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1 Introduction

There are many types of indiscernible objects, for example, indiscernible se-
quences, indiscernible arrays, and indiscernible trees. They are useful to
analyze the stability of theories. Therefore, we want to know when they
exist. The existence of indiscernible objects was studied in [2], [4], [3], and
[5]. In this paper, I show a general method to prove the existence of indis-
cernible objects. It consists of two steps, checking amalgamation property
and proving partition theorem.

2 Notations and Preliminaries

Before starting, I remark some elementary facts.

Definition 1. Let £ be a countable language and M,, (n € w) a countable L-
structure. We say the class {M,, : n € w} has amalgamation property if: For
any M,, 3 a,, (i < 2) such that atp(a,,) = atp(a,, ), there are embeddings
o; : My, = M such that go(a,,) = 01(a,,) for some k € w.

Proposition 2. Suppose {M, : n € w} has amalgamation property. Then
there exists the unique countable L-structure M* such that

e for any a € M* and for any b € M, with atp(a) = atp(b), there is an
embedding o : My — M* with o(b) = a,

e for any a,a’,b € M* such that atp(a) = atp(b) there is ¥’ € M* such
that atp(aa’) = atp(bb'). O



Corollary 3. 1. M* is homogeneous.
2. Let a,b € M*. If atp(a) = atp(b) then tp(a) = tp(b). d

Example 4. Let M, = (w,<) for all n € w. Then {M, : n € w} has
amalgamation property. The generic model M* is (Q, <).

In what follows, we work in a big model M of complete L-theory 7. We
often consider a set of L-formulas I'((z;);cz) having free variables subscripted
by i € Z. We consider 7 as an L-structure with a countable language L.
Subsets of Z are denoted by X, Y, ..., and subsets of M are denoted by A, B, ...
. I = (a;)iez C M denotes an indiscernible object in some sense, which
depends on the structure on Z. For example if Z has the empty structure
then we call I an indiscernible set. And, if Z has a structure of total order,
we call I an indiscernible sequence. For X C Z and I = (a;)iez, ax is the
sequence (a;);ex. X ~¢ Y means atp,(X) = atp,.(Y).

3 Indiscernibilities and substructure proper-
ties
Let Z and Z’ be L-structures.

Definition 5. A map ¢ : Z — 7' is said to be an L-embedding if o preserves
L-atomic types.

Note that ¢ : Z — 7’ is an L-embedding if and only if 0 : Z — ¢(Z) is an
L-isomorphism. Let A = (a;);cz» be a sequence in M. o' A is the sequence
B = (b;)icz such that b; = a,(;). The following definitions are in [5] and [3].

Definition 6. 1. We say I'((z;)icz) has the L-substructure property if
there is a realization A = (a;);cz of I" such that for any £-embedding o :
IT—-Z,07'AET, e |E ¢(ass), -\ Aop,)) for every o(zi,, ..., zi,) €
T.

2. We say I = (a;);ez is L-indiscernible if for any X ~. Y C Z, tp(ax) =
tp(ay).

Example 7. Let Z be the structure (w, <) and I'((z;):cz) the set

{o(ziy; -y 2i,) & @(Tjy, -y x5,) @ is an L-formula, (i1, ..., %) ~< (J1,-+-, Jn), 0 € W}
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Any realization I of ' is an indiscernible sequence, and vice versa. Since
I is <-indiscernible, so is any infinite subsequence I’ of I. Hence T" has
<-substructure property.

Let Z be an L-structure and let I'((x;);cz) be a set of L-formulas.
Remark 8. For the following conditions, 1 = 2 = 3 = 4 hold:

1. T is realized by an L-indiscernible structure /.

2. T*:= {p(zy): 3X ~, Y s.t. T = @(zx)} is consistent.

3. IV:={p(zy) : 3X ~ Y s.t. I 3 p(xx)} is consistent.

4. T’ has L-substructure property.

In this paper, we see that if the L-structure Z has a nice property then
the above conditions are equivalent. More precisely, amalgamation properties
imply 4 = 2, and the partition theorems imply 2 = 1.

Example 9. Let I'((z;);c.,) be the set of formulas expressing the unstability
of p(z,y), i.e. T((Ti)iew) = {0(zi,75) : i < J}U{=p(Ts,2;) 4 > j}. (If the
theory is unstable) I" has subsequence property. By Ramsey’s theorem we
have an indiscernible sequence realizing I'.

4 The amalgamation property and the sub-
structure property

Let Z be an L-structure and I'((z;)icz) a set of L-formulas. Suppose that
I' has L-substructure property, witnessed by A = (a;)icz. Put End(Z) =
{6 :T - 7T:0isan L-embedding.}. If 0 € End(Z) then A |= T'((z;)iez)) U
I'((z5(:))iez), since 071A = T'. Therefore, A = Usekna@ T((Zs())iez). How-
ever, there may not be ¢ € End(Z) sending X CZtoY C Zevenif X ~, Y.
In general UaeEnd(z) I'((z+¢i))iez) € I'*. The following is an example of I such
that I" has substructure property but I'* is inconsistent.

Example 10. Let L = {<iyj, <jex} and M = w<¥. Consider an L-structure
on M by

® 1) <ini 7 < 7 is a proper initial segment of 7/,



® 7 <iex ' < 7 is less than 7’ in the lexicographic order,

for every n,7' € M. For example, (0) <iy (0,0) <jex (0,1). Let Z be also
the structure (W<, <ini, <iex) and £ the set {<ipi, <iex}. Put T((z,)nez) =
{Zn <ini Ty © N <ini W} U{Ty <tex Ty : N <iex 7'}. Immediately T has £-
substructure property in Thy (M) witnessed by M. Let nN 7' be the longest
common initial segments of 7 and #'. (N is definable in Thy(M).) Then
I 20,0 N 2,1y <ini 0,00 N 0,1y A (1,00 N T(1,1) Zini (0,0 N T(1,0y. However
{0,0)(0,1)(1,1) ~, (0,0)(1,0)(1,1). Hence I'* is inconsistent in the theory.

Proposition 11. Let Z be an L-structure. Suppose that {Z} has amalgama-
tion property, i.e. {M, : n € w} has amalgamation property where M,, =T
(n € w). If I' has substructure property then I'* is consistent.

Proof. Let Z* be the generic model of {Z}. Let A((z;)iez+) be the set of
formulas such that A((z;)iez-) 3 ¢(zy) if and only if

o I' = p(zx),
e there is an L-embedding 0 : Z — Z* sending X to Y.

In the other words, A is the set
U, T'((zo,@))iez) (o varies over all embeddings from Z to Z*).
Claim A. A((z;)icz+) is consistent.

It is enough to show that for any embeddings o1, ..., 05, Ui <, T'((Zo,(5) )iez)
is consistent. For simplicity, we assume that n = 2 and T is closed under
taking the conjunction. Take ¢1(zx,), p2(zx,) € T((Zi)icz). Let or(Xi) = Vs
(k=1,2) and Z; = o' (YiNY2). (If Zx = 0 then A, pi(zy,) is clearly
consistent.) Since Z; ~, Z,, there are embeddings 7, : Z — 7 such that
71(Z1) = m9(Zs). By the substructure property, (J, I'((zx,(;) )iez) is consistent.
Therefore, A, @i(zy,) is consistent. (End of the proof of the claim.)

By the construction of A, if Y ~, Y’ C Z* and A |= p(zy) then A =
¢(zy+). Hence I'* is consistent. O

5 Partition lemmas and the existence of in-
discernible structures

We begin with Erdés-Rado theorem and indiscernible sequence.
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Let Z = (w, <) and £ = {<}. Suppose that I'((x;):c.) has L-subsequence
property. Since {Z} has amalgamation property, I'*((z;):cw) is consistent. By
compactness, we may assume Z = (k, <) with sufficiently large k. Take a
realization J of I'*((x;);cx). By Erdos-Rado, we have a subsequence I =
(a;)ic of J which is indiscernible for n-variable formulas. Clearly I = T.
Using compactness, we have

Fact 12. Let Z = (w,<) and £ = {<}. If I'((z;)icz) has subsequence
property then it is realized by L-indiscernible sequence. O

In this section we discuss about three examples of indiscernible struc-
tures on an array and a tree. Always, first we show the partition lemma for
the structure. Then we get indiscernible objects. Indiscernible arrays are
discussed in [3]. Indiscernible trees are discussed in [2],[4],[3], and [5]. The
partition theorems are proved in [1] and [4].

Let £ = {P,(z), <jex}new- Let T be the L-structure on w X w defined by
o PI={n} xuw,
o <L ={{(n,m),(k,1)) :n<korn=kAm<l}

Note that w x X is an L-structure with the natural interpretations, for every
A

Lemma 13 (the partition lemma). Let x << A and n € w. Then for any
f:(wx A)™ = k there is an L-embedding ¢ : w X w = w X A such that if
X ~£Y € (wxw)™ then f(o(X)) = f(a(Y)).

Proof. We will give an L-substructure w x x C w X A which is the image of
o. We assume n = 2, since general cases are similar. For given f, we define
amap g: A2 = “k by

g(or, @) = f((=, 1), (—, ) : W* — k.
By Erdos-Rado, we have a homogeneous set x C A with respect to g.
Claim A. If X ~, Y € (w x x)? then f(X) = f(Y).

Suppose X = {(z1,a1),(z3,a2)} and Y = {(y1,51), (y2, 52)}. Because
X~rY,

® Tk = Yk (k:112)7



o (a1, a3) and (81, B2) have the same order type.

By the homogeneity of x, g(oq,a2) = g(b1, B2). Hence, f((—, 1), (—,a2))
and f((—,B1),(—,B2)) are the same function. Since z; = 1y,

f((z1,01), (22, 02)) = f((1, 1), (32, Ba)). O

Fact 14. Let £ = {P,, <jex}n and Z = (w X w; L), and let I'((z;)icz) be a set
of L-formulas. Suppose that I'((z;);cz) has L-substructure property. Then
it is realized by an L-indiscernible array.

Proof. Notice that {Z} has the amalgamation property. Hence I'* is con-
sistent. By compactness, we may assume Z = (w X X; (P,)n, <iex) With suf-
ficiently large A. Using the partition lemma and compactness, we have a
realization of I" which is £-indiscernible. U

Note that there are many other structures on w xw which give the same in-
discernibility. For example, £ = {P,, <, }, defined by <Z= {{(n,m), (n,1)) :
m < k}, is one of such structures.

Next we consider another structure on w X w. Let £ = {E(z,y), <iex}-
Let Z be the L-structure on w x w defined by

o ET = {{(n,m),(k,1)) : n =k},
o <L ={n,m),(k,D)):n<korn=kAm<I}

Lemma 15 (the partition lemma). Let x << X and n € w. Then for any
f (A x A)® — K there is an L-embedding o : w X w — A x X such that if
X~ Y € (wxw)" then f(o(X)) = f(a(Y)).

Proof. We will give an L-substructure x X x’ C A x A which is the image
of 0. Assume that kK << X << A. By the same argument of the proof
of the previous partition lemma, we have an infinite subset X’ C X such
that if z = ((k1,01), ..., (kn, ln)) ~c ((k1,m1), ..., (kn,mp)) =y € N x )
then f(z) = f(y). By Erdos—Rado, there is an infinite set x C A such
that if x = ((l1, k1), ..., (ln, kn)) ~c ((Mm1, k1), ..., (Mn, k) = y € x X X’ then
f(z) = f(y). Suppose ((k1, L), ..., (kn, n)) ~c ((G1,m1), ..., (Gn, M) € XX X'-
Then we have

L ((kla ll)a seey (kna ln)) ~r <(k17 ml); ceey (k'm mn)>7

o <(k1’ m1)7 3] (kna mn)> ~c ((jl, ml)v i) (]n: mn))
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Hence
f(((klv l]), T (km ln))) = f(<(k1’ ml): i) (knvmn»)
= f(((]lw ml)v AL (jnvmn»)'
O

Fact 16. Let £ = {E, <iex}n and Z = (w X w, £), and let I'((z;):cz) be a set
of L-formulas. Suppose that ['((z;);cz) has L-substructure property then it
is realized by an L-indiscernible array.

Proof. Because {Z} has amalgamation property, the proof is similar to the
proof of Fact 14. a

Next we consider a structure on the tree w<v.

Definition 17. Let £ = {<ini, <iex, N, <ten, (Pr)necw}- We consider the fol-
lowing structure on w<¥: For n,v € w<¥,

1. 7 <iu v & 7 is a proper initial segment of v;

2. 1 <iex V < 7 18 less than v in the lexicographic order;

3. nNv = the longest common initial segment of n and v;

4. 1 <jen V < len(n) < len(v), where len(n) is the length of the sequence
uB

5. P,(n) & the length of n is n.

Let Z be the structure (W<¥; <ini, <iex, N, <ien, (Pn)necw). Note that {Z}
has amalgamation property.
The following lemma is in [1, p.662] and [4]. We omit the proof.

Lemma 18 (Shelah). Let O = A<" be a tree, and f : O* — p a k-palace
function. If X is sufficiently large (depending only on ), then there is an
L-embedding o : w<™ — A<" such that f(o(X)) = f(o(Y)) for any k-tuples
X, Y Cw"with X ~, Y. a

By similar way to the above proofs of the existence of indiscernible array,
we also have

Fact 19. Let I'((z,)new<w) be a set of L-formulas. If I' has the L-subtree
property, then I' is realized by an L-indiscernible tree. O
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