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Analysis of a pressure-stabilized characteristics finite element
scheme for a linearized Navier-Stokes equations

Hirofumi Notsu *

Waseda Institute for Advanced Study, Waseda University

1 Introduction

Let © be a bounded domain in RY(d = 2,3), T be a positive constant, « : 2 x (0,T) — R? be a velocity
and ¢ : 2 x (0,T) — R be a scalar function. We consider a trajectory of fluid particle, which is important
for flow problems. Let X = X (-;x,") : (0,T) — R be a solution of the ordinary differential equation,

dx
— =ulX,1) )

with a condition X (#") = x, where n € NU {0}, At is a time increment and ¢ = nAt. Then, it holds that

D¢ d
E(xvt) = B;(P(X(t)at), (2)
where
D _ 3¢

is a material derivation. Therefore, we can consider a first order approximation of the material derivative at
~t=1"(n>1) as follows;

O (X (t"),1") — (X" 1))

D¢ ny A
—(x,l") =~
Dt(’)

At
90" — ¢ (X (", M) (x), ")
- At
_ 9" =" oX(u", r)
= = (), @
where we have used notations, 9" = ¢(-,1"), forw : Q — R?,
Xi(w, At)(x) = x — w(x)At, )
and, for y: Q — R,
Vo X (w,Ar)(x) = w(X,(w,A)(x)). (6)
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The approximation (4) of D¢ /Dt is a basic idea to devise numerical schemes based on the method of
characteristics. The idea can be combined with finite element and difference methods (e.g., see [5, 10, 12,
13, 151). In this paper, we introduce a finite element scheme based on the method of characteristics for
a linearized Navier-Stokes equations, and give stability and convergence results of the scheme. Although
the system of the equations is linear and simpler than one of the Navier-Stokes equations, the results to be
shown are useful for an analysis of a scheme for the Navier-Stokes equations [9, 11].

2 Statement of the problem and a characteristics finite element scheme

We consider a linearized Navier-Stokes problem; find (i, p) : 2 x (0,T) — R x R such that

D
D—“-V(sz(u))+Vp=f, in 2 x (0,T),

w

)
V.u=0, inQx(0,7), @)
u=0, onl x(0,T),

u=u’, inQ,att=0,

where u is the velocity, p is the pressure, f : € x (0,T) — R? is a given external force, «° : Q — RY is a
given initial velocity, v(> 0) is a viscosity, D(u) is a strain-rate tensor defined by

_1 au; 8u, _——
Dlj(u)=_2'<g+§;) (l’.]—lvvd)» (8)

D/Dt,, is a material derivation defined by

D 4
= == .V 9
T +w ®
andw: Q x (0,T) — R is a given velocity. If w is replaced by u, (7) is the Navier-Stokes problem.
We use the same notation (-, -) to represent L>(£2) inner product for scalar-, vector- and matrix-valued
functions, and define a bilinear forms a on H' ()¢ x H'(2)? and b on H'(22)“ x L*(R2) by

a(u,v) =2v(D(u),D(v)), and b(v,q)=—(V-v,9), (10)

respectively. The weak form of the problem (7) is written as follows; find {(u,p)(t)};e(0,r) CV % Q such
that

(B2.0) +a(u,v) + blv,p) +blusg) = (), ¥(ng) €V x @,

Dt,’ D
u(0) = u°,
where V = H} (Q)9 and Q = L}(Q).
We state a characteristics finite element scheme for (7). Let ., = {K} be a triangulation,
Q, =int ( U K) and I, = 0. (12)

KeTy
We define function spaces X, My, Vi, and Q) by
Xn = {vn € C°(20)7; valx € Pi(K)?, VK € T}, (13)



My = {qn € C°(Q4); qulx € Pi(K), VK € T3}, (14)
Vi =X,NH{(2) and Q= M,NL3(L2y), (15)

respectively, where P (K) is a function space of piecewise linear functions on an element X € .9}, P means
a nodal point on I, and L3(£2) is a subspace of L2(Q2) defined by

L}(Q) = {g € L*(Q); (q,1) = 0}. (16)

Let Nr = [T /At] be a total number of time steps, § be a positive constant, Ak be a diameter of K and (-,-)x
be an inner product in L*(K)?. For u, i and w € H' (), we define a linear form .4, (u, ii; At,w) on V, and
a bilinear form %}, on H!'(Q) x H'(Q) by

— o X, (w,At
uzfoXifmAs) w) and G(pg)==8 ¥ W(Vp, Yok,  (7)

(My(u, i@ A1, W), vp) = ( ~
KeJ,

respectively. Let an approximate function u2 €V, of u® be given. A pressure-stabilized characteristics finite
element scheme for (7) is to find {(u7}, p"h)}i:z1 C Vj, X Qp such that, forn=1,--- ,Nr,

<'ﬁh(ul’;auz—l;mywn—] )7 vh) +a(u27 vh) +b(Vh,pZ) +b(u27qh) +th(p27qh)
=(f",vn);  V(vh:qn) € Vi X O, (18)

The scheme (18) can deal with high Reynolds number (small viscosity) problems by the method of char-

acteristics. The material derivative term (Du/Dt,, v) in (11) is approximated by (., (u”, “Z_I At W) ).

When we find (u}, p}) in the scheme (18), a composite function u;’l“l o X (WZ‘l ,At) is a known function
and a coefficient matrix of the system of the linear equations is symmetric. The advantage enables us to use
symmetric linear iterative solvers, i.e., CG, CR, MINRES [2]. Since the coefficient matrix is independent
of step number #, it is enough to make the matrix at only the first time step. The scheme employs a cheap
element P1/P1, it is useful for large scale computation, especially in 3D. Although P1/P1 element does not
satisfy the inf-sup condition [8], the scheme works by a pressure-stabilization term %j,.

We impose assumption for a given velocity w and review a proposition in [15].

Hypothesis 2.1. A function w satisfies

we C([0,T];w'=()),
w=0on I, (19)
divw =0 in Q.
Proposition 2.2 ([15]). Under Hypothesis 2.1 and an inequality;
1

A< ee—— (20)
Iwllcow=
it holds that, for any t € [0,T),
X](W(-,t),At)(Q)=.Q. (21)

In the following sections, we assume that Hypothesis 2.1 and the inequality (20) hold, and that, for the
sake of simplicity, £2 is convex polygonal domain (22 = £2,,).
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3 Stability and convergence

In this section, we consider stability and convergence of the scheme (18). We use ¢ to represent the generic
positive constant independent of discretization parameters and solutions, which can take different values at
different places, and c(A) is a positive constant, which depends on A. Constants co, | and c; have particular
meanings in this paper,

co = co([IWllcoz=))s €1 = c1(lwllcowr=)) and ez =callwllcowryncrz=))> (22)

respectively.

3.1 Stability

This subsection is devoted to the stability of the scheme (18). We use norms and seminorms, || - [|x =
I Ny k=0,1,2), li-llv =1l I, II-llg = Il llo,

1/2 1/2
I @)llvxe = W13 +lal3}2 lalh={ ¥ #(va,Va)c} ",
KeJy

— n —_ n — 72 1
||u||1;;")(1.2) = _max le®llo,  Metllye carry =, max ey Nelli=gey = Nutlli @) (X = L7 H),

© n(2 172 P n 2 1/2 2 g7l
el ey = {0 30 WU} Tl oy = {0 T IR} ey = g oy 6 =E581),

& ni2 12
|P11(2m)(M,,) = {Atn;nh’ |h} and |plpgy,) = |P|1(2l)(M,,)- (23)

Setting a bilinear form &}, on (Vj, X Qp) X (Vi X Qp) by
2h((u,p);(v,q)) = a(u,v) +b(v, p) + b(u,q) + €h(p,q), (24)
we have another representation of the scheme (18);
(Mo (™ AL W), vn) + h((uh, PR); (VRogh)) = (F7,Vh),  V(VhsGh) € Vi X O (25)
We prepare two lemmas for the stability. First one is an estimate of a composite function appearing .#},;
Lemma 3.1. For any v € L>(Q)? and t € [0,T), it holds that
[lvoXi(w(:,t),At)]lo < (14 c1At)]||v]fo- (26)

We omit the proof, because it is similar to the proof of Lemma 1 in [15].
P1/P1 element is employed in the scheme (18), i.e., both finite dimensional function spaces V), and Qp
consist of P1 element, and P1/P1 element does not satisfy the inf-sup condition [8];

b(vn,
inf sup —2LmdR)_ 5 ge s @7
aw€Qnv,ev, 1Vallv llgnllo
However, a, b and %, satisfies the following inf-sup condition.

Lemma 3.2 ([7]). There is a positive constant ¥ such that

inf sup Zh((un, p)s (Ve gh) " (28)

(‘lhvph)evhxgh (VhyIIh)GVhXQh "(uh7ph)“VXQ”(vh’qh)”VXQ -




From the above lemmas, we obtain a stability result.

Theorem 3.3 (stability). Let Azg(< 1) be a fixed number. Assume At € (0,At).
(i) It holds that

lenllj=z2) + v/ Vllrll 2y + V81 pili2gag,) < 1 (lgllo + 11 £l 2z2y)- 29
(i) The following two inequalities hold;
W”“h“lﬁ)([ﬂ) + ‘/glphil(“;)(Mh)“" ”5Atuh”1(22)(L2) TV VAtHBAt"h”/(?Z)(Hl) +v SNIBAzPhh(ZZ)(Mh)
< calll +1pAla+ 1l 22 (30)
1Al 2y < e bl + 1pAla + £, o)) Gy
Proof. First we prove (i). Substituting (u}}, —p}t) € Vi, X Oy, into (vp, g,) in the scheme (18), we have
(M (1= s AL WYY, ) + a(udh )+ Calph, —pp) = (" ). (32)

We evaluate the four terms;

- _ - 11 _ _ 1 _ -
(™00~ )7) = { S~ g™ 0, 1, M) IR) + = o X (w7 M) G}

At
(" (a—b)a=(a? —bz)/2+(a—b)2/2)

11 | _
> 5 GGG = 51671 8) = crllg !5 (- Lemma3.1)

- At
=D (314418) — e1 1413 (330)
a(uy,up) = 2v[ID@R) 1§ 2 evlluzllf (. Komn's inequality [6]), (33b)
Gu(Ph, —Ph) = 8|Ph17, (33¢)
and
() < (U B+I4GID)  Coab< (@ +89/2), (330

where Dy,a" = (a" — a"~') /Ar. The inequalities (33) implies

~ 1 1
D (5 [1411§) + cv Il + 81p3lh < S UG+ hNE) (=1, ,Nr), 34)

and (29) holds from the discrete Gronwall lemma [20].
Next, we prove (30) of (ii). Substituting 0 € V}, into v, in the scheme (18), we have

b(uﬁ,%) +<5h(PZ,CIh) =0 (th €0p,n=1,-- 1NT)a (35)
and, then,
b(Daity,qn) +€o(DaiPhsgn) =0 (Vgn € Ony n=2,---,Nr). (36)
Substituting (Dasu}},0) € Vi, x Qy, into (v4,g) in the scheme (18), we have

(-ﬂh(uz,uz_l;Atywn—l)aBNuZ> +a(u275&‘u2) +b(BAfuZ>pZ) = (fnvﬁAfuZ) (n = 17 ,NT)> (37)



and, by (36),

(AMp (i, uy ~L A, WY, Do) + a(ud}, Daid) ~ 64 (Dac o}, PR) = (f" . Daruty)  (n=2,---,Nr).

We evaluate the four terms in (38);
n  n—l - 1 -1 n—1 -1 Y
(Ml s A, W), Dpgill) = (DA,uh+ = = o Xi (W ,At)),DA,uh)

1 _ _ —
“DAluh”0+ Uy~ 1—u2 loxl(wn laA’)’DAlu;lz)

A,(

> |Darsill§ - 5 Iluh’I —up~ o Xy (W', A1) lol Dariéyllo

> [Bustfl — cole " [l
> |Bastfl — (cob™ 1} + 5 IDas )
Bl — ol D)1 (. Kom DFER),
(s, Darf) = Do (14 ) + 5 a(Disidy, D)
D (VIDWH)IR) + varlDDuidh) I,
~%,(DacphPh) = D (—5%h<pz,pz>) ~ 24D}, Dar})
(10) + 25 Dupil
and
(#" D) = 113 + 3 D3
Combining (39) with (38), we have
D (VIDGR)IB + S17AE) + 3Bt l+ vasliD (Do) 13 + 5 D
<NFUG+eollD@ )G (1=2,---,Nr),

which implies (30) by the discrete Gronwall lemma.
Finally we prove (31) of (ii). From Lemma 3.2, || p}||o is evaluated as follows;

l1Pkllo < Ik, Ph)llvxo

< 1 sup (g, PR): (Vi )
y(VhHh)GVhXQh ”(vh’qh)”VxQ
(f",vh) = (M (™5 A, w1, )
< sup
Vi :Gn)EVi X Qn ”(Vlhqh)”VxQ

(v
(Ilf"llv,;+ll///h(uﬁ,u';i":At,W"'])llv,;)

-eu—~<|— -<|»—-

17" llo+ IDarilo + <ol ™" 11 )
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(38)

(39a)

(39b)

(39c¢)

(39d)

(40)

41



where we have used the following inequality in the last inequality of (41);
1
(A R | VRS EHMZ—-MZ“ oXi (W' A1) lo

— 1 _ _
= “DA,uZ—I-E(uZ'l —uj, 'oXl(w" l,At))”o

— 1 _ _ _
< |[Dasupllo + EHMZ F—u=toxy(w™™ A0) [lo
< |Darllo + coluy 1. (42)
Combining (41) with (30), we have
I|Ph”1(22)(L2) < CO(”fHI(ZZ)(LZ) + ||5Atu2||1(22)(L2) + ||uh”1(2|)(;11))
< crllluhll +pAla+171ig, () “3)

|

Remark 3.4. In the right hand side of (31), |luj||\ can be estimated by (30), and, for |pi|n, a detailed
evaluation is required.

3.2 Convergence

This subsection is devoted to convergence of the scheme (18). At first we define a Stokes projection.

Definition 3.5 (Stokes projection). For (u,p) € (VNH?(Q)?) x (QNHY(R)), (Wi, ry) € Vi, X Qy is a Stokes
projection of (u, p) provided

a(Wn,vh) + b(va, ) +b(Why Gn) + Cn(rnsqn) = (P, Vi qn))s  Y(Visqn) € Vi X O, (44)
where F, is a linear form on Vy, x Qy, defined by

(Fny(Vh,qn)) = (g,vn) — 6 Z h%(g, Vg)x with g=—2vVD(u)+Vp. 45)
KeJ,

For the Stokes projection, the following error estimate holds.
Proposition 3.6. Suppose (u, p) € (VNH?(2)?) x (QNH?*(RQ)), and u satisfies
b(u,q) =0 (g€ Q). (46)

Let (wp,ry) be a Stokes projection of (u,p) by (44). Then, there exists a positive constant cs, independent
of h, such that
lu—walli +1lp = rullo < esh(llull2 + Al pll2)- 47

We omit the proof, because papers [3] and [7] give the result.

Theorem 3.7. Let Aty(< 1) be a fixed positive number, At € (0,Aty], and (u, p) and (up, pr) be solutions
of (11) and (18), respectively, where u2 is a first component of the Stokes projection of (u°,0). Suppose
u € CU[0,T;VNH) NH?(0,T;L>) NHY(0,T;H") and p € C°([0,T;QNH')NH!(0,T;H?). Then, it
holds that

1~ || g2y vV Nl = ]l 21y + V| = Phli2ag,)
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< co{ &t (lulao 72y + Wl o sy + Nl 2o 7))
(10 + VE(viullzg +1pllen) + 16 Pl or: ) |- @8)
Proof. Let (in, p)(t) be the Stokes projection of (u, p)(t) € H*(2)4 x H*(Q),
eh=up—iy, e =pp—py and Mu(t) = (u—dn) (). (49)
For any (vi,qn) € Vi X Qp, it holds that, from (11) and (18),
(ﬂh(uﬁ,uz_] AL WYY, v) 4 a(el, vi) + b(va, €7) + b(ef, gn) + CGh(Eh qn)
= (f*,va) — (=2vVD(u") + Vp",vy) +6;h§(—2vVD(u") +Vp", Van)k

D n
= (5= svn) + 8L Hk(=2vVD(") + V" Vank, ©0
w K

and from an identity

Ml A0 W) = (e A W) — (T AL W)+ M A W,
hH

we have
<Mh(e27ez_l;m,wn_l)avh) +a(e';:,vh)+b(vh»8;':)+b(eZ,Qh)+<fh(€;':»¢Ih)
= <Mh(ni’:’n;:_];mawn~l)_-ﬂh(unaun—l;maw"_l)av ) ( 1Vh> +82hK VVD(un)""VpnaVQh)K

Dt
-1 —1 n n—1 -1
_ (M= oXiw LA W —ut o Xy (Wl A | DUt Y K2 (~2vVD(") + V",V
_( +th’vh)+6KhK( 2vVD(u") +Vp",Van)k.

(52)
Substituting (e}, —&7) into (vy, gp) in (52), we have

(M5 At w1 ) + (el ) — Bl )
—n*lox, (W) — gyt -1
=(’7h /3 °At‘( A _wu °§t‘(”ﬁ ’At)+%u:,ez>—-5zh%{(—2VVD(u")+Vp”,V8,':)K
w K

=I'+14. (53)

The two terms I; and /> are evaluated as follows. We have

- OX]M] ‘_“f 811;. "(x)-V)nh)(x—sw"—'(x)m,,n_sm)ds“o
[/ {/ 911h —l(x)'V)nh)(x—sw"“(x)m,,n_sm)ds}zdx]1/2
{/ a5 am. _l(")'V)"h)(x—mf'"(x)m,t"-sm)zdx}l/z
= H/o as [ Z (s o, —sAt)de}l/z
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+{/1 ds/ Vnh(x_swn—l(x)Nat"—sm)zdx}l/z]
H/ [ "’—SA’)Hi"S}UZJr{/OIllvnh(-,tn_sm)uéds}q
< \;——’_—[{/t_ M t)” df}l/2+{/r:1 YnColR dt}m]

i ‘
{“ L2(rn=1 pn;12) + “Vnh”LZ(,n-—l,,n;Lz)}

< =G5

c h
= 0P, v sy (54)

I/\

PR (o] ey

and

Dur u"—u"loXy(w ! At
(o' - OB < o/ s gy + Wl oy + Wil sy}
D, At 0

(55)
For any ap > 0, it holds that, from the inequalities (54) and (55),

In <= {At(”u”HZ(,n 1 n. L2)+ “u”Hl(,n 1mH1) +“u”L2(,n 1, HZ)) + ”(u p)“H](f” 1o, HZXHZ)}-*-aOIleh”O
(56)
For I, we have
B < 8L HlIVellage) (2VIVDG") 2y + IV P 2qx) )
K
<2vé Z@”fo,'”y(x) " g2y + 5Zh%<“V€Z”L2<K) V" ll 2 k)
SO (o IVl ey + = nu"n,,z(K)) + 811 (@l Ve ae) + o IV2" o))
K
1
< 6"2 h2__n2_n2. 57
< (oav -+ ) 3lef  +c8k (ol + 11771 7

Combining (56) and (57) with (53), we have, for any positive numbers 3, o, o and o andn=1,--- ,Nr,

= /1

Duc (3 l1€£13) + VDRI + Slef

- v 1
< a0l +erlley™ 5+ (oav + a)3lefl + e84 (I B+ -1
2 2 2 2 K 2
+ %{At(”u”HZ(,n—l’,n;LZ) + “u“Hl(,n—l,tn;Hl) + ”u“Lz(I"_l,I";HZ)) + E ||(u7 P)”Hl(,nq’ " HZXHZ)}’ (58)

and, then, for ap = 1/(4An), oy = 1/(4v) and ap = 1/4,

~ /1 iz 8
(5 1418) + VID(RIB + S1ek
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1 - 2
< garc 1B+ calief ™ 13-+ cor? (a3 + 1117

W2
+ CZ{A’(“u”?ﬂ(,n—l 1L2) + ”u”iyl(,n—l,,n;Hl) + ”u”iz(t"“,t"',Hz)) + Zt’"(uap)”zl(,nvl, m, H2xH?) } (59)
By the discrete Gronwall inequality, it holds that

llenlli=(z2y + VVID(er)l 22y + Volenlzm,)
< co{lefllo+ Ar (lull(orcz) + Nl 0.7y + llzo 72))
+h(\/_6_(V"“”12(H2) + 1Pl + 1 P o 7; m2xm2)) }
< Cz{At(lluHm(o,T;LZ) + llullg 0,78y + Nlell 20 7:202))
+ h(||"0||2 + ‘/S(V""”[Z(m) + ”P”ﬂ(yl)) + ”(M’P)”Hl(o,r; H2><H2)) }’ (60)

which implies (48). (]

4 Conclusions

We have introduced a characteristics finite element scheme for a linearized Navier-Stokes equations. The
scheme employs P1/P1 element, and the coefficient matrix appearing in the scheme is symmetric. These
advantages reduces computational time and cost by half. Therefore, the scheme is useful especially for
three dimensional computation. We have shown stability and convergence results with the optimal L?-error
estimate for the velocity. Although the system of the equations is linear, the analysis is useful even in the
nonlinear case. We note that the convergence of the pressure can be proved under some assumptions.
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