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1 Introduction

First we recall the definition of trees. An ordered set O = (O, <) is called a
tree if, for any a € I, the initial segment O, = {b € O : b < a} is linearly
ordered. A mapping o : O — O, where O and O’ are trees, is called a tree
embedding if o preserves <-structure, i.e. 7 < v if and only if o(n) <’ o(v).
We are mainly interested in trees of the form a<#, where a and § are ordinals
and its order is <ini: N <ini ¥ <> 7 is a proper initial segment of v. The
lexicographic order on o<# is denoted by <. The meet operator N is a
binary function that gives the greatest common lower bound.
We introduce the following notations:

e A ~;, B forexpressing that A and B have the seme {<jez, <in; }-atomic
type.

e A ~;,. B for expressing that A and B have the seme {<joz, <ini, N}-
atomic type.

Now let M be an L-structure. We consider a set A C M whose elements
are indexed by a tree. So A has the form A = (a,),c0, where O is a tree. Such
an indexed set is also called a tree. We introduce the notion of indiscernibility
for such a tree A.

e A is l.i-indiscernible if whenever X ~;; Y then tp,(ax) = tp;(ay),
where ax = (ap)nex-

e A is l.i.c-indiscernible if whenever X ~;; Y then tp;(ax) = tp,.(ay).

In this short note, we seek to find sufficient conditions for I'(z,),co to be
realized by an indiscernible tree.



2 Indiscernible Trees
Throughout, let 6* : w<¥ — w<* be the mapping defined by
(mo,...,mnp_1) — (0,mg,...,0,m,_;).
This o™ preserves <;,;, hence it is a tree embedding. <., is also preserved
by o*.

Remark 1 Let n,v be two <;,;-incomparable elements. Then o*(nNv) is a
proper initial segment of o*(n) No*(v). So, A and o*A do not have the same
l.i.c.-atomic type, unless A is linearly ordered.

Definition 2 Let A C w<“ be a finite set. We say that A is a broom set if
there are 7y, ..., m,_; such that

L gsNnj=nsNnpforanyi<j<nandi <j <n,
2. AC Ui {mils : j € w}
Lemma 3 Let A, B C w<v.
1. Suppose that A and B be broom sets. Then A ~;; B = 0*A ~,;. 0*B.

2. Suppose AC ~,, BC, where A and B are broom sets. Suppose that for
any incomparable 1m1,m2 € A and anyn € C, 1y NN <ins T N12. Then
0*(AC) ~,. o*(BC).

3. A i B=o0c*A Xlic c*B.

Proof: 2. We consider the most typical case, where A = {m,me2,ns,v},
C={nh v<iim(i=123),v<mnand ;mNn =nNn =nNn.
The l.i.-atomic type of 0*(A) is determined by this data. Moreover, we have
0*(V) <ini 0*(m;) N o*(n;) for any i < j, and o*(V) <ini 0*(m;) No*(n). So
the l.i.c.-atomic type of 0*(A) is also determined. This argument proves
A ~:. B=0*A e O°B.

3. Easy by the remark above.
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Now we prepare the variables z,, where 7 is a member of some fixed tree
O. Usually, we are interested in the case O = w<¥. Let I'((<;)new<v) be a
set of L-formulas with free variables from z,’s.

Definition 4 We say that I'((z,)newn<v) has the subtree property if whenever
I = (ay)new<v realizes I'((z,)yew<w) and o : w< = w<¥ is a tree embedding
preserving l.i.c.-structure then Iy = (Gg())new<w realizes I'((z,)new<w).

Lemma 5 Let I'((zy)new<w) be a consitent set having the subsequence prop-
erty. Let A be an infinite cardinal. Then there is a set J = (ap)per<e
such that for any {<iez, <ini <ien, Pn}-embedding 0 : w<* — X<“ the set
Js = (Ao(n) Jnew<w Tealizes I'((Ty)new<w)-

Proof: For A,B C A<¥, we write A ~* B if A and B have the same
atomic type in the language L;;c; U {Pn}necw. We prepare new variables z,
(n € A<¥ N\ w<¥). Let ['((z,)ner<w) be the set obtained from I'((z,)new<w)
by adding all formulas p(x4) with A C A<* such that ¢(zg) € I'((z,)new<w)
for some B ~* A. First we show

Claim A T™ is consistent.
Otherwise, there are ¢;(r4,) and B; (i < n) such that
1. A, ~* B; and p;(zB,) € I'((zy)pew<w) (¢ < n), and

2. 'k V’i<n "“‘Pi(zA,-)-

By compactness, there is a finite set I'p C I' such that T'o - \/,_, ~9i(z4,).
Hence, we can assume A;’s are subsets of w<¥. Let N = max{n(n) : n €
U, Bi;n € w} and let oy be the shift function mapping n = (n(0), .., n(n—1))
to (n(0) + N, ...,n(n — 1) + N). Then, by the subtree property, we have

P((xn)ne:.u“’) - F((xaN(n))nEw“’) - v _'Soi(xUN(Ai))-

i<n

From this, by replacing A; with o A;, we can assume that A; C (w ~\ N)<“.
Hence, for each i, there is a tree embedding o; that maps B; to A;. Choose a
set (ay)pew<w realizing T'. By the property 2, there is ¢ < n such that —~¢p(a,)
holds. On the other hand, we have p(zp,) € I' and 0;(B;) = A;. Therefore,
by the subtree property, we must have p(ag4,). A contradiction.



Claim B Let (a,), be a realization of I'*. Then (a,), has the desired condi-
tion.

Lemma 6 Let I'((zy)peu<w) be consistent and suppose that T’ has the subtree
property. Then T' is realized by an l.i.c.-indiscernible tree.

Proof: By Theorem 2.6 of [2, AP}, since the width of the tree can be made
arbitrarily large, we may assume that the tree (a,)ncw<~ is an indiscernible
tree in Shelah’s sense. So, by Ramsey’s theorem, we can choose an indis-
cernible tree I = (a,)qco<w satisfying I" such that if A and B have the same
atomic type in the language L;; ci = L. U{<ien} then as and ap have the
same L-type, where 1 <., v means that the length of 7 is less than that of

v.
By compactness, we can assume that the index set of I is w<*, where &
is very large. By induction on n € w, we show that there is an [.i.-preserving
mapping o, from w<" to I such that if 7 <j, v then 0,(n) <ien Tn (V).
Suppose we have defined o,. Since « is sufficiently large, there is ko < &
such that the lengths of o,(n) (n € dom(o,)) are all less than k9. Now we
define ¢,,4; by the equation

In1((8) 1) = (4,4, ...) “on(n).
\—\,'—/
Kol
This definition implies that k¢ - 7 < len(o,41((¢)"n)) < ko - (i + 1). So,
in particular, we have len(o,41(()"n) < len(o,.1({(Z)"7'), if i < . By
induction on the length of 1, we can prove:

Claim A 0,.1(n"v) = 0,(n) " on(v), if n,v € dom(a,).

So, 0,41 preserves l.i.c.-structure of the tree. Now we show:
Claim B N <lex 7]’ = Un+1(77) <len Un+1(77,)'

For proving this claim, let v =nN7n'. If n <4en 7' (i.e. v = 7), then clearly
we have 0,:1(7) <ien On+1(7'). So we can assume len(v) > 0, n = v™ () "7,
n' = v (i) "ng, and ¢ < 7. By Claim A, using the induction hypothesis, we
have

= len(on(v)) + len(on({i) "mo))
< len(on(v)) + len(on.({(Z') "))

= len(on+1(1))-
Thus Claim B was shown, and o,,; has the required property. We have
shown the existence of 0,,’s for all n. We fix n and put b, = a,, (. We prove:

len(on41(n))
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Claim C Let A, B C dom(ay,) satisfy A ~ ;. B. Then tp(ba) = tp(bs).
By A ~;;. B, we have 0,(A) ~;.. on(B). So, by Claim B, we have

on(A) ~ o,(B).

li.cl.

By the l.i.c.l-indiscernibility of I, we have tp(as,(4)) = tp(as,(s)). Hence,
from the definition b, = a,, (), we conclude tp(bs) = tp(bp).

Now, by compactness and Claim C, we have the existence of l.i.c.-
indiscernible trees realizing I'.

Theorem 7 Let I = (a,)yeu<w be an Li.c.-indiscernible tree. Let o* be the
mapping described before. Let J = (b)), = 0*1.

1. J s an l.i.c.-indiscernible tree.

2. J is l.i.-indiscernible for broom sets: Suppose AC ~,; BC, where A
and B are broom sets. Suppose that for any incomparable n,,n, € A
and any v € C, mNV <ing mNne. Then tp((by)neac)) = tP((by)neC)-

Proof: 1. Assume A ~;;. B. Then, by Lemma 3, 6*A ~;;. ¢*B. By
the tree indiscernibility, we have tp((a,)yeo+a) = tp((an)neo~5). The last
equation is equivalent to

tP((@o+(n))nea) = tP((ao- () )neB)-

2. Clear by Lemma 3.
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