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SOME CONTROL PROBLEM VIA MOMENT PROBLEM
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Abstract

In this report, we introduce moment theory application to some control
problem. First, we consider the linear time optimal control, and then admissible
control problem, finally we introduce estimation the domain of contraction for
SIR epidemic model.

1 Introduction of MP

1.1. What is MP 7

In mechanics, we consider infinitely long thin bar that rotate along an axis, if

the density function ¢(z) is given, then
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is the distributed over [0, 00), the first (statical) moment, the second (inertia) mo-

ment, ..., and the n-th moment, respectively.

In mathematical statistics, if the probability distribution function p(z) is given,
then (z) = [ p(z)zdz is the mean (expectation) value, and (z") = [ p(x)z"dzx is the

n-th moment.

In above, we first know the density function or the probability distribution func-
tion, then we obtain some data. Conversely, in many usual cases, first some data
are given, we want find the density function or the probability distribution function,

this is moment problem.

In 1894-95, Stieltjes first posed the moment problem: Given a moment sequence
{un}$. Find a bounded non-decreasing function (z) in the interval [0,00) such
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that o
/ z"dy(z) = pp, n=0,1,2,---.
0

1.2. Power moment problem
Power moment problem. Given
¥ ={v,7,.,} and K CC.

Find a positive Borel measure p on C such that

[ #au(®) =7 (2 0) and supp uC K.

In particular, the classical moment problems are the problems of Stieltjes, Ham-
burger, Hausdorff and Toeplitz for K = [0,+00), K = R, K = [a,b] (a,b € R), and
K =T:={teC:|t| =1}, respectively.

Truncated power moment problem. For 0 < m < oo, let v = (90, .., Ym) €
C™*!. Find a positive Borel measure x on C such that

/ t'du(t) = v (0 < i< m).

The classical truncated moment problems were solved completely by Curto-
Fialkow([3, 1991)).

2 The Curto and Fialkow’s TCMP

2.1. The Curto and Fialkow’s TCMP

Given a closed subset K C C and a doubly indexed finite sequence of complex
numbers
Y100, Y01, Y105 Y02y Y11, Y2057 »Y0.2ms t* 5 Vom0, (2.1)

with v00 > 0 and v; = %Ys;j, the truncated K-moment problem entails finding a

positive Borel measure y such that

Yij = /zézjdu (0<i+j<2n) and supp u C K; (2.2)
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7y is called a truncated moment sequence (of order 2n) and p is called a representing measure

for 7.
2.2. The moment matrix M(n).

For n > 1, let m = m(n) := (n+ 1)(n + 2)/2. For A € My, (C) (the set of
m X m complex matrices), we denote the successive rows and columns according to
the following lexicographic-functional ordering:
1,2,2,7°,22,2%,--- ,Z", 22", .- 2"\ Z,2".

~~ ~ —
1 (@ 3) (n+1)

We denote the entry in row Z¥Z! (0 < k +1 < n) and column Z¢ZJ (0 < i+ j < n)
of A by A,z For v as in (2.1), we define M(n) (y) € Mn(C) as follows: for
0<i+j7j<n,0<k+1<m,

M (1) (k0)(i,j) = Vikish+i-

e Quadratic moment problem

Forn=1,ie,
Y * Y00, Y01, Y10, Y025 Y11, Y20,

we have
Yoo Y01 Y10

MI1)=1| y0 71 720 |- (2.3)
Yoi1 Y02 M1

Theorem 1. v admits a representing measure if and only if the moment matriz
M(1) in (2.3) is positive.

e Quartic moment problem

For n =2, i.e.,

Yt 7Y00s Y01 Y10, Y02, Y11, Y20, Y03, Y12, Y21, Y30,
Y04, Y13, Y225 Y31, Y40,
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we obtain
/’Yoo Yo1 Y10 Yo2 it 720\

Y10 Y11 Y20 Y12 Y21 Y30
M(2)= Yo1 Yo2 i1 Y03 Y12 721 ‘ (2'4)
Y20 Y21 Y30 Y22 Y31 Y40
Yir Y12 Y21 Y13 Y22 731
\ Y02 Y03 Y12 Yo4 Y13 Y22 }

2.3. Necessary conditions

Condition 1. If v admits a representing measure, then M (n) > 0.

Definition. We say that M (n) is recursively generated if

24,04 € Pn, p(Z,2)=0 = (pg)(Z,2) =0. (RG)

Condition 2. If v admits a representing measure, then M(n) is recursively

generated.

Condition 3. ([1, 1996]) If v admits a representing measure, then

card supp u > rank M(n).

Remark. Condition 1 and Condition 2 are not sufficient ([5, 2005]).
2.4. Flat extension of positive moment matrix

For k,l € Z,, let A € My(C),A = A*, B € M;;(C),C € M;(C); we refer to any
matrix of the form
i- A B
B* C

as an extension of A. If rank A = rank A, then we call A is a flat extension of A.
Lemma 2. For A > 0, the following statements are equivalent:
(1) A>0;
(ii) There exists W such that AW = B and C > W*AW.
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2.5. Curto and Fialkow’s main theorem

Theorem 3. ([1, 1996]) v has a rank M (n)-atomic representing measure if and
only if M(n) > 0 and M(n) admits a flat extension M(n + 1).

3 Linear time optimal control problem

3.1. Linear time optimal control problem

We consider
z = A(t)z + B(t)u(t), z€ R",ueR,ul <1, (3.1)
QJ(O) = 330 = (m?axg: e axg)T, x(g) =0, ¢ — min (32)

where A(t), B(t) are analytic (n X n) and (n x 1) matrices on some interval [0, 7].
The pair (6 (z°) ,u (¢;29)) is called the solution of the time-optimal control problem
(3.1), (3.2), where 6 (z°) is the optimal time and u (¢; 2°) is the optimal control.

3.2. The time control problem without restrictions

Theorem 4. Given
z = A(t)z + B(t)u(t), (3.3)

where £ € R*,u € R, and z(0) = 2°, () = 0. Then

/]
x2=<gk,u)=/0 gu@d, k=1,..n, (3.4)

where

(g1 (8), 92 (8),- -, gn (1))T = =072 (1) B(t),

and ¢(t) is the fundamental matriz of the system

z = A(t)z, such that ¢(0) = 1.

Controllability problem. Given a sequence of real numbers sy, sy, ..., S, and

a sequence of functions {g (¢)}%_;, continuous in R, find u(t) such that

Sk = /gk (t) u (t) dt, k=1,..,n. (3.5)
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The truncated Hamburger moment problem. Given a sequence of real

numbers g, ¥1, ..., ¥n, find a positive Borel measure i on R such that

7 :/tjdu t), j=0,1,..,n (3.6)

3.3. The solution of the truncated Hamburger moment problem

Define
Yo Mo Yk Yi
! Y2 T Ye+1 Yi+1
Y& Ye+1 0 Y2k Yi+k

Set v = (70,71, ...» Yok+1) and r = rank . Thus Vg, ..., V,_; is linearly independent,
and Jleg, ...,or_1 in R such that

Ve =0oVo+ -+ ¢r_1Vr_y.
We call the polynomial
P'y (t) =t - (‘PO + et (Pr—ltr_l) (t € R) (37)

is the generating function of +.

Theorem 5. (Odd case) The truncated Hamburger moment problem is solvable
forn =2k +1 if and only if A= A(k) > 0 and Vi1 € Ran A.

(i) If r < k, then the unique solution is of the following
Bi= pobty + -+ + pr—10t,_;, (3-8)

where tg, ..., t._1 are distinct and the zeros of P,(t), and

-1

Po 1 1 - 1 Y0
P1 _ to (2 RN 7| 04!
Pr—1 t6_1 t;_l Tt t::% Yr—1

(ii) If r = k+ 1, then it has infinitely many solutions.

Theorem 6. (Even case) The truncated Hamburger moment problem is solvable
for n =2k if and only if A= A(k) > 0 and rank A (k) = rank 7.
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(i) Suppose r := rank v < k. Let ® := ® () and let

Yok+1 = POYVok+1—r T -+ Pr_1Y2k-

Then 4 := (Y0,71, ..., Yok+1) has the unique solution is of (3.8), which is also the

unique representing measure of 7.

(ii) Suppose r = k + 1. For each vyop+1 € R, let 7 := (0,71, -, YV2k+1) - Then ¥
has infinitely many representing measure and each is a representing measure of 7.

4 Admissible control problem

Consider the following completely controllable system
= Az +bi, z(0)=xo, ‘ (4.1)
where z € R*, A € My, xpn,b € R".
Admissible Control Problem (ACP). For given xy and 0, find & = 4, ¢ such
that
(1) lal <1,
(2) The solution z (t) of (4.1) with % satisfies z (§) = 0.

Let Co, be the set of all measurable functions on [0, 8] such that 0 < f(7) <
L, V1 € [0,6)]; and M0, 8] be the set of all nonnegative measures on 0, §].

L-Markov MP (MMP on [0, 6]). For given a sequence of real numbers (c; );?:01
find f € Cp,z, such that

6
c;j =/ rf(r)dr, j=1,..,k.
0

Hausdorff MP (HMP on [0,6]). For given a sequence of real numbers (sj);?:O,
find o € M0, 0] such that

9 3
85 =/ mldo (1), i=1,..,k.
0
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Theorem 7. There is a bijection between the set Co 1, and measures o € M|0,6)
satisfying f(? do(7) = 1 given by

% do (1) ”—Eexp<i Gf(T)dT).

LO T—Z

0o T—2 z

Let

sg = 1,

81 = (g,
¢ -L - 0
261 co e O

1 )
Si22) = g : . . :
G-1cj-2 (1-2)cj-3 - —(~1)L

jej-1 (G—1ecj—2 - co

Then we have

Theorem 8. The L-Markov MP with cj—1(8,%0),j € {1,...,n} is solvable if and
only if the HMP on [0,0] with s;—1(0,20),J € {1,...,n} is solvable.

Assume that

0 1

1 0

10 0

A —_— 1 , b = 0

0
] 10 | 0]
Then we obtain
J 1\ 21 )
Cj-1 (:EO’e) = s ( 1) %0 Ji=12,..,n.

27 ’

Theorem 9. ([8, 2010]) If the HMP on [0,6] with s;—1(0,%0),j € {1,...,n} is

solvable and o(7) is a solution, let S(z) = 09 df_(?, then

ﬁ(t)=—%GEIEOarg(—(t+ie)S(t+ie))—1, te0,0].

13
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5 The problem of DOA

Given the autonomous system
& = f(z), z(0) = z°, (5.1)

where 2 € R™ and f(0) =0.

Definition. (DOA) The domain of attraction of z =0 is

S = {xo € R"| lim a(t,2°) = o} , (5.2)

where z(-,z°) denotes the solution of (5.1) corresponding to the initial condition
z(0) = 20.

5.1. Lyapunov function method

Definition. Let V(z) be a continuously differentiable real-valued function de-
fined on a domain D C R" containing the origin. The function V(z) is called a
Lyapunov function for the system (5.1) if the following conditions are satisfied:

(i) V(z) is positive definite on D,
(ii) V (z) = (%%)T f(z) is negative semidefinite on D.

Theorem 10. Let V(z) be a Lyapunov function for the system (5.1) in the

domain
Q. ={z e R"|V(z) < ¢}, c>0. (5.3)

Assume that Q. is bounded and 0 € Q.. If V(a:) is negative definite in Q., then
Q. CS.

5.2. The estimation of the DOA as an optimization problem

Let
V(z)=2"Pz, P=PTeR™™  P>0. (5.4)

Here, (> 0) & positive definite. Our objective is to find the maximum value c*
of ¢ such that V (z) is negative definite in Q.. This c* is defined by the following

14
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optimization problem
find ¢* = min V(z)
subject to the constraints: (5.5)

V(z) =0, z #0.

5.3. The estimation of the DOA via moment matrix

In [4, 2001] Lasserre considers the following two classical problems

o Global minimization

= 5.
P — p* = min p(z) (5.6)
o Constrained optimization
Pk = p »= minp(z) (5.7)

where p(z) is a real-valued polynomial and K is a compact set defined by

polynomial inequalities g;(z) > 0,i=1,...,7

Let l,a:l,:cg,...,xn,w%,xlxg,--- y 1T, T2X3, ..., LT, ..., Z;¢ be a basis for the m-
degree real-valued polynomials p(z), and let s (2m) be its dimension, where s (m) :=

<n+m = () et o (z) = Y, Paz®, where

nlm!
n

2% = atey® 2y, Y ai<m

Given an s (2m)-vector y := {yo} with first element yo,.0 = 1, let M;,(y) be the
moment matrix of dimension s (m). Let g(z) : R® — R be a real valued polynomial
of degree w with coefficient vector g € R*(®), If the entry (i, ) of the matrix M, (y)
is yg, let 8 (i,5) denote the subscript 3 of ys. Then My, (gy) is defined by

Mo (9y) (i,4) = Zgay{ﬁ(z,;)w}

Let deg g; () = w;, and define

[

which is the smallest integer larger than %t. Then (5.7) is equivalent to the following

problem.

15
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Problem.
infy Za paya
Q % . subject to the constraints: (5.8)
My (y) =0

My_g, (giy) =0, i=1,...,m

The number N has to be chosen according to the following conditions
m .
N> [E-‘ and NZm?xwi.
Theorem 11. ([4, 2001]) Let K C {z : ||z|| < a} for sufficiently large a > 0.
Then
(1) as N — oo, one has inf Q¥ 1 pk,

(2) for N sufficiently large, there is no duality gap between QY and its dual
(Q%)*, if K has nonempty interior.

5.4. The Estimation of DOA of SIR Epidemic Model

We consider the following SIR epidemic model ([7, 2009])

1 3 1 1
' “0 Tz 2 z —32TY
vy |=| 8 0 0 +1 3=y |, (5.9)
2 0 : -1 z 0

where z > —4,y > —%,z > —%. We know that P (0,0,0) is local asymptotically
stable. Let

V—-zg—szacz-l-64t57 2+§EZ2+?’E$ +1—84— z+1i4mz
= a5 T 38007 Tt TanstY T 4 YA T 4t

Then V is positive definite, and

av s 2 o 989 , 1 22 ,
— - —zyz — —x°y.
dt |50, 95 9

Now we use moment matrix to obtain the DOA of (5.9). Indeed, we must solve

the following optimization problem

. (2992 , 6457, 2 , 286.2 , 378 184 104
min (3332 + §5{y° + 7722 + Heey + peyz + s72)

g=-z>—? — 22+ Bxy? — Lays — Za?y >0
st.¢ go=(z2+y?+2%)-1>0

gs=4—-(z2+y?+2%) >0
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It is equivalent to solve the following optimization problem

¢* = min ( 78200 + §33040,20 + TeY00,2 )
+2—;§y1,1,0 + }T%yo,l,l + %—%yl,o,l
st { Mn(y) 20
Mpy_g,(g:y) > 0,i=1,2,3.

(5.10)

By using the YALMIP-yet another LMI package of Matlab, we can solve the
optimization problem (5.10), and obtain

N 3 4 5
MN (y) R20x20 R35><35 R56x56
c* 1.5590 | 2.6094 | 2.6094

Therefore, the set

. 299 6457
(z,y,2) 12 > ~4,y 2> —é,z 2> —%, and m:ﬁ + myz
+286,2 4 STy, 4 184, 4 1900, < 9 6094

is a subset of the domain of attraction for SIR epidemic model (5.9).
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