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Abstract 

The effect of finite ion Larmer radius on the Kelvin-Helmholtz instability of the 

magnetopause is investigated, making use of the equations introduced by Thompson, in 
the case of incompressible plasma. It is found that the effect of finite ion Larmer radius 

tends to stabilize perturbations with a shorter wavelength. 

I. Introduction 

Quasi-periodically oscillatory motions of the earth's magnetopause, which have 
periods ranging from several to ten and a few minutes, were observed by many 
satellites, IMP-2, Explorer 12, OG0-1, OG0-5 and so on (Konradi and Kaufmann 
[1965], Heppner et a!. [1967], Anderson et a!. [1968], Kaufmann and Konradi 
[ 1969], Aubry et a!. [ 1971]). These oscillatory motions have been regarded as 
those due to hydromagnetic surface waves on the magnetopause, and Kelvin-Helm­
holtz instability has been considered one of the factors for a generating mechanism 
of such surface waves (Anderson eta!. [1968], Aubry eta!. [1971], Ershkovich and 
Nusinov [1972]). This instability was also introduced as the origin of the viscous 
interaction between the solar wind and the magnetosphere (Fejer [1964]), and the 
ultra low frequency micropulsation phenomena (Dungey and Southwood [1970]). 
The Kelvin-Helmholtz instability at the boundary layer as the solar wind plasma 
flows over the magnetopause has been investigated theoretically by a number of re­
searchers (Fejer [1964], Sen [1963, 1964, 1963], Talwar [1964], Lerche [1966], 
Southwood [1968], McKenzie [1970], Ong and Roderick [1972]). 

Lerche [1966] discussed the validity of the usual MHD approach to the Kelvin­
Helmholtz instability of the magnetospheric boundary and showed that the waves 
with the shortest wavelength are the most unstable. Thus, he concluded that the 
usual MHD formulation is inapplicable to the stability problem of the magnetospheric 
boundary, and that the finite thickness of the boundary layer and the finite radius 
of particle's gyration should be taken into account. 

Ong and Roderick [1972] took into account the finite thickness of the magne­
tospheric boundary layer and found that the boundary layer was stabilized by the 
thickness of the layer with respect to short wavelength perturbations. 

Rosenbluth, Krall and Rostoker [1962] first studied the effect of the finite Lar­
mor radius (FLR) on the gravitational instability of plasma. Nayyar and Trehan 
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[1971] considered such effects on Rayleigh-Taylor instability. Singh and Hans 
[1966], and Kalra [1967] discussed the stability of superposed fluids, taking the FLR 
effect into account. The former treated only the mode propagating perpendicular 
to a magnetic field, the latter both the perpendicular and parallel modes. However, 
Kalra did not give the quantitative results on the Kelvin-Helmholtz instability. 

In this paper we discuss the effects of the finite ion Larmor radius on the Kelvin­

Helmholtz instability of the magnetopause. The mode propagating parallel to the 
magnetic field is considered, and an incompressible plasma and a simple configura­
tion of a model are assumed. 

2. Dispersion relation 

The FLR equations for an infinitely conducting plasma introduced by Thompson 
[1961, 1962] are used, assuming the isotropic pressure and incompressibility 

1 
E+-vxB=O, 

c 

17 X E= --1- fJB 
c fJt , 

li'·B=O, 

li'·v=O, (1) 

(2) 

(3) 

(4) 

(5) 

where p, v, p, B and E are the mass density, the velocity, the pressure, the magnetic 
field and the electric field respectively, and c is the speed of light. The magnetic 

viscosity tensor ll arises from the FLR effects of ions, and if the magnetic field is 
assumed to be along the z-axis in a system of Cartesian co-ordinates (x, y, z), then 
each component is given as 

flxz= flzx= -2pv( ~~ + ~;), 

2pv( fJu + fJw) 
fJz 8x ' 

n - n (au fJv) u-- yy= -pv -+--
fJy fJx , 
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1 Here v= (u, v, w) and ~~=4RL,ZQL,. where RL! and flu denote the wn Larmor 

radius and the ion Larmor frequency respectively. 
We take they direction to be vertical as shown in Fig. 1, and both the directions 

of flow and magnetic field, in the magnetosphere (Region I) and in the solar wind 
(Region II), to be parallel to the interface. The plasma in either region is assumed 
to be incompressible. In equilibrium (denoted by the subscript 0), the pressure 
balance is given as 

Solar Wind 
REGIOND 

__. __. 

REGION I Uor Bor 
Magnetosphere 

Fig. I. The equilibrium configuration. 

(6) 

>Z 

where the subscripts 1 and 2 represent the values in the region I and II respectively. 
To investigate the stability of the equilibrium state, we now impose a small 

amplitude disturbance. Then the velocity, magnetic field, pressure and mass den­
sity on either side of the interface may be written as 

v=Uo+(u, v, w), 

B=Bo + (bx, by, bz), 

p= po+op, 

P= Po, 

where (u, v, w), (br, by, b.) and op denote the perturbations in velocity, magnetic 

field and pressure, respectively, and U0 , 8 0 , Po and p0 are independent of x, y, z and 
t. We consider the case in which propagation is in the direction of magnetic field 
and look for a solution to the linearized equations, assuming all the perturbed quanti­
ties to vary asj(y)exp(ikz+wt). 

According to Kalra's calculation [1967], the differential equation with respect 
to v is written as 

(7) 

Here 
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D d 
=--, 

dy 

wherej=l and 2. 
The solution to eq. (7) can be written as 

y<O (region I), 

y>O (region II), 

(8) 

(9) 

where Al> A2, B1 and B2 are constants, and ll> !2, m1 and m2 are to be found from 

lj=k (10) 

_ (Q/+k 2 Va/) [ 5v/k
4
Q/ J 

lnj- Qivik 1- 2(Q/+PVa/)2 • 
(11) 

When we obtain eqs. (10) and (11), it is assumed that the FLR term is smaller than 
the inertia term, that is, vk2/w< 1, and therefore only the first terms in vk2/w are 
retained. This holds also in the following derivations. 

The boundary conditions at y=O are (i) continuity of the normal component 
of velocity, that is, [vj.Q]=O, (ii) continuity of the normal stress, [oP+llvu+h,B0/ 

4rr] =0, and (iii) continuity of the tangential stresses, [ll,v] =0 and [II .. v] =0 (the 
brackets [ ] denote the jump at the interface). 

By using these boundary conditions, we obtain the following equations with 
respect to the constants All Az, B1"and B2 

(12) 

( 
2 2 2 

_Po2 Q2 +k Va2 ) A _ 3 kB 
Qzk 2 Po2V2 2, (13) 

( 
2 2 2 Poz Q2 +k Va2 ) B 

Qzk2 2, 
(14) 

(15) 
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Eqs. (12), (13), (14) and (15) can be solved simultaneously for was a function of k 
by setting the determinant of the coefficients multiplying A1, A2, B1 and B2 equal 
to zero. 

2(.!21
2 + k 2 Val 2)(.!Jz2 + k 2 Vaz 2)[Po 1(.!21

2 + k2 Val 2
) + Poz(.Q/ + k 2 Vaz2)] 

+ k2[Vz.!Jz(.Ql2 + k2 Val2
)- vl.Ql(.Qz2 + k 2 Vaz2)][Poz(.!Jz2 + k2 Val) 

-Pol(.Ql2 + k2 Val2)] = 0. (16) 

The dispersion relation which we now obtained JS different from that derived by 
Kalra [1967]. 

When 111=11z=O in eq. (16), 

(17) 

This equation is in accordance with the incompressible case of the dispersion rela­
tion that Lerche [1966], Sen [1964] and others obtained from the usual MHD equa­
tions. 

3. Discussion of results 

For simplification we take a particular case as follows: B01 =B02=B0 and 
T 01 = T 02 = T 0, where T denotes the temperature. Under the above conditions, 
the equilibrium state (eq. (6)) gives p01 =p02 =p0, Va 1=Va2=V.=B0f,/47rp0 and 
111 =11z=11. To simplify the dispersion relation still further, we set U02=- U01 

= U0• Eq. (16) can then be written in the form 

{[al2-k2(Uoz_ Va2)J2+4k2aJ2Uoz}[alz-kz(Uoz_ Vaz)] 

+ 2vaJk4 Uo 2[aJ2 + k2( Uo 2
- Va 2)]= 0. (18) 

When we put 11=0, that is, zero Larmor radius, in eq. (18), we obtain 

(19) 

This is the dispersion relation for the incompressible plasma which is derived in the 

usual MHD approximation. In this case, we can get the growth rate r(for U0> Va) 

As shown in the above relation, the largest growth rate is attained when k tends to 
infinite value. This result is consistent with the discussion by Lerche. 

In order to carry out the concrete computation for the values of growth rate r 
as the function of wave number k (Here, only the real part r of w corresponding to 
zero imaginary part is selected. Certainly this is a significant solution to eq. ( 18).), 
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we choose the reasonable quantities fitting the magnetopause as follows: B0=20r, N
0 

(number density) =50 cm-3 and T 0=5 X l05°K . As the value of U0, the three cases, that is, 75 km/sec, l 00 kmjsec and 200 kmfsec are chosen. 

(a) 

(b) 

(c) 

Uo= 75k'%ec 

O·L-------0~.00~------0~j~------O~JS~(/_k_m_) 
k 

(/sec) 

k 
Oj 

0.4 
k 

.0.15 C/km) 

0.6 (/km) 

Fig. = The growth rate r as a function of wave number k, taking Bo-20r, No=50cm-a and T 0 = 5 / 1050K. (a), (b) and (c) r~fer to Uo= 75, 100 and 200 km/sec respectively. The straight !me corresponds to the case of zero Larmor radius. 
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Figs. 2(a), 2(b) and 2(c) refer to the computed results for U 0=75, 100 and 200 
kmfsec respectively. For comparison, we also note the well-known result for the 
case 11=0. As shown in Fig. 2, the effect of FLR tends to stabilize the perturbations 
with larger wave number (i.e. shorter wavelength). As Lerche pointed out, it can 
be said that the effect of finite Larmor radius of particles should be taken into ac­
count. Ong and Roderick [1972] obtained the critical wave number k, such that 
the growth rate is zero for k> k,. in the case of the shear layer of finite thickness, but 
in our case no such critical wave number exists. For U0= 75 kmfsec, the peak 
corresponding to the maximum growth rate is remarkable (Fig. 2(a)). On the 
contrary, as U 0 increases, the peak becomes more inconspicuous though the growth 
rate has larger values as a whole. This may be due to the fact that the assump­
tion of incompressibility in the present analysis becomes questionable in the larger 
flow speed. 

The assumption, 11k2/w<l, is not valid when k>27r/RL<· Therefore, it is de­
sirable to analyze the stability problem of the magnetospheric boundary, relaxing 
the above approximation and considering the plasma to be compressible. 
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