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ABSTRACT. We show that under PFA $(S)$ , the coherent Suslin tree
$S$ (which is a witness of the axiom PFA$(S)$ ) forces that there are
no $\omega_{2}$ -Aronszajn trees. We also determine the values of cardinal
invariants of the continuum in this extension.

1. INTRODUCTION

In [20], Stevo Todor\v{c}evi\v{C} introduced the forcing axiom PFA $(S)$ , which
says that there exists a coherent Suslin tree $S$ such that the forcing ax-
iom holds for every proper forcing which preserves $S$ to be Suslin, that
is, for every proper forcing $\mathbb{P}$ which preserves $S$ to be Suslin and $\aleph_{1^{-}}$

many dense subsets $D_{\alpha},$ $\alpha\in\omega_{1}$ , of $\mathbb{P}$ , there exists a filter on $\mathbb{P}$ which
intersects all the $D_{\alpha}$ . PFA$(S)[S]$ denotes the forcing extension with the
coherent Suslin tree $S$ which is a witness of PFA $(S)$ . Since the preser-
vation of a Suslin tree by the proper forcing is closed under countable
support iteration (due to Tadatoshi Miyamoto [15]), it is consistent
relative to some large cardinal assumption that PFA$(S)$ holds.

The first appearance of such a forcing axiom is in the paper [13] due
to Paul B. Larson and Todor\v{c}evi\v{c}. In this paper, they introduced the
weak version of PFA$(S)$ , called Souslin‘s Axiom (in which the proper-
ness is replaced by the cccness), and under this axiom, the coherent
Suslin tree $S$ , which is a witness of the axiom, forces a weak fragment of
Martin’s Axiom. In [20], it is also proved that under PFA $(S),$ $S$ forces
the open graph dichotomy () and the P-ideal dichotomy. Namely,
many consequences of PFA are satisfied in the extension with $S$ under
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lThis is the so called open coloring axiom [18, \S 8].
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PFA $(S)$ . On the other hand, many people proved that some conse-
quences from $\theta$ are satisfied in the extension with a Suslin tree (e.g.
[16, Theorem 6.15.] $)$ . In particular, the pseudo-intersection number $\mathfrak{p}$ is

$\aleph_{1}$ in the extension with a Suslin tree. In fact, the extension with $S$ un-
der PFA $(S)$ is designed as a universe which satisfied some consequences
of $\theta$ and PFA simultaneously. By the use of this model, Larson and
Todor\v{c}evi\v{c} proved that the affirmative answer to Kat\v{e}tov‘s problem is
consistent [13].

In this note, we point out the values of cardinal invariants of the
continuum (e.g. in [2, 6]) in the extension with $S$ under PFA $(S)$ . And
we show that under PFA $(S),$ $S$ forces that there are no $\omega_{2}$-Aronszajn
trees. In [19], Todor\v{c}evic demonstrated that many consequences of PFA
are deduced from $PID$ plus $\mathfrak{p}>\aleph_{1}$ . In [17], the first author proved that
PID plus $\mathfrak{p}>\aleph_{1}$ implies the failure of $\coprod_{\kappa,\omega_{1}}$ whenever cf $(\kappa)>\omega_{1}$ . It is
not yet known whether $PID$ plus $\mathfrak{p}>\aleph_{1}$ implies the failure of $\coprod_{\omega_{1},\omega_{1}}$ .
Since $\square _{\omega_{1},\omega 1}$ is equivalent to the existence of a special $\omega_{2}$-Aronszajn
tree, our result concludes that it is consistent that PID holds, $\mathfrak{p}=\aleph_{1}$

and $\square _{\omega_{1},\omega_{1}}$ fails.

At last in the introduction, we introduce a coherent Suslin tree. A
coherent Suslin tree $S$ consists of functions in $\omega^{<\omega_{1}}$ and is closed under
finite modifications. That is,

$\bullet$ for any $s$ and $t$ in $S,$ $s\leq st$ iff $s\subseteq t$ ,
$\bullet$ $S$ is closed under taking initial segments,
$\bullet$ for any $s$ and $t$ in $S$ , the set

$\{\alpha\in\min\{lv(s), lv(t)\};s(\alpha)\neq t(\alpha)\}$

is finite (here, $1v(s)$ is the length of $s$ , that is, the size of $s$ ), and
$\bullet$ for any $s\in S$ and $t\in\omega^{1\backslash \not\in s)}$ , if the set $\{\alpha\in 1v(s);s(\alpha)\neq t(\alpha)\}$

is finite, then $t\in S$ also.
For a countable ordinal $\alpha$ , let $S_{\alpha}$ be the set of the $\alpha$-th level nodes, that
is, the set of all members of $S$ of domain $\alpha$ , and let $S_{\leq\alpha}$ $:= \bigcup_{\beta\leq\alpha}S_{\beta}$ .
For $s\in S$ , we let

$srs$ $:=\{u\in S;s\leq su\}$ .
We note that $\phi$ , or adding a Cohen real, builds a coherent Suslin

tree. A coherent Suslin tree has canonical commutative isomorphisms.
Let $s$ and $t$ be nodes in $S$ with the same level. Then we define a
function $\psi_{s,t}$ from $srs$ into $srt$ such that for each $v\in srs$ ,

$\psi_{s,t}(v)$ $:=t\cup(vr[1v(s), 1v(v)))$

(here, $vr[1v(s)$ , lv $(v)$ ) is the function $v$ restricted to the domain $[1v(s)$ , Iv $(v))$ ).
We note that $\psi_{s,t}$ is an isomorphism, and if $s,$ $t,$ $u$ are nodes in $S$ of
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the same level, then $\psi_{s,t},$ $\psi_{t,u}$ and $\psi_{s,u}$ commute. (On a coherent Suslin
tree, see e.g. [10, 12]. $)$

2. CARDINAL INVARIANTS

Proposition 2.1 ([20, 4.3 Theorem]). PFA $(S)$ implies that $\mathfrak{p}=$ add $(\mathcal{N})$

$=c=\aleph_{2}$ holds.

Proof. A forcing with property $K$ doesn’t destroy a Suslin tree ([14,
Theorem 11.] $)$ . So, since a $\sigma$-centered forcing satisfies property $K$ and
$\mathfrak{p}=\mathfrak{m}$( $\sigma$-centered) (due to Bell, see e.g. in [6, 7.12 Theorem]), PFA $(S)$

implies $\mathfrak{p}>\aleph_{1}$ .
To see that PFA$(S)$ implies add $(\mathcal{N})>\aleph_{1}$ , here we consider the char-

acterization of the additivity of the null ideal by the amoeba forcing A
as follows (see [2, 6.1 Theorem] or [3, Theorem 3.4.17]).

add $( \mathcal{N})=\min\{|\mathcal{D}$ I : $\mathcal{D}$ is a set of dense subsets of A such that

there are no filters of A which meet every member of $\mathcal{D}\}$ .

Since the amoeba forcing is $\sigma$-linked (so satisfies property K), PFA$(S)$

implies add $(\mathcal{N})>\aleph_{1}$ .
A proof that $PFA(S)$ implies $c=\aleph_{2}$ is same to one for PFA due

to Todor\v{c}evi\v{c} [5, 3.16 Theorem] (see also [9, Theorem 31.25]). We
note that PFA $(S)$ implies OCA ([8, Lemma 4]), so $b=\aleph_{2}$ holds ([18,
8.6 Theorem], also [9, Theorem 29.8] $)$ . In a proof that $b=c$ holds
under PFA, an iteration of a $\sigma$-closed forcing and a ccc forcing which
is defined by an unbounded family in $\omega^{\omega}$ is used. A $\sigma$-closed forcing
doesn’t destroy a Suslin tree (see e.g. [15]). Since the cccness of the
second iterand comes from the unboundedness of a family in $\omega^{\omega}$ , this
preserves a Suslin tree because a Suslin tree doesn’t add new reals.
So this iteration doesn’t destroy a Suslin tree. Therefore $b=c$ holds
under PFA$(S)$ . $\square$

Proposition 2.2 ([8, Lemma 2.]). $t=\aleph_{1}$ holds in the extension with
a Suslin tree.

Proof. Suppose that $T$ is a Suslin tree, and let $\pi$ be an order preserv-
ing function from $T$ into the order structure $([\omega]^{\aleph_{0}}, \supseteq^{*})$ such that if
members $s$ and $t$ of $T$ are incomparable in $T$ , then $\pi(s)\cap\pi(t)$ is fi-
nite. Then for a generic branch $G$ through $T$ , the set $\{\pi(s) : s\in G\}$ is
$a\subseteq^{*}$-decreasing sequence which doesn’t have its lower bound in $[\omega]^{\aleph_{0}}$

(because $T$ doesn $t$ add new reals). $\square$

Proposition 2.3. Under PFA$(S),$ $S$ forces that add $(\mathcal{N})=c=\aleph_{2}$ .
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Proof. Since $S$ doesn’t add new reals and preserves all cardinals, by
Proposition 2.1, $S$ forces that $c=\aleph_{2}$ ([20, 4.4 Corollary.]).

To see that $S$ forces add $(\mathcal{N})>\aleph_{1}$ , here we consider another char-
acterization of the additivity of the null ideal (see [1], also [2, 3]). A
function in the set $\prod_{n\in\omega}([\omega]^{\leq n+1}\backslash \{\emptyset\})$ is called a slalom, and for a
function $f$ in $\omega^{\omega}$ and a slalom $\varphi$ , we say that $\varphi$ captures $f$ (denoted by
$f\varphi)$ if for all but finitely many $n\in\omega,$ $f(n)\in\varphi(n)$ . Then

add $( \mathcal{N})=\min\{|F|$ : $F\subseteq\omega^{\omega}$

&
$\forall\varphi\in\prod_{n\in\omega}([\omega]^{\leq n+1}\backslash \{\emptyset\})$

ョ$f\in F(f\not\subset\varphi)\}$ .

Let $\dot{X}$ be an $S$-name for a set of $\aleph_{1}$ -many functions in $\omega^{\omega}$ . For each
$s\in S$ , let

$Y_{s}:=\{f\in\omega^{\omega}:s|\vdash sf\in\dot{X}$ ”
$\}$ .

Since $\dot{X}$ is an S-name for a set of size $\aleph_{1},$ $Y_{s}$ is of size at most $\aleph_{1}$ for
each $s\in S$ , so is the set $\bigcup_{s\in S}Y_{s}$ . And we note that

$|\vdash_{s}$

$\dot{X}\subseteq\bigcup_{s\in S}Y_{s}$

”

By add $(\mathcal{N})>\aleph_{1}$ (Proposition 2.1), there exists a slalom $\varphi$ which cap-
tures all functions in the set $\bigcup_{s\in S}Y_{s}$ . Then

$|\vdash s$
“

$\varphi$ captures all functions in $\dot{X}$ “,

which finishes the proof. $\square$

Proposition 2.4. Under PFA $(S),$ $S$ forces that り $=\aleph_{2}$ .

Proof. By Proposition 2.1, り $=\aleph_{2}$ holds in the ground model because
of the inequality $\mathfrak{p}\leq t\leq$ り $\leq c$ (see e.g. [6, \S 6]).

Let $\dot{X}_{\alpha}$ , for each $\alpha\in\omega_{1}$ , be an S-name for a dense open subset of
$[\omega]^{\aleph_{0}}$ . For $\alpha\in\omega$ and $s\in S$ , let

$Y_{\alpha,s};=\{x\in[\omega]^{\aleph_{0}}:$ ョ$t\in S(s\leq s^{t}$ &t $|\vdash_{s}x\in\dot{X}_{\alpha}$ ” $)\}$ .

Then we note that each $Y_{\alpha,s}$ is a dense open subset of $[\omega]^{\aleph_{0}}$ , and

$|\vdash s$

$\bigcap_{s\in S}Y_{\alpha,s}\subseteq\dot{X}_{\alpha}$

”
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Since り $>\aleph_{1}$ , for each $\alpha\in\omega_{1}$ , the set $\bigcap_{\alpha\in\omega_{1}}\bigcap_{s\in S}Y_{\alpha,s}$ is a dense open
subset of $[\omega]^{N_{0}}$ , in particular, it is nonempty. Therefore

$|\vdash s$

$\bigcap_{\alpha\in\omega_{1}}\dot{X}_{\alpha}\neq\emptyset$
”,

which finishes the proof. $\square$

We note that り is less than or equal to many standard cardinal
invariants, like $a,$ $s$ , etc. See e.g. [3, 6, 7].

3. $\omega_{2}$-ARONSZAJN TREES

Theorem 3.1. Under PFA$(S),$ $S$ forces that there are no $\omega_{2}$ -Aronszajn
trees.

Proof. An outline of the proof is same to the proof due to Baumgartner
in [4] (see also [9, Theorem 31.32.]). So this theorem follows from the
following two claims.

Claim 3.2. Let $\mathbb{P}$ be a $\sigma$ -closed forcing notion, and let $\dot{T}$ be an S-name
for an $\omega_{2}$.-Aronszajn tree. Then $\mathbb{P}$ adds no S-names for cofinal chains
through $T$ whenever $c>\aleph_{1}$ holds.

Proof of Claim 3.2. At first, we see an easy proof by the result of
product forcing ([9, Lemma 15.9] or [11, Ch.VIII, 1.4.Theorem]). We
note that the two step iteration $\mathbb{P}*S$ is equal to the two step iteration
$S*\mathbb{P}^{V}(^{2})$ . In the extension with $S$ , since $c>\aleph_{1}$ , a $\sigma$-closed forcing $\mathbb{P}^{V}$

doesn’t add a cofinal branch through the value of $\dot{T}$ by the generic of
$S$ , which is an $\omega_{2}$-Aronszajn tree (this can be proved as in [9, Lemma
27.10] $)$ . Therefore $\mathbb{P}$ doesn’t add an S-name for a cofinal chain through
$\dot{T}$ .

At last, we see a direct proof. In fact, we show that if $\mathbb{P}$ is $\sigma$-closed
and $\dot{T}$ is an S-name for an $\omega_{2}$-tree, then $\mathbb{P}$ adds no new S-names for
cofinal chains through $\dot{T}$ whenever $c>\aleph_{1}$ holds.

Suppose that $\mathbb{P}$ adds a new S-name for a cofinal chain through $\dot{T}$ ,
that is, there exists a sequence $\langle\dot{z}_{\alpha};\alpha\in\omega_{2}\}$ of $\mathbb{P}$-names for S-names for
members of $\dot{T}$ such that

$|\vdash_{\mathbb{P}}$ $|\vdash s\forall\alpha<\beta<\omega_{2},$ $_{\alpha}<\dot{\tau}^{\dot{z}_{\beta}},,$

$,$
,

and for every S-name $\dot{B}$ for a subset of $\dot{T}$ (in the ground model),
$|\vdash_{\mathbb{P}}$ $|\vdash s$ $\dot{B}\neq\{\dot{z}_{\alpha};\alpha\in\omega_{2}\}$

”,,

2In fact, in the first argument, we use a $\sigma$-forcing Fn $(\omega_{1}, \omega_{2}, \aleph_{1})$ , which col-
lapses $\omega_{2}$ to $\omega_{1}$ by countable approximations. $S$ doesn’t add new countable sets, so
Fn $(\omega_{1},\omega_{2}, \aleph_{1})$ doesn $t$ change in the extension with $S$ .
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We note that we look at $\dot{T}$ as an object in the ground model even in
the extension with P. So for any $\mathbb{P}$-name $i$ for an S-name for a member
of $\dot{T}$ and $p\in \mathbb{P}$ , densely many extensions of $p$ in $\mathbb{P}$ decides the value of $i$

as an S-name for a member of $\dot{T}$ . By induction on $\sigma\in 2^{<\omega}$ , we choose
a condition $p_{\sigma}$ in $\mathbb{P}$ , an S-name $\dot{x}_{\sigma}$ for a member of $\dot{T}$ and countable
ordinals $\alpha_{|\sigma|}$ and $\beta_{|\sigma|}$ such that

$\bullet$ for $\sigma$ and $\tau$ in $2^{<\omega}$ with $\sigma\subseteq\tau,$ $p_{\tau}\leq \mathbb{P}p_{\sigma}$ ,
$\bullet$ $|\vdash_{\mathbb{P}}$

”
$|\vdash s$

”
$\dot{x}_{\sigma}\in\{\dot{z}_{\alpha};\alpha\in\omega_{2}\}$

“ “ for each $\sigma\in 2^{<\omega}$

$\bullet$ $|\vdash s$
” both $\dot{x}_{\sigma}-\langle 0\rangle$ and $\dot{X}_{\sigma}-\langle 1\rangle$ are above $\dot{x}_{\sigma}$ in $\dot{T}$ “ for each $\sigma\in$

$2^{<\omega}$

$\bullet$ $|\vdash s$
”

$\dot{x}_{\sigma}-\langle 0\rangle$ and $\dot{X}_{\sigma}-\langle 1\rangle$ are incomparable in $\dot{T}$ “ for each $\sigma\in 2^{<\omega}$ ,
$\bullet$ for each $n\in\omega$ and $\sigma\in 2^{n}$ , every $\alpha_{n^{-}}$th level node of $S$ decides

the value of $\dot{x}_{\sigma}$ which is of level less than $\beta_{n}$ in $\dot{T}$ .
$|$ This can be done because of the property of the sequence $\{\dot{z}_{\alpha};\alpha\in\omega_{2}\rangle$

and the cccness of $S$ as a forcing notion.
Since $\mathbb{P}$ is $\sigma$-closed, for any $f\in 2^{\omega}$ , there is $p_{f}\in \mathbb{P}$ such that $p_{f}\leq_{\mathbb{P}}$

$p_{frn}$ holds for every $n\in\omega$ . Since it is forced with $\mathbb{P}$ that $\langle\dot{z}_{\alpha};\alpha\in\omega_{2}\rangle$

is a cofinal chain through $\dot{T}$ , there exists an S-name $\dot{x}_{f}$ for a member
of $\dot{T}$ which is of level $\sup_{n\in\omega}\beta_{n}$ such that

$p_{f^{1\vdash}}\mathbb{P}(|\vdash s\dot{x}_{f}\in\{_{\alpha};\alpha\in\omega_{2}\}$
”,,

Then it holds that
$p_{f}|\vdash_{\mathbb{P}}$

“
$|\vdash s$

“
$\dot{x}_{f}$ is above $_{frn}$ in $\dot{T}$ for every $n\in\omega$

”“

We note that the phrase $|\vdash s$
“

$\dot{x}_{f}$ is above $\dot{x}_{frn}$ in $\dot{T}$ for every $n\in\omega$
“ is

also true in the ground model, so we conclude that

$|\vdash s$
“

$\{\dot{x}_{f} : f\in 2^{\omega}\}$ is a subset of the set of the members of $\dot{T}$

whose levels are $\sup_{n\in\omega}\beta_{n}$
, and is of size $c>\aleph_{1}$ “,

which contradicts to the assumption that $\dot{T}$ is an S-name for an $\omega_{2}$-tree.
$\dashv$ Claim 3.2

Claim 3.3. Let $\dot{T}$ be an S-name for a tree of size $\aleph_{1}$ and of height $\omega_{1}$

which $doesn^{f}t$ have uncountable ($i.e$ . cofinal) chains through $\dot{T}$ . Then
there exists a $ccc$ forcing notion which preserves $S$ to be Suslin and
forces $\dot{T}$ to be special $(i.e$ . to be a union of countably many antichains
through $\dot{T}$).

We note that this claim has been known if $\dot{T}$ is an S-name for an
$\omega_{1}$ -Aronszajn tree.
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Proof of Claim 3.3. For simplicity, we assume that $\dot{T}$ is an S-name
for an order structure on $\omega_{1}$ , that is, $<_{\dot{T}}$ is an S-name such that

$|\vdash s\dot{T}=\langle\omega_{1},$ $<_{\dot{T}}\}$ ”,

and that for any $s\in S$ and $\alpha,$
$\beta$ in $\omega_{1}$ , if $s|\vdash s$

“
$\alpha A_{\dot{T}}\beta$

” and $\alpha<\beta$ ,
then $s|\vdash s$

“
$\alpha<_{\dot{T}}\beta$ ”. Since $S$ is a ccc forcing notion, there exists a club

$C$ on $\omega_{1}$ such that for every $\delta\in C$ , every node of $S$ of level $\delta$ decides
$<\dot{\tau}\cap(\delta\cross\delta)$ .

We define the forcing notion $\mathbb{Q}(\dot{T}, C)=\mathbb{Q}$ which consists of finite
partial functions $p$ from $S$ into the set

$\bigcup_{\sigma\in[\omega]^{<N_{0}}}([\omega_{1}]^{<\aleph_{0}})^{\sigma}$
such that

$\bullet$ for every $s\in$ dom$(p)$ and $n\in$ dom$(p(s))$ ,

$p(s)(n) \subseteq\sup(C\cap 1v(s))$

and
$s|\vdash s$

“ $p(s)(n)$ is an antichain in 7 “,
$\bullet$ for every $s$ and $t$ in $dom(p)$ , if $s<st$ , then for every $n\in$

dom$(p(s))\cap$ dom$(p(t))$ ,

$t|\vdash s$
“ $p(s)(n)\cup p(t)(n)$ is an antichain in 7 “,

ordered by extensions, that is, for each $p$ and $q$ in $\mathbb{Q}$ ,

$p\leq \mathbb{Q}q:\Leftrightarrow p\supseteq q$ .

We note that $\mathbb{Q}$ adds an S-name which witnesses that $\dot{T}$ is special in
the extension with $S$ . We will show that $if.\mathbb{Q}\cross S$ has an uncountable
antichain, then some node of $S$ forces that $T$ has an uncountable chain,
which finishes the proof of the claim.

Suppose that a family $\{\langle p_{\xi}, s_{\xi}) : \xi\in\omega_{1}\}$ is an uncountable antichain
in $\mathbb{Q}\cross S$ . By shrinking it and extending each member of the family if
necessary, we may assume that

$\bullet$ for each $\xi\in\omega_{1}$ , dom $(p_{\xi})\subseteq S_{\leq\delta_{\xi}}$ for some $\delta_{\xi}\in\omega_{1}$ ,
$\bullet$ the sequence $\langle\delta_{\xi};\xi\in\omega_{1}\}$ is strictly increasing,
$\bullet$ for each $\xi\in\omega_{1}$ and $s\in$ dom$(p_{\xi})$ , there exists $t\in$ dom$(p_{\xi})\cap S_{\delta_{\xi}}$

such that $s\leq st$ ,
$\bullet$ for each $\xi\in\omega_{1},$ $s\in$ dom$(p_{\xi})$ and $t\in$ dom$(p_{\xi})\cap S_{\delta_{\xi}}$ , if $s\leq s^{t}$ ,

then $p_{\xi}(s)\subseteq p_{\xi}(t)$ ,
$\bullet$ all sets $dom(p_{\xi})\cap S_{\delta_{\xi}}$ are of size $n$ , and say $dom(p_{\xi})\cap S_{\delta_{\xi}}=$

$\{t_{i}^{\xi}:i\in n\}$ ,
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$\bullet$ for each $i\in n$ , all dom $(p_{\xi}(t_{i}^{\xi}))$ are same, call it $\sigma_{i}$ , and for each
$k\in\sigma_{i}$ , the size of each $p_{\xi}(t_{i}^{\xi})(k)$ is constant, call it $m_{i,k}$ and say
$p_{\xi}(t_{i}^{\xi})(k)=\{\alpha_{i,k}^{\xi}(j):j\in m_{i,k}\}$ ,

$\bullet$ for each $\xi\in\omega_{1}$ , lv $(s_{\xi})>\delta_{\xi}$ ,
$\bullet$ there exists $\gamma\in\omega_{1}$ such that

-for each $\xi$ and $\eta$ in $\omega_{1},$ $s_{\xi}r\gamma=s_{\eta}r\gamma=:u_{-1}$ ,
- for each $\xi\in\omega_{1}$ and $t\in$ dom $(p_{\xi}),$ $tr[\gamma$ , lv $(t))=s_{\xi}r[\gamma$ , lv $(t))$ ,
-for each $\xi$ and $\eta$ in $\omega_{1}$ and $i\in n,$ $t_{i}^{\xi}r\gamma=t_{i}^{\eta}r\gamma=:u_{i}$

(this can be done because of the coherency of $S$),
$\bullet$ for each $i\in n$ and $k\in\sigma_{i}$ , the set $\{p_{\xi}(t_{i}^{\xi})(k):\xi\in\omega_{1}\}$ is pair-

wise disjoint (by ignoring the root of the $\triangle$-system), and
$\bullet$ the set $\{s_{\xi} : \xi\in\omega_{1}\}$ is dense above $u_{-1}$ in $S$ .

We note that for each distinct $\xi$ and $\eta$ in $\omega_{1}$ , since $\{p_{\xi}, s_{\xi}\}1_{\mathbb{Q}\cross S}\{p_{\eta}, s_{\eta}\}$ ,
$s_{\xi}1_{S}s_{\eta}$ or there are $i\in n,$ $k\in\sigma_{i}$ and $j_{0}$ and $j_{1}$ in $m_{i,k}$ such that
$t_{i7}^{\xi}L_{S}t_{i}^{\eta}$ and

$t_{i}^{\xi}\cup t_{i}^{\eta}|\vdash s\alpha_{i,k}^{\xi}(j_{0})_{7}\angle_{T}\alpha_{i,k}^{\eta}(j_{1})$
”

(where $t_{i}^{\xi}\cup t_{i}^{\eta}$ is the longer one of $t_{i}^{\xi}$ and $t_{i}^{\eta}$ ).
Let

$u_{-1}|\vdash s$
“

$\dot{I}_{-1}:=\{\xi\in\omega_{1}:s_{\xi}\in\dot{G}\}$ , which is uncountable “,

and $\dot{\mathcal{U}}$ an S-name for a uniform ultrafilter on $\dot{I}_{-1}$ . We note that $u_{0}$

forces that the S-name

$\psi_{u_{-1},u_{0}}(\dot{I}_{-1}):=\{|\in\dot{G}\}$

is an uncountable subset of $\omega_{1}$ . For each $\xi\in\omega_{1},$ $k\in\sigma_{0},$ $l$ and $j$ in
$m_{0,k}$ , we define

$u_{0}|\vdash s$
“ whenever $\xi\in\psi_{u_{-1},u0}(\dot{I}_{-1})$ ,

$\dot{Y}_{0,k,j}^{\xi,l}:=\{\eta\in\psi_{u_{-1},u_{0}}(\dot{I}_{-1}):t_{0}^{\xi}\cup t_{0}^{\eta}|\vdash s\alpha_{0,k}^{\xi}(l)_{7}L_{\dot{T}}\alpha_{0,k}^{\eta}(j)$
”

$\},$
,
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() and define

$u_{0}|\vdash s\dot{I}_{0}:=\{\begin{array}{l}\{\xi\in\psi_{u_{-1},u0}(\dot{I}_{-1}): \bigcup_{k\in\sigma,l,j\in m_{0,k}^{0}}\dot{Y}_{0,k,j}^{\xi,l}\not\in\psi_{u_{-1},u0}(\dot{\mathcal{U}})\}if it is in \psi_{u_{-1},uo}(\dot{\mathcal{U}})\cdots case 1 ,,\{\xi\in\psi_{u_{-1},u0}(\dot{I}_{-1}):\dot{Y}_{0,k_{0},\dot{j}_{0}}^{\xi,i_{0}}.\in\psi_{u_{-1},u0}(\dot{\mathcal{U}})\}.which is in \psi_{u_{-1},u0}(\mathcal{U}) for some i_{0}, k_{0} and j_{0}otherwise \cdots case 2\end{array}$

If the case 2 happens, then we can make an S-name for a cofinal chain
through $\dot{T}$ (which is forced by some node above $u_{0}$ in $S$), so we are
done. Whenever the case 1 happens, we repeat this procedure, that is,
given $\dot{I}_{i}$ for some $i\in n-1$ , we define, for each $\xi\in\omega_{1},$ $k\in\sigma_{i+1},$ $l$ and
$j$ in $m_{i+1,k}$ ,

$u_{i+1}|\vdash s$
” whenever $\xi\in\psi_{u_{i},u_{i+1}}(\dot{I}_{i})$ ,

$\dot{Y}_{i+1,k,j}^{\xi,l}:=\{\eta\in\psi_{u_{i},u_{i+1}}(\dot{I}_{i}):t_{i+1}^{\xi}\cup t_{i+1}^{\eta}|\vdash s\alpha_{i+1,k}^{\xi}(l)\angle_{T}\alpha_{i+1,k}^{\eta}(j)$
”

$\},$
,

and

$u_{i+1}|\vdash_{s}\dot{I}_{i+1}:=\{\begin{array}{l}\{\xi\in\psi_{u_{i},u_{i+1}}(\dot{I}_{i}): \bigcup_{k\in\sigma_{i+1},l,j\in m_{i+1,k}}\dot{Y}_{i+1,k,j}^{\xi,l}\not\in\psi_{u_{-1},u}i+1(\dot{\mathcal{U}})\}if it is in \psi_{u_{-1},u_{i+1}}(\dot{\mathcal{U}})\cdots case 1 ,,\{\xi\in\psi_{u,u_{i+1}}i(\dot{I}_{i}):\dot{Y}_{i+1,\dot{k}_{i+1},j_{i+1}}^{\xi,i_{i+1}}\in\psi_{u_{-1},u_{i+1}}(\dot{\mathcal{U}})\}which is in \psi_{u_{-1},u_{i+1}}(\dot{\mathcal{U}}) for some i_{i+1},\dot{k}_{i+1} and \dot{j}_{i+1}otherwise \cdots case 2\end{array}$

We show that for some $i\in n-1$ , the case 2 happens in the construc-
tion of $\dot{I}_{i+1}$ , which finishes the proof. Suppose that the case 1 happens
in the construction of all the $I_{i+1}$ . We take $v\in S$ and $\xi\in\omega_{1}$ such that
$u_{n-1}\leq sv$ and

$v|\vdash s$
“ $\xi\in\dot{I}_{n-1}$ (which is in the set $\psi_{u_{-1},u_{n-1}}(\dot{\mathcal{U}})$ ) “

3We note that by the property of the club $C$ , for each $\xi$ and $\eta$ in $\omega_{1}$ , if $t_{0}^{\xi}\cup t_{0}^{\eta}\in S$ ,
then this decides whether $\alpha_{0,k}^{\xi}(l)1_{\dot{T}}\alpha_{0,k}^{\eta}(j)$ or not.
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Then it follows that
$v\geq su_{n-1}\cup(s_{\xi}r[\gamma, 1v(s_{\xi})))\geq st_{n-1}^{\xi}$ .

We take $v’\in S$ and $\eta\in\omega_{1}$ such that $v’\geq sv$ and

$v’|\vdash s\eta\in\psi_{u_{-1},u_{n-1}}(\dot{I}_{-1})\backslash (\begin{array}{ll}\cup\psi_{u_{i},u_{n- 1}}(\cup \dot{Y}_{i,k,j}^{\xi,l})i\in nl,j\in m_{i,k}^{i}k\in\sigma \end{array})$

(which is in the set $\psi_{u_{-1},u_{n-1}}(\dot{\mathcal{U}})$ ) “

Then for every $i\in n,$ $u_{i}\cup(v’([\gamma,$ $1v(v^{l})))$ is above both $t_{i}^{\xi},$
$t_{i}^{\eta}$ ,

$u_{i}\cup(s_{\xi}r[\gamma, 1v(s_{\xi})))$ and $u_{i}\cup(s_{\eta}[[\gamma, 1v(s_{\eta})))$ . Then it follows that $s_{\xi}$ As $s_{\eta}$ ,
and by the property of the club set $C$ , for every $i\in n$ and $k\in\sigma_{i}$ ,

$t_{i}^{\xi}\cup t_{i}^{\eta}|\vdash s$ “ $p_{\xi}(t_{i}^{\xi})(k)\cup p_{\eta}(t_{i}^{\eta})(k)$ is an antichain in $\dot{T}$ “

Therefore $\langle p_{\xi},$ $s_{\xi}\rangle$ and $\langle p_{\eta},$ $s_{\eta}\}$ are compatible in $\mathbb{Q}\cross S$ , which is a
contradiction. $\dashv$ Claim3.3口

REFERENCES
[1] T. Bartoszy\’{n}ski. Additivity of measure implies additivity of category. Thrans.

Amer. Math. Soc. 281 (1984), no. 1, 209-213.
[2] T. Bartoszy\’{n}ski. Invariants of Measure and Category. Handbook of set theory.

Vols. 1, 2, 3, 491-555, Springer, Dordrecht, 2010.
[3] T. Bartoszy\’{n}ski and H. Judah. Set theory. On the structure of the real line. A

K Peters, Ltd., Wellesley, MA, 1995.
[4] J. Baumgartner. Applications of the Proper Forcing Axiom. Handbook of set-

theoretic topology, 913-959, North-Holland, Amsterdam-New York, 1984.
[5] M. Bekkali. Topics in set theory. Lebesgue measurability, large cardinals, forc-

ing axioms, rho-functions. Notes on lectures by Stevo Todor\v{c}evic. Lecture
Notes in Mathematics, 1476. Springer-Verlag, Berlin, 1991.

[6] A. Blass. Combinatorial Cardinal Characteristics of the Continuum. Handbook
of set theory. Vols. 1, 2, 3, 395-489, Springer, Dordrecht, 2010.

[7] E. K. van Douwen. The integers and topology. Handbook of set-theoretic topol-
ogy, 111-167, North-Holland, Amsterdam-New York, 1984.

[8] I. Farah. OCA and towers in $\mathcal{P}(N)/fin$ . Comment. Math. Univ. Carolin. 37
(1996), no. 4, 861-866.

[9] T. Jech. Set theory. The third millennium edition, revised and expanded.
Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003.

[10] B. K\"onig. Trees, Games and Reflections, Ph.D. thesis (2002) at the Ludwig-
Maximilians-Universit\"at M\"unchen.

[11] K. Kunen. Set theory. An introduction to independence proofs. Studies in
Logic and the Foundations of Mathematics, 102. North-Holland Publishing
Co., Amsterdam-New York, 1980.

[12] P. Larson and S. Todor\v{c}evi\v{c}. Chain conditions in maximal models. Fund. Math.
168 (2001), no. 1, 77-104.

81



SOME RESULTS IN THE EXTENSION WITH A COHERENT SUSLIN TREE

[13] P. Larson and S. Todor\v{c}evi\v{c}. Kat\v{e}tov’s problem. Trans. Amer. Math. Soc. 354
(2002), no. 5, 1783-1791.

[14] K. Kunen and F. Tall. Between Martin’s axiom and Souslin’s hypothesis, FMnd.
Math. 102 (1979), no. 3, 173-181.

[15] T. Miyamoto. $\omega_{1}$ -Souslin trees under countable support iterations. Fund. Math.
142 (1993), no. 3, 257-261.

[16] J. Moore, M. Hru\v{s}\’ak and M. D\v{z}amonja. Parametrized $\theta$ principles. Transac-
tions of American Mathematical Society, 356 (2004), no. 6, 2281-2306.

[17] D. Raghavan. P-ideal dichotomy and weak squares, submitted.
[18] S. Todor\v{c}evi\v{c}. Partition Problems in Topology. volume 84 of Contemporary

mathematics. American Mathematical Society, Providence, Rhode Island,
1989.

[19] S. Todor\v{c}evi\v{c}. Combinatorial dichotomies in set theory, Bull. Symbolic Logic
17 (2011), no. 1, 1-72.

[20] S. Todor\v{c}evi\v{c}. Forcing with a coherent Suslin tree, preprint, 2010.

DILIP RAGHAVAN: GRADUATE SCHOOL OF SYSTEM INFORMATICS, KOBE UNl-
VERSITY, KOBE 657-8501, JAPAN.

TERUYUKI YORIOKA: DEPARTMENT OF MATHEMATICS, SHIZUOKA UNIVER-
SITY, OHYA 836, SHIZUOKA, 422-8529, JAPAN.

82


