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1 Introduction

Around 1980, Hida proved an analogue of the class number formula for certain degree
3 L-functions, that is, he found a meaning of the special value of the adjoint L-
functions of cusp forms. Let us recall briefly his discovery. We denote by L(s, Ad(f))
the adjoint L-function associated with a normalized eigen cusp form f on G Ly over
the rational number field. For a fixed odd prime p, there are p-optimal periods €27+
of f (see Section 3) which are well-defined up to p-adic units. Then Hida proved
that C;, := T'(1,Ad(f))L(1,Ad(f))/Q+8y,— is a p-adic integer. Moreover, we can
consider the p-adic valuation of Cf , since the periods y,+ are well-defined up to p-adic
units. Hence, if we consider an analogue of the class number formula, we expect that
the quantity Cj, have some algebraic nature. Hida proved the following theorem.

Theorem([Hil],[Hi2]) Let K be a number field which contains all Fourier coefficients
of f. Let B be a prime of K above p. Assume p > k —2,p16N. Then B divides
the value Cj,, if and only if P is a congruence prime for f (see Definition 4.8 for the
definition of congruence prime).

After this discovery, Hida also proved that the inverse of the p-adic valuation of
Cyp equals to the order of the congruence module of f ([Hi3]). Furthurmore, by
proving that the order of congruence modules of cusp forms equal to the order of
Selmer groups of the adjoint Galois representation associated with cusp forms, it is
proved that the inverse of the p-adic valuation of Cj, equals to the order of the
Selmer group of the adjoint Galois representation associated with a cusp form f by
Taylor-Wiles ([HTU, (CN1)]). This formula is called as non-abelian class number
formula.

In this article, we consider an analogue of Hida’s theorem for cusp forms on GL,
over arbitrary number fields. Such analogues of Hida’s theorem are obtained by Urban
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([Ur]) for the case of cusp forms on G Ly over imaginary quadratic fields and also by
Ghate and Dimitrov for the case of cusp forms on G Ls over totally real number fields
([D], [Gh]). The main purpose of this article is to give a sufficient condition for a
prime ideal ‘B to be a congruence prime for f for the case of cusp forms on GLs over
arbitrary number fields F'. The precise statement is as follows.

Let F' be a number field. We put Ir = {F — C}. We denote by r; (resp. 2)
the number of real (complex) places of . We put ¢t =} ., o € Z[Ir]. We denote
the strict class number (resp. the discriminant, the ring of integers) of F by hr (resp.
Dr, Or). We fix an embedding i, : Q — Qp. We denote by p the prime ideal of
Or above p which is determined by the embedding i,. We also fix an isomorphism
Qp = C. Let f be a normalized newform on GL, over F. We denote the weight
(resp. the central character, the complex conjugate) of f by n+2t:=3"_; (n,+2)o
(resp. x, f¢). Let 9 be an integral ideal of Op. We put U := Ky(p) N K1(N) (for the
definitions of Ko(p) and K;(1), see Section 2). Let a;,--- ,an, be a set of elements
of Fa s such that {a;OF}i=1,. »y is a complete set of representatives of the strict class
group and a;OF is prime to Np for i = 1,--- , hp. Assume that N is sufficiently large
so that I}, N SLy(F) is torsion-free for all i = 1,--- , hp, where T, is defined to be
GLo(F)N (% 9)GLF (Foo)U (% 9)™ . Suppose the f has the level U.

Assume that p does not divide 201Dphr[],.r.,cns!. Let K be a number field
which contains all Fourier coefficients of f and all conjugates of F' over Q. We take
the prime B of K above p which is determined by the fixed embedding K — —Qp.
We denote the imprimitive adjoint L-function of f by L'P-(s, Ad(f)) whose precise
definition will be given at Section 4. For a cusp form f, we define the complex number
w(f) which satisfies W(f) = w(f) f¢, where W is the Atkin-Lehner involution.

Let Yy be the real manifold of dimension 2r; 4 37y which is introduced in Section 2.
We assume that parabolic cohomology groups of a certain local system .Z(n, x; C) on
Yy are isomorphic to cuspidal cohomology groups. This condition is always satisfied
if n # 0.

The main theorem of this article is as follows.

Main Theorem(Theorem 4.4) Assume that there exists an element u of OF which
satisfies u =1 mod N and

Bt ] II ( IT ™ (w)? - 1)) :

1€{0,00}E(P) pEX(p)s.t.ep=co \ o€l(p)

where we denote by X(p) the set of primes of F above p. (see [Hi4, Section 3] for
the definitions of I(p), x* and u™ ). Assume that [ is ordinary and minimal (see the
beginning of Section 4 for the definition of minimal cusp forms). Assume also that P
divides the value

w(f)NPp)r*=T(1, Ad(£)) L'® (1, Ad(f))
20

y—&
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for some € € {£}=®), where (., is the period of f which is defined in Definition 3.2
fori=1,2. Then B is a congruence prime for f.

This article is organized as follows. In Section 2, we introduce a definition of cusp
forms on GL, over arbitrary number fields and recall Eichler-Shimura isomorphism.
In Section 3, we introduce a definition of periods of cusp forms. We note that almost
all the statements and the definitions in Section 2 and 3 are the same as those which
appeared in [Hi5]. The sketch of proof of Theorem 4.4 will be given in Section 4.

Notation

For a number field F, we denote the ring of adeles (resp. the idele group) of F
by Fa (resp. FY). We denote the set of embeddings of F to C by Ir. Let c be the
complex conjugate of C. We denote the number of real (resp. complex) places of F
by r; (resp. r2). We denote the ring of integers of F by Or. We put Or=0r®zZ.
We define F, to be [] F,. Let Dr be the discriminant of F and hr the class

o:place of F © O
number of F in the narrow sense. We denote the connected component of the unit of

GL2(Foo) by GL;(FOO)
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2 Automorphic forms on GLy

In this section, we introduce the definition of cusp forms on GL, over a number field
F and Eichler-Shimura isomorphism.

Let n = ), ;. Mo0 be an element of Z[/r] which satisfies the following three
conditions:

(i) For all o € I, n, is a non-negative integer.
(ii) For all 0,7 € If, n, = n, mod 2.
(iii) For a complex place o, ngy = nNge.

Let m =) ;. M0 be an element of Z[/r| which satisfies the following three condi-
tions:

(i) For all o € Ir, m, is a non-negative integer.
(ii) For all o, 7 € Ip, n, + 2mg; = n, + 2m,.

(iii) There exists a place o such that m, = 0.
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We denote Eoer.0 € Z[Ir] by t. We put K = n+2m and k = n + 2t € Z[Ir]. We
write [k] = n, + 2m,, where ¢ € Ir. From the definition of m, [«] is independent of
the choice of o. For an ideal 9 of Op, we define

Ko(9) = {(‘CL z) € GLy(Op): c=0 mod sm} |

Kl(ﬁft)={(z Z) € GLy(Or) i c,d—1=0 modim}.

We define
L(n*;C) = ® Sym™ e t2(C),

g€X(C)

where we take the tensor product over C, I(C) is the set of complex places of F
and Sym"™ *"><*?(C) is the symmetric tensor product of the standard representa-
tion of GLy(F,) for 0 € £(C). We denote a pair of basis of Sym™*"<*?(C) by
{®serp X3o 7 Y};0 < iy <y}

We introduce three elements of My(Q):

01 00 1 0
(0 Ym0 2= (1 0)

We consider these elements as elements of g := gl,(F,) ®g C for an infinite place ¢ of
F’, and also consider them as elements of the universal enveloping algebra U(g) of g.
The element D in the universal enveloping algebra of g, which is called the Casimir
element, is defined by the following identity:

Z2
D = X+X_ + X_X+ + 7
For an infinite place o of F, X € g and a C®-function f : GLy(Fa) — L(n*;C), we
define a C*°-function X, f by the following properties:

(i) For a place 7 which is different from o, (X, f)|cL.(r) = flaLa(r,)-
(ii) For g € GLy(F,), the function (X, f GLa(r,) satisfies the following identity:

(XoFleLa(ry(9) = (ditf(getx)) li=0.

We define the action of U(g) by extending the action of g. For a real place o, we write
D, :=D®1 e U(gl(F, ® C)). For a complex place o, we write D, := D ® 1 and
Dye =13 D € U(gly(F, ®g C)).

Definition 2.1. Let U be an open compact subgroup Ko(p) N K1(N) of GLy(OF). Let
J be a subset of the set of real places of F. A cusp form on GLy(Fa) of weight k,
of type J and with respect to U is a C®-function f : GLy(Fs) — L(n*; C) which
satisfies the following conditions:
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2
(i) For anyo € Ip, D, f = (% +n,,) f.

(ii) For anyy € GlLy(F), 20 € FZ and g € GLy(Fy), we have f(72009) = 255" f(9)-

(iii) There emists a Hecke character x : FX — C* which satisfies the following
properties:

(a) For any 2o € F, x(2x0) = 25"
(b) For any z € Fx and g € GLy(Fa), f(29) = x(2)f(9)-
(c) The conductor of x divides Np.

The Hecke character x is called the central character of f.

(iv) For any u = (CL 2) € U and g € GLy(Fa), f(gu) = xv(d)f(g), where we

define xu(d) = 1o, X(do)-

osf, —sinb,
(v) For any u = (((gm 06 080 )) : (ua)gez(C)) € Ceort
a o/ / sex(R)

f (gu ! Qoex(C) (;:))

:e\/__l.(" 206J90k6+26€E(R)\J0”k0)f (g : ®UEE(C)UG (TS-'U)) .
o

(vi) For any g € GLy(Fa), we have / f(vg)du = 0, where we define
U(F)\U(Fa)

U(F)={v=(3%);ue F} and U(Fa) = {v=(}1);u € Fa}.

Let us denote by Si ;(U) the space of cusp forms on GL2(Fa). In particular, we
denote by Sk ;(U, x) the subspace of Si,;(U) which consists of cusp forms with a central
character x.

We put YU = GL?(F)\GL2(FA)/F; Ha:real 502(R’) Hw:complex SU2(C)U We de-
note by L(n, x,C) the GLy(Or)-module L(n; C) with twisted action by x (see [Hi5,
Section 3] for the precise definition). We denote by .Z(n, x; C) the local system on
Yy which is determined by L(n, x; C). In this article, we will consider parabolic co-
homology groups H,,, and cuspidal cohomology groups H, of Z(n,x;C). For the
definitions of parabolic cohomology groups and cuspidal cohomology groups, we refer
to [Ha] and [Hi5].

The following theorem is well-known as Eichler-Shimura isomorphism.
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Theorem 2.2. (Eichler-Shimura)([Hi5, Proposition 3.1]) We put xo = Xl@;- For
r =1 or 2, there exists a Hecke-equivariant isomorphism:

o : @J @w Sk,J(U; d)) :’ Hg&;Trz(YU$$(n)X; C))a

where J runs over the power set of the set of real places and ¥ runs over all Hecke
character F5 — C of infinity type 2% and its restriction to OF is equal to Xpo.

We note that, if n # 0, parabolic cohomology groups are isomorphic to cuspidal
cohomology groups by [Ha, Proposition 3.2.4]. For simplicity, in this article we always
~ assume that parabolic cohomology groups are isomorphic to cuspidal cohomology
groups.

In the next section, we define p-optimal periods of a normalized Hecke eigen cusp
form f by using the above theorem.

3 Definition of period

In this section, we define periods of cusp forms.

There exists the natural action of [],. ..., O2(R)/SOx(R) = {£1}*®) on HILF™
(Yu, Z(n,x;C)). Let £ : {£1}*®) — C* be a character and f a normalized Hecke
eigenform of Sy (U, x). We naturally identify ¢ as the element of {+}*®), We denote
by Hi,.(Yu, Z(n,x; C))[f, e, x] the subspace of HZ, (Yy,-Z(n,x;C)) such that the

operator T'(q) (resp. [U (ai{" woq, ) U], ¢ € {£1}*®) acts as scalar multiplication by

the Hecke eigenvalue of f for T'(q) for all prime ideal q of F' (resp.by x(wy) for all
prime ideal q' of F’ which is prime to 9P, by £(¢)).

Then, by Theorem 2.2, we obtain the following proposition under the assumption
that parabolic cohomology groups are isomorphic to cuspidal cohomology groups.

Proposition 3.1. There erists a Hecke-equivariant isomorphism:
0%¢ * Ses(U,x) = HE ™ (Yy, Z(n, x; C))le, x.

For r = 1 or 2, we note that &7 (f) is an element of Hyi""2(Yy, £ (n, x; C))|[f, €, X]
and that the C-vector space H1 ™ (Yy, Z(n, x; C))[f. €, x] is 1-dimensional by the
multiplicity one theorem.

Let K be a number field which contains all Fourier coefficients of f and the all
conjugates of F' over Q. We denote the ring of integers of K by Ox. We denote by
P the prime ideal of Ok which is determined by the fixed embedding Q — 61,. We
denote the completion of K at P by Ky and denote the ring of integers of Ky by
Okgp.

There exists the natural homomorphism

Hel 7 (Yo, £ (n,x; Oxp))lf 6, X = HR ™ (Yo, £ (n, x; C)) U € x)-

par

We see that the image of the above map is free of rank one over O g by the universal
coefficient theorem. We fix a generator 1}, of the Ok g-module.
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Definition 3.2. For a normalized Hecke eigenform f € Sy ;(U,x), r = 1,2 and
e € {£}*®), we define a p-optimal period ;. € C* of cusp form f by the following
identity:

05(f) = QM-

The definition of the period Q7. depends on the choice of a generator 77, hence
(¥} . is uniquely determined up to multiplication by p-adic units.

4 Integrality of L-values and congruence prime cri-
terion

In this section, we introduce an integrality of special values of adjoint L-functions of
cusp forms (Theorem 4.2) and the main theorem of this article (Theorem 4.4).

An irreducible admissible representation m, of GLy(F,) is called minimal, if con-
ductor of , is minimal in the set {cond(m, ®n);7n : F,* — C*}. For a newform f, we
denote by 7; the admissible representation which is determined by the right transla-
tion of f by GLy(F). We decompose 7y to the restricted tensor product &, ;,ceT7.v-
A newform f is called minimal, if 7, is minimal for all finite places v.

Definition 4.1. For a place v of F, we define:
LyP(s,Ad(f)) =

r(1-y: = q_s)(l_z_,)(l_ﬁz_:%q_s) (vt Np, 75y = Ty, Vo) : principal series),
-1—-_-:-;:: (v | MP, 74, : principal series and minimal ),
) 1—_—&7-7 (v| NP, 7y, : special and minimal ),
I'rR(s+ 1)lc(s+ ky — 1) (v : real),
Tc(s)*Te(s + ky, — 1)2 (v: complez),
|1 (v : otherwise).

We also define:
Lo ad(f) = I Li(sAd(),

v:finite place

T(s,Ad(f))= ] Li*(s,Ad(f)).

v:infinite place

Theorem 4.2. Assume that p does not divide 2N Dphp [[,.rco!. Then, for any
element ¢ of {£}*®), the value
w(f)NP)r*T(1, Ad(f)) L (1, Ad(f))
Q},Eﬂf,,_s

is an element of Ok gp.
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Definition 4.3. For a newform f in Sy (U, x), if there exists a newform h in
Sk.s(U, x) which is distinct from f and a prime ideal P of a number field K which
contains all Fourier coefficients of f and h such that a(a, f) = a(a,h) mod B for
any ideal a of Or, then we call P as a congruence prime for f.

The main theorem of this paper is as follows.

Theorem 4.4. Let f be an element of Sy, ;(U,x). We assume that f is a newform
and that the automorphic representation ms, of GLo(F,) which is associated with f
is minimal for any finite place v. We put n = k — 2t. Assume that there exists an
element u of OF which satisfies the following two conditions

(i) u=1 mod N

(ii) P does not divide the value H H H (X (wu™ (w)? - 1)

1€{0,00}E(P) pEX(p)s.t.Lp=00 \ acl(p)

We also assume that parabolic cohomology groups HE (Yy,Z(n, x; C)) are isomorphic
to cuspidal cohomology groups HE  (Yy,Z£(n,x;C)) for 0 < ¢ < 2ry 4+ 3ry. If f is
ordinary and P divides the value

W IN@OP)r*r2 (1, Ad(f)) L' (1, Ad(f))
QL .z,

for some character e : {£1}*®) — {11}, then P is a congruence prime for f.

(Sketch of proof of Theorem 4.2)
There exists a homomorphism of local system on Yy

ZL(n, x; Orp) ® ZL(n,X; Oksyp) = Ok

If the class number in narrow sense hr is 1, this homomorphism is induced by the
following pairing of Ok g-module

L(n, x; Okp) x L(n,X; Oxgp) — OK‘.B

Ne
] ’LL iVg.n—
Ng—1ty/1 Neg =i\ 1 g,) ¥ o,n J
(®a’€[p E ua,iXa_a Y ®‘7€IF E 'UO-ZX Y — II E na

=0 c€lp j=0

We note that we have assumed [[,.; n,! is invertible in Okgp. By using above
homomorphism, we have the following homomorphism:

[+ In s HET™ (Yo, Z(n, x; Oxeg))' x HEE (Yo, £(n, X5 Okp))’ — Ok,

par

where H[Lr™2(Yy, )" is the maximal torsion-free quotient of HZit™2(Yy,*). There

exists a homomorphism

(7] : HEFr (Yy, L(n, x; Oxp)) — HLF(Yy, £(n,%; Ok )

par
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such that [7] o &7.(f) = 05, (W(f)) for f € Sks(U), where W is the Atkin-Lehner
involution. We put (z1,22)n = [z1, [7](2)]n for z, € H:"2(Yy, £(n, x; Okp)) and
r = 1,2. Then, by the definition of p-optimal periods, we see that (17}’5,7)12:,_6)" =

(6.1],55 6-2],—5)11. :
—Q_lf—ﬁz—_ is an element of Ok g.

& f,—e

On the other hand, by using Rankin-Selberg method, we see that (7,,63_), is
the value of imprimitive adjoint L-function at s = 1.

Hence, we obtain the theorem.

(Sketch of proof of Theorem 4.4)

The basic strategy of our proof is similar to the proof of Hida’s theorem for cusp
forms on GL, over the rational number field. However, in the case of GLy over
arbitrary number fields, there are technical problems for the proof of congruence
prime criterion. Most important point in the proof is to prove that ( , ), is a perfect
pairing.

To prove that ( , ), is a perfect pairing, it is enough to prove that a cohomology
group HY(OYy, L (n, x; K/Oksp)) is a divisible Ok g-module for all ¢, where 9Yy; is
the boundary of Borel-Serre compactification Y5 of Yy. To prove this, we use the
following lemma.

Lemma 4.5. ([Gh, Lemma 2]) Let G be a finitely generated group and M a G-module.
Assume that there exists an element g of the center of G such thatg—1: M — M is
an automorphism. Then HY(G, M) =0 for all ¢ > 0.

By using the above lemma, Ghate proved that ( , ), is a perfect pairing under
the assumption that hp = 1, = Op, n = 0 and F is a totally real number field in
[Gh]. However, we can prove that ( , ), is a perfect pairing for arbitrary g, 0, n and
F by using the above lemma and the assumption that an existence of u € Of which
satisfies (i) and (ii) in the theorem.

To study congruences between cusp forms, Hida introduced the congruence module
Ty, for a cusp form f. Hida proved that, for a prime ideal %3, ‘B is a congruence prime
for a cusp form f if and only if ‘B is an element of the support of Ty ,. By using the
perfectness of (, ),, we easily see that, if P divides the algebraic part of the special
value of imprimitive adjoint L-function at s = 1, then P is an element of support of
Ty, Hence, we see that B is a congruence prime for f.
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