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Degenerate Stokes Geometry and Some Geometric
Structure Underlying a Virtual Turning Point

By

Naofumi HONDA*

§1. Introduction

The Stokes geometry associated with a higher order linear differential equation is
quite different from that of the second order equation. Ordinary turning points are not
enough to describe the complete Stokes geometry, and a new object should appear in
the geometry, that is a “virtual turning point” ([BNR], [AKT1]).

Although such a point is essential and indispensable for the description of the Stokes
geometry, some difficulties are involved. One of the difficulties is that too many virtual
turning points appear, and hence the Stokes geometry becomes formidably complicated
if we will draw all new Stokes curves, i.e. a Stokes curve emanates from a virtual turning
point (see Fig.1). Fortunately, almost all portions of a new Stokes curve are apparent,
in the sense that on such portions Stokes phenomena never occur. To distinguish an
apparent portion of a Stokes curve, we draw it by a dotted line instead of a solid one,
or even more drastically, we omit a Stokes curve whose entire portion is a dotted line,
that makes the Stokes geometry understandable with the naked eye (see Fig.2). Now
the following question naturally arises for the description of the Stokes geometry:

How can we determine solid or dotted line portions of a Stokes curve?

An answer was first given by Aoki-Kawai-Takei [AKT]. They introduced an algorithm
to determine solid or dotted line portions of Stokes curves, although it does not cover
whole situations, it is still a useful tool in studying the complete Stokes geometry.
Later the author extended the algorithm to deal with the case where the equation has
a deformation parameter. In view of geometrical deformation, the key feature of the
algorithm is that the Stokes geometry has a continuous deformation property, that is,
each solid (or dotted) line portion of a Stokes curve is also continuously deformed under
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Figure 2. The algorithm has been ap-

Figure 1. The Stokes geometry of NYL,. ) )
plied to Fig. 1.

the stability condition of the Stokes geometry (see [H2, Definition 6.4] for the stability
condition). For a generic parameter, we can obtain the correct Stokes geometry by
simply applying our algorithm. However some care is needed in applying the algorithm
to the situations where the Stokes geometry has the geometrical degeneration of the
following kind:

Case 1. (geometrical degeneration between turning points) Different turning points
accidentally coincide.

Case 2. (geometrical degeneration between Stokes curves and turning points) A turn-
ing point hits a Stokes curve.

Case 3. (geometrical degeneration between Stokes curves) An intersection point of
Stokes curves collides with the other one, or Stokes curves become tangent
each other.

It is certainly desirable to make the algorithm applicable to the geometrically de-
generate situations. The principal aim of this paper is an improvement of the algorithm
so that it may be applicable to Cases 1 and 3 above. See [AKSST] and [H2] for Case 2.

The plan of this paper is as follows: Section 2 gives the basic algorithm that
determines solid or dotted line portions of a Stokes curve for a generic parameter.

In Section 3, we will study Case 3. It was recently investigated by Y. Umeta [U],
and we will review her results. This section is also useful for the reader to understand
how to apply the algorithm to the concrete problems.

In Section 4, the main part of the paper, we will study Case 1. To distinguish
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turning points that accidentally coincide, a Riemann manifold R, underlying a virtual

sym
turning point will be introduced. The manifold Ry, would be a %lundamental geometric
object in studying not only our problems in this paper but also other ones such as
the “existence and uniqueness” of solid line portions in the Stokes geometry or the
“finiteness” of effective virtual turning points, that is, virtual turning points other than
those contained in a finite number of Riemann sheets of Ry, are apparent.

The author is deeply indebted to the members of the Kawai-Takei Seminar. The
paper is based on discussions in the seminar and their previous works. Especially Prof.
T. Kawai gave me many valuable ideas and suggestions. Without them, the paper would

not have been completed.
§ 2. Preparations

§2.1. Basic Facts about a Virtual Turning Point

Let T denote a parameter space, which is a complex manifold in this paper. Let
O(T) be the set of holomorphic functions on 7', and &(T)[x] designate the set of poly-
nomials of the variable x with coefficients in &(T"). We will consider a linear differential
equation with a deformation parameter ¢ € T" and a large parameter n of the following
form:

(2.1.1) Py = (1 d —I—LA(xgt,n))u:O.

ndr  p(z)

Here A designates an n x n matrix of formal power series of 7! such that:
1 1
A(z;t,n) = Ag(x;t) + Al(x;t)ﬁ + Az(x;t)ﬁ o0, Ay egl(n 0(T)[z]),

and p(z) € Clx] is a nonzero polynomial of x. A characteristic polynomial A,(\, x)
of X\ is by the definition det(A — Ay(z;t)), and let D,(z) denote the discriminant of

A,(N\,x) = 0. We denote by Z, (resp. E

Sing) the set of ordinary turning points (resp.

singular points) of the equation, i.e. the zero set of D,(z) (resp. p(z)). Hereafter we
always assume the following conditions:

(LA-1) Z,NEg,, =0 forany t € T.
(LA-2) All roots of D,(x) = 0 are simple for any ¢ € T'; that is, the equation has only

simple turning points that never merge each other when ¢ moves.

On the complex plane C equipped with appropriate cut lines, let holomorphic
functions A, ; (), A, o(2), ..., Ay, (z) of x denote the roots of the algebraic equation
A,(A\yz) =0 of A
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Let us recall the definition of a virtual turning point, often abbreviated as a VTP.
For the moment, we fix the parameter ¢ to t, € 7', and the suffix ¢ of A, and so on, will
be omitted.

Definition 2.1 ([T1]). A point z, € C\ E

sing 18 called a virtual turning point of

type (i,7) (i # j) if there exist a piecewise smooth closed path C% inC\ E

sing starting

from x,, and a continuous function u(x) on C,, that satisfy the following conditions.

1. For any @ € C,, , p(z) is a root of the equation A(u,z) = 0, and near the starting
(resp. ending) point of C, , u(x) = A;(z) (resp. p(z) = A;()) holds.
2. The equality / M dxr = 0 is satisfied.
Cay p(z)

Note that an ordinary turning point is, from the logical viewpoint, a virtual turning
point in the sense above. However, for the sake of convenience, we exclude ordinary
turning points from the definition of virtual turning points. In what follows, a turning
point means either an ordinary turning point or a virtual turning point. We can define
a Stokes curve that emanates from a virtual turning point in the same way as in the
case of an ordinary turning point. A Stokes curve emanating from a virtual turning
point is often called a new Stokes curve.

We can successively obtain virtual turning points thanks to the following theorem.
Let x, and x; be turning points, and s, (resp. s;) a Stokes curve emanating from z,
(resp. x1). We assume that s, intersects with s; at a point x and the types of s, and s,
at x are (7, j) and (j, k) respectively. Note that the index j is common in both types. Let
Mdm

l denote the integral curve of the real differential 1-form Im( @
p(x

) passing
through .

Theorem 2.2 (The Algorithm for Locating VTP’s [AKKSST]).  If a point v in
the curve | satisfies the following integral relation

/% Ai(@) — )\j(37)dx i /ml Aj(x) — /\k(aj)da: n /U Ap(@) — )‘i(x)dx -0,

p(z) p(x) p()

then v is a VTP, i.e. a virtual turning point. Here each integration is performed along
the integral curve designated above.

§2.2. The Solid or Dotted Line Condition

We review the algorithm that determines solid or dotted line portions of a Stokes
curve for a generic parameter. Let V be a subset of the set of turning points when
t =t,, and let S denote the set of all Stokes curves that emanate from some point of
V. We designate by G(V') the Stokes geometry consisting of S and V.
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We first note the following “separation rule” of Stokes curves that is important in
employing the algorithm. Let vy, v; € V be turning points, and let s, (resp. s;) denote
a Stokes curve that emanates from v, (resp. v;) respectively.

Definition 2.3 (The Separation Rule).  If the turning points v, and v, are lo-
cated at different positions, then we always consider the Stokes curves s, and s; to be
different even if they coincide set-theoretically.

The rule above means that a Stokes curve s is regarded as a pair {v,[} of a turning
point v and an integral curve | which emanates from v. We denote by [{v,l}] the
underlying integral curve [ of {v, [}, and we also note that “a point” in the Stokes curve
{v,1} implies one in the integral curve . Let v, vy, and v; be three turning points and
s, 55 and s; their Stokes curves.

Definition 2.4. We say that s is combined with s; and s, at z if Conditions
1, 2 and 3 below are satisfied:

1. [s], [so] and [s] intersect at x.

2. The types of sy, s; and s at x are (i,7), (j, k) and (i, k) respectively for mutually
different indices ¢, j and k.

3. The same integral relation as in Theorem 2.2 holds, that is,

Yo )\z‘(37)—)‘j(37) . U1 /\j(x)_)‘k@?) . () = N() =
/m O +/m @) +/m o =0

Remark.  In Section 4, we will modify the definition above to deal with accidental

coincidence of turning points.

Definition 2.5. We say that s is coherent at x with respect to sg and s if the
following conditions are fulfilled:

1. s is combined with s, and s; at z,
2. sg and s; form an ordered crossing at x, that is, either ¢ < j < k or ¢ > j > k holds.

Now we are ready to introduce the algorithm for a generic parameter.

Definition 2.6 (The Solid or Dotted Line Condition). For each Stokes curve
s € G(V) which emanates from v € V, the state of some portion of s is defined to be
solid or dotted so that the following two conditions are satisfied:

1. The state of the curve s in a neighborhood of v is

(a) solid if v is an ordinary turning point.
(b) dotted if v is a virtual turning point.
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2. The state of s should be converted at a point z in s if and only if there are Stokes
curves s, and s, € G(V) satisfying Conditions (a) and (b) below:
(a) s is coherent at x with respect to sg and s;.
(b) sy and s; are solid lines near x.

Several examples of the Stokes geometry are given in [H1].

§3. Geometrical degeneration between Stokes curves

In this section, we will study the case where an intersection point of Stokes curves
coincides with the other one or Stokes curves become tangent each other.

V1 (t) (3 (t) U1 (t)
I (t)

xo(t)

Vo (t) Vo (t) Vo (t)

Figure 3. Stokes curves become tangent each other.

Let us first consider the following simplified example which has been observed in
the Stokes geometry associated with the equation NYL, of the underlying Lax pair of
the Noumi-Yamada system (for the Noumi-Yamada system, see [NY] and [T2]). Let
vo(t) and vy (t) be ordinary turning points that depend holomorphically on a parameter
t, and let sy(t) (resp. s;(t)) denote a Stokes curve emanating from v,(t) (resp. v,(%)).
The parameter space T' is assumed to be C, and we will move a parameter ¢ on the real
axis. The configuration of the Stokes geometry is as follows (see Fig. 3).

1. If t <0, the Stokes curves s,(t) and s;(t) intersect transversally at two points ()
and x,(t). Here x,(t) denotes the nearest intersection point from the turning point
vo(t) along sy (t).

2. If t = 0, the intersection points z,(t) and x,(t) merge; that is, the Stokes curves
become tangent at x,(0) = z,(0) with an even order.

3. If t > 0, the Stokes curves are disjoint.

Let us introduce a virtual turning point v(t) that is located by Theorem 2.2, and let
s(t) denote a new Stokes curve emanating from v(t) (see Fig.4). We suppose that when
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t < 0 the curve s(t) passes through both x,(t) and z,(¢), and at those points s(t) is
coherent with respect to sy(t) and s;(¢). Solid or dotted line portions of s(¢) will be
determined in the following way.

e If ¢t < 0, by Condition 1 of Definition 2.6 the state of s(t) near v(t) must be dotted.
Thus the portion between v(t) and x,(t) is a dotted line. On the other hand, since
Condition 2 of Definition 2.6 is satisfied at both x,(t) and z,(¢), the state of the curve
should be converted there. Therefore the portion between x,(t) and z,(¢) is a solid
line, and the state of the curve after z,(t) is again dotted.

e If £ = 0, in the same way as above, we conclude that the portion between v(t) and
xo(t) = x,(t) is a dotted line, and the state of the curve after x,(t) becomes solid.

e If t > 0, the state of the entire curve is dotted.

Figure 4. Apply the algorithm to Stokes curves.

In view of the continuous deformation property remarked in Section 1, the changes
of the state of s(t) seem a little bit strange since the state of the portion after z, ()
becomes solid only when ¢ = 0 and remains dotted otherwise. Hence we might expect
the portion to be always dotted. In fact, no Stokes phenomena occur on the portion
even if t = 0 because the tangency of the curves is even order and exact WKB solutions
of the equation are single valued near the tangent point.

Y. Umeta recently extended the algorithm so that the continuous deformation prop-
erty still holds for this case. Let us recall her extended algorithm (see [U] for details).
We denote by o7 the sheaf of real analytic functions in the underlying Euclidean space
R? of C. Let [, (resp. [;) be a real analytic curve in C defined by a real analytic function
fo (resp. f;) near x, and let us assume that [, and [, intersect properly at x.

Definition 3.1.  The intersection multiplicity mul,(l,,l;) of |, and I, at z is
defined by

mulm(lo, ll) = dlmR Wmf)
z\J0O»J1
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Note that if [, and [; intersect transversally, then we have mul, (ly,l;) = 1. The
extended algorithm is as follows:

Definition 3.2 (The Solid or Dotted Line Condition). For each Stokes curve
s € G(V) which emanates from v € V, the state of some portion of s is defined to be
solid or dotted so that the following two conditions are satisfied:

1. The state of the curve s in a neighborhood of v is

(a) solid if v is an ordinary turning point.
(b) dotted if v is a virtual turning point.

2. The state of s should be converted at a point z in s if and only if the number of
pairs (sg,51) (sg, 817 € G(V)) of Stokes curves that satisfy Condition (a), (b) and (c)
below is an odd integer:

(a) s is coherent with respect to s, and s; at z.
(b) sy and s; are solid lines near x.
(¢) mul,(sg,s;) is an odd number.

Generally the behavior of a Stokes curve near a tangent point is not so simple on
the contrary to the example above. She investigated all possible configurations of Stokes
curves and obtained the following theorem. Let v,(t), v;(t) and v,(t) be turning points
and let s;(t) (i = 0,1,2) designate a Stokes curve emanating from v,(t). We assume
that three Stokes curves intersect at a point x when ¢ = ¢;. Let C be a sufficiently
small circle with the center x that is independent of ¢, and let us suppose that each
Stokes curve s,(t) intersects with the circle C' at only two points z; ,(t) and z; .(t),
where ; ((t) designates the nearest intersection point from v,(t) along s;(t).

Theorem 3.3 ([U]).  There exists a neighborhood U C T of ty that satisfies the
following. If the state of s,(t) near x; ,(t) remains unchanged for anyt € U (i =0,1,2),
then the state of s,(t) near z; (t) is also unchanged for any t € U.

Roughly speaking, the theorem above implies that the continuous deformation
property still holds outside C'.

§4. Geometric Degeneration Between Turning Points
We will consider the case where different turning points accidentally coincide.

§4.1. An Example of Geometric Degeneration Between Turning Points

The following example was first found and studied by Aoki-Koike-Takei ([AKoT]).
Let vy(t), v, (t) and vy(t) be ordinary turning points, and let s,(¢) (i = 0, 1,2) designate
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t <0 t=20 t>0

vo () g;(A / o ’

O.f B (t) Yo (t) x(t)
v2(t) no va(t)  vi(t) wa(t) v1 (1)

Figure 5. The example found by Aoki-Koike-Takei.

a Stokes curve that emanates from v, (t). The parameter space of the equation is assume
to be C, and let us move t along the real axis.
The characteristic feature of the example is summarized as follows (see Fig.5):

1. The curve so(t) intersects transversally with s;(¢) at a point z(t) for any t.

2. When t = 0, the Stokes curve s,(0) passes through z(0), and at that point s,(0) is
coherent with respect to s,(0) and s;(0). On the other hand, s,(t) does not pass
through x(t) when t # 0.

For the state of some portion of s,(t) Definition 3.2 entails:

e If ¢ # 0, the entire portion of s,(t) is a solid line.
e If t =0, the portion between v4(0) and z(0) is a solid line, however, the state of the
portion after z(0) becomes dotted.

If we take the continuous deformation property into account, the changes of the state
of s,(t) seem again strange because of the same reason as in Section 3, that is, the
dotted line portion of s4(t) only exists when ¢t = 0. In fact, Aoki, Koike and Takei in
their paper confirmed that Stokes phenomena occur on the entire portion of s,(t) even
ift =0.

Why do we arrive at an erroneous conclusion? When t # 0, if we apply Theorem
2.2 to the Stokes curves s,(t) and s,(t), we can find another virtual turning point v(t)
which is located quite close to v,(t) and a new Stokes curve s(t) emanating from v(t)
that passes through z(t) always (see Fig.6). Note that s(¢) is combined with s,(¢) and
s1(t) at x(t) for any t. When ¢ tends to 0, the turning points v,(¢) and v(t) merge and
the Stokes curves s,(t) and s(t) coincide. Therefore when ¢ = 0, the curve which is really
combined with s,(0) and s,(0) at z(0) is considered to be s(0). Since virtual turning
points are defined in the complex plane C, we could not distinguish v(0) from v,(0) that
is located at the same geometrical position, and we accidentally regarded s,(0) instead
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t <0 t=20 t>0

vo(t) z(t vo (t)

z(t)  vo(t)

() (t) Y (t) v (t) (%) (t) V1 (t) V2 (t)

Figure 6. Two turning points coincide.

of s(0) as a curve that is combined with s,(0) and s;(0) at 2(0). This is the reason why
the algorithm leads to the incorrect conclusion. By introducing an appropriate Riemann
manifold (instead of the complex plane C) we can clarify the geometric situation even
in such a degenerate case. This is what we will do in what follows.

§4.2. The Independent One-Cycle Condition

From now on, we consider the n X n equation given in Section 2, and we always
assume Conditions (LA-1) and (LA-2). Let P? be the projective space with a system of
homogeneous coordinates (), z; 1), and let W, C C? denote the algebraic set

(4.2.1) {(\,x) € C% Ay(\, ) =0},

We designate by Wt the closure of W, in P2, where C? is identified with P? \ {u = 0}.
Then it follows from the assumptions (LA-1) and (LA-2) that W, C C? is a smooth
manifold for any ¢ and depends holomorphically on a parameter t. We will also suppose
the following condition (LA-3) for the simplicity.

(LA-3) The manifold W, is connected and W, is a topological manifold for any .

Let Ty, : W, — C designate the natural projection with respect to the variable z. By
the assumption (LA-3), Ty, has a continuous extension 7r/\ Wf — Pl Let Z C Wf

denote the set of ramification points contained in W, with respect to 7rA We also define

a subset Et’OO (resp. Et ) of Wt by Wt ﬂw;vt(oo) (resp. Wt ﬂw;/vt(ESing)) respectively,

,sing
and set

(4.2.2) E,=E, UE

t,sing*

Now we study the first homology group H 1(Wt \ E,;7Z) to define the index space
of turning points.
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Lemma 4.1.  The group HI(Wt \ E,;Z) is a free Z-module, and we have
Ranky, Hy (W, \ B Z) = 1+ #Z, + n(#Egng — 1).
Here #7 denotes the number of elements of a set Z.

Proof. It is well known that the group H; (/Wt; Z) is a free Z-module, and by the
Riemann-Hurwitz theorem we obtain

Ranky, H,(W,;Z) =2 —n+#2Z, — #E, ...
Since /Wt \ E, is a non-compact connected manifold, we have HQ(Wt \E;7Z) =0. It

follows from (LA-3) that H, (/V[Z,Wt \ E,;;Z) = 0 and HQ(Wt, Wt \ E,;Z) is a free Z-

module of rank #Et’oo + #E't’ Thus we get an exact sequence of homology groups:

sing*
0 Hl(WtZZ) - Hl(wt \ EtZZ) - HQ(th/Wt \ EtZZ) aa H2(Wt§Z) 0.

Since the morphism ¢, : AHQ(/Wt 2) — HQ(/Wt, /Wt \ Et; Z) is isomorphic to the diagonal

embedding i : Z — 27 Pt # B sing (ie, in(p) = (p,p,...,p) for any p € Z), coker ¢,

is a free Z-module of rank #FE, . + #E,

Hl(Wt \ Et; Z) is a free Z-module, and
Ranky Hy (W, \ E;;Z) = (2= n+ #2, = #E, ) + (#E 00 + #B4 ging — 1)

=1+ #Zt + n(#Esing - 1)

sing — 1. Therefore we can conclude that

O

We set k= 1+ #Z;, + n(#Eg,, — 1). Let t5 be a point in 7', and {oy,...,0,} a
family of closed paths in Wto \Eto that generates the group H; (Wto \Eto; 7) over Z.
We designate by o, ; a closed path in Wt \Et that is a continuous deformation of o, for

each t near t, (i = 1,2,...,k). For a given holomorphic 1-form w, on /I/I?t \ Et which

depends holomorphically on ¢, it is clear that w, is a holomorphic function of ¢.
Ti,i

We say that a 1-form w, satisfies the independent 1-cycle condition at ¢t if the

germs of holomorphic functions / Wy, / Wy oo / w, at t, are independent over
91 T2 g

t,k

Z. Note that this definition does not depend on the choice of {o;} at t =t,.

Remark. By the theory of the existence of a meromorphic 1-form and that of
period integrals, a 1-form w, satisfying the independent 1-cycle condition always exists.

Now we introduce the following 1-form w that already appeared in the definition
of a virtual turning point:

(4.2.3) w= A d(f), (Cf. w= Ai(w)dw).
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Definition 4.2. If the 1-form w defined above satisfies the independent 1-cycle
condition at tg, we simply say that the equation satisfies the independent 1-cycle con-
dition at tg,

Example 4.3 (NYL, of the Underlying Lax Pair of the Noumi-Yamada System).
The equation has the form:

ldu 1™ !
(4.2.4) oz =— |z avwnu
Vo T €qy

where (eg, €5, €9,vy,v1,y) is a parameter. Then we have

AN x) =23 — (e + ey + ex) A2 + ((ug + uy +uy)x — (ege; + ey + eges)) A

— (2 = (ugey + Ugey + U ey — Ul Uy)T + €geqes).
For a generic parameter, the following facts are observed:

e Wisa complex manifold whose genus is 1.
e F consists of only one ramification point of degree 3, and the equation has 4 simple
turning points.

By Lemma 4.1 we have H,; (/W \ E;Z) =75, and the equation satisfies the independent
1-cycle condition for a generic parameter.

§4.3. The Type Diagram and Virtual Turning Points

Definition 2.1 suggests that a virtual turning point might be understood as a point
in C accompanied by a kind of 1-cycle in W. To describe and calculate such a 1-cycle
concretely we will introduce some graph associated with the equation which is called
“the type diagram”.

The (abstract) directional graph consists of two sets: a finite set whose element is
called a “node” and the set of “edges” where each edge is an ordered pair of nodes.

Definition 4.4. The type diagram associated with the equation is a directional
graph as follows:

1. Each node is an integer 1,2,...,n.

2. Each edge is indexed by an ordinary turning point. If the type of v € Z, is (¢, 7), then
the edge indexed by v is one of the ordered pair {i,{j}} or {j,{i}}. Note that the
choice of {i,{j}} or {j,{i}} is arbitrary, and such a choice determines the direction
of the edge.
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Remark.  Aoki-Kawai-Takei ([AKT?2]) also introduced a similar graphical notion
called a bicharacteristic graph, that is, in a sense, a “dual” notion of the type diagram.

From now on, we denote by the symbol i — j (or j — i) the edge indexed by an
ordinary turning point v of type (i,j). Let L, (resp. L, ) denote the free Z-module
generated by the nodes (resp. the edges) of the type diagram. We consider a complex
L, as

(4.3.1) Ly: 0L, &L, <0,
where the morphism 0 is defined by

(4.3.2) 0> j)=1{i}—{i}, i>j€ly

Lemma 4.5.  The homology group H,(L,) is a free Z-module of rank 1+#Z,—n
for any t.

Proof. We remark that by the assumption (LA-3) the underlying non-directional
graph of the type diagram is also connected. Thus the conclusion immediately follows
from the following exact sequence:

0—Z« Ly L Ly~ Hl(Lt) — 0.
O

Remark.  Although the type diagram depends on “cuts” of the complex plane C,
we can choose the cuts so that the type diagram does not change for any ¢. In fact,
it is enough for an ordinary turning point to refrain from crossing a cut, and that is
always possible by deforming each cut continuously because ordinary turning points
never merge by the assumption. Therefore, in what follows, we assume that the type
diagram remains unchanged for any ¢, and the suffix ¢ of Lt etc. will be omitted.

We often need a basis of H,(L) over Z to calculate the index of a turning point.
If the type diagram can be realized as a plane graph, that is, if it can be drawn in R?
without any intersection between edges, then we can easily obtain a basis of H, (L) in the
following way. Let D be a plane graph that represents the type diagram. Then R? \ D
consists of bounded connected components U,,...,U, and an unbounded connected

component U_.

Definition 4.6. Let U be a bounded connected component of R?\ D. A walking
path around U is the closed path of D generated by tracing the following walking:

1. We start from a node belonging to the boundary of U.
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2. We proceed on edges so that our left hands alway touch U. Here we ignore the
direction of an edge.
3. Our walking turns around U only once, and we come back to the starting node.

Let D, be the walking path around U, (i =1,2,...,1).

Figure 7. An example of the type diagram.

Example 4.7. Fig. 7 above is an example of the type diagram that consists of
6 nodes {1,2,...,6} and 7 edges indexed by {v;,vsy,...,v;}. The edge indexed by
vy (resp. vy,...,v;) corresponds to a turning point vy (resp. v,,...,v;) of type (1,5)
(resp. (4,5),...,(5,6)). R?\ D consists of two bounded connected components, and the
walking paths D; and D, are given by

Dy 453y,

and

D,:1 5524 0,3 5, 2,55, 50,9 56,1

Let [D;] denote the image of D, in L, (i = 1,...,l). Apparently each [D;] is a
1-cycle of the complex L. Now we have:

Lemma 4.8.  ([D,],[Dy],...,[D,]) is a basis of H,(L).

Proof. Let e, (k=1,2,...,#Z,) denote an edge of the type diagram. Then each
[D;] can be written in the form

#Z,
[D;] = Z direr diy. € Z.
k=1
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We first show that [D,],[D,],...,[D,] are independent over Z. Let us consider the
equation
ar[Dy] 4+ ag[Do] + -+ + a;[D)] =0, a; € Z,

and let U; be a connected component such that D, and the boundary of U,, have
a common edge e, for some k. Conditions 2 of Definition 4.6 implies that d # 0,
otherwise U; is on the both sides of e,. Conditions 3 implies |d;;| < 2 because the
walking path D; already turned around U, before the second e, appears in the path.
Thus we get d;), = +1. Moreover the edge e, never appears in any path D, (i # 7) since
an edge is shared with at most two connected components. Thus we get a; = 0. By
repeating the similar arguments (the next step is to consider a connected component
whose walking path has a common edge with U, or the U, above), we have a, = 0 for
any i.

Let M C H,(L) be the free Z-module generated by [D,]’s. Due to Euler’s theorem
for a plane graph (i.e. the number of nodes — the number of edges + the number of

connected components = 2) and Lemma 4.5, we have Rank, M = Rank, H,(L). Thus

for any u € H,(L) we can find an integer p # 0 such that pu € M, that is,
puzal[D1]+a2[D2]+'+CLl[Dl], CL1€Z

holds. Employing the same argument as above we conclude that each a; can be divided
by p, and thus u € M. l

Note that all type diagrams that we have encountered so far are realized by plane
graphs. However, in what follows, we do not necessarily assume the type diagram a
plane graph.

We will establish an isomorphism of the homology groups H, (L) and H, (/Wt\Et; 7).
For that purpose, we first prepare an appropriate cut space H,. Let z, € C satisty
xy & Z, U E,,, for any t, and for a point p(t) € Z, U E,

sing sing we set

(4.3.3)  hyy = (p(t), 00) C {the half line starting from z, that passes through p(t)}

(see Fig.8). We assume (Z, U Eg;,,) N h,,,) = 0 for any ¢ near ¢,

p(t

Definition 4.9.  The cut space H, is C\ E
(p(t) e Z,UE

sing)'

equipped with the cut lines {hp(t)}

sing

Remark.  The detailed form of H, will be given by (4.4.6) in Subsection 4.4.

In what follows, we fix the cut space H,. Note that H, has a cut line emanating

not only from a ramification point in Z, but also from a singular point in E, and

sing’

hence that emanating from E . is ignored in considering the type diagram.
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pa(t) Ops Op,
L0 pg (t) L0 pa(t)
’ Opy

Ht

Figure 8. The cut space H,. Figure 9. The path o,,.

Let ty be a point in T'. For a point p € Z; UE,,
path in C\{Z, UE

sing

we denote by o, a closed smooth
} that satisfies the conditions below (see Fig. 9 also):

1. The path o), starts from z;, and ends at the same point, and o, crosses the cut that
emanates from p only once and never crosses any other cut. If p is a singular point,
the orientation of the path is taken to be anti-clockwise around p.

2. The closure of the domain surrounded by the path does not contain either any turning
point or any singular point other than p.

Let 7Z,, denote the set {1, 2, ..., n}. We also introduce a path &, in Wt \ E, as follows:

e For an edge e = i — j of the type diagram,

(4.3.4) 0. = the lift of o, by %Wt starting from (A, ;(wg), 7o; 1).
e For any (k;p) € Z,, % Esing’
(4.3.5) Tt (hip) = the lift of o, by T, starting from (A, . (20), 291 1).

Since the degree of a ramification point is 2, the following lemma is easy to prove; still
it is a key for the subsequent argument.

Lemma 4.10. Let e =i — j be an edge of the type diagram. The end point of
the path o, . is (A ;(¢), To; 1), and the lift 5, . does not depend on the choice of o, up
to a homotopic equivalence in W, \ E,.
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Remark.  The lemma above implies, in particular, that o, with a different orien-
tation (clockwise or anti-clockwise) gives the same lift &, , up to a homotopic equivalence
in W, \ E,.

Let C, (/WZ \ Et; 7) designate the set of 1-singular chains of Wt \ Et. We define a
morphism
(4.3.6) ®,: L, ® 2% Pens — C, (W, \ E,; Z)
of Z-modules by

®,(e) =0y, for e=i—wvjel,

(4.3.7) -
(I)t((k7p)) = O-t,(k;p)a for (kap) € Zn X Esing'

Then the morphism ®, induces a morphism
(4.38) Wy: Hy(L) @ 25" Fone — H\ (W, \ B3 2)

which is independent of the choice of paths. For any closed path ¢ in Wt \Et which does
not contain a point in Z;, %Wt ,(0) can be homotopically deformed in C\ (Z, U E,,)

to a path that is a combination of +o0,’s (p € Z, U E Therefore the map ¥, is

sing
surjective, as the lifts of o, and —o, (v € Z,) by %W give homotopically equivalent
t

paths in /W?t \ E’t by Lemma 4.10. Moreover by Lemmata 4.1 and 4.5 we have
Ranky, H, (L) ® 20> Fans = Rank, H,(W, \ E;; Z) = 1 + #7Z, + N(# Eging — 1)-
Hence the map U, is injective, and we have obtained the following proposition.

Proposition 4.11.  The morphism WV, defined above gives an isomorphism of
Z-modules H, (L) ® Z%n*Psns and H, (W, \ E,; 7).

Let Z; _ (vesp. Z;, ) denote the set {(i,7) € Z7; i < j} (vesp. {(i,7) € Z3; i # j}).
For any (i,7) € Ziﬁé, we define a subset L, (i,7) of the set L; by

(4.3.9) L]_(iaj) :{UEL1§ 80:{j}_{i}}7

that is, L, (4,7) is the set of paths form the node i to the node j of the type diagram.

Let {« be a family of paths in the type diagram with «;; € L, (3, j).

ij}(i,j)EZfl’;ﬁ

Definition 4.12.  We say that {q; satisfies the 1-cocycle condition in

1]'}(2‘,3‘)6231,;rﬁ
the type diagram if Conditions 1 and 2 below hold:

1. (anti-symmetric) For any (i,7) € Z7 4, a;; € L,(4,j) and

(4.3.10) O‘zg — _O‘ji'
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2. (1-cocycle condition) For mutually different indices i, j, k € Z,,

We fix a family {O%j} that satisfies the 1-cocycle condition in the type diagram.
Note that such a family {a;;} always exists. If paths ajq, a93,... 0,1, (0,41 €

Ly (i, + 1)) are given, then for (i,7) € Z2 . we can determine a;; and a;; uniquely by

(4.3.12) Q= Qg F Qo ot aggy and ag = —ag;

Let v be a virtual turning point of type (i,7) at ¢ = t,. It then follows from the
definition that we can find a closed smooth curve C, and a continuous function p(x) on
C, that satisfy the conditions of Definition 2.1. Noticing C, = (=I)+ (I +C, — 1) +1
where [ is a path from z; to v in Hto’ we have

v A ) = A (2 _
(4.3.13) / il 20(37) ol )dx-l-/c w(x)dz = 0.

o

Here the path of the first integration is taken in H, , C.

2, is the closed path [+ C, —1,
and p(z) is a continuous extension of yi(x) so that A(zi(x), z) = 0 still holds for z € C, .
We may suppose that Cﬂ?o is written by a continuous function c¢(s): [0,1] — C\ Eging

with ¢(0) = ¢(1) = x,, and let 6’% be the path in /Wto \Eto defined by (p(c(s)),c(s);1)
(0 <s<1). Then (4.3.13) becomes

(4.3.14) /m Mg () = Mg l®) ) +/ w=0

. p(x) 5,

x

where the 1-form w is given by (4.2.3). Since 7 = 6’% + @, (a;;) is a closed path in

ji
W, \Eto, o defines the 1-cycle [7] € H (W, \ E, ;Z), and we obtain

v\, (x)—=N (x
/ tO’J( ) tO’Z( )dx-i-/ w+/ w=0.
z p(z) 2, (o) 3]

ZZ” xXE

(4.3.15)

0

We will introduce a morphism 7,: L; @& sing. — C of Z modules to link the second
and the third terms of (4.3.15) to the type diagram.

Definition 4.13.  The morphism I,: L, ® Z%*Fsnz — C is defined in the fol-
lowing way:

1. For any edge k % | € L, with w € Z, being of type (k,1), we set

(4.3.16) Ik 2 1) /w )\t,k(x;(;))\t,l(x) dr

Here the path of integration is the segment from z, to w in H,.
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2. For (k;q) € Z,, x E

sing» We set

)‘t, ()
pfx) )

where Res, (f) designate the residue of a holomorphic function f at .

(4.3.17) I,((k:q) = 2mv/—1 Resq(

Modifying the path of integration (see Fig.9 also), we can easily show the lemma
below.

Lemma 4.14.  For any edge e = k ~= 1 € L, (resp. (k;q) € Z,, x E one has

sing)»
(4.3.18) / w=1Ik%0), (resp. /

g g
t,e t,(k;q)

w=1((k; )

where G, . (resp. G, .,)) s given by (4.3.4) (resp. (4.3.5)).

We fix a basis of H,(L) and denote it by

(4319) (91,92,'--79,4)7 9k € HI(L),

and what follows, H,(L) is identified with Z" by this basis. Then by Proposition 4.11
and Lemma 4.14 we find an index

{agtiz @ {ﬁk,p}(k:;p)EanE € H,(L)® 2> Esing, g, Brp € Z,

sing

so that we have

(4.3.20) /[A]wzfto({ak}@{ﬁk,m=Zakft0<gk>+ ST Bl ((ip)).
g k=1

(k;p)EZ, X E

sing

Let F

b () denote the function

z )\tj T) — )‘t,i T
(4.3.21) Fy () =/ t] ;(a:) ( )dx

0

where the path of integration is taken in H,. Note that F, ; ;(z) is always regarded as
a (single valued) holomorphic function in the cut space H,. Then noticing (4.3.15) and
(4.3.20), we obtain finally the following proposition:

Proposition 4.15. Eor any turning point v of type (i,j) € Ziﬁé att =t, there
exists an index o ® f € H,(L) ® Z%n*EFsine such that v is a root of the equation

(4.3.22) E, @)+ 1 (o) + 1, (a® B) =0.

Conversely for any index o ® § € H, (L) ® Z%n*Fsine each root of (4.3.22) determines a
turning point.
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We define a holomorphic function f, ; ; &5 in H, with a holomorphic parameter ¢
by

(4.3.23) ft,i,j,a@ﬁ(x) - Ft,i,j (ZC) + It(aij) + It(a @ 6)

for any (i,j,a® ) € Zi,;ﬁ X (Hy (L) @ Z%n*Boing).
§4.4. The Riemann Manifold R

sym,t

Let v be a turning point that is a root of ftw, jaep =0 A Stokes curve emanating
from v is, in our formulation, a smooth locus of the analytic set defined by the equation

(4.4.1) Im fto,i,j,aEBB(w) =0

that emanates from v. Hence we often need an analytic continuation of ft0 ij.a@p When

the Stokes curve crosses a cut of H,; . The following vectors 7w,

important role to describe an analytic continuation of ft’i, @B

and T (osp) play an

Definition 4.16. We set the vectors . « . and r,,. ., as follows:
k—1 (k;p)

1. For any edge k = [ with w € Z, being of type (k,1),

(4.4.2) row, €L =[k =1+ ay) € H(L).

Here we identify H,(L) with Z* by the basis (4.3.19). Note that r v = —r
holds.
2. For (k;p) € Z,, x E

sing’
(4.4.3) ey = (05-.,0,1,0,...,0) € 77> Esing
where the element indexed by (k;p) is 1.

Let c: [0,1] — C be a continuous curve in C\ Eg,,.

Proposition 4.17. Letpec Z,UE and assume that the curve c crosses the

sing
cut hy, only once and never crosses any other cut. Then an analytic continuation of
ftij.aep along ¢ has the same form f, .. Here the index § € Z%,# X (H (L) @®2%n > Bsing))

is given as follows:

1. Suppose that p is an ordinary turning point v € Z,.

(a) If the type of v is (i,j), then & = (4,4, — 27"Z,L>j @ 0).
(b) If that is (j,k) (resp. (i,k)) fork & {i,j}, then & = (i,k,oz+rj1_;>k®ﬁ) (resp. &€ =
(k,jyoc—r o @ B)) respectively.
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2. Suppose that p € E

sing 18 @ singular point.

(a) Ifthe curve c crosses the cut h,, anti-clockwise, then § = (i, j, x®B+r ;) =T );
(b) otherwise £ = (i,j,a ® B+ Tisp) — r(j;p)).

Proof.  We designate by A, (f) an analytic continuation of f along c.
1. (a) By a modification of the integration path, A (F;

/m Ai(@) = A (@)
2, p(z)

Thus we have:

) is given by

dz+1,(j = 1) = L(i = j) = Fy j,(x) = 2[,(i = j).

Ac(ft,i,j,a@ﬁ) = Ft,j,i(x) — 21, (i o J
=F, i)+ 1,
=F, ;(x)+ I,

= ft,j,i,a—QrileBﬁ'
1. (b) If the type of v is (j, k), then we have
A(frigasp) = Frir(@) + L = k) + Ii(c;) + L (@ )

=F,,; p(®) + L,(j = k) + 1oy, + ay;) + L (a® B)
= F, ; p(7) + Li(ay,) + L (a + v, ® B)

= ft,i,k,a+rjﬂkeaﬂ,
and if v is of type (k,), then
AC(ftaiajaa@B) = AC(_ft,j,l,—Oé@—B) = _ft,],k,—a+r7gk@—ﬁ = ft,k’,j,a—?"iik@ﬁ'
2. The proof is similar. U

We denote by = the index space

(4.4.4) 72 4 X (H, (L) ® ZFn*Puing),
and set
(4.4.5) X, =C\ (p(t)e U, U Piing )

Let us now consider the cut space H, to be the set

(4.4.6) H=xU( U Ul U ek,

p(t)GZtUE p(t)GZtUE

sing sing
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where hff( ;) and h}f( 1) are copies of the open half line ;) that is defined by (4.3.3). We
make H, a topological space so that h;f( " (resp. hﬁ( t)) becomes the right (resp. left) side
boundary of X, on h,. Let 7 : H, — C\ E,

sing denote the canonical projection. For

any point z € H,, let * denote the opposite point in ﬂﬁtlﬂH (z), that is, if x € hp(t),
then z* is the point in h{j(t) with mp (2%) = 7 (). Note that p* = p for any p € Z,.
Let H, . designate a copy of H, for { = (i,j,a ® B) € E. We set

(4.4.7) EQE:}JHM.
€=

and let 7 m, : H, = — H, designate the canonical projection. Taking Proposition 4.17
into account we will construct a Riemann manifold R, over C\ Eg,, by gluing H, .’s.
We first define a map J,: H, ¢ — H, = as follows.

Definition 4.18. The map J, is defined by the following way.

1. The map is the identity on the fiber Wﬁjz(x) for any z € X, \ Z,.
2. Ifz e hg U hﬁ U {p} with p € Z, being of type (i, j), then the map is defined on the
fiber Wﬁj:(w) as:
e  Jix,i,j,adp
J(@,j,i,a®f
e iz kjadp

)= (", j,i,a =20 ® ) and
)= (
) = (="

J(x, ki,a @ B) = (z" k],oz—lrrv
)= (z
)= (z
) =

x*,z,j,a—Qr.v.@ﬁ) for any o @ 3,

ki a AT ;@ 3) and

for any a @ 8 and k ¢ {i,j},

. T (z, i k,a® 3 *
Ji(x, j, k@ B

° J(z

@ )
7]ak7a_7.ii)j @ﬁ) and
72,]6,05_731}1»@5) for eacha@ﬁand k ¢ {’L,]},

7 for any other point & € 7" (z).
t,=

3. If zff e hﬁ with p € E_; ., then for any k,l and a ® 3

sing?

%(xR,k,l,Oé 695) = ((xR)*,k',l,Ol ®5+T(J:p) B T('£§P))’

and if 2L € hlf;‘ withp € E then for any k,l and o @ 3

sing’
J(z" klLa®B) = ((=5) k,l,a® B — Tip) t Tip))-
Since J; is an involution map in H, g (ie. J, 0 J, = Idy, _), we can define an

. . T, . .
equivalence relation ~ in the following way:

(4.4.8) 725 it F=J0) o F=7.

Then R, and a function f, ¢ in R, are introduced as:
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Definition 4.19. The Riemann manifold R, over C \ E

sing 18 the set of equiv-
J, . . . . .
alence classes H, = / ~, and the single valued function fiz iIn R, is determined by the

family of holomorphic functions {f, ; ; a5} jaepecs-

Let mr : Ry — C\ Eg; (vesp. p H, . H, = — R,) denote the canonical projection
(resp. surjection). We can readily confirm the following properties of R,.

e The set R, can be regarded as a smooth complex manifold that depends holomorphi-
cally on a parameter ¢, and f, 5 is a single valued holomorphic function in R,.

e If z € Z, is an ordinary turning point of type (¢,7), then we have (x,i,j,a @ (3) %
(x, 7,4, — 27}&]‘ @ ), and they give the same point Z in R,. Therefore R, is locally
a double covering space with respect to the map 7z, near z, and 7 is a ramification
point of degree 2. In the same way, for any point = = PH, _(z,k,l,a @ B) with
{k, 1} n{i,j} #0 and z € Z,, R, has the same topological structure near 7.

e lfreFE

sing 18 @ singular point, then locally R, is a finite disjoint union of Log type

covering spaces over V \ {z} for a small neighborhood V' C C of z.

Let us define another involution map Z, : H,z— H,z by

(4.4.9) T, (x,i,j,a® B) = (x,7,i, —a & — ).
Then it follows from the commutativity of Z, and J,, i.e.
(4.4.10) Z,0J,=J, 01,

that the map 7; induces an involution map Zp : R; — R,. Since the definitions of
turning points and Stokes curves are symmetric with respect to the change of indices,

that is, the equations

Im f,; jees(®) =0 and Imf, ;; .o s(x)=0

define the same Stokes curve, every point * € R, is required to be identified with
I, (%) € Ry. Hence we will introduce the following Riemann manifold:

Definition 4.20. The Riemann manifold R is defined as

sym,t

(4.4.11) Rsym,t - Rt/ ~

WherefwﬂifIRf(f) =yorzT=71.

We designate by mr 'R

sym,t Sym,t
canonical projection (resp. surjection). Note that the equivalence class of T € Ry, , 18

— C\ Egyg (resp. Pu, . H, = — Rgym,) the

given by the set of (possibly duplicated) points in H, =
(4.4.12) {v,2,(y), T7,(y), (Zy 0 T)(y)}
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for some point y € H, ¢ with P, _(y) = 7 because of the commutativity (4.4.10). Now
we can define the most basic objects, i.e. a turning point and a Stokes curve, in Rsym,t

using f, =.

Definition 4.21. A turning point in R is a point in the zero set of f; =,

sym,t
and a Stokes curve in R, , emanating from a turning point v € Ry, , is a smooth

locus of the zero set of Im f, = that emanates from v.

These notions are well-defined on Ry, ; because f, =(Z (%)) = —f, =(2) holds for
any T € Ry Let Z; C Ry
the canonical surjection, i.e.

({(x,i,j,a@ﬁ) € Ht,E; HAS Zta ({the type Of x} N {Za.]}) 7é 0})

be the image of the set of ramification points in R, by

(44.13)  Z, = py,

We investigate the local structure of Ry, ; near a point in Zt. If v(t) € Z; is of type
(i,7), R, is locally a double covering space near ¥ = PH, (v(t),1, j,a ® B) with respect
to 7 , as we explained before. Let us denote by S, (resp. S;) a local double covering
space near T (resp. ZRt (). If (4,4, ® B) # (4,7, riv(_f;)j ® 0), then since z and ZRt (7)
are different points in R,, to identify Sy with §; by the map IRt means just to forget S,
or ;. Hence Ry, , near T is still a double covering space with respect to 7 , and =
is a ramification point of degree 2. On the other hand, if z = PH, (v(t), 1,7, T, ®0),
, near 7 is locally isomorphic to

then ¥ and Iy () are the same point in R, and R,

C by mp . Therefore, in view of topological structures, the point (v(t), 1, j, T, ®0)

sym,t
should have some specific feature. In fact, it corresponds to an ordinary turning point
in R because of the equalities

TN = A LD VI W "
=y S
v(t) v(t)

sym,t

p(x) p(z)

(4.4.14) o(t) )

=F,,; (@) + L(a;) + (I — j+ay
= ft,i,j,rigj@O(:I’.)

(see also Corollary 4.29 below). Therefore 7 is called an ordinary turning point in
R

Summing up, we have:

sym,t-
Lemma 4.22.  For any point T € Zt except for an ordinary turning point in
Rsym,i» the Riemann manifold Ry, , over C \ Egng s a double covering space in a

neighborhood of z, and is ramified at x with respect to TRt On the contrary Raym ¢

is not ramified at an ordinary turning point in Ry, ;-

Now we confirm that several important notions for the Stokes geometry (an ordered

crossing, the type of a Stokes curve, etc.) are well-defined on Ry, ;.
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Definition 4.23.  Let 7;, T5 and Z3 be points in Ry, ; \ Z,.

1. A pair z; and Z, is said to have a hinged index if it satisfies
%lszt,E(z.’iajaal@ﬁl) a'nd %QZPHt,E(x’jakaOKQ@ﬁQ)

for mutually different indices i, 7, k € Z,, and some point x € H,. Such a pair of points
(z,i,7,00 ® B;) and (z, j, k,ay @ (y) in H, = is called an ordered representative
of the hinged index pair.

2. We say that z;, 7, and 75 form a circuit index triplet if there exist mutually
different indices i, 7, k € Z,, and a point x € H, satisfying

551 :th’ (xaiajaal@ﬁl)a 52 :th, (w,j,k,az@ﬁ2)a EUv:), :th, (x,k,i,a369ﬁ3).

An ordered representative of the triplet is also defined in the same way as above.

These notions are symmetric with respect to a permutation. For example, if z,, 7,
and 74 form a circuit index triple, then 7, Z; and 5 do also, and if {y;,¥s,¥s} is an
ordered representative of the former triplet, then that of the latter is given by

(4.4.15) Z,({92, 91, U31) (= {Z4(42), Z4(41), 7, (¥3) })-

We also note that an ordered representative is not necessarily unique. If ) =
{Y1,Ys, Y3} is an ordered representative of a circuit index triplet, then by taking (4.4.12)
and py =(y,) ¢ Z, (I = 1,2,3) into account, possible ordered representatives of the

circuit index triplet are given by

(4.4.16) Y and  J,(V) (= {T(v1), T, (92), T, (¥3)})-

Let M be a subset of HE’E that is stable by an action of Z, and J,, and that
contains every point (z,, T, T3) € H:)”E for 7, = (z,i,j,a, ® By), Ty = (x, j, k,ay D [By)
and T3 = (z,k,i,a3 ® P3) with mutually different indices i, 5 and k. Let Q(Zy,%,,T5)
be a symmetric property on M (i.e. Q(z;, Ty, T3) <= Q(ZEZI,ZEl?,@3) for a permutation
{l;,15,13} of {1,2,3}). The following lemma follows from (4.4.15) and (4.4.16).

Lemma 4.24.  If the property Q) is stable under an action of Z, and J,, that is,
if for (T1,25,%3) € M

(4.4.17)  Q(Z, %y, T3) <= QLy(7,),1,(T5), L,(T3)) <= Q(T(71), T, (T3), Ty(T3))
hold, then Q induces a symmetric property defined on the set of circuit index triplets.

Remark.  We can obtain the same lemma for a symmetric property Q(z,,z,) of

two variables.
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The most important symmetric property which is well-defined on the set of hinged
index pairs is that of an “ordered crossing”.

Definition 4.25. Let ; and 7, be points in R \Zt We say that z; and 7,
are located at an ordered crossing position if Conditions 1 and 2 below are satisfied:

sym,t

1. z; and 7, form a hinged index pair.
2. For an ordered representative y; and y, of the pair,

Re ft,E(th,E(gl)) and Re ft,E(PHt’E(fyvz))
are not zero and have the same signature.

Another important and related notion “combined” on the set of circuit index triplets
will be later introduced (cf. Theorem 4.31 and Definition 4.32).

The type of a Stokes curve is another important notion. Let us construct the space

Zfl(';yspei Toym ¢ in the same way as Ry, ;. We prepare copies {Ht,i,j}(i,j)ezgyé of H,,
(4.4.18) Ht’zi# = tig
(.9)€ZZ
Let th,zg# : Ht,Zi,;ﬁ — 522 designate the pushout of 7, i.e.
(4.4.19) jHﬁZi,# (z,i,7) = p(J,(x,4,5,0 D 0))
with p(z,i,j,a ® B) = (z,1,7), and we set
(4.4.20) T, =H, g / ~
where the equivalence relation is given by J H, o - Note that 7, is nothing but a

n

Riemann surface associated with analytic continuations of {}, ; — A, i}(i ez
’ ) s n,#

Definition 4.26.  The space of type 7,

sym,¢ 18 the set of equivalence classes 7;/ ~

with the equivalence relation being “(x,1,j) ~ (x, j,1) or (z,,j) ~ (z,1,5)”. For a point
T E Rsym,ts
the type of .

the image of = by the canonical projection 7, o 7: Rgym ¢+ — Zgym ¢ 1s called

Remark.  Let T, To be points in 7" t(x) Then we often say that z; and z,
sym

have the same type if they give the same f)oint in 7, and we also say that x,

sym,t?
and 7, have a common index if there exist mutually different indices ¢, j, k satisfying

T r1 (@) = (2,4, ) and 7,z 7(T5) = (z,5, k).
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Letv € R
of ¢, when ¢ moves near ¢, the equation

sym,t, P€ a turning point at ¢ = ¢,. Since f, =(«) is a holomorphic function

(4.4.21) fiz(@) =0

has a root v(t) near t, with v(¢,) = v where v(t): T' — R is a (possibly multivalued)

holomorphic map in a neighborhood of ¢,. The map v(¢) of ¢ is called a holomorphic

sym,t
germ of a turning point in Rsym,t at t,.

Lemma 4.27.  We have the following.

(i) Ifu(ty) ¢ Zto’ then v(t) is a single valued holomorphic map near t.

(i) If v(ty) and an ordinary turning point in Ry, have the same type (resp. a

common index), then the number of branches of v(t) is at most 3 (resp. 2).
Proof. We first remark that

0
(4.4.22) %ft,i,j,a@ﬁ(‘%') = /\t,j(x) - /\t,i(l')'

Hence (i) is clear. For (i), by putting the Puiseux expansions of A, ;(z) and A, ;(z) into
Fy,; ;(x), we can easily obtain the result. O

We denote by B(v)(t) C T, the set of values evaluated at ¢ of all branches of
71 72 (1)), that is,

(4.4.23) B@)(t) = U m1.m 7 (1)
wée{branches of ¥ near t}

Let vy(t) and v, (t) be holomorphic germs of turning points at t,. We say that v, (t)

and v, (t) give different germs in the type space at ¢ if there exists a neighborhood

U of t, such that the set {t € U; B(v,)(t) N B(v,)(t) = 0} is an open dense subset of U.

Theorem 4.28.  Assume that the equation satisfies the independent 1-cycle con-
dition at ty. If vy(ty) and v,(t,) are different points in R then vy(t) and v,(t)
give different germs in the type space at t.

sym,tq’

Proof. 'We consider the case where the type of v,(%,) is the same as that of v, (¢)
and there exist an ordinary turning point v(t) of type (v(t),i,j) € 7y, satisfying
either Cases 1 or 2 at t = ¢, below:

Case 1. The type of v(t,) coincides with that of v(¢,).
Case 2. The type of v(t,) has a common index with that of vy (%).
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Other cases are trivial or proved in the same way. Let S, , (k = 0,1) designate
a local covering space near v, (t) with respect to mg - We may suppose that S, ;.
sym, 4

consists of sheets Ht,g,j and Ht,g,; for indices f,;", & € Z where

1. & = (i,j,0, ® B,,) and &, = (i, j, —ax + 2r,» ; @ —f) if we consider Case 1. Note
that &, = f,:r is allowed.

2. & = (1,000 ) and & = (¢,4—an + 1,0, ® —B,) (¢ & {5,}) if we consider
Case 2.

We remark that we have

(4.4.20) pyy _(0(0.6) = py, _(0(1).&) € Regmy and f, o+ (0(8)) = —, ¢ (v(1))

(k=0, 1), and for any w € B(v,)(t) the equality either

(44.25) et (rr (w)) =0

sym,t

(w)) =0 or ftf; (7

sym,t

holds by the definition of a holomorphic germ (k = 0, 1).
Let us now assume that the conclusion of the theorem were false. Then we should
find an open set V in a sufficiently small neighborhood of ¢, that satisfies

B(vy)(t) N B(vy)(t) # 0
fort € V. Set

Vo={teVimg  (B(o)(t)NB(,)(t) N {v(t)} # 0}

and

Vi={teVimg  (B(©))NBw)(#)\{v(t)}# 0},

then we have V = VU V.
First consider the case where Vj; has an interior point ¢;. Then noticing (4.4.24)
and (4.4.25), the equalities

(4.4.26) fyer (WD) = f, ¢ (0(t) = 0

are satisfied near ¢; for Cases 1 and 2. Hence we get I,(ag ® By) = I;(a; ® 3;) in a
neighborhood of ¢;. It follows from the independent 1-cycle condition and Proposition

4.11 that for a basis {g;,...,9,} of Hy(L) and (k;p) € Z, x Eg,, the holomorphic
functions of ¢

It(gl)a lt(92)7 ce 7It(gn)7 {It((k§ p))}(k;p)GanE

sing
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are also independent over Z, thus we have oy = oy and 3, = (;, in particular, v,(t,) =
7, (t).

Now suppose that the set V; \ V,, has an interior point ¢;. Since any point in
Wiym,t(lg(%)(t) N B(v,)(t)) does not belong to Z, near t;, by Lemma 4.27 we find a
single valued holomorphic map ¢(t): T — 7, , near t; which is a common branch of

both m = 7(vy(t)) and 7= 7(v,(t)). By (4.4.25), ¢(t) satisfies the following equalities

near tq:

1. Either
fres(mr, (6(0) = fex(rr, (6(1) =0
or
fres(mr, (B(0) = frez (. (6(1) =0
for Case 1.
2. ft,ggt (7T'Tsym,t(¢(t))) = ftﬁc (WTS'qut(¢(t))) = (0 for Case 2.

By employing the same argument as above, we find that either §Oi = ﬁc or {f = {fc for
Case 1, and that £ = & for Case 2. In either case, by (4.4.24) we have T (t,) = U, (),
which is a contradiction. The proof is complete. O

Let v(t) € Z, be of type (i,7), and v, (f) a holomorphic germ of a turning point in
Reym.s at tg.

Sym,

Corollary 4.29.  Assume that the equation in question satisfies the independent
1-cycle condition at ty. If (v(t),i,75) € B(vy)(t) holds near ty, then v,(t) is an ordinary

turning point in R in particular, v,(t) is a single valued holomorphic map.

sym,t’

For Stokes curves in R we have the following result:

sym,t?

Lemma 4.30.  Let v be a turning point in R and let us assume v € ZO.

sym,tq’

Then the number of Stokes curves that emanate from v is as follows:

(i) Suppose that v and an ordinary turning point in R have the same type. If

sym,t

v iatself is an ordinary turning point, then we have 3 Stokes curves, otherwise we
have 6 Stokes curves.

(ii) If v and an ordinary turning point in Rsym,t, have a common index, then we have

4 Stokes curves.

Proof. If v is an ordinary turning point in R then a neighborhood of v is

sym,t 2
locally isomorphic to C by m4 o thus the configuration of Stokes curves emanating
sym,t

from v is the same as that in C locally.
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For other cases, v is a ramification point of degree 2. Therefore there exist two

copies H, . and H, . of H, that give sheets of Ry, , near v. If we consider (i) (resp.

sym,
(ii)) of the lemma, then in each copy we have 3 (resp. 2) Stokes curves that emanate

from 7w  (v). Hence we obtain the results. O
sym,

: / U2

Figure 10. 6 Stokes curves emanating from branches when t # ¢,

At the first glance, the fact that 6 Stokes curves emanate from a turning point
seems curious. However the following example explains why 6 Stokes curves emanate.
In the base space, that is C\ E

sing» if @ virtual turning point v(t) coincides with an

ordinary turning point at ¢t = tg, then when ¢ moves, by Lemma 4.27 v(t) splits into
3 virtual turning points vy (t), v,(t), and v,(t) as branches of a holomorphic germ of
a turning point. The configuration of Stokes curves that emanate from these virtual
turning points becomes like Fig. 10. In the figure, we find 6 Stokes curves that emanate
from the branches of v(t), and these curves converge to 3 Stokes curves that emanate
from the ordinary turning point in the base space. However since the convergence of

each curve occurs in a different Riemann sheet of R due to Corollary 4.29, we still

sym,t

have 6 Stokes curves in R, when t = ¢,.

sym,t

Let v,(t) (i = 0,1,2) be a single valued holomorphic germ of a turning point in
Reym.t at tg, and let 5,(t) be a Stokes curve in R

sym, , emanating from v,(¢) such that

sym,
5;(t) is continuously deformed near v,;(¢) when ¢ moves. We denote by v,(t) (resp. s,(t))

sym,t —C \ Esing

(i =0,1,2) the image of v;(t) (resp. 5;(¢)) by the projection 7 : R
sym,t
respectively. We suppose the following situations when ¢ = ¢,:

e The Stokes curves sy(ty), s;(ty) and sy(t,) intersect transversally at a point y €
C\(Z, VE

e We can find a point y; € 5,(¢y) over y (I = 0,1,2) such that y,, y; and y, form a
circuit index triplet. Let (y,1,7, g ® By), (v, 7, k,; ® By) and (y, k, i, a5 ® B5) denote
an ordered representative of the triplet.

sing) .
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Under these situations at ¢t = t; we have:

Theorem 4.31.  If the equation satisfies the independent 1-cycle condition at t,,
then the following conditions (i) and (ii) are equivalent.

(i) For any t near t,, the Stokes curves sy(t), s,(t) and sy(t) mutually intersect at
some point y(t) € C where y(t) is a continuous function of t with y(t,) =y, and
they are combined at y(t).

(ii) The following relation of indices holds:

(4.4.27) g ® By + oy ® P+, ® Py =0.

Proof. By the definitions of a Stokes curve and a turning point we have for any
(J?, t) near (ya tO)

- N z )\ -\
t’ ‘. t.k t,J
/ Tty Tt g FrigagB, (x), / ————dr = [fijka,ep (7),
v v

(4.4.28) o(t) p(x) (1) p(z)
oty P(T) bt 2®Fs

Here the path of each integration is composed of the projection of a portion of s;(t)
from v;(t) to a point near y, and a path in H, to reach x (I = 0,1,2). It follows from
the form of F} ; ; given by (4.3.21) that we have

(4.4.29) Ft,z‘,j (x) + Ft,j,k(x) + Ft,k,z‘(x) = 0.

Thus we obtain:

TN, s — A TN — A, TN — A
/ t,j t,zdm+/ tk — M clx-i—/ i~ Mk g
v, (1) p(z) v, () p(z) v, (t) p(z)

= ft,i,j,aoeaﬁo (z) + ftjka @8, (z) + ft k0,08, (v)
=F,,; (@) + F, k() + Fy ()

+ Loy + ajp + o) + (g @ By + ay © By + ay @ B)
=L (ag @ By + ay @ By + ay @ B).

(4.4.30)

We first prove that (ii) implies (i). Thanks to (4.4.30) and the assumption we have

TN = A TN L — A TN — A
(4.4.31) / Y / —ek B g / e =}
vy (t) p(z) vy (t) p(z) v, (t) p(z)

Let us show that Stokes curves s,(t), s;(t) and s,(t) mutually intersect at some points
for any t near t,. Since sy(ty) and s;(t,) intersect transversally at ¢ = ¢, they always
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intersect at y(t) where y(t) is a continuous function of ¢ with y(¢,) = y. Let [ be a
line passing through y(¢,) that intersects transversally with s,(t,) at y(t,), and set
I(t) = 1+ (y(t) — y(ty))- Then I(t) and s,(t) also intersect at w(t) near t, where
w(t) is a continuous function of ¢t with w(t,) = y(t,). Let us consider a smooth curve
7:[0,1] — T with 7(0) = ¢, and set © = {0 € [0,1]; y(7(0)) = w(7(0))}. Note that ©
is a non-empty closed set. Now we will assume 6, = sup {0 € [0,1]; [0,6] C ©} < 1. By
the definition of a Stokes curve, we obtain

(t))\ i AL y()/\ wt) N, — A
Im Zcla:—Im/ ’]dx—Im —————dx = 0.
vy (t) p(z) v, () p(z) v, (t) p(z)
Therefore taking (4.4.31) into account we get
y() N, . — \
Im i LY 0
w(t) p(x)
where the integration is performed along [(t). This implies that both
Aei— A Aei— A
m(t’l—t’kdx ) and Im(t’l—t’kda: >
p(z) (7 (8,)) p(z) 5(7(0))

are zero at y(7(6,)), and that is impossible because I(7(6,)) and s4(7(6,)) are transver-
sally intersecting at y(7(6,)). Hence 6, = 1, and (i) follows from (ii).

For the converse, by (4.4.30) we get I,(ag ® By + g @ B + g @ B5) = 0 for any ¢
near t,, and this implies ooy @ By + a; @ ) + a5 @ By = 0 because of the independent
1-cycle condition. O

Remark.  Employing the formula (4.4.27) of the theorem above, we can calculate
the index of a virtual turning point that is located by Theorem 2.2. Note that (4.4.27)
is well defined on the set of circuit index triplets. To see this, it suffices to confirm
(4.4.17) of Lemma 4.24, and in this case we can show a stronger assertion that the map
on the set of circuit index triplets with its value H, (L) @ Z%»*Fsine in the form

(4.4.32) a; @By +ay® Py +az® B3 € Hy (L) @ Z%n > Esing

is well defined up to sign. For example, suppose that € H, is in a cut line which
emanates from v € Z; of type (¢,7), then for an ordered representative of some circuit
index triplet 7, = (x,4,j,a7 ® (1), T9 = (z,],k, 9 ® [5) and T3 = (z,k,i, a3 ® F3),
another representative of the circuit index triplet is given by

‘-7t(?El) = ($*,j,i,051 - 2r¢1,j D 51)7 '-7t(52) = (x*aiv kaa2 - rjin' D 62) and
*7t(§3) = (.Cl'f*, kvjv 043 + riij b 53)7
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and hence we have

(ay=2r0, ®6) +(ag =710, ®0) +(ag+7,,80) =a, ® 0+, ® B, + a3 Gs.

§4.5. The Algorithm at a Limiting Point

By taking into account Theorems 4.28 and 4.31, it is almost clear how to extend
the algorithm to determine solid or dotted line portions of a Stokes curve when t = t;.
The algorithm for a generic parameter was already introduced in Subsection 2.2 with
Definition 3.2 instead of Definition 2.6. The algorithm will be modified with respect to
the following points (A) and (B) in the context of Subsection 2.2.

(A) The base space of the algorithm is now R that is, both turning points and

sym,tg?
Stokes curves are considered to be those defined in Ry, ¢ -

(B) For the notion of “combined”, Definition 2.4 is replaced with Definition 4.32 below.

Let sy, s; and s be Stokes curves in R, and 7 a point in the curve [s].

sym,t

Definition 4.32. We say that s is combined with s, and s, at z if the following
conditions are satisfied:

1. There exist points 7, € [s,] and Z; € [s;] so that Z, T, and Z; form a circuit index
triplet.

2. For an ordered representative (z,1i, 7, a ® (), (z,J, k, oy ® By) and (z, k,i,a; ® ;) of
the triplet, the relation below holds:

(4.5.1) a®B+a,®By+a, @B, =0.

Remark.  In practice, we need not to know the concrete shape of Ry, , . What
we really need is the finite data {r. » .}, ., (Definition 4.16) and a “recipe” to obtain the
=] t

index of a Stokes curve in R The former can be calculated by the type diagram

sym,tg
and the latter was already given in Proposition 4.17 or Definition 4.18.

Example 4.33. Let us come back to the example in Subsection 4.1. Hereafter
we set t =t = 0, and x (resp. vy, Sy, etc.) stands for z(0) (resp. vy(0), s¢(0), etc.). The
type diagram of the example can be realized by a plane graph that has only 1 bounded

connected component (see Fig. 11). Therefore we obtain Rank, H, (L) = 1, ant its basis
is given by the walking path

D, :1-%232,
We define «;; by

Vo Uy
app=1-—"2, ay3=2-—3, «a3=0q;5+ Q3.
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vo & Vo t
(1) 0

va (t) v1 (1)

Fi 11. The t di f the ex-
lgure ¢ type dlagram ol the ex Figure 12. The example in [AKoT].

ample.

Then noticing 3 —2 1 + a3 = [D,], we have

and since v, v; and v, are ordinary turning points, the index of v, (resp. v; and v,) in
Raym, 15 (1,2,0) € Z%ﬁé x H,(L) (resp. (2,3,0) and (3,1,1)). For example, the index
of 54 is the same as that of v, since Ry, is not ramified at an ordinary turning point
with respect to TR, and it remains (1,2,0) because s, does not cross any cut. It
is now clear that the relation (4.5.1) is not satisfied at (0 + 0+ 1 # 0), therefore s,

is not combined with s, and s; at = in the sense of Definition 4.32, and the state of s,

m,to’

remains unchanged at x. Moreover Theorem 4.31 entails that the index of the virtual
turning point v which was located by Theorem 2.2 is (3,1,0) hence we can distinguish

v from vy in Rgyp, . -
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