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Summary
Morphism preserving some kinds of languages are investigated. We study a necessary
and sufficient condition for a morphism to preserve the primitivity, the d-primitivity, the

square-freeness, the prefix codes, the suffix codes, and the comma-free codes.
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1 Introduction

The notion of primitive words, d-primitive words, square-free words, and codes play
an important role in formal language theory, algebraic coding thery, combinatorial
theory of words ([2}, [3],[5], [6], [7]). Some studies on a problem concerning the be-
havior of morphims with respect to primitivity has been done. A sufficient condition
for a morphism to preserve the primitivity has been presented in [8], and classifica-
tion of morphisms from the point of view of their primitivity-preserving properties
has been done in [4].

On the other hand, few studies have been done on d-primitive preserving and
the preserveness of many kinds of codes, except for prefix codes.

We study a necessary and sufficient condition for a morphism to preserve the
primitivity, the d-primitivity, the square-freeness, the prefix codes, the suffix codes,

and the comma-free codes.

2 Preliminaries

Let ¥ be an alphabet consisting of at least two letters. ¥£* denotes the free moniod
generated by X, that is, the set of all finite words over ¥, including the empty word
e, and ¥* = £* — {¢}. For w in ¥*, |w| denotes the length of w. A language over ¥
isaset L C X*.

For a word v € X7, if u = vw for some v,w € X* then v (w) is called a
prefix (suffiz) of u, denoted by v <, u (w <, u, resp.). If v <, u (w <, u) and
u # v (w # u), then v (w) is called a proper prefix (proper suffiz) of u, denoted by
v <p u (w <s u, resp.). If u = vzw for some v,w € ¥*, z is called an infix or a
factor of u. For a word w, let Pref(w)(Suf f(w)) be the set of all prefixes (suffixes,
resp.) of w.

A nonempty word u is called a primitive word if u = f™, for some f € £F, and
some n > 1 always implies that n = 1. Let ) be the set of all primitive words over
¥

A nonempty word u is a non-overlapping word if u = v = yv for z,y € Lt
always implies that v = ¢. Let D(1) be the set of all non-overlapping words over X.

A words in D(1) is also called a d-primitive word (See [1] and [7]).
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For a word w € £7, there exist a unique primitive word z and a uique integer
i > 1 such that w = z*. Let x = \/w and call = the root of w.

A word u € ©* is square-free if u = vw?x for some v, w,z € *, implies w = «.
Let SF be the set of all square-free words.

A language L C X7 is a code if 2122...2, = Y1¥2...Ym, Zi, Y € L implies n = m
and z; = y;, fort =1, ...,n.

A language L C X% is a prefix code (suffiz code) if the condition L N LEY = ¢
(LNXYL = ¢) is true. L is a bifiz code if L is both a prefix code and also a suffix
code. L is an infix code if, for all z,y,u € £*, u € L and xuy € L together imply
x =y =c¢ L is an intercode if L™’ N L*L™E* = ¢ for some m > 1. The integer
m is called the indez of L. An intercode of index 1 is called a comma-free code.

A language L is a pure code if it is a code such that, for any z € L*, \/x € L*

A mapping h : ¥} — Xj such that h(zy) = h(z)h(y) for all z,y € X} is a
morphism of ¥} into ¥3. A morphism h is primitive preserving if h(z) € Q for all
z € Q. A morphism h is d-primitive preserving if h(z) € D(1) for all z € D(1). A
morphism h is square-free preserving if h(z) € SF for all x € SF. A morphism h
is prefiz(suffir) preserving if h preserves the prefix(suffix) codes. A morphism A is

comma-free preserving if h preserves the comma-free codes.

3 Morphism preserving some kinds of languages

Lemma 1 (/8])
Let h: ¥* — X* be a morphism. Then h is injective if and only if h(X) is a code
and |h(X)| = |Z|.

The "Only if” part of the following proposition is proved in [9]. We give another

simpler proof.

Proposition 2 Let h : X* — T* be an injective morphism. Then h is premitive

preserving iff h(X) is a pure code.

Proof.
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(1£](18])

[Only if|By Lemma 1, h(E) is a code. Let z = h(w) for some w € £*, and let w = p*
for some p € @ and an integer i. We have h(p) € Q since h is premitive preserving.
Hence v/z = h(p) € h(Z*) = [A(X)]*. Thus h(X) is pure. 0

Proposition 3 A morphism h: {a,b}* — {a,b}* is d-primitive preserving iff
h(u) is d-primitive for each d-primitive word u of length < 2.

Proof.
[Only if] Trivial.
(If] If h(u) is d-primitive for cach d-primitive word u of length < 2, then h(X) is a
prefix code and |h(Z)| = |Z|. Thus b is injective by Lemma 1. Suppose that that a
morphism A is not d-primitive preserving.

There exist u,v € X*, and w € I* such that v € D(1), and h(u) = vwv. Let
u = ..y for some v; € £, If v = h(11..15) = h(v;...1%) for some i and j, then
J+i—1=k, and h(v;) = h(v;),h(ve) = h(Vj+1),...., A(v;) = h(vi). Since h is
injective, v; = v;,vs = Vi1, ...,V = W

This means that v ¢ D(1). We have that v ¢ (h(Z))*. We can assume that
v =v'w and v = vy for some v’ € Pref(h(X)) and y € h(X),v',v” € T*.

If |[w'| < |y|, then either h(ab) ¢ D(1) or h(ba) ¢ D(1). Thus we can write
w' = zy for some z € £*. Without loss of generality, we can assume that h(a) = zyz
and h(b) = y for some z € TF.
(Case )ig_1 = a
(Case 1-1) z = sz; |z| < |2|, s € Z+.

h(a) = ryz = zysz, a contradiction.
(Case 1-2) z = y"z; |2| < |z| < |yz|, with y = ¢y, for y” € T+,

h(a) = y"zyz, h(b) = y = /'y, contradiction.
(Case 1-3) z = 27yz; |yz| < |z|, z = 2’2", " € &,

h(a) = zyz = 2”yzyz = 2’2" yz, a contradiction.
(Case 2)vp_1 = b
(Case 2-1) z = z”yzy" for some 2’,z” € £* with z = 2’2”, and n > 1.

h{a) = zyz = 2" y2y™yz = z'z"yz, contradiction.
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(Case 2-2) z = y”y™ for some y”,y’ € &* with y = y'y”, and n > 1. We have that
h(a) = zyz = y"y"yz and h(b) = y'y", a contradiction. |

Proposition 4 ([3])
Let h : & — 3 be a morphism such that (1)h(u) is squre-free for each square-
free word u of length < 3. (2) For a, b € £1, a # b, no h(a) is a proper factor of

h(b). Then h is a square-free preserving morphism.

The previous Proposition gives a sufficient condition for a morphism to be square-

free preserving.

Example 1 Define a morphism h : {a,b,c}* — {a,b,¢,d}* by h(a) = abed, h(b) =
b,h(c) = c. Then h is square-free preserving. Both h(b) and h(c) are proper factor
of h(a).

Proposition 5 (/§]) h : £* — X* be a morphism such that |h(Z)| = |X|. Then
h(X) is prefix code iff h preserves the prefix codes.

Corollary 6 h : Z* — I* be a morphism such that |h(Z)| = |E|. Then h(X) is
bifiz code iff h preserves the bifix codes

Proposition 7 Let h: £* — * be an injective morphism. Then h(X) is a comma-

free code iff h preserves the comma-free codes.

Proof.

[If] Trivial.

[Ouly if] Suppose h does not preserve the comma-free codes. For some comma-free

code L, h(L) is not a comma-free code. There exist z,y € ¥ , w,u, v € L such that
zh(w)y = h(u)h(v). Let u = @1...045; v = b1..bp; W = €1...Ck, Q1,5 .., An3 b1, . b5 €1,y oo 0k €
Y. Letdy = ay,...,dn = @n,dps1 = by, ..., dngm = by Note that h(u) = h(a1)...h(a,); h(v) =
h(b1)...h(by); h(w) = h(ey)...h(ck).

(Case 1) There exists an integer 7 such that h(d;) = h(c1), ..., A(ditk-1) = h(ck). By

injectivity of kA, L is not comma-free.
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(Case 2) For some 4,5 > 1, h(c;) = h(dy), ..., h(c;) = h(divj-1), h(cj1) # h(di;).
Then either h(cj+1) <, h(di+;) or h(cj41) <5 h{di+;). Thus A(X) is not comma-free
since it is not a prefix code.

(Case 3) For some integer i > 2, h(d))...h(di—1) <, z <p h(d1)...h(d;)
(3-1)h(dy)...h(d:) <p zh(c))

If h{dy)...h(di+1) <p zh(c1), then h(c;) has a proper infix h(di1). If zh(c) <,
h(d:)...h(di+1), then h(d;)h(d;11) has a proper infix h(c;). In either case, h(X) is
not comma-free. (3-2) zh(c1) <, h(dy)...h(d;)

h(d;) has a proper infix h(c;). Thus A(Z) is not an infix code.

(Case 4) x <, h(dy)
(4-1)zh{c1) <, h(dy)

h(dy) has a proper infix h(c;). Thus A(E) is not an infix code.
(4-2)h(dy) <, xh(cy)

If zh(c1) <p h(d1)h(ds), then h(d))h(dy) has a proper infix h(c;).

If h(d1)h(d2) <p zh(c;), then h(c;) has a has a proper infix h(dj).

In either case, h(X) is not comma-free. O
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