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On the equivariant Tamagawa number conjecture for
CM elliptic curves

By

Masataka CHIDA*

Abstract

In this article we introduce the formulation of equivariant Tamagawa number conjecture
for motives and a result on the case of CM elliptic curves.

§1. Introduction

The theory of L-functions attached to motives over number fields has been studied
by many authors for a long time. In particular, it is well-known that the study of special
values of L-functions and ¢(-functions plays an important role in number theory. In gen-
eral, it is conjectured that the special values of L-functions are related to informations
of certain arithmetic groups. For example, Dirichlet’s class number formula explains a
relation between the residue of Dedekind zeta function for a number field K at s = 1
and the order of ideal class group of K. Moreover, Birch and Swinnerton-Dyer conjec-
ture gives the relation between the leading term of the Taylor expansion of L-function
for an elliptic curve over Q at s = 1 and the order of Tate-Shafarevich group for E.

The Tamagawa number conjecture formulated by Bloch and Kato [3] describes the
leading terms of Taylor expansions at zero of L-functions of pure Chow motives with
negative weight over number fields in terms of regulator maps of motivic cohomologies
into Deligne’s and étale cohomologies. Fontaine and Perrin-Riou [13] and Kato refor-
mulated and extended the Tamagawa number conjecture to motives with commutative
coefficients using the determinant functor of Knudsen and Mumford [21]. This conjec-
ture is a generalization of Dirichlet’s class number formula and Birch and Swinnerton-
Dyer conjecture. Moreover Burns and Flach [5] formulated the equivariant version of
Tamagawa number conjecture for a Chow motives over number fields with the action
of a semisimple finite dimensional Q-algebra. For the (equivariant) Tamagawa number
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conjecture there are some results. Burns and Greither [6] proved the equivariant Tam-
agawa number conjecture for all abelian extension of Q for the L-values at any integer
points. Huber and Kings [15] gave independently a proof of a weaker version in the
same case. Recently Bley [2] and Johnson [16] considered the case of abelian extension
of imaginary quadratic fields. For another case, Kings proved a weak version of Tam-
agawa number conjecture for CM elliptic curves in the non-critical situation. In this
article we introduce the formulation of the Tamagawa number conjecture for general
pure Chow motives and consider the equivariant version of the result of Kings. For the
generalization of the result of this article to Hecke characters, see [7].

§2. Determinant functor

Tn this section we review some facts on the determinant functor of Knudsen and
Mumford [21]. For any commutative ring R, let P(R) denote the category of finitely
generated projective R-modules and (P(R),%s) its subcategory of isomorphisms. A
graded invertible R-module is a pair (L, &) consisting of an invertible (that is, projective
rank 1) R-module L and a locally constant function o : Spec (R) — Z. '

A homomorphism h : (L,a) — (M,(B) of graded invertible modules is a homo-
morphism of R-modules h : L — M such that the localization hy is equal to 0 for all
p € Spec (R) satisfying c(p) # B(p). Let Inv(R) denote the category of graded invert-
ible modules and isomorphisms. Then the category Inv(R) is a symmetric monoidal
category with tensor product

(Ly @) ® (M, [) = (L®rM,a + B),
the associativity constraint, the unit object (R,0), and the commutativity constraint
(L,o) ® (M, 8) = (M, B) ® (L,a).

‘We define
(L,a)~! = (Hom(L, R), —a).

For a finitely generated projective R-module P we define

rankp P
DetRP=( /\ P,rankRP).
R

This is a graded invertible R-module, so Detg gives a functor (P(R),is) — Inv(R). For
a bounded complex of finitely generated R-modules P* we define

Detg(P*) = R Detl; V" (P).
€L
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Furthermore we set Dety'(P*) = Detg(P*)~1.

We write D(R) for the derived category of the homotopy category of bounded
complexes of R-modules, and DP(R) for the full triangulated subcategory of perfect
complexes of R-modules. Let DP**(R) be the subcategory of D?(R) in which the objects
are the same but the morphisms are restricted to quasi-isomorphisms. We assume that
R is reduced. Then the functor Detg can be extended to a functor DP**(R) — Inv(R)
in such way that for every distinguished triangle C; — Cy — C3 in D(R) there is a
functorial isomorphism in Inv(R)

(DetRC’l)‘l ® DetgC, E) DetgCs.

For R-module X, if X[—1] belong to DP(R), then we say that X is perfect. And
we define Detg(X) := Detg(X[—1]) for any such X. If a complex C is bounded and
each cohomology module is perfect, then C' belongs to DP(R) and there is a canonical
isomorphism .

DetrC 3 Q) Detl V™" (HY(C)).
€L
If C is acyclic, then there is a canonical isomorphism

DetrC S (R,0).

Let G be any finite abelian group. For any commutative ring Z we write z — z#
for the Z-linear involution of the group ring Z[G] which satisfies g# = g~ for each
g € G. If X is any complex of Z|G]-modules, then we write X# for the scalar extension
with respect to the morphism = — z#.

For any finitely generated projective Z[G]-module X (resp. object X of D?(Z[G])),
we set X* := Homz(X, Z) (resp. X* := RHomz(X, Z)), which we regard as endowed
with the contragradient G-action. We see that if X is a finitely generated projective
Z[G]-module (resp. object of DP(Z[G])), then so is X*. We recall that for any Z G-
module X one has a canonical isomorphism X* 22 Homyg) (X, Z[G])#, and that this
induces that for each object X of DP(Z[G]) a canonical isomorphism in Inv(Z[G])

Detz1g) X * 2 Det 1 (X #).

§3. [L-functions and Motivic cohomology

Let M = (X,m,r) be a pure Chow motive over a number field K, where X is a
smooth projective variety over K,  is a projector in CH%™X (X x X) and r is a rational
integer. For a prime ¢ let M, be the f-adic realization of the motive M. We consider
the {-adic Galois representation

pue s Gal(Q/Q) — Aut(Mp) = GLaimg, a, (Qe)-
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Let A be a semisimple, commutative, finite dimensional Q-algebra. Assume that A acts
on M. For a finite place v satisfying that v { £, we define

P,(M, s) := Deta(1 — Frob, - Ng/ov™°|M;*),
where I, is the inertia group. If v|p = £, we define
P,(M,s) := Det o(1 — @F>0 @] . Ng 16, 07°|(Mp ® Bexis)P*),

where D, is the decomposition group, ¢ is the absolute Frobenius and K, is the
unramified closure of Q, in K. It is conjectured that P, (M, s) is independent of £. This
is known for if M has good reduction at v and if A = Q. We define the A-equivariant
L-function L(4M,s) by
L(aM,s) = [[ P.(M,5).
B v

Then it is conjectured that the L-function L(4M,s) has a meromorphic continuation
to all s € C. The Taylor expansion

L(aM,s) = L*(aM)s™(aM) 4 ...

at s = 0 defines L(4 M) € (A® R)* and r(4M) € H°(Spec(A),Z). The Tamagawa
number conjecture describes these quantities.

To formulate the Tamagawa number conjecture, we recall some notations related
to motivic cohomology. For a motive M = (X, =, r) we define the motivic cohomology
Hj,(M) by

H34(M) = m.(CH"(X)/CHior (X)) © Q,

HY (M) i= 1 (CHpor (X)) @QD D m(Ki(X) @ Q).
i€Z,i£0

It is conjectured that if MM is the category of mixed motives over K, the motivic
cohomologies can be written as
HS, (M) = Hompmm, (Q, M)
Hj (M) = Extjyug, (Q M).
Denote the weight of M by w. Furthermore, we define the finite (or integral) part.of
motivic cohomology H?%(M) as follows: If w # 1, we put
H}(M) :=0,
HY(M) = m Im(H2r (X, Q(r)) = Hi (X, Q(r),

where X is a regular, proper flat model of X (the existence of such model is still
conjectural in general.) and Hi,(X,Q(r)) = (K_»(X) ® Q)™
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If w=1, we put
HY(M) := m(CH"(X)/CH} (X)) ® Q,

hom

H}(M) = T (Cﬂzom(X)) ® Q
It is predicted that these spaces are finite dimensional.

Example 3.1. (1) For a number field L we set M = h%(Spec(L)). Then we
have

H)(M) =Q, H}(M) =0,
For M = h%(Spec (L))(1) we have
H$(M) =0, H}(M) = Of®2Q.
In general, for M = h%(Spec (L))(5)(j # 0,1) we have
H}(M) = K3;-1(L)®2Q,

therefore these spaces are finite dimensional.
(2) Let X be a smooth projective variety. For M = h'(X)(1) we have

HY}(M) = Q, H}(M) = Pic’(X).
These spaces are finite dimensional by Mordell-Weil’s theorem.
Conjecture 3.2 (Order of vanishing, Beilinson-Deligne).
r(aM) = dima H}(M*(1)) — dima H}(M*(1)).

This is a generalization of the Beilinson-Bloch conjecture.

§4. The Tamagawa number conjecture

The comparison isomorphism Mg ® C & Myg ® C induces the period map
Qe Mg R — (MdR/FOMdR) R,
We say that M is critical if this happens to be an isomorphism.

Conjecture 4.1 (Moty-conjecture, Fontaine/Perrin-Riou).  There is an exract
sequence as Ag := A ® R-spaces

0 — HY(M) ® R 2 ker(anr)—+(H}(M*(1)) ® R)*
B H}(M) ® R ¥ coker(an) — (HY(M*(1)) @ R)* — 0.

Where cl is the cycle map, h is a height paring, and reg is the Beilinson’s regulator map.
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We define the fundamental line Z(4M) which is a one dimension Q-vector space
by

E(aM) :=Det 4(H}(M)) ® Det ;' (H(M)) ® Det a(HF (M*(1))*)
® Det 3  (HY(M*(1))*) ® Det ;' Mg ® Deta(Mar/F°Mar),

where X* = Hom(X, A) is the dual of X as A-module.
Assuming Mot.-conjecture, we have an isomorphism

foo : Det s (0) S E(M) ® Ag.

Conjecture 4.2 (Rationality, Beilinson-Deligne). 0o (L*(aM)™!) € E(aM) ®

The conjecture on rationality is equivalent to the statement that the composite
isomorphism

* M -1 o
Can (M) : Detag (0) 4% Det gy (0) 2= E(uM) ® 4r

is the scalar extension from A to Ag of an isomorphism
Ca(M) : Deta(0) 5 E(aM).

Now we consider the f-adic regulator map. For a prime p we define the complex
RFf(QPa Ml) by

N M IS e £# p,
RT'¢(Qp, M) := (1-¢,1) 10
Dcris(Mp) —3 Dcris(Mp) @ (DdR(Mp)/ Fil DdR(Mp)) L= D,

where

Dcris(Mp) 1= HO(Dpa Mp@Qchris) = (Mp®Qchris)DPy
Dar(My) := H°(Dp, My®, Bar) = (Mp®q, Bar)"*,
Fil’b DdR(MP) = HO (‘DP’ Ml’@@sz‘lR) = (MP®QpB(iiR)DP .

Let RT(Qp, M) be the complex corresponding to the Galois cohomology
Hgt(spec (Z[l/p])’ ME) =H" (Gp’ MZ)’

where G, is the Galois group of the maximal unramified extension outside p of Q.
This cohomology is concentrated in degrees 0,1,2,3. Then we have a canonical map
RT'$(Qp, M;) — RT'(Qy, Mp), so define the complex by the mapping cone

RI‘/f(Qp, Me) = Cone[RI‘f(Qp,Mg) — RF(QP, Me)] [—1].
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Therefore we have a distinguished triangle
RT4(Qp, My) ~ BT (Qys My) — B 4(Qp, Mo)
Let S be a finite set of places including co and all bad primes. Furthermore we put
RT4(Z[1/5], My) := Cone[RT(Z(1/S], M) — €D RI(Qp, My)][~1].
peS

Finally, we set

RT'¢(Q, My) := Cone[RT\(Z[1/S], Mz) — @D RT¢(Qp, My)][~1]
peS

With this notation the cohomology groups H%(Q, M) := H'RT';(Q, Mp) is given by
H})(Q, M) = H(Z[1/8], My)

and

T H!(Qp, My
HH(Q, M) = Ker | H'(ZIL/81,M0) = @ Fmip™yzy |-

By the octahedral axiom, we have a distinguished triangle

(4.1) RT(Z[1/8], Mg) — RT'¢(Q, M¢) — €D RT§(Qp, My).
pEeS

Conjecture 4.3 (Mot,-conjecture, Bloch-Kato).  There are a natural isomor-
phism H}’(M )®Qp = H}’(Q, M,) (which is given by the cycle class map) and Hi(M)®
Q=H fl (Q, My) (which is given by the Chern class map).

Since there is a duality H}(Q, M) = Hj *(Q, M;(1))* for all 4, this conjecture
determines all cohomology groups of RI';(Q, M,). Assuming Mot,-conjecture, we have
an isomorphism

8¢ : E(M)®qQe > Detg, RT(Z[1/5], M)

using the distinguished triangle (4.1). Let % C be any Z-order such that for any prime
¢ there exists a Gg-stable projective Ay = 2 ® Z,-lattice Ty in My. If M = M' ®
h°(Spec (L)) arises by base change of a motive M’ to a finite Galois extension L/Q with
Galois group G then there exists a Gg-stable projective Z,[G]-lattice in M. Now we
can formulate the Tamagawa number conjecture.

Conjecture 4.4 (Integrality, equivariant Tamagawa number conjecture).

Ap- 00 GOO(L*(AM)‘I) = Detg, RT':(Z[1/85), T}).
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This conjecturé is equivalent to the statement that the composite isomorphism
Ca,(My) : Deta, (0) L0845, M) ® Ay % Det 4, RT(Z[1/S], Me)
is the scalar extension from 2, to A, of an isomorphism
¢a, (T2) : Detay, (0) = Detor, RTo(Z[1/8], Te)

The Tamagawa number conjecture determines the value L*(4M) € Ag up to 2%, and
this conjecture is independent of the choice of S and T}.

For M = h%(Spec (L)) this conjecture is equivalent to the /-part of Dirichlet’s class
number formula, for M = h'(X)(1) this conjecture is equivalent to the /-part of the
Birch and Swinnerton-Dyer conjecture.

§5. Known results

§5.1. Abelian extensions of Q

A fundamental example of the Tamagawa number conjecture is Dirichlet’s class
number formula. '

Theorem 5.1 (Class number formula).  Let K be a number field and

Ck(s) = Z "'1—= H I‘_‘_—N—l—"‘

aCOx NK/Q o p:prime K/Q pe
the Dedekind zeta function of K. Then we have
(x(s) _ hgRk
m = - ’
50 gritrz—1 Wi

where T, (resp. r3) is the number of real (resp. complez) places, hx is the class number
of K, R is the regulator of K and wg is the number of roots of unit in K.

The class number formula is equivalent to the Tamagawa number conjecture for
the motive M = h%(Spec(K)) and 2 = Z. For Tate motives of an abelian exten-
sion of QQ, Burns and Greither proved the equivariant Tamagawa number conjecture
unconditionally.

Theorem 5.2 (Burns-Greither [6], Flach [11]).  Let F/Q be an abelian exten-
sion with Galois group G = Gal(F/Q). We set M = h°(Spec (F))(j) with j € Z,
2 = Z[G). Then for any prime number £ the equivariant Tamagawa number conjecture
for M holds.
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From this result, we have the following formula.

Theorem 5.3 (Huber-Kings [15], Cohomological Lichtenbaum conjecture).  Let
K be an abelian extension of Q and (k(r) the leading term of the Taylor expansion of
the Dedekind zeta function at s = r. Also we denote by Ry (r) the Beilinson’s regulator.
Then, for any negative integer r we have the formula

#H?(Ok[1/pl, Zp(~7 + 1))

C‘;{(r) = RK(T) H #Hl (OK [1/p]’ ZP('—T + 1))tors ’

p:prime

where = means that the both sides are the same up to powers of 2 and —1.

To prove Theorem 5.2, it is enough to show the case for j < 0 by the compatibility
of the Tamagawa number conjecture with the functional equation of the L-function. For
j £ 0 Burns and Greither deduced this theorem from the equivariant main conjecture
and the result concerning the image of Beilinson’s element in the K-group under the
étale Chern map which was computed by Huber and Wildeshaus (j < 0).

§5.2. Abelian extensions of imaginary quadratic fields

Recently Bley and Johnson investigate the case of Tate motives of abelian exten-
sions of an imaginary quadratic fields.

Theorem 5.4 (Bley [2]). Let K be an imaginary quadratic field and F/K an
abelian extension. Let £ be an odd prime number satisfying £1 hx and £ splits in K, We
set M = h%(Spec (L)), % = Z[Gal(F/K)]. Then the {-part of the equivariant Tamagawa
number conjecture for M holds.

Theorem 5.5 (Johnson [16]).  Let K be an iémaginary quadratic field and F/K
an abelian extension and r an integer with r < 0. Let £ be a prime number satisfying
L1 6[F : K| and ¢ splits in K, We set M = h°(Spec (L))(r), & = Z[Gal(F/K)]. Then
the £-part of the equivariant Tamagawa number conjecture for M holds.

§5.3. CM elliptic curves and Hecke characters

For CM elliptic curves, the non-critical case of (non-equivariant version of) the
Tamagawa number conjecture was proved by Kings.

Theorem 5.6 (Kings [20]). Let K be an imaginary quadratic field with class
number one, E/K an elliptic curve with complex multiplication by Ok, r an integer
with r > 2. We denote the conductor of E by § and put M = h'(E)(r), A = Ok. Let
be a prime number satisfying (¢, 6f) = 1. Assuming H?(Ox[1/£], My) = 0. The £-part
of (a weak version of ) the Tamagawa number conjecture for M holds.
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We will consider the equivariant version of this result from the next section. We
remark that Bars [1] extended Kings’ result to some cases of Hecke characters of higher
weights. For critical case of the equivariant Tamagawa number conjecture for CM elliptic
curves, Flach showed the following result.

Theorem 5.7 (Flach [12]).  Let F' be an abelian extension of a imaginary quadratic
field K, E/F an elliptic curve with complex multiplication by Ok. Let A = Resp/k
the Weil restriction of E to K, ¢ = g the gréssencharacter associated to E. Set
M = h'(p) and A = Endg(A). Suppose L(E/F,1) # 0 and the equivariant main
conjecture for the imaginary quadratic field K at { (We will formulate this conjecture

in section 10). Then the £-part of the equivariant Tamagawa number conjecture for M
holds.

For general Hecke characters over imaginary quadratic fields with class number one,
Tsuji [24] proved the Tamagawa number conjecture in critical cases.

§5.4. Modular forms

Recently Gealy showed the following result for the cases of motives associated to
newforms which was constructed by Scholl.

Theorem 5.8 (Gealy [14]). Let f =3 o> an(f)g" € Sk(T1(N)), (k> 2, N >
5) be a newform, T a negative integer and £ an odd prime. We set M = M(f)(r),
A = Ok,, where Ky := Q({an(f)}). Assume that the local representation at 2 is not
supercuspidal and H?(Z[1/N¥),T;) is finite. Furthermore if k = 2 (resp. k = 4) we
suppose L(f, 1) # 0 (resp. L(f,2) # 0). Then Kato’s Iwasawa main conjecture for f
(where f is the complex conjugate form of f) implies the £-part of (a weak version of)
the Tamagawa number conjecture for M.

He carried out the computation of the image of the Beilinson-Kato element under
the regulator map and the f-adic Chern class map.

For the adjoint motives of modular forms, Diamond-Flach-Guo proved the following
case.

Theorem 5.9 (Diamond-Flach-Guo [10]).  Let f =3 oo ; an(f)q™ € Sk(T1(N)),
(k > 2) be a newform and \ a finite place above £ does not divide Nk!. We set
M = Ad°M(f) or AA°M(f)(1), % = Ok,. Assume that the mod X G p-representation

(pgx mod A)|p:Grp— GLQ(E)

is absolute irreducible, where F is the quadratic subfield of Q((¢). Then the A-part of
the Tamagawa number conjecture for M holds.
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We remark that their proof is different from the previous examples as it is not
based on either Euler systems or an Iwasawa main conjecture. They use the Taylor-
Wiles method developed to show the modularity of elliptic curves over Q.

§6. Tamagawa number conjecture for CM elliptic curves

Let K be an imaginary quadratic field with class number one. and E an elliptic
curve over K with complex multiplication by Ox. We denote by § the conductor of E.
Let ¢ = ¢p : Ax — K* be the grossencharacter associated to E, then we define the
L-function ¢g by

Ligs,s) = [] (1-es@Np=)".

p:prime

The L-function of L(¢g, s) satisfies

L(E/K,s) = L(¢E, s)L(Pg, s),
where
L(E,s) = [[(1 - ap(B)Np=® + Np'2) 1 [ (1 - ap(B)Np~*)
ptf plf

is the L-function of E/K. Let I be an abelian extension of K. We put A = K[G] D
2 = Ok|[G], where G = Gal(F/K). For any Dirichlet character x from G to CX we
write ¢y = X - . Let M(p) be the motive associated to grossencharacter ¢ over K.
The A-equivariant L-function of M (y) is defined by

L(aM(ep),s) = (L((pX’ s))xe@'

For any positive integer 7 we have ords=_-L(y,s) = 1 by the functional equation.
Then we consider the Tamagawa number conjecture for the L-value

L*(aM) = (L'(px, —7)),cq € RG],

where M = M(p)(—r). We put Ep = ExSpec F' and let A be the Neron model of
Resp/x Erp. The finite part of motivic cohomology is given by

HY(M) = (Karia(4) ® Q)+,

Deninger constructed a rank one A-subspace Hj}(M)°"* in H}(M). (The space
H } (M)corst is generated by an element & as an A-module. We will explain the defini-
tion of the element £; later.) We will use this subspace H}(M)°°"* instead of Hi(M).
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The Beilinson-Bloch conjecture predicts H} (M) = H}(M)e°rst, but this is still conjec-
tural. Furthermore let

Mg = H(Er(C),Q(r + 1))
be the Betti cohomology. For a prime £ let
M, = HLY(Erx g K, Qu(r + 2))

be the ¢-adic étale cohomology and we choose a Gal(@/ Q)-stable A®Z, lattice Tyin M.
Note that Mg and M, are realizations of the motive M*(1). We consider the Beilinson’s
regulator map

poo : H{M)®™ @R = Mp @R

and the Soule’s f-adic regulator map
pe - H}(M)“msmr ® Q¢ — H' (Ok[1/m), My),

where m is an ideal divisible by the conductor of extension F/K and the conductor of
E. In this case, we will formulate a weaker version of equivariant Tamagawa number
conjecture. We define the (modified) fundamental line Z(4 M) by

E(aM) 1= Deto(H}(M)°°"**)*®4Det ;' (Mp)* € Inv(4).
Then p, gives an A-equivariant isomorphism
40 : AQR S E(M).
Moreover Deninger proved the Beilinson’s rationality conjecture as follows.
“Theorem 6.1 (Deninger [8]). 4¥(L*(M)™!) € E(M)® 1L

Denote Ay = AQ Qp, Ap = A® Zg. For this case, the Mot,-conjecture is equivalent
to the following conjecture.

Conjecture 6.2 (Weak Leopoldt conjecture for My). H?*(Og[1/mf], M) = 0.
Assuming the weak Leopoldt conjecture, p, gives an Ag-equivariant isomorphism
A0 : E(M) ® Q¢ S Det 4, RT (O [1/mé], My).

Now we formulate the weak version of equivariant Tamagawa number conjecture for the
Hecke character ¢ = @ associated to an elliptic curve with complex multiplication by
Ok over an imaginary quadratic field K.
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Conjecture 6.3.  For any prime £ we have
Agp - a¥p 0 A’l%o(L*(M)_l) = DetgeRPC(OK[l/mﬂ],Tg).
as a lattice in Det 4, RT'o(Ox[1/ml], My).

We denote by K(m) the ray class field modulo m of K. Our main result is the
following.

Theorem 6.4 (Chida [7]).  Let £ be a prime satisfying £ { 6]{K(m) : K] and £
splits in K. Assume the weak Leopoldt conjecture for My. Then we have

Ap - 4% 0 Aﬁm(L*(M)_l) = DetgeRFc(Oxil/mf],Te)
as a lattice in Det 4, RT:(Ox[1/mé], M,).

This is a generalization of Kings’ result. In fact, we can generalize this result to
Hecke character with infinite type (a,b), where a,b > 0(cf. [7]).

Remark 6.5.

1. By a functoriality of equivariant Tamagawa number conjecture, it suffices to give a
proof for the case that F' = K(m). So we will consider only this case.

2. If we assume the equivariant main conjecture for imaginary quadratic fields, then
we can prove the weak version of the equivariant Tamagawa number conjecture for
any prime £ > 3.

§7. Computations on the regulator map

Let K be an imaginafy quadratic field of class number one and F an elliptic curve
over K with complex multiplication by Ox. We denote Gy = Gal(K(m)/K) for an
ideal m of Ox and E' = ExgSpec K(m) for the base change of E. For x a rational
character of G, we consider a Hecke character

Px = X¥E

with conductor f, where yg is the grossencharacter associated with E. We fix an
isomorphism

85 : Ox 5 Endg(m)(E')
such that 0% (a)w = aw for any w € H°(E,Q},) and an embedding 79 of K(m) in C
such that j(E') = j(Ogk). Then E'(C) = C/T where T' = QOx for some Q € C. Let

ps € A% be an idéle with the ideal f. By the theory of complex multiplication, there
exists an unique element f; € K* satisfying that the following two properties:
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1. f{Ok = (py)-

2. For any fractional ideal a C K and any analytic isomorphism X : C/a — E(C), the
following diagram commutes:

K/a -ﬁf—: K/a
[» [»
(29
E(K™®) >~ 7, B(K®),

where K2P is the maximal abelian extension of K.

Then we define a divisor
i8 = (24"]) € E'f(K (m)).
For a choice of a square root of the discriminant dg of K, we consider the map
§=(id,v/dx): E' —» E” = E'xpE'

and let pr: E'"™ = E'"x pE' — E' be the projection. Put N = N, x/of
Deninger constructed the Eisenstein symbol

Em : QIE'INN\O® — HEFX(E®,Q(2r +2))
and the Kronecker map
K : HEP2(EP,Q2r + 2)) = H, (M, , Q(r +2)).

which is defined by composition of maps

H%+2(E/2r+l’Q(27_ +2)) wli()l)*Hf&"'z(E’r“,Q(zr +2)
2 2, (F,Q(r +2))
— H34 (R (E"), Q(r +2))
—H?2, (M, ,Q(r +2)).

Now we need the result on the image of motivic element under the regulator map. Let
Poo : Hig(Mp,, Q(r +2)) ® R — Hy (M, ,R(r +1))

be the Beilinson’s regulator map.
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Theorem 7.1 (Deninger, [8][(2.11)]).  Let the notations as above. Then

Poo(Km 0 Er(58)) = to, L' (B, 0)exn,

where 21 N & (m)

_ r—1 T T m
@(m) =| (O /m)* |, e, is the projector associated to x and n is a A-basis of Mg as in
[8][Lemma 2.8].

For any ideal f | m we define the element

& = Kam o Erm(sP)

in the motivic cohomology H3,(M,, ,Q(r + 1)). From the assumption that the class
number of K is one, we have x(ps) = 1. Also one can show that ©x(ps) = fs. Therefore
by the Deninger’s theorem, we have
21N ®(m)
—_ (1) 2 T EU ! frm .
poo(éf) = ( 1) (27_ F 1)!@“) ffL (SDX'JO)eX']‘
Since
E(aM)# = Det ;' (H}(M)*°"**)® 4Det o (M3),
we have 2N B (m)
r—1 2" "Nf"®(m -1
—_— 7 ® e
O EIGI A

where (£;)~! is the x-part of the dual basis of H (M yconsty,

(A9 (L (aM) ™))y = (-1)

§8. Elliptic units

We will use elliptic units to describe the image of L-values under the ¢-adic regulator
map. Here we review some fundamental facts on elliptic units. For details, see de Shalit’s
book [9][Chapter 2]. Let L = Z-w;+Z-w; be a lattice in C with a basis (w;, wy) satisfying
Im(wi/wa) > 0. The Dedekind eta function is defined by

o0
n(r) = e [[(1-ap); g i=e>"
n=1 - .

and we write
n(2)(w1,w2) = w2_127ri17(w1/w2)2.

This function depends on the choice of basis but the discriminant function

A(L) = A(r) = (2mi)'2n(r)*
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does not depend on the choice. We define a theta function by
R [e ]
o(z,7) = e"FFF g2 (gl/2 — g7 T] (1 - qea?) (1 — @' a7)
n=1

where ¢, = e?™** and
o(z;w1,wa) = p(z/w1,wr/wa).
For any pair of lattices L C L' of index prime to 6 with bases w = (w;,wp) and
W' = (w),wh) satisfying Im(w1/ws) > 0 and Im(w]/wj) > 0, it is shown by Robert in
[22][Theorems 1,2] that there exists a unique choice of 12-th root of unity C(w,w’) so
that the functions ‘
8(L, L) i= Clw,w)n® (w)F"H /) ()

and
¥(z,L, L) i=6(L, ') [ (2 L) = p(w; L))

u€eT
only depends on the lattices L, L, where the set T is any set of representatives of
(L\{O})/(£1 x L) and g is the Weierstrass p-function associated to L, moreover ¢
satisfies the distribution relation

[L:K]

(KK =[] vz+t;L, L)

i=1
for any lattice L C K so that K N L' = L and where K’ = K + L' and t; € K are a set
of representatives of K/L. Then ¢(z, L, L’) is an elliptic function on the elliptic curve
E = C/L with divisor [’ : L](0) — 3. pers/1(P)- Kato reproved Robert’s result in a
scheme theoretic context.

Lemma 8.1 (Kato [19] [Proposition 1.3]).  Let E/S be an elliptic curve over a
base scheme S and ¢ : E — E an S-isogeny of degree prime to 6. Then there is a unique
function

055 € T(E\ker(c), 0%)
satisfying that
1. div(ceE/S) = deg(c)(O) - EPEker(c) (P)

2. For any morphism g : S’ — S we have g5(cOp/s) = «Ogr/s, where gg : E' :=
ExgS" — E and ¢ is the base change of c.

8. For any S-isogeny b: E — E’ of degree prime to deg(c) have b.(:Op/s) = «Or/s
where b, is the norm map associated to the finite flat morphism E\ker(c) —
E'\ ker(c'). Here ¢’ is the isogeny E' — E'[b(ker(c)).
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4. For 8 =8pecC,E =C/L and c¢: C/L — C/L for lattices L C I we have

Og/s(z) =¥(z, L, L).

Let K be an imaginary quadratic field. For any integral ideal f # 1 and any
(auxiliary) a which is prime to 6f we define the elliptic unit by

a?f = 1/)(1, fa a_lf)'

Lemma 8.2 ([9][Chapter 11.2]).  The complex numbers oz; satisfy the following
properties:

1. (Rationality) a2 € K(f).

2. (Integrality)

o2; € Oﬁ'(f) f divisible by primes p # q
OIX{(f),{’va} f = p™ for some prime p.

8. (Galois action) For (c,fa) = 1 with Artin symbol o. € Gal(K (f)/K) we have
oz =P(Lc7H,cra 7).
4. (Norm compatibility) For a prime ideal p one has
Z plf#1
Nion/ g (azor) 17 § 771t
ez T pif#l

Remark 8.3.  The relations in 2 of above lemma show the auxiliary nature of
a. In the group ring Q[Gj] the element Na — o, becomes invertible and
Zf = (NCI - a'g)_lazf G 0§(f),{vlf}®ZQ

is independent of choice of a.

§9. Computations on the /-adic regulator map

In this section, we compute the image of the element ¢; under £-adic regulator map.
Write K, = K® Qg = Hll[ K and from now on, we fix a prime [ of Ok dividing £. For
an ideal m of Ok, we set

m=mpl™

with ['i' mg.
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To compute the image under the ¢-adic regulator map, we use the /-adic realization
of the elliptic polylogarithm. Here we give a brief review of result of Kings [20]. Let E be
an elliptic curve over a base scheme T'. Denote by 7 : E — T the structural morphism.
Put U = E\e, where e is the zero section. Let Polg, be the elliptic polylogarithm sheaf
on U (lisse pro-sheaf on U). For any divisor

b= 3 ntcQENT\

teE[N)(T)\e

we define the ¢-adic Eisenstein class associated to 8 by

(B* Polg,)™ := Z ng(c™prst* Polg,) € HY(T,Sym™Hg, (1)),
teE[N]\e

where Hq, := Homy(R'7,.Qg,Q¢) and o™, pry are suitable projections. For an ideal

a with (Na,fN) = 1, consider [a] : E — E any isogeny of degree Na. Kings gave an

explicit description of the £-adic Eisenstein class associated 3 using the elliptic units.
Now we assume (4, N) = 1. '

Theorem 9.1 (Kings [20][Theorem 4.2.9]).  Let the notation be as above. For
any m > 0, the £-adic Eisenstein class

Na([a]®™Na — 1)(8* Polg,)™)

18 given by

=6 Y m Y, Opr(-t)h

teE[N|(T)\e  [fr]tn=t

in the cohomology group H(T,Sym™Hg,(1)), where § is the boundary map, t, is the
projection of t, to E[L"].

The following result gives the relation between the image of £x¢(03) under {-adic
regulator map pes,¢ and f-adic Eisenstein class associated to 3.

Theorem 9.2 (Kings [20][Theorem 1.2.5]).  For a divisor

f= Y nteQENID\,

te E[N)(T)\e

we have that
pes,e(Em(B)) = —N*™(B8* Polg,)™.

From these theorems, we have the following corollary.



ON THE TAMAGAWA NUMBER CONJECTURE FOR CM ELLIPTIC CURVES 215

Corollary 9.3.  For a divisor as in Theorem 9.2, we have that

1
m!Na([a]Na — 1)

X‘5( Do Y a@E/T(—tn)@’ex(t?»@m)) :

t€E[N\e [£r]tn=t

expét,e(]CM o&m(B)) = +N2m

We apply this result for the case 3 =8, N = Nf, m = 2r +1, T = Spec Ox [mLe]
and Hog, = V,E' := TyE' ® Q. Now there is a commutative diagram

HRP(EPH,Q0r +2) L 1, (M, QU +2)

J{Pét.t ‘lpét,e

HY(Og[1/mf], V,E'(1)82r+1) — K¢ o g1 [1/m], My).
Also we have
Ke((Ea®" 1)) = 8(ex ((Fn)n) ® (1(E:2T))m)

in the cohomology group H(Og(m)[l/m], V2E'(1)), where v(£,°7) = (£, drty)®"
and (-,-) : E[{"] x E[£"] — g is the Weil pairing. Therefore we conclude that

B iNfzr‘i‘l
expeeillom o Em(iB)) = G N alpr N = 1)

X 5( Y aOk/specox(1/me)(—tn) ® ex((En)n @ Y(EZ)n) | -
["]tn=p .
in the cohomology H* (O (m)[1/ml], ViE(r)), where
per,i : Hi (M)® K — H (Og(my[1/ml], ViE(r)).

is the l-part of the /-adic regulator map. From now on, we denote

0OE(2) = 4OF/Spec O [1/me) (2)

for simplicity.
From Corollary 9.3 and a computation on the action of the Frobenius endomor-

phism, one can get an explicit description of the image of & by the f-adic regulator
map.

Theorem 9.4.  Setting wy = #{u € OF |u=1 mod f}, we have that

,waf2r+1 _ ,
expas, (&) = im(l = Bx(ONP")O (T (im sy K () Yim§)m
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in the cohomology H* (O (m)[1/mé], VIE(r)), where

1
Y1 = Na(py(@Na - 1)

a@E("sn) ® ex(s';‘t ® '7(3~n)®r),

where s, is a primitive £ -th root of t = Q ff‘l.

To prove the equivariant Tamagawa number conjecture, we need to compute the
image of L-values in the cohomology with compact support. For convenience, we define
the complex A, (K (m)) by

Ay (K(m)) := RHomg, (RT'o(Ok [1/mf], Ty(~1)"), Z¢)[-3],

then

Det a, Ay (K (m)) ® Q¢ & Deta, (RT(Ok [1/ml], MF))*
by a property of determinant functor, where 4, = A ® Q;. By Shapiro’s lemma and
Artin-Verdier duality, we have

HY(Ay(K(m))) & HY(Og(m)[1/ml], T E(r))

and

H*(Ap(K(m))) 2 H? (O (m)[1/mé], TeE(r)) & Te(-1)

and H*(A,(K(m))) = 0if ¢ # 1,2. Assuming the weak Leopoldt conjecture, the £-adic
regulator map induces the isomorphism

-

.:(AM)# RQ, = Detzg (I{}(M)Conﬂr Q) ® Det 4, (MB ® Q)

2 Det 3 (H (Ox(my[1/ml], ViE(r))) ® Deta, My(—1)
(%) ,
i Detzgl (Hl (OK(m) [1/m£]1 VKE(T))) ® DetAeMe(_l)

5 Det g, (Ay(K(m) ® Qp),

where the map (+) is multiplication with the Euler factors [, (1 — Frobp)‘l# which
comes from the difference of trivializations. Using Theorem 9.4 and the relation pg ¢ =
Do pgi"’,”d‘[, we have the following result for the image of L-value. '

Theorem 9.5.  Assume the weak Leopoldt conjecture for M. The x-part of
- a0 Aﬁoo(L*(AM)—l)# is given by

N _ @(m)Q’”_lff -1 -
+ H 1- wx(P)NpT) 1, wwf@(f)Nfr+1 (5(T1‘K(enf)/K(f)ygnf))n ® (8 ® Cﬁ . exTO)m

p|mo

where Con = €2™/" and 1y is the fized embedding of K (m) into C as in Section 7.
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§10. The basis of integral lattices

We recall the equivariant main conjecture for imaginary quadratic fields which is
formulated by Johnson [16]. Put

A = HmZy[Gmen] 2 Ze[Gr950][[S1, S]]

where G, is the torsion subgroup of Gugeo = limGmg». Then A is a finite product of

complete local 3-dimensional Cohen-Macauley rinré. A is regular if and only if £{ G*%..
Define a rank one free A-module

T= gi_nHO(Spec (K(me™)®kQ,Z,).

and a perfect complex of A-modules

A% := RHomy (RTc(Ox[1/mf), T), A)#[-3]
Then H*(A%®) = 0 for i # 1,2 and there is a canonical isomorphism

HY(A®) 2 Uy o= HmO moem [1/m]*
and a short exact sequence

0= Plmey = H*(A®) — X folmeco} = 0
where

Pimey = L;.HPiC(OK(men)[l/ ml])®zZ

v|méoo in K(mér)

nglmeoo} = gKer [ @ Z ; ZJ Rz Zy.

These limits are taken with respect to Norm maps.

We recall that elliptic units discussed in section 8 form a norm compatible system.
Let mg be the prime to {-part of m. We consider K (mof™) as a subfield of C and denote
the corresponding archimedean place by Tqen. Set

afmofoe = (aZmoen)n S HI(AOO),
T= (Tmoen)n € Y{%olmoeoo} = @Y{vlmoﬁoo} (K(moen)) ® Ze,
where ,2; is the elliptic unit defined by

a2 = P(1;f,a71f)
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and
Yoimotoo}(Km) = P Z

v|mfoo in K(m)

We fix an embedding Q, — C and identify G with the set of Q,-valued characters. The
total ring of fractions

em = [ ew

pe(Giggoo )

of A is a product of fields indexed by the Q-rational characters of Gt%... Since for any

place w of K, the Z[Gmen]-module Yy} (Kmen) is induced from the module Z on the
decomposition group Dy, C Gumen. For w = oo we have [Gugn : Dy) = [K(mf") : K],
and for non-archimedean place w the index [Gme» : D) is bounded as n — co. Then
one can show '

dimg () Uy imey @A Q(Y) = dimQ(y) Y {Jimeeco} ®4Q (%) = 1

for all characters ¢. Note that the inclusion X{°§|mo oo} & Y{‘flmo too} becomes an iso-
morphism after tensoring with Q(¢) and that ew(az;;ex ® T) is a basis of

Detyly (Uioimey @4Q(%)) ® Detqy) (X moee} ®aQ (%)) = Detgy) (A*@AQ(Y)),
where e, is the projector associated to ¢. Hence we get a Q(t)-basis
L:=(Na- aa)uz;;eoo T
of Detgy) (A*@AQ(¥)).

Conjecture 10.1 (Equivariant main conjecture, [16][Conjecture 3]).  Thereis an
identity of invertible A-submodules

A - L =Detp A™
of Detg(a)(A®®AQ(A)).

Remark 10.2.  Using computations analogous to [11][Theorem 5.2] one can show
that the equivariant main conjecture for imaginary quadratic fields for primes £ satis-
fying that £ splits in K and £ { G'%.., which is implied by Rubin’s work [23][Theorem
4.1).

To prove Theorem 6.4, we need to show that the identity in the equivariant main
conjecture descends to

Z[Gwm] - 402 © 4000 (L* (aM)™1)# = Detg, (g, Ay (K (m))
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in Detq,[c,.]Ay (K (m) ® Q). For this purpose, we introduce the twisting lemma for
this case.
Now Tp(—1)* is a Gk-stable g-lattice in My(—1)*. The action of Gx on Te(—1)*
factors through a character
K Gmoe"“ — Ql;(

and we also denote by x : A — 2, the corresponding ring homomorphism. Let (&€n)n>0
be a 2,-basis of T with the uniformization E(C) = C/ [#0k.

Lemma 10.3. (a) There is a natural isomorphism
A% .2y = RT(Ok [1/ml], Ty(—1)*)*[-3] = A, (K(m)).
(b) The image of an element
= (un)n20 € HH (Ogc(m [1/m], Z/£°Z(1)) = Ugy gy = H'(A)
under the induced isomorphism
HY(A%)®F Mo & HY Ok [1/mf), Tp) = HY (O (my[1/ml], TeE(r))

is given by
TrK(ml")/K(m) (un U fn)nZO'

(c) The image of an element
8= (Sn)n>0 € %nZ/E”Z[Gmoen] ST o= Y{°;’|°o}
under the isomorphism Yoo} @,k & H°(Spec (K®qR), My) = My(~1) is given by
(8n Uén)nzo-

Let R be a direct factor of A, which is a field, q the kernel of the map Kk : A —
A; — R and A, the localization of A at q. Then L is a basis of Detp,A3°. Denote by
L ® 1 the image of £ under the determinant

Dety, A:°®Aq‘,<AZ = Det g, RI'(Ox[1/md], To(—1)")"[-3]

of the isomorphism Lemma 10.3 (a) .
The following theorem gives the image of £ in the lattice Deto, A, (K (m)).

Theorem 10.4.  Assume the weak Leopoldt conjecture for My. Then the x-part
of the image of L ® 1 under

Det 4, RTc(O[1/ml], Te(—1))"[~3] 2 Det 4, RTc(Ok [1/mf], Te)# 2 E(4 M) *@ 44,
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is given by

ITa- W(P)NPT)_Iw—fq%n;—)v%f(‘s(ﬁx(enf)/x(f)wnf))ﬁl ® (tn ® (& )n - exTo.
plmo

Proof of Theorem 6.4
Assuming the equivariant main conjecture, one can show that £ ® 1 is a basis of

Det 4, RTo(Ok (1/mé], To)*
by the previous descent argument. Since 2 is unit in A, we have proved
L®1= 00 aboo(L*(aM)~H)*
by using Theorem 9.5 and Theorem 10.4. This completes the proof of Theorem 6.4. [J
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