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1. Introduction 

The first attempt to estimate the melting point in the earth's mantle was 

made by Uffen (1952) with the help of Lindemann's law of fusion. Lindemann's 

law has been widely used because it agrees well with experimental data for mono

atomic crystal substances. However, Lindemann's law does not necessarily hold 

good for more complicated substances such as ionic crystals. Kurosawa (1957) has 

suggested that the contribution of lattice defects is more important than that of 

lattice vibration for the melting of ionic crystals. According to him, melting phe· 

nomenon is a sort of phase transition caused by the coulombic interaction between 

defects, and this transition temperature is near the melting point. From this 

viewpoint, Kurosawa has established the relation between the melting point and 

the formation energy of a pair of defects. 

The present paper is intended to put forward a new method of estimating the 

melting point in the mantle on the basis of Kurosawa's theory of fusion. It must 

be added to note that Zharkov (1959) has already used the theory of thermal defects 

for estimating the melting point in the mantle. He considered that fusion occurs 

if the fractional density of defects reaches a certain critical limit. However, it is 

difficult to understand why the mere increase of the number of defects can cause 

a large and discontinuous change such as melting, if the interaction between defects 

is not taken into account, say, by Zharkov. This point will be discussed again in 

the next section. 

2. Theory 

If there is no interaction between defects, the concentration of defects in the 

state of equillibrium at temperature T is given by 

f = c exp (- W0/2k T) , ( 1 ) 

where f is the fractional density of defects, W0 is the formation energy of a pair 

of defects at 0° K, and c is a factor of the order of 10~100. Zharkov (1959) con

sidered in his estimation of the melting point in the earth that the critical density 

of defects at which fusion may occur is expressed on the basis of eq. (1) as follows: 
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f m=c exp (- H-'o /2 kTm). ( 2 ) 

If we give the value 3 e V for W 0 of an ordinary silicate such as olivine, then we 

have the value of fm at the melting point to be of the order of 10-3 ~ IQ-'. This 

value may be somewhat too small to cause a large and discontinuous change such 

as melting. Moreover, it is difficult to understand why the mere increase of the 

number of defects leads to the discontinuous change at the melting point. There

fore, it remains doubtful to evaluate the melting point on the basis of eq . (2). 

According to Kurosawa, the lattice defects interact each other and this inter

action causes an apparent decrease of the formation energy. He has shown that 

the fractional density of defects cannot exceed to a certain critical limit due to the 

interaction between defects. He has, furthermore, given some experimental supports 

to the fact that the temperature at which the fractional density of lattice defects 

converges to the critical limit is the melting point. 

We now establish the relation between the melting point and the formation 

energy of a pair of defects following Kurosawa's paper, and derive the basic 

formula which is applicable to an estimation of the melting point in the earth's 

mantle. 

If the effect of the interaction between defects is taken into account according 

to Debye-Huckel's theory of strong electrolytic solution, the equilibrium condition 

without the interaction, 

W+2kT/nf=O ( 3 ) 

is replaced by 

ez ( e2 )l W+2kTlnf-c-·- ----- f=O 
Ea EakT ' ( 4 ) 

where W is the formation free energy per a pair of defects, E is dielectric constant, 

k is Boltzmann constant, e is electronic charge, c is a constant chracteristic of 

substance, and a is lattice parameter. W is expressed as follows: 

( 5 ) 
where 

(1 = (filn W /aln V)0o. W0 • ( 6 ) 

In this equation, u denotes the coefficient of thermal expansion and (atn W / atn V)
0 

is (filn W / Oln V) at zero temperature. It is found that there is no solution of eq. 

(4) above the temperature Tc which is given by the following equation: 

W(Tc)= Wo-(11~, 

=2kTc{lnc'(e2;EakTc)3 +2), ( 7 ) 

where c' is a numerical constant characteristic of crystal. This fact indicates that 
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the free energy for solid decreases with the increase of temperature in the region 

of temperature more than Tc. This suggests that a sort of phase transition occurs 

at temperature Tc. Kurosawa has shown that Tc is almost equal to melting point 

T, with the help of the experimental data of ionic crystals. If Tc is replaced by 

Tm in eq. (7), then eq. (7) becomes 

W(Tm)=Wo-!1Tm 

=2kTm{lnc'(e2/EakTm)3+2). ( 8 ) 

This is used as the basic formula which expresses the dependence of the melting 

point on the formation energy of a pair of defects in the present paper. 

In order to apply eq. (8) to the present calculation, we use the following equ

ation which is given by a little modification of eq. (8): 

( 9 ) 

where WoP ( = Wo in eq. (8)) is the formation free energy per a pair of defects at 

pressure P and 0° K, and p(xa-3) is density, and A is a function of dielectric con

stant expressed as follows : 

(10) 

where c" is a constant characteristic of the substances. As the dependence of 

dielectric constant on pressure and temperature is the least well understood, it is 

assumed that dielectric constant does not vary through the mantle in the present 

paper. Hence, A is regarded as a constant. The following relation is obtained 

from eq. (9) under this assumption: 

1' ( 11) 

where the suffix written outsides the parentheses denotes the depth to which the 

quantity enclosed by the parentheses refers. The density at various depths is well 

known from seismic data. Therefore, we can calculate the melting point at various 

depths by use of eq. (11) if the distributions of Wop and {j are known. 

WoP depends on the volume which, in its own turn, depends on the pressure. 

The dependence of WoP on the pressure is, therefore, expressed as follows : 

_ { [P8lnW0p dp} 
Wop- Woo exp - Jo atn v KT • ( 12) 

where W 00 is the formation free energy at zero pressure and oo K, V is the volume 

and KT is the isothermal bulk modulus. The quantity ! illn W;rl/11 VI depends very 
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weakly on the pressure (Zharkov, 1958). Thus it can be assumed as constant, 

in the first approximation, which is ranged from 2 to 3 as shown by Zharkov. In 

this case, eq. (12) is approximated by 

Wop=Wooexp {i{~~l~ u:!Jl} · ( 13) 

This equation can be calculated numerically by use of seismic data. Thus we can 

obtain the value of WoP at various depths if the experimental value of Woo is 

available. For most silicates that form rocks in the mantle, W at the normal 

pressure is about 3 e V according to the experimental results obtaind by Coster 

(1948) and Hughes (1954). Coster's experiment shows that peridotite which is one 

of the most important rocks in the mantle has the value of 2.9 e V for its activation 

energy. We adopt 3.0 e V as the value for W00 in the present calculation. 

It has been made clear by the discussion in this section that we can calculate 

the melting point at various depths by using eqs. (6), (11) and (13). 

3. Melting point 

Numerical calculations were carried out in case of I 8ln Wj8ln Vl00 =2, 2.5 and 

3, respectively. The initial depth d0 was taken to be 100 km, at which Tm was 

assumed to be 1800° K. Furthermore, it is assumed that a in eq. (6) does not 

vary with depth. We set o. = 2.1 x 10-5 deg-1 as the value for the coefficient of 

thermal expansion with reference to the value of olivine. Seismic data used in the 

present calculation are those of Bullen's A-Model. 

The values of Tm for various depths thus obtained are given in Table 1 and 

Table 1 Melting Point and Formation Energy 

DEPTH W(ev) T ( K) W(ev) T(K) W(ev) T{K) 

(km) R=2.0 R=2.5 R=3.0 
---- ----- __ __ ____ _ .. _ 

. ·-----· -····-- --- ------

100 *3.00 *1800 *3.00 *1800 *3.00 *1800 
200 3.16 1920 3.20 1950 3.24 1980 
300 3.32 2040 3.40 2100 3.48 2160 
413 3.49 2170 3.62 2270 3.76 2360 
600 3.73 2330 3.93 2470 4.15 2610 
800 3.96 2480 4.24 2680 4.55 2870 

1000 4.18 2650 4.54 2900 4.93 3130 
1400 4.60 2980 5.12 3330 5.70 3660 
1800 5.03 3310 5.72 3770 6.51 4190 
2200 5.45 3640 6.33 4200 7.34 4710 
2600 5.85 3950 6.91 4610 8.17 5180 
2898 6.17 4200 7.39 4940 8.85 5550 

* Auusmed values, R= l •lin IV j(i/n \" 1,,, 
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Fig. 1. Table 1 contains the value of Wov 

for various depths. This value was calcu

lated by use of eq. (13). For comparison 

the melting-point curve calculated from 

Uffen's mean temperature gradient is also 

given in Fig. 1. 

We now estimate the most probable 

value for I atn W /atn Vi00 • The differenti

ation of eq. (13) with respect to p leads 

to the following equation: 

I DlnW I _ K1"__ dTm 
!DlnV 00 -Tm dp 

+£k'f'm( 1-3KT_1_ dTm )· (14) 
lho Tm dp 

It is clear from eq. (14) that we can 

evaluate the value of I atn lV/8/n Vloo with 

the help of the experimental values of Kr. 

Tm and dTm/dp at the normal pressure. 
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Fig. 1 Melting Point in the Earth's 
Mantle 

It is widely accepted that the mantle is composed largely of olivine. Accepting 

this identification, we use the following values: KT= 1.27 X 1012 dynes/cm2, T m = 

1890 C and dTm/dp=4.7 'C/1000 bars, then we obtain the value of about 1.9 for 

18lnW/atnVi00 • Thus, the melting point curve in case of 18lnW/8lnV100 =2 (shown 

in Fig. 1 by use of a solid line) seems the most probable for the olivine-rich mantle. 

The gradient of this curve is close to that of Uffen's curve except in the C-layer. 

The present method is not so much pronounced by the inhomogeinety in the C

layer as Uffen's method, because the anomalous adrupt of bulk modulus is consider

ably smoothened out by the integration. 

As shown by a comparison of the curves in Fig. 1, the melting point given by 

Uffen is somewhat higher than the melting points obtained from the present method. 

In this paper, we assumed that I 8ln W/8ln VI does not vary with pressure. This 

quantity sightly decreases with the increase of pressure (Zharkov, 1958). Therefore, 

the differences between Uffen's Gurve and the present curves become larger especially 

in the deeper part of the mantle, if we take into account the effect of pressure on 

this quantity. 
In this paper, we did not take into account the effects of pressure and tempera

ture on dielectric constant as well as on coefficient of thermal expansion. A better 

result will be given in a separate paper in which these effects are taken into ac

count. 
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