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Some problems about the uncountable
Specker phenomenon.

Jun Nakamura
1 Introduction

We are motivated from [3]. We find a mistake in [3] and improve it
partially. The uncountable Specker phenomenon in the commutative case
was studied around 1955. J. Lo$ and E.C.Zeeman [8] independently showed
that Z" exhibits the Specker phenomenon if « is less than the least measurable
cardinal. There is a similar result in the non-commutative case. S.Shelah
and K.Eda [6] showed that the unrestricted free product @(*ze xGi, pxy
X CY & I) exhibits the Specker phenomenon if the cardinality of the index
set [ is less than the least measurable cardinal. Some problems occur from
the non-commutative case and we investigate them.

2 Definitions and Basics

Definition 2.1. Let G; (¢ € I) be groups s.t G;NG; = {e} foranyi # j € I.
we call elements of UG*' \ {e} letters. A word W is a function
el
W:W — UGi\{e} W is a linearly ordered set and {a € W | W(a) €
i€l

G;} is finite for any 4 € I. The class of all words is denoted by W(G; : i € I)
(abbreviated by W). In case the cardinality of W is countable, we say that
W is a o-word.

Definition 2.2. U and V are isomorp_hic, lvhich is der_lgted by U=V,if
there exists an order isomorphism ¢ : U —- V s.t Va € U (U(a) = V(p(a))
. It is easily seen that W becomes a set under this identification.

Definition 2.3. For a subset X C I, the restricted word Wx of W is given
by the function

Wx : Wx — UG,; where Wx = {a € W|W(a) € UG’,} and
i€l ieX
Wx(a) = W(a) for all « € Wx. Hence Wx € W. If X is finite , then we
can regard Wx as an element of the free product *,c xG; .
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Definition 2.4. U and V are equivalent, which is denoted by U ~ V, if
Ur = VF for all F CC I where we regard Ug and Vg as elements of the free
product *;crG;.

So, "Ur = Vg” means that they are equal in the sense of the free product
*ierGi

Let [W] be the equivalent class of a word W. The composition of two
words and the inverse of a word are defined naturally. Thus W/ ~ =
{{W] | W € W} becomes a group.

Definition 2.5. x;c;G; is the group W(G; : i € I)/ ~ . Clearly, if I is finite,
then x;c;G; is isomorphic to the free product *;¢;G; .

Definition 2.6. W is reduced if W = UXV implies [X] # e for any non-
empty word X where e is the identity, and for any contiguous elements o
and B of W, it never occurs that W(a) and W(B) belong to the same G;.

Definition 2.7. [;(W) is the cardinality of {a € X | X(a) € G;} where X
is the reduced word of W.

Theorem 2.1. ([1] Theoreml.4.)For any word W, there exists a reduced
word V such that [W] = [V] and V is unique up to isomorphism.

Proposition 2.1. ([1] Propositionl.9.) If gx(A € A) are elements of x;c;G;
such that {A € A | l;(gx) # 0} are finite for all i € I, then there exists a
natural homomorphism ¢ :XyeaZy — X;c;G; via dy — gy (A € A) where
Zx(X € A) are copies of the integer group and 4§, is the 1 of Z,.

3 The non-commutative uncoutable Specker
phenomenon

Theorem 3.1. (S.Shelah and K.Eda [6]) Let S be a n-slender group. For
any homomorphism h : {'&n(*iexZi,pxy : X CY €I) » S, there exist
wy -complete ultrafilters Uy, - - U, on I such that h = h o py,i..uu, for any
uy € Uy, ,un € U,. Moreover, if the cardinality of I is less than the
least measurable cardinal, then h factors through some finitely generated free
group.
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Wm(xexZi,pxy : X CY € ) S

Puyu--Uun e

Q_r_n(*iexZi»ny XCYEuU---Uuy)

Let F = {X|3u; € Uy -+ Fu, € Up(U;<, ws € X)}. It becomes an ultra-
filter on I. We introduce an equivalence relation ~ on @(*iesz—, Pxy :

X CY €I) z ~z yif and only if there exists u € F such that
pu(z) = pu(y). Then, we get the following diagram.

Wm(#iexZi,pxy : X CY €1) ., S

v
@(*ieXZz‘,pxy XCYel)/F

It is a problem that what kind of group is)}ﬁll(*iexzi,pxy X CY e
I)/F. We remark that LiLn(*.,-eXZi,pr : X CY € I)/F could not be equal
to g_n;l(*.,;exz,;,pxy XCYe€ I)/Lll* . -*l%'r_n(*,-eXZi,pxy . XCY € I)/Z/{n
For the first step, we consider the case n = 1 and we investigate its cardinality.

Definition 3.1. Let F,G € w with |F| = |G| and erg be the order isomor-
phism from F to G. Then, we naturally regard erg as an isomorphism from
*;cr L 10 *;eqli. An element T € lim(x;exZi, pxy : X C Y € w) is homoge-
neous if and only if for any F,G € w with |F| = |G|, erc(pr(z)) = pe(z).

Let H be the subgroup consisting of all homogeneous elements.

Theorem 3.2. Let x be a measurable cardinal and U be a k-complete normal
ultrafilter on k. Then, g@(*iexzi,pxy  XCY Eekr)/U~H.

Proof. Let U™ = {X € [«]"|Fu € U([u]* € X)} forn > 2 and z €
I'&n(*iExZi,pxy : X C Y & k). By the assumption, U™ is a x-complete
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ultra filter for any n. Since [k]" = Uye. ..z {Flern(pr(z)) = W}, there
exist Wy, » € *;<nZ; such that {F|eps(pr(z)) = Wps} € U. We define a ho-
momorphism h : im(xexZi,pxy : X CY € k)/U — H as h{[z))(n) = Wy e
It is easily seen that h is an isomorphism.

O
Proposition 3.1. the cardinality of H is 2*. Moreover, H is not n-slender.

To prove it, we need a lemma.

Definition 3.2. Let z,, € @(*iexZi,pxy : X CY €w) for any n < w and

To, T1) = zoz125 27}, We define inductively [zo, -+ , 4] as the following.
0 I
[xOs tr vxn-l-l] = [$0a et ’xn]mn+l[x0) MR 7 —1'2"7_;,41.1

Lemma 3.1. There ezists y, € H(n < w) such that Vi < n(y,(i) = e) for
any n < w.

Proof. Let é; be the 1 of Z;. We define y, as the following.

yn(n) = [50:"')571—1]
I +1) = oy Gallbos nalldor s BunsBal -+ [Bry e 6]

We give a more precise definition. Let Ap4x; = {f €' (n+k)|f is order preserving }
withn <I<n+k. Apiry = {filt <1}i< j— fi < f;) is linear ordered by
the lexicographical order.

IT G50 dra-nl := B> - Sa-n] - 82002+ 65 1)
feA'n+k,l

Yn(n+k) =Tlrca, . nl0r0s O5a-0)] Ttean, .. 1070+ G5a-1)]

Clearly, these are desired elements.
|

Proof of Propostion 8.1. Let y,(n < w) be as Lemma 3.1. There exists an
homomorphism A : Lir_n(*,-exZi,pr XCYew)— @(*iexzi,ny : X C
Y € w) which maps 4, to y, for any n < w. Clearly, the image of h is
contained by H. Therefore, H is not n-slender. By Lemma 2.6 in [4], we can
conclude |H| = 2¥.

d



Proposition 3.2. H* = {W € x,<,Z,|W is homogeneous} is n-slender.

Proof. Firstly, we claim that W € H*\ {e} implies [;(W) # 0 for any i <
w. Suppose the negation. Let n be the least natural number such that
Wio, .. m-1} # € and take ¢ < w with {;(W) = 0. If i <n, then Wy,... n_1y =
Wa(iy. Since W is homogeneous, en(ijn—1(Wa\(s}) = Wio,.. m—2) # €. [t is a
contradiction to the minimality of n. If n < 4, we can deduce a contaradiction
as well. Now, we show the n-slenderness of H*. Assume not, then there exists
a homomorphism A : X,<,Z, — H* such that h(d,) # e for all n < w. By
theorem 2.3 in [2], there exists a standard homomorphism hand u € X< Zn,
such that h = uhu~!. Because {n|lo(h(d,)) # 0} is finite, we can take N
with lo(A(dx)) = 0. On the other hand, h(dx) is a non-trivial homogeneous
word which is a contradiction. O

4 Problems

Question 4.1. What is the cardinality of @(*iexzi,pxy X CYer)/U
when there are only finitely n such that U™ is an ultrafilter.

In the proof of theorem 3.2, the fact U™ is a o-complete ultrafilter for all n
is essential. It is clear that U4™*! is an ultrafilter implies U™ is so. Therefore,
the case there are only finitely n such that U™ is an ultrafilter is left. We
conjecture | Lim(+;exZipxy : X S Y € k)/U| > & in the case.

Question 4.2. Is the cardinality of H* countable or uncountable ?

Unfortunately, we find that the proof of [3] about this problem is wrong
and we can not improve it yet.
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