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Abstract

In this article, solutions to the nonhomogeneous Chebyshev's equa-
tions

Llg;zv]=0, @ -D+gz-p v =f (2-1%0,f=0)
(9, =d°p/dz® for a>0, @, =@ =9(z), f = f(z))

are discussed by means of N-fractional calculus operator (NFCO- Method).
By our method, some particular solutions to the above equations are
given as below for example, in fractional differintegrated forms.

Group I
(i) @ =(GV) H(V))_ ) = Ppyery (denote)
(ii) @ =(HV) G™)_ vy = Prayey
(iI1) @ =(G(=v) H(-V)),, = Py vy
(iv) @ =(H(-v) G(-),_; = Pager)
where

GW)=({, .(22 '-1)"-”2)_1 7 Hv) = (22 _ 1)—(v+1/2')
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§ 0. Introduction (Definition of Fractional Calculus)

and
§ 1. Preliminary

are ominited, then refer to the previous paper for the Homogeneous

Chebyshev's equation.

§2. Solutions to The Nonhomogeneous Chebyshev's
Equations by Means of N-Fractional
Calculus Operator

Theorem 1. Let ¢ =g@(z) EF and f =f() €F , then the nonhomogeneous
Chebyshev's equation
Llg;z;v]=¢, " -D+o z-@v'=f, (VER, 7z -1=0) (1)

has particular solutions of the forms ( fractional differintegrated form ) :
Group I. :

(1) 9@ = (GW) HW)) iy = @ gy.», (denote) (2)
(i1) Q@) = (HW)  GO))_ oy = @ (21000 (3)
(iii) Q@) = (G(-v) H=v)),; =0" 5100 (4)
(iv) 9 (@)= (H-v)"G(-)),. =0" (41¢.0 (5)
where

Gv)=(f,-@ -1, , Hw)=(-1"""> (6)
GroupI1I.
(1) @ =& -V (PM-HW)_, =0" 50 (7)
(ii) 9@ = (@ -D"(HV) - PM)_, 20" .0y (8)
(1ii) t;o(z)=(zz—l)llz(P(—V)'H(—’V))vE‘P*m(z,w (9)
(iv) 9@ = (& - D" (H(-v) - P()), =9" 5,0 (10)

where
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P(v) = ((f '(22 _ 1)-1/7.)\’_1. (22 _l)v-uz)_1 ’ HK) ___(Zz _1)-(v+1/2) L (11)

Group I1II.

(i) 92 = (2= D" QW) S (veuny= @ 1w (12)
(ii) @)= z-D"(50W) OV) vev = ¥ porevs (13)
(iii) 9@ =(z-D"(Qv) S(v))\ 12 =@ e v (14)
(iv) 9 (@) = (2= D"*(SC-v)' Q-V))ya2 =@ e w (15)
where

OV = (f -1,y @=D" @+ 1)), S =((z-1) " (z+D7) . (16)

GrouplV.

(1) 9@ = @+D" (TW) YM) a2y =@ 1w (17)
(ii) 9@ =@ +D" (YW TOV)) g2y =P paxew (18)
(iii) 9@ =@+ (TV)YEW)an =0 psien (19)
(iv) 9@ =@+D" (Y (V) TM)s =9 g (20)
where

TW)= ((f-+D), ,, @-D"(z+D"),, Y™ =(z-D"(z+ 1)) .(21)

Proof of Group 1 ;
Operate N° to the both sides of ( 1), we have then

)

Proo " (@ =D+, 2Ra+ D +@, (@ V)= [, (Ja=0)- (22)
( Refer to the proof of Group Iin$ 2.in the previous paper for Homogeneous one.)
(I) Case a=v ;
In this case we obtain
®,., @ -D+o,, z(2v+D)=f,, (23)
from ( 22 ), then letting
@i =¢=¢(Z) (¢=¢-a+v)), (24)

vields
P (P -D+ypz@v+D=f, (25)

from ( 24 ). A particular solution to this linear first order equation is given by
w =(jcv_(zz___l)v—l/?.)—l .(ZZ _1)—(v+l/2) . (26)



Therefore, we obtain

=Y o = (L & =D =D )y (27)
(1+v)

= (GW) HV)) g,y = @iy, (2)
from (24 )and ( 26).

Inversely, we have
Doy =¥, = (£, (£ =) (2 -1

~(f (=D v+ D) 22 - TR (28)
e Prow =¥ =(f, =D (-1 (29)

from ( 2 ) respectively. Then we obtain
LHS of (23) ={(f, (2 -1 (£ -1)

S A ESR N WD 00 PTOC N I A VO )

r2Qval) (f, -0, )T - (30)

applying (28) and (29).
That is, the function shown by ( 2 ) satisfies equation ( 23 ).

-(v+-%)

Moreover, we have ( 1) operating N * to the both sides of (23 ).

Therefore, the function given by (2 ) satisfies equation ( 1).

Next changing the order G(v) and H(v) in parenthesis ( ) 4,,, i (2)
we obtain
9 =(HW) GCOV))_goy =¥ () - (3)
where
P e P ey (for —(U+V)EZy) . (31)

(IT) Case a=-v ;
In the same way as (1) above, setting —v instead of v in the solutions (2)

and ( 3 ), we obtain

¢ =(G(-v)-H(-v) dyoi = ‘p*[3](z,v) (4)
(;0 =(H(—v).G(—.v))v—IEqo*[:l](z,v) - ( 5)
where .
P s1em® @ e (for W-DEZ;) . (32)
And

v [3](2',,):(10 [1)(z.-v) > @ [4](25")_—(p [2](z.-v) ( )
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Note 1. When f, =0 , we have
@ tuew =((0), (2 =17, =(K-(2* - D7) (., =0 . (34-1)
(for (1+v)&EZ;)

( K ; arbitrary constant for integation )
* -(v+ -+
@ e =(@" =) (0) ) 4., =((2" -7 K)_q,,

=((22—1)_(v+1/2))-(1w)K (34-2)

from (.2 )and (3 ), respectively, by Lemmas(iv)and (i).
And we have

(& =1 K) oy = (K= 1)7) 0, = K@ -D7C) 4, (34-3)

by our definition § 0. (1), for N- Fractional Calculus.
Proof of Group 11 ;

Set
p=(" -9, ¢=¢2), (35)

we have then

b @ =D+ 4 2@h+ Dr {1 -v)+ 2y 2 (36)

from ( 1), applying ( 35).
(Refer to the proof of Group II in § 2.in the previous paper for Homogeneous one.)
When A =0, (36 )is reduced to ( 1 ). We have then the same particular

solutions as Group I
When A =1/2 , we have

¢, @ -D+¢3z+¢1-v)= f-*-D"* (37)
from ( 36).
Operate N¢ to the both sides of ( 37), then vields
Droa (' -D+ ¢, 22a+3)+¢, ((a+ D’ =v)=(f (" -7, . 38)
(I) Case a=v-1 ;
In this case ,letting
o, =V=V(z) (p=V ), (39)
we obtain



V@ -D+Vezv+ ) =(f(Z =D, , (40)

from ( 38 ). A particular solution to this linear first order equation is given by

V=((f @ -, (- (& - = PH(Y) . (41)

Therefore, we obtain
=(Zz _ 1)1/2(( (f‘(Zz _1)—1/2)%1 . (22 _l)v—uz)_l .(Zz _1)~(v+1/2))_w (42)
=@ -D"*(Pv)-HW))_, E‘P*m(aw ’ (7)

from ( 35), applying (39 )and (41 ), for A =1/2 .

Next changing the order P(v) and H(v) in parenthesis ( - )_, in (7)
we obtain
@ =(2" =D (HW) PO)), =010y - (8)
where
‘p*[51<z,v)#‘?7*[61<z,v> (for (-v)&Z;) . (43)

(Il) Case a=-v-1 ;
In the same way as (1) above, setting —v instead of v in the solutions (7)

and ( 8 ), we obtain

@ =(2"-D)"*(P(~v)- H(~V)), = ¢ 7y00y (9)
@ =(2"=D"*(H(=v)-P(-)), = ¢"gy, ., - (10)
where
‘77*[71(z,v)“/7*[81<z,v) (for v&Z3) . (44)
And
* - * * _ ES (45)
P M= 51> Y 181~ P 161¢z,-v)
Proof of Group I 11 ;
Set
p=(z-0"¢, ¢=902), (46)

we have then
6, (2" = 1)+ - {ZQA+1) +24} +¢ - {(R —v*) +
from (1), avplying ( 46 )

(Refer to the proof of Group IIl in § 2.in the previous paper for Homogeneous one)
When A =0, (47)isreduced to (1). We have then the same particular

- fe-nt 47

solutions as Group I.
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When A =1/2 , we have

¢, (2 =D+ ¢, (2z +D)+¢-(1/ 4=V = f-(z-1)"" (48)
from (47 ).
Operate N to the both sides of (48 ), then yields

6, -D+¢,, {d20+2)+ B +¢, {(a+1/2)" -V} =(f-(z-D7"), (49)

(I) Case a=v-1/2 ;
In this case letting |
¢v+1 n= V= V(Z) (¢ = K(v+1/2) ), ( 50)

we obtain
V- -+ V-{2@v+ D+ 13=(fz-D")\ s (51)
from (49).

A particular solution to this equation is given by

22 -1)"

V= @0 ) - 0msy) - (52)

Therefore, we obtain

¢ =z-D"((f -1 @ =D @+, (2= D)2+ 1>'">)-M,z>

(53)
=z -D"HOW) SM) _tyariny =@ 300v) (12)

from ( 46 ) and ( 50 ), applying ( 52),for A =1/2 .
Next changing the order Q(v) and S(v) in parenthesis ( * )_q,yo I (12)
we obtain ‘
@ =(z —-1)1/2(5(") OWv)) ., =9 [103(z,v) - (13)

where

@ =l‘[9](z,v)?:‘77 =|=[10](z.v) (for =(v+1/2) %Z; ) - (54)

(I1) Case a=-v-1/2 ;
In the same way as (I) above, setting —v instead of v in the solutions

(12)and( 13 ), we obtain
@ =(z =D (X~V) - S(-V)), =@ ey (14)



@ =(z=-D"*(S(-v)-Q(-v)), =@ 112100 - (15)
where
@ *m](m;e q;*m]m (for (v-1/2)&Z]) . (55)
And '
* %k ¥ *®
Y 111~ P pre-v ? (121¢.v= P 101 - (56)
Proof of Group 1V ;
Set
p=(z+D'¢, $=0(2), (57)
we have then
ACA-1 -
¢, 27 -+ ¢, {Z@A+1) -223 +¢ - {X —v2)—-%:1—2'}= f@+D" (58)

from (1) applying ( 57).
{ Refer to the proof of Group IV in § 2.in the previous paper for Homogeneous one)
When A =0, ( 58 ) is reduced to ( 1 ). We have then the same particular

solutions as Group I .
When A =1/2 , we have

¢, @ -D+¢ 2z-D+¢-A/4=-V") = f-(z+ 1) (59)
from ( 58 ).

Operate N? to the both sides of ( 59 ), then yields
Prow (@ =D+ ¢y, {220 +2) -1 44, {(a+ 12 v} =(f -(z+ 1)), . (60)

(I) Case a=v-1/2 ;

Letting
¢v+1/2 =V= V(Z) (¢ = V_(Vﬂ/z)): (61)

we obtain
V@ =D+ V{z@v+ ) - =(f @+ )7 ) (62)

from ( 60 ).

A particular solution to this equation is given by

V= ((f . (Z + 1)—1/2)‘1—1/2 '(Z _ 1)v-1(z+ 1)\1)‘1 '(Z— 1) ——v(z+ 1)—(v+1) - T('V) 'Y(V) ]
(63)
Therefore, we obtain
¢ =@+ D" ((f 2+ D) @ =D @+ D), (=D @+ )
(64)
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=(z +1)1/2( T(v) 'Y(V))-(v+1/2) = (p*[IS](z, v 7 (17)
from ( 57 ) and ( 61 ), applying (63 ),for A =1/2 .
Next changing the order T(v) and Y(v) in parenthesis ( * )_q,y In (17)
we obtain
Q =(z +1)1/2( Y(v)-T(v)). w2y = Y naje.v - (18)
where

P w100 P parew (or —(v+1/2)EZ7) . (65)

(I1) Case a=-v-1/2 ;
In the same way as (1) above, setting —v instead of v in the solutions

(17)and ( 18 ), we obtain

@ =(z+ D" (T(-v) ¥(-V)),_y2 = @ tsyervy (19)
@ =(2+D"*(X(~v) T(-V)),_y2 =@ te10v) - (20)
where
@ *usuz,v)"‘e ‘P*[xsl(z,v) (for (v-1/2)&Z;) . (66)
And .
? usjen=® mie-vc P rekem=9P pae-vy - (67)
§ 3. Some Example
(i) When v=-land f=(z-1"" we have
()92'(22—1)+qy]l-z—<p=(z—1)'1 (15)
and
9 = lP*[l] 1) = ((f-l . (zz "1)-3/2)_1(22 _ 1)1/2)0 (16)
= (log(z- 1)+ (2> -D™*)_ (& -1)!" (17)
from §2. (1)and §2. (2) respectively.
Hence
@, =loglz-1)(2 -1 "+ (logz - 1) (2 -1)7"?)_ (& -z (18)

and



@, =(z-D)7'Z" -1 -log(z-1)-22(z* - * +log(z-1)-2(z" - 1)*

+(loglz -1 (Z -1)°")_ =2~ D" +(2*- 1)}

respectively.
Then applying (17 ), ( 18 ) and ( 19 ), we obtain
LHS of (15)=(z -1 .

The function shown by ( 17 ) satisfies equation ( 15 ) clearly.

(ii) When v =-1/2 and f=(z-1)""? we have

(pz .(ZZ__ 1)+¢1Z“(P(1/4) - (Z-* 1)—112
and
Q=912 =(z +1)'(log(z - D-(z-D" Xz +D"?)._,

from §2.(1)and §2.(9) respectively.
Hence we have

@ = 2@+ DVHW)_ +logz -1 (z-1)"(z +1)™

(W =log(z~1)(z= 1" (z+ D7 )
and

P2 = =2+ DHW) 4 (=D @+ 7T+ G- DM @+ D7
3= 07" e+ D7 - - D7V (2+ 1) Hog(z- 1)

from ( 22 ), respectively.
Then applying ( 22 ), ( 23 ) and ( 24 ), we obtain

LHS of (21)=(W)_(z+ 1)""-4(z- 1)+t z-L @+ Dy +z-1)"
+(z+1) (2= A (2= 1) -2 (z+ ) - (2 - D)+ 2}og(z- D)

—z-D)Y* |

The function shown by ( 22 ) satisfies equation ( 21 ) clearly.

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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