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Abstract

As an application of noncommutative characteristic equations for matrices with
noncommutative entries, we study the exact-solvability of Jaynes-Cummings model
(JCM) and its extened models in the view of “operator-valued eigenvalues”. Then
we find a new method for obtaining invariant subspaces of given models and obtain
the evolution operator of an extended JCM Hamiltonian by using the NC spectral
decomposition method. Next, we define a class of exactly-solvable matrix Hamilto-
nian and obtain an infinite number of finite-dimensional invariant subspaces.

1 Introduction

The original Jaynes-Cummings model (JCM) is defined by the Hamiltonian [1]

hwata + £ pa
H= ( pal ? hwala — %) (1)

where p is a real parameter. Note here that the Hamiltonian H is hermitian.
In previous paper [1], they considered an extension of JCM Hamiltonian in the form

_ (hwa'a+ P(ata) + £ pa®
B (M T ata s B : @
~ where k € N, ¢ = +1 and P(a'a) denotes a polynomial of degree d > 2. If ¢ = 1, H is
hermitian and ¢ = —1, H is nonhermitian.
In [1], they found H preserved an infinite number of finite-dimensional subspaces
V, = span{ ("> 0 Wn € N U {0} (3)
" 0 )" \In+k>) [’ '

Therefore H is exactly solvable.
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Since

In>\ _ ((hwala+ P(ata) + &)n >\ _ (hwn + P(n) + £)ln >
H<n0) ( aw(fﬁc)l’“lw2 " )’(¢p\/(n+1)(n+2)---(v§+k)|n+k>)’

( 0 )_( pakln + k > )_(p\/(n-}—k)(n—i—k-1)---(n+1)|n>)
In+k>) \(wa'a+ Pala) - §)In+k>)  \(Aw(n+k)+Pn+k)-35n+k>)’

the Hamiltonian matrix is

. fwn + P(n) + £ p/(n+k)Y(n+k-1)---(n+1)
H“+’°"(¢p\f(n+1)(n+2)---2(n+k) huw(n+ k) + P(n + k) — & ) @

For simplicity, they imposed P(n) = P(n + k) = 0. Then the eigenvalues of Hy are

M, = hw(2n + k) + v/ (hwk — €)2 + 4¢p*(n + 1) - - - (n + k) 5)
n+ - 2 ’
1 Fw(2n + k) — /(Awk — €)2 + 4¢p?(n+1)--- (n + k)

A1'1-H€ = 2 (6)

(equation (34) in [1]).

2 Review of NC Spectral Decomposition

2.1 NC Version of the Characteristic Polynomial

First, we review the noncommutative (NC) version of the characteristic polynomial.

a G a(") a(n)
For A = , we put A" = | 11 B (n = 0,1,2). Then, we denote
a1 Q22 Qg1" Qo9

®,(\), () as two polynomials given by

o;(\) = | al o A

More explicitly,

®1(A) = A2 — (an + 0120220,1_21)/\ + (01202201—21011 — a12a21),
Qy(N) = 22— (a2 + azlallaEll)A + (a21t111a§11a22 — 021012).

We remark that the NC Cayley-Hamilton’s theorem holds ;

-1 -1
A2 ai11 + 120220, 0 A+ Q12022019 11 — 012021 0 -0
- -1 -1 = 0.
0 az2 + a21G1109; 0 21011097 A22 — 021012
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Proposition 1 (A sufficient condition for no-existence of inverse elements).
Fori=1,2, let F(x) be entire functions of z. If relations

a12092 = F1(az2)a12, anan = Fan)an (7)
hold, the noncommutative characteristic polynomials ®1()\), ®2(\) are given by

®1(A) = A= (an + Fi(ag))A + (Fi(a)an — azan),
Dy(A) = A — (age + Fo(a11))A + (Fa(a11)a — asia;2).

For example, a;2 = a, az» = N = ala and by using the relation |[a, al] =1, then

@120 = aN = aala = (N +1)a = (ag2 + 1)ais.

2.2 NC Spectral Decomposition

Let a1, ap be two solutions of the NC characteristic equation ®,(\) = 0 and (3;, B2 two
solutions of ®3(\) = 0 respectively. We put

e=("0) (")

Pl = (1‘1 - LEQ)_I(A ad 1'2), (9)
PQ = (.'172 - (131)_1(14. - l‘]), (10)

and

then we have the NC spectral decomposition [3]

A" =2TPi+23P, (n=0,1,2,---). (11)



3 Operator Method for the Eigenvalue Problem of
the Exactly Solvable Hamiltonian (2)

3.1 Operator-valued Eigenvalues

For the eigenvalue problem of the extended JCM Hamiltonian (2)

H- hwata + P(afa) + § pak
dp(al)r hwala + P(ala) — 5/’

we study another approach. First, we consider a Hamiltonian

fl(N) CQO«k
(c21<a’f) le(N)) (12)

where N = ala, ¢; € R and fi(N) (¢ = 1,2) are some functions of N. Then we have a
proposition as follows;

Proposition 2. NC characteristic equations of

A et
(czf(aw fifN)) (13)

are

O1(N) = N~ (ilN) + (N +ENA+ fi(N) foN + k) — cracna k(a ) =0, (14)
‘132()\) = )\2 - (fl(N - k) + fQ(N))/\ + fl(N - k)fg(N) - 012021((L ) 0, =0. (15)

The operator solutions ay,a_ of (14) and B4, B- of (15) are

Gy = % {fl(N) + fo(N + k) £ V/(A(N) = f2(N +k))? + 40120210"“(‘11)’“} ; (16)

B = 5 { AV =0+ (V) £ VRN =B = LODP + depen(@Pab ). (17

Remark 1. These a,,a_ and _ are considered as “operator-valued eigenvalues”.
+ + /4 g
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3.2 A New Method for Obtaining Invariant Subspaces

Since a*(af)* = (N +1)(N +2) - (N + k) and (al)*a* = N(N =1)--- (N —k + 1), we
note that ax = ax(N), B+ = B+(N) and

Bi(N + k) = ax(N). (18)

Ifweput fi(N)=hoN+P(N)+%, fo(N)=mN+P(N)=§, ci2 = p, ca1 = ¢p,
we have

as(N) = % {ho(2 + k) £ /(i — O + dopPa (@) (19)

(here we omitted P(N) and P(N + k) for simplicity). Therefore

ar(N)n> = % {mo(2N + k) + /Rok = 7 + dgPa(@)F } [n > (20)
- %{m@mk) £ /(Rok — P + 40P+ 1) (1B } In > . (21)

These values are nothing but AL, ,, AL ,. By using B:(N +k) = as(N) , we have
Be(N)In+k>=Bs(n+k)n+k>=as(n)|n+k>= A n+k> (22)

Since oy is derived from ®;(A\) = 0 (1st row) and 3. is derived from ®,(\) = 0 (2nd

row), we can find a basis
|n > 0
0 )’ \In+k>

. . . I II
of an invariant subspace and eigenvalues A}, AlL,.
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3.3 Evolution Operator and NC Spectral Decomposition Method

Next, we calculate the time evolution operator of H. By the NC spectral decomposition
method, the projection operators of H are

(2 g mp) Clatar™ ATs) @
= ((aﬁ_%)—l (8- — B+)7 )( g\lf()a—)a+ fQ(X};aj ﬂ+). (24)

Here we put

B+(N) = B-(N) = V(1(N = k) = fo(N))? + deracar (at)kak =: /D(N)  (25)

Py

and
As(N) = B (N), (26)

then

o = (a+(N) ﬂ+(N)) _ (/\+(N+k) A+(N)> e (A_(N+k) A_(N))’

(27)
P = (( VD k)" A_(N + k) Clza: (N)) , (28)

)(fl( ) —
(/D)) ca1(al)* fo(N) = A

(- /DT~ FiN) = AL (N +k) 120*
( (- VDT ) ( @ SN —aA+(N)) @

Therefore H = 11 P; + 2o P, implies
eitH — ez‘tzl p1 + eitzz p2
_ (ez‘zx+(1v+k) ) (V/D(N+k))~! (fl(N)—)\_(N+k) crza* )
A+ (M) (v/D(N))~? ca1(at)* f2(N)=A-(N)
+ (eitx_(N-Hc) n (N)) ((-\/ D(N+k))~! ) (fl(N)—A+(N+k) c1za* )
gith_

(-v/D(@)! ca1(af)* f2(N)=A4(N)

_ (L) (1,2)

B ((2,1) (2,2))° 0
where

1,1) = e%f1<~>+fz<~+k>}{cos £\/DINTR) +ilF1(N) - fa(N-+k) 22 Dﬁ’,’&jk’} (31)

(2,2) = cHao- k>+fz(N>}{Cos-,/D(N) —i(fr(N—k)— f2(N)) 22 D‘/(z‘)”)} (32)

(1,2) = 2i crpeUr0mnatven) i 4yP0ED o (33)

(2,1) = 2 c2le’}{f1(N—k)+f2(N)}L“3D____ \ﬁ()m(af)k, (34)



For example, we consider the JCM Hamiltonian (from Wikipedia notation)

vala + ¢ 2a
p——tg . 5
Hic=h ( %aT vata — 5 (35)

If we put

Q
fl(N)=1/N+£, fQ(N):-UN—%, cie=cpy=—=:9, k=1, t— —t

2 2
n (30), since

HN)+ fo(N+1) =20 (N+ %) v AN) = fo(N+1)=w—v =, (36)

DIN+1)=6+4¢*(N+1) =4 (é; +¢°N + g2> =: 4(p + ¢*), (37)
we obtain the famous result
e—itHic/h
B e~ wt(N+3) (cos tVo+g?- ¥ Sm\t/\i—w) —jge~wHN+3) ———Sintﬁa
—ige~wt(N=-3) ﬂ\/%ﬁ af e~ wt(N-3 (cost\/z,E—i— %%)

(38)
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4 A Generalization of JCM Hamiltonian to M x M
Matrix

We can observe that the extended JCM Hamiltonian

_ f(N)  a a*
= (021(0")" fsz))

has an infinite number of finite-dimensional invariant subspaces

V, = span { ('”O>> , (In 2 >) } . VneNU{0}

If we consider a 3 x 3 matrix Hamiltonian

fl (N) C12ak1 cl3ak1+k2
H=| cafah)* fa(N) cza® |, (39)
cai(a)frtke cpp(al)f2  f3(N)

we can find an infinite number of finite-dimensional invariant subspaces

|n > 0 0
Vnik1 k2 = SPan 0 |, {In+hk>], 0 , VneNu{0}. (40)
0 0 |7’L + ki + kz >

We can generalize these matrix Hamiltonians in this way;

Theorem 3. A M x M matriz Hamiltonian

filata) o aTict
H= . "
cij(at)Zims B fu(ata)

preserves an infinite number of finite-dimensional subspaces

j-1

Vn;kl,"',kM-l = 8Pat < i< {"I’L + Z k> ®ej} , YneNuU {0} (42)
=1

Therefore, H is exactly solvable.
The corresponding Hamiltonian matriz restricted t0 Vi, ... kpy_ o 5
Hoky o hpg—y o=

( Fi(n+ 021 k)
iV DIzt kit 1) (n+ it ki) Fu (M k)

fi(n) cij v/ (T2 k) (n+ izl k+1)
(43)
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Proof. By using

dn+k >=\/in+k)  (n+k —k+1)n+k —k>,

(CLT)’V]TL-F]{;’ >= \/("‘Hﬂ'-i-1)"'(n+k’+k)ln+k’+k>’
we have

j—1

H]n—i—Zkl > ®e;
I=1

eatis B+ ik > (if i < )
= fi(ala)|n + Z{;ll k> (if i = j)
(@) S M + S g > (i > )

cij/ (I k) (et o kA D nt izl k>
= fi (7L+E;;i kz)ln-*‘Zf;i k>
\c“. VAT k) (et D k) Int 6 k>

5 Discussion
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(44)

(45)

We studied the exact-solvability of Jaynes-Cummings model and its extened models in
the view of “operator-valued eigenvalues”. Analysing relations among “eigenvalues of
each row”, we found a new method for obtaining invariant subspaces of given models.
Then we obtained the evolution operator of an extended JCM Hamiltonian by using the
NC spectral decomposition method. Next, we defined a class of exactly-solvable matrix
Hamiltonian and obtained an infinite number of finite-dimensional invariant subspaces.
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