$\ldots,$
$f_{n}\in V^{(<\mu)}$ . Let $A$ $:=$ ( $\cup$ dom $(f_{1})$ ) $\cup\cdots\cup$ ( $\cup$ dom $(f_{n})$ ). Then

Ult $(V, I)\models\varphi[(f_{1})_{I}, \ldots, (f_{n})_{I}]$

$\Leftrightarrow\{x\in \mathcal{P}(A)^{V}|V\models\varphi[f_{1}\uparrow A(x), \ldots, f_{n}\uparrow A(x)]\}\in I$
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Thus Ult $(V, I)$ is a model of ZFC, and $j_{I}$ is an elementary embedding.
As for the well-foundedness of $\epsilon_{I}$ , Woodin proved the following:

Fact 4.3 (Woodin). Assume that $\mu$ is a Woodin cardinal in V. Then $\epsilon$ ’ is

well-founded for any $\mathbb{P}_{<\mu}$ -generic $I$ filter over $V$ .

If $\epsilon$ ; is well-founded, then we let Ult $(V, I)$ denote its transitive collapse
and $j$ ; denote its composition with the collapsing map. Moreover we let
$[f]_{I}$ denote the image of $(f)_{I}$ by the collapsing map for each $f\in V^{(<\mu)}$ .

Here we give other basic facts on the stationary tower forcing, which are
used in the proof of Thm. 1.5 (2). The proof can be found in Larson [3]:

Fact 4.4. Assume that $\mu$ is a Woodin cardinal, and suppose that I is a
$\mathbb{P}_{<\mu}$ -generic filter over $V$ .

(1) There exists a unique $\nu<\mu$ such that $\nu\in I$ . The critical point of $j_{I}$

is such $\nu$ .

(2) $j_{I}(\mu)=\mu$ .

(3) $<\mu$ Ult $(V, I)\cap V[I]\subseteq$ Ult $(V, I)$ .

(4) Suppose that $A\in \mathcal{H}_{\mu;}^{V}$ and let $f$ be the identity function on $\mathcal{P}(A)^{V}$ .
Then $[f]_{I}=j_{I}[A]$ .

(5) Suppose that $A$ is a transitive set in $\mathcal{H}_{\mu}^{V}$ . Let $f\in V$ be a function on
$P(A)^{V}$ such that $f(x)$ is the transitive collapse of $x$ for each $x\subseteq A$ .
Then $[f]_{I}=A$ .

This finishes a brief review of basics on the st\‘ationary tower forcing. Next
we give a key lemma to Thm.1.5 (2):

Lemma 4.5. Let $\mathbb{Q}$ be a poset, $\theta$ be a regular cardinal $\geq\omega_{3}$ with $\mathbb{Q}\in \mathcal{H}_{\theta}$

and $\mu$ be a Woodin cardinal $>\theta$ . Assume that the set

{ $M\in[\mathcal{H}_{\theta}]^{(\nu_{1}}|\omega_{1}\subseteq M\wedge an(M,$ $\mathbb{Q})$ -generic filter exists}

is stationary in $[\mathcal{H}_{\theta}]^{\omega_{1}}$ . Then for any countable expansion $\mathcal{M}$ of $(\mathcal{H}_{\theta}, \in)$

there exists $X\in \mathbb{P}<\mu$ with the following properties;

(i) $\mathbb{P}_{<\mu}rx$ is $\omega_{1}$ -stationary preseming.

(ii) In $V^{\mathbb{P}_{<l}|X}$ there $ex^{}istsM\in[\mathcal{H}_{\theta}^{V}]^{tv_{1}}$ such that $\omega_{1}\subseteq M\prec \mathcal{M}$ , such that

an $(M, \mathbb{Q})$ -generic filter exists and such that $M\cap(\omega_{3})^{V}\not\in V$ .
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In the proof of this lemma we use the following lemma on the Skolem
hull:

Lemma 4.6. Let $\theta$ be a regular uncountable cardinal, $\Delta$ be a well-ordering

of $\mathcal{H}_{\theta}$ and $\mathcal{M}$ be a $co$untable $e\varphi ansion$ of $\langle \mathcal{H}_{\theta},$ $\in,$ $\Delta\rangle$ . Suppose that $A\in$

$M\prec M$ .

(1) $Sk^{\Lambda 4}(M\cup A)=\{f(a)|f : <dAarrow \mathcal{H}_{\theta}\wedge f\in M\wedge a\in<\omega A\}$.

(2) Suppose that $\mathcal{M}’$ is another countable expansion of $(\mathcal{H}_{\theta},$ $\in,$ $\Delta\rangle$ and that
$M\prec \mathcal{M}$‘. Then $Sk^{\Lambda 4}(M\cup A)=Sk^{\mathcal{M}’}(M\cup A)$ .

(3) For any regular cardinal $\nu\in Mif|A|<\nu$ , then $s\iota\iota p($ Sk$\Lambda t(MUA)\cap$

$\nu)=\sup(M\cap\nu)$ .

Proof. (2) and (3) easily follow from (1). We prove (1).

Let $N$ be thc set in the right side of the equation. Clearly $Sk^{\mathcal{M}}(M\cup A)\supseteq$

$N$ . We prove that $Sk^{\Lambda t}(M\cup A)\subseteq N$ . It is easy to see that $M\cup A\subseteq N$ .
Thus it suffices to prove that $N\prec M$ .

We use the Tarski-Vaught criterion. Suppose that $\varphi$ is a formula, that
$c’\in<WN$ and that $M\models" v\varphi[v, c^{*}]$ . It suffices to find $b^{*}\in N$ such that
$M\models\varphi[b^{*}, c^{*}]$ .

Because $c^{*}\in<\iota vN$, we can take a function $f$ $:<vAarrow \mathcal{H}_{\theta}$ in $M$ and
$a^{*}\in<wA$ such that $c^{*}=f(a^{*})$ . Then we define $g$ $:<WAarrow \mathcal{H}_{\theta}$ as follows:
If $a\in<wA$ , and $\mathcal{M}\models\exists v\varphi[v, f(a)]$ , then let $g(a)$ be the $\Delta$-least $b$ such that
$M\models\varphi[b, f(a)]$ . Otherwise, let $g(a)=0$ .

Then $g\in M$ by the elementarity of $M$ , and so $b$ “ $:=g(a^{*})\in N$ . Moreover
$\mathcal{M}\models\varphi[b^{*}, c^{*}]$ by the construction of $g$ and the assulnption that $M\models$

” $v\varphi[v, c^{*}]$ . Therefore $b$
“ is as desired. $\square$

Proof of $Lem.4\cdot 5$. Suppose that $\mathcal{M}$ is a countable expansion of $\langle \mathcal{H}_{\theta},$ $\in\rangle$ .
We find $X\in P_{<\mu}$ as in Lem.4.5. We lnay assume that $\mathcal{M}$ is a countable
expansion of $\langle \mathcal{H}_{\theta},$ $\in,$ $\Delta,$ $\mathbb{Q})$ , where $\Delta$ is some well-ordering of $\mathcal{H}_{\theta}$ .

Let

$Y$ $:=$ { $M\in[\mathcal{H}_{\theta}]^{\omega_{1}}|\omega_{1}\subseteq M\wedge$ an $(M,$ $\mathbb{Q})$-generic filter exists}
$X’$ $:=$ $\{Sk^{\mathcal{M}}(M\cup\omega_{2})|M\in Y\}$

It is easy to see that $X’$ is stationary in $[\mathcal{H}_{\theta}]^{\omega_{2}}$ using Lem.4.6 (2) and the

assumption that $Y$ is stationary.
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For each $N\in X’$ choose $M_{N}\in Y$ such that $N=Sk^{\lambda 4}(M_{N}\cup\omega_{2})$ . Here
note that $M\cap\omega_{2}\in\omega_{2}$ for e\‘ach $M\in Y$ by the elementarity of $M$ and the
fact that $\omega_{1}\subseteq M$ . Then by Fodor $s$ lemma we can take $\gamma^{*}<\omega_{2}$ such that
the set

$X:=\{N\in X’|M_{N}\cap\omega_{2}=\gamma^{*}\}$

is stationary in $[\mathcal{H}_{\theta}]^{\omega_{2}}$ . Then $X\in \mathbb{P}_{<\mu}$ . We show that this $X$ is as desired.
First we check the property (i) in Lem.4.5. For this take a stationary

$S\subseteq\omega_{1}$ in $V$ and a $\mathbb{P}_{<\mu}$ -generic filter $I$ over $V$ containing $X$ . Note that
$(\omega_{3})^{V}\in I$ . So the critical point of $j_{I}$ is $(\omega_{3})^{V}$ by Fact 4.4 (1). Then
$j_{I}(S)=S$ , and so $S$ is stationary in Ult $(V, I)$ by the elementarity of $j_{I}$ .
Then $S$ remains to be stationary in $V[I]$ by F\‘act 4.4 (3),

Next we check the property (ii) in Lem.4.5. Suppose that $I$ is a $\mathbb{P}_{<\mu^{-}}$

generic filter over $V$ containing $X$ . In $V$ , for each $N\in X$ let $\sigma_{N}$ : $Narrow\hat{N}$

be the transitive collapse and $\hat{M}_{N}$ be $\sigma_{N}[M_{N}]$ . Moreover take a function
$f\in V$ on $\mathcal{P}(\mathcal{H}_{\theta}^{V})^{V}$ such that $f(N)=\hat{M}_{N}$ for each $N\in X$ . Let $M^{*}$ $:=[f]_{I}$ .
We prove that $M^{*}$ witnesses the property (ii) in Lem.4.5,

First we prove that $\omega_{1}\subseteq M^{*}\prec M$ and that an $(M^{*}, \mathbb{Q})$ -generic filter
exists. It suffices to prove that these hold in Ult $(V, I)$ . For each $N\in X$

let $\overline{\mathcal{M}rN}$ be the transitive collapse of $\mathcal{M}|N$ . Take a function $g,$ $h\in V$ on
$\mathcal{P}(\mathcal{H}_{\theta}^{V})^{V}$ such that $g(N)=\overline{\mathcal{M}rN}$ for each $N\in X$ and such that $h(N)=$

$\sigma_{N}(\mathbb{Q})$ . Then, in $V$ , for every $N\in X$ they hold that $\omega_{1}\subseteq f(N)\prec g(N)$ and
that an $(f(N), h(N))$-generic filter exists. Thus, by Fact 4.2, in Ult $(V, I)$ ,

we have that $\omega_{1}\subseteq[f]_{I}\prec[g]_{I}$ and that an $([f]_{I)}[h]_{I})$-generic filter exists.
Here note that $[g|_{I}=\mathcal{M}$ and that $[h]_{I}=\mathbb{Q}$ by Fact 4.4 (5). So, in Ult $(V, I)$ ,
$\omega_{1}\subseteq M^{*}\prec\Lambda t$ , and an $(M^{*}, \mathbb{Q})$-generic filter exists.

Next we prove that $M^{*}\cap(\omega_{3})^{V}\not\in V$ . First note that

$(*)M^{*}\cap(\omega_{2})^{V}=j_{I}(\gamma^{*})=\gamma^{*}<(\omega_{2})^{V}$

because $M_{N}\cap(\omega_{2})^{V}=\gamma^{*}$ for each $N\in X$ , and $\gamma^{*}<(\omega_{3})^{V}=$ crit $(j_{I})$ .
Note also that $\sup(M_{N}\cap(\omega_{3})^{V})=N\cap\omega_{3}$ for each $N\in X$ by Lem.4.6 (3).
Therefore

$(**) \sup(M^{r}\cap(\omega_{3})^{v})=(\omega_{3})^{v}$

by Fa,ct 4.4.
For the contradiction assume that $M^{*}\cap(\omega_{3})^{V}\in V$ . Then by $(**)$ we can

take $\delta\in M^{*}\cap(\omega_{3})^{V}$ such that $|M^{*}\cap\delta|^{V}=(\omega_{2})^{V}$ . Let $\tau$ : $\deltaarrow(\omega_{2})^{V}$ be
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the $\Delta$-least injection. Then $\tau\in M^{*}$ because $M^{r}\prec M$ . So $M$ “ is closed
under $\tau$ . Then $|M^{*}\cap(\omega_{2})^{V}|^{V}=(\omega_{2})^{V}$ . This contradicts $(*)$ .

Now we have proved that $X$ satisfies $\dagger$,he properties (i) and (ii) in Lem.4.5.

This completes the proof. 口

Now we prove Thm.1.5 (2):

Proof of $Thm.1.5(2)$ . In $V$ let $\kappa$ be a supercompact cardinal, $L:\kappaarrow \mathcal{H}_{n}$

be a Laver function and $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa\rangle$ be the standard iteration

for MM according to $L$ . Let $G_{\kappa}$ be a $P_{\kappa}$ -generic filter over $V$ . In $V[G_{\kappa}]$

suppose that $\mathbb{Q}$ is an $\omega_{1}$ -stationary poset, that $\theta$ is a regular cardinal $\geq\kappa^{+}$

with $\mathbb{Q}\in \mathcal{H}_{\theta}$ and that $M$ is a countable expansion of $(\mathcal{H}_{\theta},$ $\in\rangle$ . In $V[G_{n}]$ we
will find $M\in[\mathcal{H}_{\theta}]^{\omega_{1}}$ such that $\omega_{1}\subseteq M\prec M$ , such that an $(M,\mathbb{Q})$-generic

filter exists and such that $M\cap\kappa^{+}\not\in V$ .
In $V$ take a Woodin cardinal $\mu>\theta$ . Then $\mu$ remains to be a Woodin

cardinal in $V[G_{\kappa}]$ . Note that the assumption of Lem.4.5 holds in $V[G_{\kappa}]$

for $\mathbb{Q}$ \‘and $\theta$ by the fact that $V[G_{\kappa}]\models$ MM and Fact.1.4. In $V[G_{\kappa}]$ take

$X\in P_{<\mu}$ witnessing Lern.4.5 for $M$ , and let $\mathbb{R}$ $:=p_{<\mu}rx$ . Note that $\mathbb{R}$ is

semi-proper by Fact 2.1. In $V$ let $\dot{M}$ , $\dot{\mathbb{Q}}$ and $\dot{\mathbb{R}}$ be $P_{\kappa}$ -names of $M,$ $\mathbb{Q}$ and
$\mathbb{R}$ , respectively. Moreover, in $V$ , take a sufficiently large regular cardinal

$\chi>\mu$ .
Then by Lem.3.1 in $V$ we can take $N\in[\mathcal{H}_{\chi}^{V}]^{<\kappa}$ with the following prop-

erties:

(i) $N\prec(\mathcal{H}_{\chi}^{V},$ $\in,$ $\kappa,$ $L,$ $\langle \mathbb{P}_{\alpha},\dot{\mathbb{Q}}_{\beta}|\alpha\leq\kappa,$ $\beta<\kappa\rangle,$ $\theta,\dot{M},$ $\mu,\dot{\mathbb{Q}},\dot{\mathbb{R}}\rangle$ ,

(ii) $\hat{\kappa}$ $:=N\cap\kappa\in\kappa$ is an inaccessible cardinal $<\kappa$ ,

(iii) if we let, $\sigma$ : $Narrow\hat{N}$ be the transitive collapse, then

$\bullet$ $\hat{\chi}$

$:=\hat{N}\cap$ On is a regular cardinal $<\kappa$ , alld $\hat{N}=\mathcal{H}_{\hat{\chi}}^{V}$ ,

$\bullet L(\hat{\kappa})=\sigma(\dot{\mathbb{R}})$ .

Let $G_{\dot{\kappa}}$ be the $\mathbb{P}_{\dot{\kappa}}$ -generic filter over $V$ naturally obtained from $G_{\kappa}$ , and

let

$\hat{\theta}:=\sigma(\theta),\hat{M}:=\sigma(\dot{M})_{G_{\dot{\kappa}}},\hat{\mathbb{Q}}:=\sigma(\dot{\mathbb{Q}})_{G_{\hslash}},\hat{\mathbb{R}}:=\sigma(\dot{\mathcal{R}})_{G_{\dot{\kappa}}}$ .

Then the elementary embedding $\sigma^{-1}$ : $\hat{N}arrow \mathcal{H}_{\chi}^{V}$ can be extended to the

elementary embedding $\tau$ : $\hat{N}[G_{\hat{\kappa}}|arrow \mathcal{H}_{\chi}^{V[G_{\kappa}]}$ . (Let $\tau(\dot{a}^{G_{\tilde{\kappa}}})$ $:=\sigma^{-1}(\dot{a})^{G_{\kappa}}$ for

each $\mathbb{P}_{\hat{\kappa}}$ -name $\dot{a}\in\hat{N}.$ ) Furthermore $\tau(\Lambda^{\wedge}4)=\mathcal{M},$ $\tau(\hat{\mathbb{Q}})=\mathbb{Q}$ , and $\tau(\hat{\mathbb{R}})=\mathbb{R}$ .
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Here note that $\dot{\mathbb{Q}}_{\hat{n}}=\sigma(\dot{\mathbb{R}})$ because $L(\hat{\kappa})=\sigma(\dot{\mathbb{R}})$ is \‘a $P_{\hat{\kappa}}$-name for \‘a

semi-proper poset by the properties of $N$ . Let $H_{\hat{\kappa}}$ be the $\hat{\mathbb{R}}$-generic filter
over $V[G_{\hat{\kappa}}]$ naturally obtained from $G_{\kappa}$ . Then, by the choice of $\mathbb{R}$ and
the elementar\’ity of $\tau$ , in $\hat{N}[G_{\hat{\kappa}}*H_{\dot{\kappa}}]$ we can take a set $\hat{M}$ of size $\omega_{1}$ such
that $\omega_{1}\subseteq\hat{M}\prec\hat{M}$ , such that an $(\hat{M},\hat{\mathbb{Q}})$-generic filter exists and such that
$\hat{M}\cap(\hat{\kappa}^{+})^{\dot{N}}\not\in\hat{N}$ . Note that $\hat{M}\cap(\hat{\kappa}^{+})^{\hat{N}}\not\in V$ because $\hat{N}=\mathcal{H}_{\hat{\chi}}^{V}$ .

Let $M;=\tau[\hat{M}]$ . Then $M\in V[G_{\kappa}]$ , Moreover, in $V[G_{\hslash}]$ , it is easy
to see that $\omega_{1}\subseteq M\prec \mathcal{M}$ , that an (M, $\mathbb{Q}$ )-generic filter exists and that
$M\cap\kappa^{+}\not\in V$ . The last one follows from the facts that $\tau((\hat{\kappa}^{+})^{\hat{N}})=\kappa^{+}$ ,
that $\hat{M}\cap(\hat{\kappa}^{+})^{\overline{N}}\not\in V$ and that, $\tau r$ $On=\sigma^{-1}($ On $\in V$ . Therefore $M$ is as
desircd. 口
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