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Some Distortion Theorems for Starlike
Log-Harmonic Functions

Emel YAVUZ DUMAN

Abstract

In this paper, we consider univalent log-harmonic mappings of the
form f(z) = 2h(2)g(z) defined on the unit disk D which are starlike.
Some distortion theorems are obtained.

1 Introduction

Let H(D) be the linear space of all analytic functions defined on the open
unit disc D = {z € C||z| < 1}. A log-harmonic mapping is a solution of the
non-linear elliptic partial differential equation

f:=wf. G) , (1.1)

where the second dilatation function w € H(D) is such that |w(2)| < 1 for all
z € D. It has been shown that if f is non-vanishing log-harmonic mapping
in D, then f can be expressed as

f(2) = h(2)g(2), (1.2)

where h(z) and g(z) are analytic in D with the normalization A(0) # 0,
9(0) = 1. On the other hand if f vanishes at z = 0, but not identically zero
then f admits the following representation

F(z) = z|2|*h(2)g(2), (1.3)
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where Ref8 > —1/2, h(z) and g(z) are analytic in I) with the normalization
h(0) # 0, g(0) = 1 ([4]). We also note that univalent log-harmonic mappings
have been studied extensively in [1], [2], [3], [4], [5], [6] and the class of all
univalent log-harmonic mappings is denoted by Spy.

The Jacobian of a logharmonic function of the form f(z) = zh(z)g(z) is
defined by

h’(Z)
Rr(2)

_|g@f
g9(2)

) = £z = 1 f:(2) .

J5(2) = f(2)I” (

for all zin D. .
Let f(z) = zh(2)g(z) be a univalent log-harmonic mapping. We say that
f is a starlike log-harmonic mapping if

e f(re®) = Re (L2225 0 (1)

for every z € D. The class of all starlike log-harmonic mappings is denoted
by Sig ([3]).

Let Q be the family of functions ¢(z) which are analytic in D and sat-
lsfymg the conditions ¢(0) = 0, l¢(z)| < 1for all z € D, and let s;(2) =
Z+az®+---, 59(2) = 2+ bez® + - - - be analytic functions in D. We say that
s1(z) is subordinate to so(2) if there exist ¢(z) € 2 such that s;(2) = s2(¢(2))
and it is denoted by s;(z) < s2(2).

Let (z) be analytic function in D with the normalization ¢(0) =
¢'(0) = 1. If p(z) satisfies the condition

(i) -

for every z € D, then ¢(z) is called starlike function. The class of all starlike
functions is denoted by S*.
In our proofs we need following theorems.

Theorem 1.1. [7] Let ¢(z) be an element of S*, then
1-r o(2)]  1+r
e — <
1+7‘”zgo(z) “1l-r

Theorem 1.2. [3] f(z) = zh(2)g(z) be a log-harmonic function on D, 0 ¢
hg(D). Then f € S;y if and only if p(2) = (z-é;) € S*.

(|2 =r < 1). (1.6)




Theorem 1.3. [3] Let f(z) = zh(2)g(z) € S;y, with w(0) = 0. Then we
have Ar 4r
re % < |f(2)] < rers (L7

Jor all|z| = r < 1. The equalities occur if and only if f(z) = Efo(Cz), (| =1,

where -
fo(z) =2 (1 :i) efetts,

2 Main Results

Lemma 2.1. Let f(2) = zh(2)g(2) be an element of S}, then

¢'(2)/p(2) F:/f z
RIF T Gl (T .

where p(z) = z%% €S8” forall z € D.

Proof. Since f(z) = zh(z)g(z) is the solution of the non-linear elliptic partial
differential equation

- I

Fo=u@)f. (%),
then we have ,
3 c)
fz/f 1+ z%:(%)— .

Therefore we have w(0) = 0. This shows that the second dilatation function
satisfies the conditions of Schwarz Lemma and

d@)ez)  w@) TS
LI Tow@) - P06 22)

Using the subordination principle, the equalities (2.2) can be written in the
following form

w(z) =

1-w(z)=

¢'(2)/e(z) . » /T 2
f/f <1 and ' (2)/¢(2) 1=z



Theorem 2.2. Let f(z) = zh(2)g(2) € S}y, then
1- 41' 1 +r

e < < i, (23)
ar T(1+7
0<Ifil < e D (24)
Joradll|z|=r< 1.
Proof. Since the transformations w,(z) = 1 -z and wz(2) = %, map [2| =r

onto the discs with the centers Cy(r) = (1,0), Ca(r) = (——5,0) and radius
p1(r) = 1, pa(r) = 7%z respectively. Using Lemma 2.1 and subordination
principle then we can Wnte

J()/olz) i
7.1 1!““‘1 F)le) 1-r

Using Theorem 1.1, Theorem 1.2, Theorem 1.3 and inequalities (2.5) and
after the straightforward calculations we obtain (2.3) and (2.4). O

(2.5)

- 1-1r2

As a consequence of Theorem 2.2 we have the following corollary:

Corollary 2.3. Let f(z) = zh(2)g(z) be element of Siy, then

A Y , - 3
e 18-‘:’-____.___.(1 T) — 18—_32' <Jf(z)_ 8 (1+T)

T+t T a-m T
forall|z| =r < 1.

Theorem 2.4. Let f(z) = zh(2)g(z) be an element of Siy, then

h(2)] < e+ (2.6)

1-7

lg(2)| < (1 = r)er=, (2.7)
Jorallz|=r < 1.



Proof. Using standart inequalities for complex numbers, we can write

()t
and N _
Re ( zjf’”') < ”J{f (2.9)

for all z € D. On the other hand,

Re (‘i{) Re( ;,((5)))=1+Re( h((z))) 1+r§;log!h(z)|
(2.10)

Re(sz‘) =Re( g((:))) Re( g((:))) arlog 9(z)]  (2.11)

for all z € D.
Using Theorem 2.2 and the inequalities (2.8), (2.9), (2.10) and (2.11), we
find

and

l+r 1

0
and 9 1+
T
—_ < — 2.13
5 l0gl9(2)] TA= T (2.13)
Integrating from zero to r we obtain (2.6) and (2.7). O

Theorem 2.5. If f(2) = zh(2)g(2) is in S}y and a is in D, then

zg(a)h (E2
h(a)(1 + az)‘?; (#2) (z€D)

pu(2) =
18 likewise in S*.

Proof. For preal, 0 < p < 1, let

_ 2ok (p (7))
©o(2) = h(pa)(1 +az)%g (p (lzrz:;)) (2 € D),




then
) _1-a

e(z) 1+a (1 +&z§(z + a)
| [ (z+a) W (o (E2)) (z+a ) g’(p(f;%‘;))}

1+az/) h(p(EZ)) 1+az

"+ (1~ o)

Letting z = €%, a = |a|e*® and v = p (f;—%,%) and after the simple calcula-
tions we get

@,(2)  1—|af? Vh’(u) ~ Ug’(u) 2|a| sin(¢ — 6)
ch,,(z) |1+ ae9)2 (1 + h(v) g(u)) T |1 + ae~®|2 ~

Therefore for |z| = 1, we have

RB( <p:,(z)) _ _1-laP o (1 +,,h’(”) _ Ug'(v))

2= = .
SOP(Z) I]‘ + a¢—10‘2 h(l/) g(y) (2 15)
- 1—‘0"2 Re va_.’;;fv ~ 0 .
|14 ae#P? f
and we conclude that ¢,(2) is in S* for admissible p. From the compactness
of S* and (2.15) we infer that ¢.(2) = lim,; ¢,(2) is in S*. D

We also note that if we take a = v, u = ££ =2 o 2= {5 and
using Theorem 2.5 and after simple calculations we obtain the following two

point distortion inequalities.
Corollary 2.6. Let f(z) = zh(z)g(z) be an element of S;y, then
e 11— gu|(|1 — Tu| — |u—v|) <11l

(11 - vyl + |u —])?

geh_-%ﬁ“'-ﬂ 11— ou|(]1 — Du| + |Ju —v|)

(1-vul —ju—v)* ~

and
su-vl _|u —v|(|]1 — Dy + |u —v|)
O0<|fsl < e[l—!‘iul—lu-—v[ ,
<If < (1T — ou — Ju— o]




and
szl |1 — BuP(]1 — Tul — Ju — v])?
(11 — ou| + Ju — v|)*

8lu—v|? 11 — Jul|u — v
N=pu2-[u-v|2 < Jelz
1 —oul2—|ju—v|2 — 1(2)

U~ — 5 — 7 — 3
<oz 1 — vy|(]1 — T + |u — v])
- (11 - Du| — Ju —v])*

— €
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