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We derive the master equation that completely determines the time evolution of the density matrix of the
Unruh-DeWitt detector in an arbitrary background geometry. We apply the equation to reveal a
nonequilibrium thermodynamic character of de Sitter space. This generalizes an earlier study on the
thermodynamic property of the Bunch-Davies vacuum that an Unruh-DeWitt detector staying in the
Poincaré patch and interacting with a scalar field in the Bunch-Davies vacuum behaves as if it is in a
thermal bath of finite temperature. In this paper, instead of the Bunch-Davies vacuum, we consider a class
of initial states of scalar field, for which the detector behaves as if it is in a medium that is not in
thermodynamic equilibrium and that undergoes a relaxation to the equilibrium corresponding to the Bunch-
Davies vacuum. We give a prescription for calculating the relaxation times of the nonequilibrium processes.
We particularly show that, when the initial state of the scalar field is the instantaneous ground state at a
finite past, the relaxation time is always given by a universal value of half the curvature radius of de Sitter
space. We expect that the relaxation time gives a nonequilibrium thermodynamic quantity intrinsic to de
Sitter space.
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I. INTRODUCTION

The concept of particles is known to depend on
observers. Even in the Poincaré-invariant Minkowski
vacuum, an observer with constant acceleration sees a
thermal particle spectrum [1]. The Unruh-DeWitt detector
[1,2] was introduced as a tool of thought experiment to give
an intuitive understanding of such thermal character of
spacetime (see also [3,4], and references therein). This is a
detector weakly interacting with a matter quantum field in a
certain vacuum state, and one can study the thermal
character of spacetime through the density distribution of
the detector.
Various spacetimes have been examined with the

Unruh-DeWitt detector, including de Sitter space.
Although a free scalar field in de Sitter space has a large
family of de Sitter–invariant vacua (called the α vacua)
[5,6], the Bunch-Davies vacuum (or the Euclidean vacuum)
[7] is regarded as the most natural vacuum, because this
satisfies the Hadamard condition. It is actually only the
Bunch-Davies vacuum which exhibits a thermal property
[3,8–11]; if one places a detector at x ¼ 0 in the Poincaré
patch,

ds2 ¼ l2
−dη2 þ dx2

η2
ð−∞ < η < 0Þ; (1)

where the scalar field is initially in the Bunch-Davies
vacuum, then the density distribution of the detector
evolves through the interaction with the scalar field and
eventually reaches the Gibbs distribution of temperature
T ¼ 1=2πl (l being the curvature radius of de Sitter
space), irrespectively of the initial form of the density
distribution [see Fig. 1(a)]. This implies that the detector
behaves as if it is in a thermal bath of temperature T ¼
1=2πl when it is placed in the Bunch-Davies vacuum.
The specialty of the Bunch-Davies vacuum may be

understood as follows. We first notice that there is no
global timelike Killing vector in the Poincaré patch, and
thus the Hamiltonian of the scalar field has an explicit
time dependence. This implies that one cannot define a
time-independent ground state and can only introduce
the instantaneous ground state j0ηi at each instant η.
As is investigated in detail in Ref. [12], the Bunch-
Davies vacuum jBDi can be characterized as the ground
state at the infinite past: jBDi ¼ limη→−∞j0ηi. Thus, one
may regard the Bunch-Davies vacuum as a medium
(surrounding the detector) which already undergoes a
sufficiently long time evolution to reach a thermodynamic
equilibrium state.
If instead the scalar field is initially in a certain class of

states, the Unruh-DeWitt detector may behave as if it is
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surrounded by a medium that is not in thermodynamic
equilibrium and that undergoes a relaxation to the equi-
librium corresponding to the Bunch-Davies vacuum [see
Fig. 1(b)]. It should be possible to investigate the relaxation
process of the surrounding medium by observing the time
evolution of the density distribution of the detector. This
analysis may give useful information on the nonequilibrium
thermodynamic character intrinsic to de Sitter space.
The main purpose of this paper is to develop a machinery

for describing such nonequilibrium dynamics and to
calculate the relaxation times of the surrounding media.
For this, we first develop a general framework to treat an
Unruh-DeWitt detector in arbitrary background geometry
and derive the master equation which completely deter-
mines a finite time evolution of the density matrix of the
detector. We then apply this framework to a detector in de
Sitter space. We show that if the initial state of the scalar
field is chosen such that its Wightman function has the
same short distance behavior as that of the Bunch-Davies
vacuum, then the density distribution of any detector placed
there exhibits a relaxation to the Gibbs distribution, with a
relaxation time proportional to l (measured in the proper
time of the detector). In particular, if we take the initial state
as the instantaneous ground state at a finite past (say, at η0),
the relaxation time is always given by a universal
value l=2.
In order to avoid possible confusions, we here stress that

there can be two kinds of relaxation times. The first is the
relaxation time that may exist even when the detector is
placed in a thermal bath [see Fig. 1(a)]. This is the period of
time it takes for the detector to reach the Gibbs distribution
from a given initial density distribution. This kind of
relaxation time can be neglected if one considers an ideal
detector which can get adjusted to its environment instan-
taneously. Another kind of relaxation time, in which we are
interested, is the period of time it takes for the non-
equilibrium environment to reach a thermodynamic equi-
librium state [see Fig. 1(b)]. This relaxation time should not

depend on details of the detector or on the form of
interaction between the detector and the scalar field and
is related to the nonequilibrium dynamics intrinsic to de
Sitter space.
This paper is organized as follows. In Sec. II, adopting

the method of the projection operator [13], we first derive
the master equation which describes the time evolution
of the density matrix of the detector. Then, after justifying a
Markovian approximation, we derive a simplified form of
the master equation which enables us to study the relax-
ation behavior of the density distribution analytically. In
Sec. III, we apply the framework to an Unruh-DeWitt
detector in the Poincaré patch of de Sitter space. We
consider a situation where the initial state of the scalar
field is chosen such that its Wightman function has the
same short distance behavior as that of the Bunch-Davies
vacuum. We compute the transition rate matrix of the
density distribution of the detector and show that the
density distribution exhibits the expected relaxation to
the equilibrium corresponding to the Bunch-Davies vac-
uum with the relaxation time of the form l=α, where the
constant α is determined by the asymptotic form of the
change of the Wightman function from that of the Bunch-
Davies vacuum. In Sec. IV, we consider a particular case
where the initial state of the scalar field is the instantaneous
ground state j0η0i at a finite past η ¼ η0 and show that the
relaxation time is always given by a universal value l=2,
irrespectively of the value of η0 or the form of interaction
between the detector and the scalar field. Section V is
devoted to discussions and conclusion. We collect
miscellaneous formulas in the Appendixes.

II. MASTER EQUATION FOR THE DENSITY
MATRIX OF AN UNRUH-DEWITT DETECTOR

A. Setup

We consider an Unruh-DeWitt detector in d-dimensional
spacetime with background metric ds2 ¼ gμνðxÞdxμdxν
(μ, ν ¼ 0; 1;…; d − 1), the detector interacting with a
scalar field ϕðxÞ of mass m. We assume that the detector
has a sufficiently large mass so that it can be treated as
moving along a classical trajectory1 xμðτÞ ¼ ðtðτÞ; xðτÞÞ,
where τ is a proper time of the trajectory (see Fig. 2).
For a quantum mechanical description of the system, we

introduce the Hilbert spaceHtot, which is the tensor product
of those of the detector and the field:

Htot ¼ Hd ⊗ Hϕ: (2)

The total Hamiltonian then takes the following form in the
Schrödinger picture:

FIG. 1 (color online). The Unruh-DeWitt detector in the
Poincaré patch. The scalar field is initially in (a) the Bunch-
Davies vacuum or (b) a class of states deviated slightly from the
Bunch-Davies vacuum.

1We also write the trajectory as xμðτÞ ¼ ðt; xðtÞÞ by using the
functional relation t ¼ tðτÞ or τ ¼ τðtÞ with dt=dτ > 0.
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HtotðtÞ ¼ Hd dτðtÞ
dt

⊗ 1þ 1 ⊗ HϕðtÞ þ VðtÞ: (3)

Here, Hd is the Hamiltonian of the detector associated with
its proper time, and we assume that Hd does not depend on
τ (or on t), denoting its eigenstates and eigenvalues by jmi
and Em, respectively: Hdjmi ¼ Emjmi. HϕðtÞ is the
Hamiltonian of the free scalar field and may depend on
time explicitly through an explicit time dependence of the
metric. VðtÞ stands for the interaction between the detector
and the field, and we assume that it suddenly starts at time
t1 in the form of a monopole interaction,2

VðtÞ ¼ λμ
dτðtÞ
dt

⊗ ϕðxðtÞÞθðt − t1Þ: (4)

Here, λ is a dimensionless coupling constant, xðtÞ repre-
sents the position of the detector at time t (see footnote 1),
and μ is an operator acting on Hd, which we again assume
to be time independent. The time evolution of the total
density matrix ρtotðtÞ is given by

ρtotðtÞ ¼ Utotðt; t0Þρtotðt0Þ½Utotðt; t0Þ�−1; (5)

where Utotðt; t0Þ is the time evolution operator in the
Schrödinger picture,

Utotðt; t0Þ≡ T exp

�
−i

Z
t

t0
dt0Htotðt0Þ

�
: (6)

We consider a situation where one can measure only
observables associated with the detector, such as the matrix
elements μmn ¼ hmjμjni. Then the maximum information
one can get from the system is the reduced density matrix
ρðtÞ, which is defined as the partial trace of the total density
matrix ρtotðtÞ over Hϕ:

ρðtÞ≡ TrϕρtotðtÞ: (7)

The time evolution of ρðtÞ should be uniquely determined
once one specifies the form of interaction and the initial
condition for ρtotðtÞ. Since there had been no interaction
between the detector and the field before time t1, we may
let the total density matrix take the following factorized
form at t1:

ρtotðt1Þ≡ ρdðt1Þ ⊗ ρϕðt1Þ ¼ ρðt1Þ ⊗ ρϕðt1Þ: (8)

The latter equality can be easily seen by noting
that ρðt1Þ ¼ Trϕρtotðt1Þ ¼ ρdðt1Þ.

B. Master equation

The time evolution of ρðtÞ can be best analyzed if we go
over to the interaction picture by decomposing the total
Hamiltonian to

HtotðtÞ ¼ Htot
0 ðtÞ þ VðtÞ; (9)

Htot
0 ðtÞ≡Hd dτðtÞ

dt
⊗ 1þ 1 ⊗ HϕðtÞ (10)

and treat VðtÞ as a perturbation. The time evolution
operator Utotðt; t1Þ is then decomposed to the unperturbed
and perturbed parts as

Utotðt; t1Þ ¼ Utot
0 ðt; t1ÞUtot

I ðt; t1Þ (11)

with

Utot
0 ðt; t1Þ≡ T exp

�
−i

Z
t

t1

dt0Htot
0 ðt0Þ

�

¼ e−iHd·ðτ−τ1Þ ⊗ Te
−i
R

t

t1
dt0Hϕðt0Þ

; (12)

Utot
I ðt; t1Þ≡ T exp

�
−i

Z
t

t1

dt0VIðt0Þ
�
: (13)

Here, VIðtÞ is defined by

FIG. 2. The trajectory of an Unruh-DeWitt detector, which
starts interacting with a scalar field ϕðxÞ at time t1. The time
coordinate twill be denoted by η when it is the conformal time in
the Poincaré patch.

2Recall that this is in the Schrödinger picture. We later shall
take an average over the startup time t1, since one usually needs a
certain period of time to specify the initial density distribution of
the detector.
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VIðtÞ≡ ½Utot
0 ðt; t1Þ�−1VðtÞUtot

0 ðt; t1Þ

¼ λ
dτ
dt

μIðτÞ ⊗ ϕIðxðτÞÞθðt − t1Þ; (14)

where μIðτÞ is given by

μIðτÞ≡ eiH
d·ðτ−τ1Þμe−iHd·ðτ−τ1Þ

¼
X
m;n

eiðEm−EnÞðτ−τ1Þμmnjmihnj; (15)

and the operator

ϕIðxðτÞÞ≡ ϕIðt; xðtÞÞ

¼ ½Te−i
R

t

t1
dt0Hϕðt0Þ�

−1
ϕðxðtÞÞTe−i

R
t

t1
dt0Hϕðt0Þ

(16)

satisfies the free Klein-Gordon equation associated with
the metric ds2 ¼ gμνðxÞdxμdxν. Accordingly, the density
matrix in the interaction picture is given by

ρtotI ðtÞ≡ ½Utot
0 ðt; t1Þ�−1ρtotðtÞUtot

0 ðt; t1Þ
¼ Utot

I ðt; t1Þρtotðt1Þ½Utot
I ðt; t1Þ�−1 (17)

and satisfies the von Neumann equation of the form

d
dt
ρtotI ðtÞ ¼ −i½VIðtÞ; ρtotI ðtÞ�≡−i adVIðtÞρ

tot
I ðtÞ: (18)

This von Neumann equation can be rewritten to an
equation involving only ρIðtÞ≡ TrϕρtotI ðtÞ by adopting the
projection operator method (see, e.g., [13]). We first
introduce a linear operator P∶ EndHtot → EndHtot, which
acts linearly on elements belonging to EndHtot (the set of
linear operators acting on Htot) and has the form

P∶ O↦PO≡ ðTrϕOÞ ⊗ Xϕ ðO ∈ EndHtotÞ: (19)

Here, Xϕ ∈ EndHϕ can be any operator acting on Hϕ as
long as it satisfies

TrϕXϕ ¼ 1 (20)

and does not depend on time. From (20) one can easily see
that P is a projection operator, P2 ¼ P. ForO ¼ ρtotI ðtÞ, we
obtain

PρtotI ðtÞ ¼ ðTrϕρtotI ðtÞÞ ⊗ Xϕ ¼ ρIðtÞ ⊗ Xϕ: (21)

We further introduceQ≡ 1 − P, which is also a projection
operator, Q2 ¼ Q, and satisfies PQ ¼ 0 ¼ QP.
Using the fact that operator Xϕ can be chosen arbitrarily

without changing the time evolution of ρIðtÞ (as far as it
satisfies the aforementioned conditions), we here set
Xϕ ≡ ρϕðt1Þ ¼ ρϕI ðt1Þ. This certainly satisfies the condition
(20), and due to the initial condition (8) the following
equations hold:

PρtotI ðt1Þ ¼ ρtotI ðt1Þ; QρtotI ðt1Þ ¼ 0: (22)

Then, if the one-point function of scalar field vanishes
(as we assume hereafter),

TrϕðϕIðxðτÞÞρϕI ðt1ÞÞ ¼ 0; (23)

we obtain the equation

dρIðtÞ
dt

⊗ ρϕI ðt1Þ ¼ −PadVIðtÞ

Z
t

t1

dt0Te−i
R

t

t0 dt
00QadVI ðt00Þ

× adVIðt0ÞðρIðt0Þ ⊗ ρϕI ðt1ÞÞ: (24)

We give a proof of Eq. (24) in Appendix A. This is the
master equation which with the initial condition (8) and the
assumption (23) completely determines the time evolution
of the reduced density matrix ρIðtÞ.

C. Approximation of the master equation

We expand the right-hand side of (24) to the second
order in perturbation to obtain

dρIðtÞ
dt

¼ −Trϕ
�
adVIðtÞ

Z
t

t1

dt0adVIðt0ÞðρIðt0Þ ⊗ ρϕI ðt1ÞÞ
�

þOðλ3Þ: (25)

This can be further rewritten in terms of the proper time τ to
the following form [denoting ρðtðτÞÞ by ρðτÞ and deriva-
tives with respect to τ by dots]:

_ρIðτÞ ¼ −λ2
Z

τ

τ1

dτ0Trϕ½μIðτÞ ⊗ ϕIðxðτÞÞ; ½μIðτ0Þ ⊗ ϕIðxðτ0ÞÞ; ρIðτ0Þ ⊗ ρϕI ðτ1Þ�� þOðλ3Þ

¼ λ2
Z

τ

τ1

dτ0ð½μIðτÞ; ρIðτ0ÞμIðτ0Þ�Gþ
X ðxðτ0Þ; xðτÞÞ − ½μIðτÞ; μIðτ0ÞρIðτ0Þ�Gþ

X ðxðτÞ; xðτ0ÞÞÞ þOðλ3Þ; (26)
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where

Gþ
X ðx; x0Þ≡ TrϕðϕIðxÞϕIðx0ÞρϕI ðτ1ÞÞ (27)

is the Wightman function of the free scalar field with
respect to the density matrix Xϕ ¼ ρϕI ðτ1Þ.
Since the reduced density matrix in the interaction

picture, ρIðτÞ, is related to that in the Schrödinger picture,
ρðτÞ, as

ρIðτÞ ¼ eiH
d·ðτ−τ1ÞρðτÞe−iHd·ðτ−τ1Þ; (28)

we can rewrite (26) to the following form in the
Schrödinger picture:

_ρðτÞ þ i½Hd;ρðτÞ�

¼ λ2
Z

τ

τ1

dτ0½μe−iHd·ðτ−τ0Þρðτ0ÞμeiHd·ðτ−τ0ÞGþ
X ðxðτ0Þ; xðτÞÞ

þ e−iHd·ðτ−τ0Þμρðτ0ÞμeiHd·ðτ−τ0ÞGþ
X ðxðτÞ; xðτ0ÞÞ

− e−iHd·ðτ−τ0Þρðτ0ÞμeiHd·ðτ−τ0ÞμGþ
X ðxðτ0Þ; xðτÞÞ

− μe−iHd·ðτ−τ0Þμρðτ0ÞeiHd·ðτ−τ0ÞGþ
X ðxðτÞ; xðτ0ÞÞ� þOðλ3Þ:

(29)

The integro-differential equation (29) can be further
simplified as follows. Since the Wightman function
Gþ

X ðxðτÞ; xðτ0ÞÞ in the integral is singular at τ0 ¼ τ and
decreases exponentially for large separations of τ and τ0,3

the main contributions to the integral should come only
from the region τ0 ∼ τ. This implies that the memory effect
in the equation is highly suppressed, and thus we may
replace ρklðτ0Þ in the integral by its boundary value ρklðτÞ to
a good accuracy, assuming that ρðτ0Þ slowly changes.
Equation (29) can thus be rewritten (in terms of matrix
elements) as

_ρmnðτÞþ iðEm−EnÞρmnðτÞ

≃λ2
X
k;l

Z
τ

τ1

dτ0½e−iðEn−EkÞðτ0−τÞμmkμlnρklðτÞGþ
X ðxðτ0Þ;xðτÞÞ

þe−iðEm−ElÞðτ−τ0ÞμmkμlnρklðτÞGþ
X ðxðτÞ;xðτ0ÞÞ

−e−iðEl−EmÞðτ0−τÞμklμlnρmkðτÞGþ
X ðxðτ0Þ;xðτÞÞ

−e−iðEk−EnÞðτ−τ0ÞμmkμklρlnðτÞGþ
X ðxðτÞ;xðτ0ÞÞ�: (30)

If the off-diagonal elements of ρðτÞ can be further
neglected,4 then (30) becomes

_ρmmðτÞ ¼
X
k≠m

½wX
mkðτ; τ1ÞρkkðτÞ − wX

kmðτ; τ1ÞρmmðτÞ�:

(31)

Here, we have introduced the transition rate matrix

wX
mkðτ; τ1Þ≡ λ2jμmkj2 _FXðEm − Ek; τ; τ1Þ; (32)

where

_FXðΔE; τ; τ1Þ≡
Z

τ

τ1

dτ0½e−iΔEðτ0−τÞGþ
X ðxðτ0Þ; xðτÞÞ

þ e−iΔEðτ−τ0ÞGþ
X ðxðτÞ; xðτ0ÞÞ�: (33)

Equation (31) now has the standard form of the master
equation.
If, in particular, _F eqðΔEÞ≡ limτ−τ1→∞ _FXðΔE; τ; τ1Þ

satisfies the relation5

_F eqðΔEÞ
_F eqð−ΔEÞ ¼ e−βΔE; (34)

the transition rate matrix satisfies the relation

wmkðτ; τ1Þ
wkmðτ; τ1Þ !τ−τ1→∞

e−βðEm−EkÞ: (35)

Then, the distribution of the detector in equilibrium, ρeq,
may be determined by the detailed balance condition
limτ−τ1→∞wmkðτ; τ1Þρeqkk ¼ limτ−τ1→∞wkmðτ; τ1Þρeqmm, and
we obtain

ρeqmm ¼ e−βEm

Z

�
Z ¼

X
n

e−βEn

�
; (36)

which is nothing but the Gibbs distribution at temperature
1=β.
We close this section by making a comment on the

relationship between our formalism and the literature. One
can easily show that the transition rate matrix wX

mk, (32), is
the τ derivative of

λ2jμmkj2FXðEm − Ek; τ; τ1Þ; (37)

3We see in Appendix D that for a scalar field in de Sitter space
the Wightman function certainly exhibits this property if the mass
is large enough. In general, there can be a case where the
Wightman function has a long tail and one needs to take account
of memory effects carefully. We do not deal with such cases in the
present paper.

4We will see in Sec. IV D that the off-diagonal elements
of ρðτÞ can be set to zero without losing generality if the detector
is a two-level system and μ has an off-diagonal form.

5The relation (34) indeed holds with β ¼ 2πl when ρϕðt1Þ
corresponds to the Bunch-Davies vacuum in de Sitter space.
See Eq. (57).
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where

FXðΔE;τ;τ1Þ¼
Z

τ

τ1

dτ0
Z

τ

τ1

dτ00e−iΔEðτ0−τ00ÞGþ
X ðxðτ0Þ;xðτ00ÞÞ:

(38)

In the literature (e.g., [3]), one often considers a process
from an initial state jki ⊗ jαi at time t1 (usually taken to be
the infinite past) to a final state jmi ⊗ jβi at time t and
sums over the final states jβi of the scalar field. The
transition probability has the same form as (37) if we set
Xϕ ¼ ρϕðt1Þ ¼ ρϕI ðt1Þ ¼ jαihαj for which the Wightman
function becomes Gþ

X ðx; x0Þ ¼ hαjϕIðxÞϕIðx0Þjαi. We thus
again see that (32) represents the transition probability per
unit proper time of the detector. FX in (38) is often called
the response function (see, e.g., [3]). As we have seen, FX
or its derivative _FX does not depend on details of the
detector and can be thoroughly determined by the
Wightman function of the free scalar field.

III. UNRUH-DEWITT DETECTOR
IN DE SITTER SPACE

In this section, we consider an Unruh-DeWitt detector
in d-dimensional de Sitter space, which is weakly interact-
ing with a massive scalar field ϕðxÞ of mass m. We
exclusively consider the Poincaré patch, denoting the time
variable by η:

ds2 ¼ l2
−dη2 þ dx2

η2
ð−∞ < η < 0Þ; (39)

and set the classical trajectory of the detector to be the
geodesic

xμðτÞ ¼ ð−le−τ=l; 0Þ: (40)

We denote by η1 the time when the detector starts the
interaction with the field ϕðxÞ ¼ ϕðη; xÞ, which has the
following form in the interaction picture [see (14)]:

VIðηÞ ¼ λμIðτÞ
dτðηÞ
dη

⊗ ϕIðxðτÞÞθðη − η1Þ: (41)

We will show that the density distribution of the detector
exhibits a relaxation to the Gibbs distribution with β ¼ 2πl
when the initial condition Xϕ ¼ ρϕI ðη1Þ satisfies the con-
dition (23) and the corresponding Wightman function
Gþ

X ðx; x0Þ has the same short distance behavior
(jx − x0j → 0 with η ¼ η0) as that of the Bunch-Davies
vacuum, Gþ

BDðx; x0Þ. In the following, we set the curvature
radius l ¼ 1.
Let the initial density matrix Xϕ ¼ ρϕI ðη1Þ of the scalar

field have the form

Xϕ ¼ jBDihBDj þ ΔXϕ; (42)

for which the Wightman function takes the form

Gþ
X ðx; x0Þ ¼ TrϕðϕIðxÞϕIðx0ÞXϕÞ

¼ Gþ
BDðx; x0Þ þ ΔGþðx; x0Þ: (43)

We assume that the deformed Wightman function is
invariant under spatial translations and rotations for fixed
η and η0 and write its Fourier transform as (k≡ jkj)

Gþ
X ðη; x; η0; x0Þ≡

Z
dd−1k
ð2πÞd−1 e

ik·ðx−x0ÞGþ
X;kðη; η0Þ

≡
Z

dd−1k
ð2πÞd−1 e

ik·ðx−x0Þ

× ½Gþ
BD;kðη; η0Þ þ ΔGþ

k ðη; η0Þ�: (44)

This takes the following form for the geodesic (40)
[with η ¼ −e−τ and η0 ¼ −e−τ0]:

Gþ
X ðxðτÞ; xðτ0ÞÞ ¼

Z
dd−1k
ð2πÞd−1G

þ
X;kðη; η0Þ

¼ 2

ð4πÞd−12 Γðd−1
2
Þ

Z
∞

0

dkkd−2Gþ
X;kðη; η0Þ

≡Gþ
BDðxðτÞ; xðτ0ÞÞ

þ ΔGþðxðτÞ; xðτ0ÞÞ: (45)

Note that both Gþ
X;kðη; η0Þ and Gþ

BD;kðη; η0Þ [and thus
ΔGþ

k ðη; η0Þ also] satisfy the homogeneous Klein-Gordon
equation η2f̈ðηÞ þ ðd − 2Þη _fðηÞ þ ðk2η2 þm2ÞfðηÞ ¼ 0,
with respect to each of the arguments η and η0. The
solutions to this equation are given by linear combinations

of ð−ηÞðd−1Þ=2HðaÞ
ν ð−kηÞ (a ¼ 1, 2), whereHð1;2Þ

ν ðzÞ are the
Hankel functions and

ν≡

8>>>>><
>>>>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
d−1
2

�
2 −m2

s �
0 < m < d−1

2

�
;

i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 −

�
d−1
2

�
2

s �
m ≥ d−1

2

�
:

(46)

Thus theWightman function is generically given by a linear
combination of

½ð−ηÞð−η0Þ�d−12 HðaÞ
ν ð−kηÞHðbÞ

ν ð−kη0Þ ða; b ¼ 1; 2Þ: (47)

For example, Gþ
BD;kðη; η0Þ is given by (see [3,7,12])

Gþ
BD;kðη; η0Þ ¼

π

4
½ð−ηÞð−η0Þ�d−12 Hð1Þ

ν ð−kηÞHð2Þ
ν ð−kη0Þ:

(48)

Because of the condition that Gþ
X ðx; x0Þ and Gþ

BDðx; x0Þ
have the same short distance behavior,ΔGþ

k ðη; η0Þ takes the
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following form (c0 is a constant with the dimension
of time):

ΔGþ
k ðη; η0Þ ¼ ½ð−ηÞð−η0Þ�d−12

×
X2
a;b¼1

fabðc0kÞHðaÞ
ν ð−kηÞHðbÞ

ν ð−kη0Þ (49)

with6

fabðzÞ ¼ const z−αab ½1þOðz−1Þ� ðαab > 0Þ: (50)

Note that we require only that the leading singularities be
the same for Gþ

X ðx; x0Þ and Gþ
BDðx; x0Þ and the functions

fabðzÞ control the subleading singularities.
The derivative of the response function, _FX [defined in

Eq. (33)], can now be written as

_FXðΔE; τ; τ1Þ ¼ _FBDðΔE; τ; τ1Þ þ Δ _F ðΔE; τ; τ1Þ; (51)

where

_FBDðΔE; τ; τ1Þ≡
Z

0

−ðτ−τ1Þ
dse−iΔEsGþ

BDðxðτ þ sÞ; xðτÞÞ

þ
Z ðτ−τ1Þ
0

dse−iΔEsGþ
BDðxðτÞ; xðτ − sÞÞ;

(52)

Δ _F ðΔE; τ; τ1Þ≡
Z

0

−ðτ−τ1Þ
dse−iΔEsΔGþðxðτ þ sÞ; xðτÞÞ

þ
Z ðτ−τ1Þ
0

dse−iΔEsΔGþðxðτÞ; xðτ − sÞÞ:

(53)

The integrals can be evaluated analytically as shown in
Appendix E, and we find that they take the following
asymptotic forms in the limit τ → ∞ [see Eqs. (E26) and
(E19)]:

_FBDðΔE; τ; τ1Þ ∼ _F eqðΔEÞ þ const e−ðd−12 �ν�iΔEÞðτ−τ1Þ;
(54)

Δ _F ðΔE; τ; τ1Þ ∼ const e−ατ þ const e−ðd−12 �ν�iΔEÞðτ−τ1Þ

(55)

with α≡mina;bðαabÞ.
The τ-independent term _F eqðΔEÞ is given by

[see Eq. (E21)]

_F eqðΔEÞ ¼ e−πlΔEΓðd−12 þνþilΔE
2

ÞΓðd−12 −νþilΔE
2

ÞΓðd−12 þν−ilΔE
2

ÞΓðd−12 −ν−ilΔE
2

Þ
8π

dþ1
2 Γðd−1

2
Þ ; (56)

which agrees with the known result obtained in
Refs. [14,15] (we have restored the curvature radius l).
One easily finds that this satisfies the relation

_F eqðΔEÞ
_F eqð−ΔEÞ ¼ e−2πlΔE: (57)

Thus, from the argument following (34), we confirm
that, as τ becomes large, the density distribution ρmmðτÞ
approaches the Gibbs distribution at temperature
1=2πl:

ρeqmm ¼ e−2πlEm

Z

�
Z ¼

X
n

e−2πlEn

�
: (58)

The τ-dependent terms e−ατ=l and e−½ðd−12 �νÞ=l�iΔE�τ in the
asymptotic forms (54) and (55) represent relaxation modes
of the detector with relaxation times l=α and
jðd − 1Þ=2� Reνj−1l, respectively. Note that the modes
with the latter relaxation time exist even when the initial
state is the Bunch-Davies vacuum, in which we are not
interested here. On the other hand, the modewith relaxation
time l=α arises only when the initial state of the scalar field
is deviated from the Bunch-Davies vacuum. We thus
identify with l=α the relaxation time for the surrounding
medium [see Fig. 1(b)] which relaxes from a nonequili-
brium state to the equilibrium of temperature 1=2πl.
We close this section with writing down the full

expression of (54) for comparison with the known results
in the literature [see Eq. (E20)]:

6αab will need to be integers when imposing analyticity on the
Wightman functions.
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_FBDðΔE; τ; τ1Þ ¼ _F eqðΔEÞ þ eiπ
d−1
2 eiπνe−ðd−12 þν−iΔEÞðτ−τ1Þ

8π
d−1
2 Γðd−1

2
Þ sinðπνÞ 3F̂2

�
d−1
2
;
d−1
2
þν−iΔE
2

; d−1
2

þ ν

1þ ν;
dþ3
2
þν−iΔE
2

; e−2ðτ−τ1Þ
�

þ eiπ
d−1
2 e−iπνe−ðd−12 −ν−iΔEÞðτ−τ1Þ

8π
d−1
2 Γðd−1

2
Þ sinð−πνÞ 3F̂2

�
d−1
2
;
d−1
2
−ν−iΔE
2

; d−1
2

− ν

1 − ν;
dþ3
2
−ν−iΔE
2

; e−2ðτ−τ1Þ
�

þ e−iπd−12 e−iπνe−ðd−12 þνþiΔEÞðτ−τ1Þ

8π
d−1
2 Γðd−1

2
Þ sinðπνÞ 3F̂2

�
d−1
2
;
d−1
2
þνþiΔE
2

; d−1
2

þ ν

1þ ν;
dþ3
2
þνþiΔE
2

; e−2ðτ−τ1Þ
�

þ e−iπd−12 eiπνe−ðd−12 −νþiΔEÞðτ−τ1Þ

8π
d−1
2 Γðd−1

2
Þ sinð−πνÞ 3F̂2

�
d−1
2
;
d−1
2
−νþiΔE
2

; d−1
2

− ν

1 − ν;
dþ3
2
−νþiΔE
2

; e−2ðτ−τ1Þ
��

: (59)

If we set d ¼ 4 and ν ¼ 1=2, Eq. (59) correctly reproduces
the result obtained in Sec. IV D of Ref. [14], where the case
τ0 ¼ −∞ is considered so that the higher-order corrections
Δ _F ðΔE; τ; τ1Þ are all zero.

IV. THE CASE OF THE INSTANTANEOUS
GROUND STATE AT A FINITE PAST

In this section, we consider the case where the initial
state Xϕ ¼ ρϕI ðη1Þ is the instantaneous ground state at an
earlier time η0. In this case, Δ _F ðΔE; τ; τ1Þ can be calcu-
lated explicitly, and we will see that the relaxation time
takes a universal value l=2 (i.e., α ¼ 2), irrespectively of
the values of η0 and η1 or the form of interaction between
the detector and the scalar.

A. The instantaneous ground states

Let j0η0 ; η0i denote the Schrödinger picture state which is
the instantaneous ground state at an early time η0 (see
Fig. 3). We then introduce the state j0η0i≡ j0η0 ; η1i as an
interaction picture state (or as a Heisenberg picture state of
the free field theory) which is obtained by applying the
free-field time evolution operator from η0 to η1:
j0η0i ¼ T expð−i R η1

η0
dη0Hϕðη0ÞÞj0η0 ; η0i. In this section,

we set Xϕ ¼ ρϕI ðη1Þ ¼ j0η0ih0η0 j. See [12] for a detailed
discussion on defining such time-dependent ground states
for a free scalar field in curved spacetimes.
Note that the one-point function vanishes:

TrϕðϕIðxÞXϕÞ ¼ h0η0 jϕIðxÞj0η0i ¼ 0. Then, with the
approximations made in Sec. II C, we have the master
equation of the form [see (31)–(33)]

_ρmmðτÞ ¼
X
k≠m

½wmkðτ; τ1; η0ÞρkkðτÞ − wkmðτ; τ1; η0ÞρmmðτÞ�

(60)

with the transition rate matrix

wmkðτ; τ1; η0Þ≡ λ2jμmkj2 _F ðEm − Ek; τ; τ1; η0Þ: (61)

Here, the derivative of the response function is given by

_F ðΔE; τ; τ1; η0Þ≡
Z

τ

τ1

dτ0½e−iΔEðτ0−τÞGþðxðτ0Þ; xðτÞ; η0Þ

þ e−iΔEðτ−τ0ÞGþðxðτÞ; xðτ0Þ; η0Þ� (62)

with the Wightman function

Gþðx; x0; η0Þ≡ h0η0 jϕIðxÞϕIðx0Þj0η0i: (63)

In the following, we compute Gþðx; x0; η0Þ for finite η0 by
using a technique developed in [12] and will find that
Gþðx; x0; η0Þ indeed has the form (43) and (49) with

f12ðzÞ ¼ f21ðzÞ ¼
π

4

�
d − 2

4

�
2

z−2 þOðz−4Þ;

f11ðzÞ ¼ f22ðzÞ ¼ Oðz−4Þ: (64)

Thus, α ¼ 2 in this model, and the relaxation time of a
medium surrounding the detector is given by l=2. Since an
explicit functional form can be obtained for ΔGþðx; x0; η0Þ

FIG. 3. The trajectory of an Unruh-DeWitt detector in the
Penrose diagram of de Sitter space. The shaded region corre-
sponds to the Poincaré patch, and the dashed line represents the
future event horizon for the detector. The scalar field is in the
ground state at time η0.
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in this model, we can further determine the coefficients of
the damping term e−ατ in Eq. (55).
We comment that the instantaneous ground states j0η0i

differ from the adiabatic vacuum state [16,17] (see also
[3,18]) at second adiabatic order for finite η0. This rapid
departure may be expected from the fact that the condition
of the validity of adiabatic approximation [ωk ≫ _ωk=ωk
with ωk given by (73)] does not hold for some modes k if η0
is finite. Actually, while the adiabatic vacuum state has the
same asymptotic expansion as the Bunch-Davies vacuum,
the wave function of an instantaneous ground state agrees
with that of the Bunch-Davies vacuum only at the leading
asymptotic order [see (C4)]. This observation then means
that we cannot use the adiabatic subtraction scheme to
regularize the expectation value of the energy-momentum
tensor, hTμνi, for instantaneous ground states. In fact, it is
shown in Refs. [19,20] that, in order for a state in
d-dimensional de Sitter space to admit such adiabatic
regularization of hTμνi, the state must be of dth or higher
adiabatic order; in other words, the wave function φkðηÞ of
the state must have the form

φkðηÞ ¼ ð−ηÞd−12 ½c1ðkÞHð1Þ
ν ð−kηÞ þ c2ðkÞHð2Þ

ν ð−kηÞ�
(65)

with c1ðkÞ ¼ constþ oðk−dÞ and c2ðkÞ ¼ oðk−dÞ,7 which
is clearly different from the form given in (C4). We expect
that one can yet use the point-splitting regularization to
remove divergences of hTμνi for instantaneous ground
states, although one then needs to establish an algorithm
to determine the finite part of hTμνi. This issue is beyond
the scope of this paper and is left for future work.

B. Wightman function for the instantaneous
ground state

In the Poincaré patch, there is a translational invariance
in the spatial directions, and we assume that all spatial
directions are compactified with radius L=2π.8 Then the
wave vector k takes discrete values k ¼ ð2π=LÞn with
n ∈ Zd−1. We denote k > 0 (or k < 0) if the first non-
vanishing element of the vector k ¼ ðk1; k2;…; kd−1Þ is
positive (or negative). Now, we consider the mode
expansion

ϕðxÞ ¼ ϕðη; xÞ ¼
X
k≥0

X
a

ϕk;aðηÞYk;aðxÞ; (66)

where the mode functions fYk;aðxÞg are given by

k ¼ 0∶ Yk¼0;a¼1 ≡ 1ffiffiffiffi
V

p ðV ≡ Ld−1Þ; (67)

k > 0∶ Yk;a¼1ðxÞ ¼
ffiffiffiffi
2

V

r
cosðk · xÞ;

Yk;a¼2ðxÞ ¼
ffiffiffiffi
2

V

r
sinðk · xÞ; (68)

which form a complete set of (real-valued) eigenfunctions
of the spatial Laplacian Δd−1 ¼

P
d−1
i¼1 ∂2

i . Then, the
Wightman function (27) is given by

Gþ
X ðx; x0Þ ¼

X
k≥0

Gþ
X;kðη; η0Þ

X
a

Yk;aðxÞYk;aðx0Þ

¼ 1

ð2πÞd−12 jx − x0jd−32

×
Z

∞

0

dkk
d−1
2 Jd−3

2
ðkjx − x0jÞGþ

X;kðη; η0Þ (69)

with

Gþ
X;kðη; η0Þ ¼ h0η0 jϕk;aðηÞϕk;aðη0Þj0η0i; (70)

where we have taken the limit L → ∞ and integrated over
angular variables in the second equality of Eq. (69).
With the mode expansion (66), the Hamiltonian (in the

Heisenberg picture of the free field theory) is expressed
as a sum of the Hamiltonians for independent harmonic
oscillators:

HðηÞ ¼
X
k;a

ωkðηÞa†k;aðηÞak;aðηÞ þ const; (71)

ak;aðηÞ≡ ð−ηÞ−d−2
2ffiffiffi

2
p ½ω1=2

k ðηÞϕk;aðηÞ þ iω−1=2
k ðηÞ _ϕk;aðηÞ�;

(72)

ωkðηÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2ð−ηÞ−2 þ k2

q
: (73)

The instantaneous ground state j0η0i is then defined by the
condition that ak;aðη0Þj0η0i ¼ 0 (∀ k; a).
By expanding the operator ϕk;aðηÞ using the annihilation

and creation operators ak;aðη0Þ and a†k;aðη0Þ as

ϕk;aðηÞ ¼ φkðη; η0Þak;aðη0Þ þ φ�
kðη; η0Þa†k;aðη0Þ; (74)

the ground state wave function φkðη; η0Þ is given by
(see [12])

7For such states, the exponents αab in (50) are greater than d,
and thus the relaxation time will take a value less than l=d.

8The introduction of L is for dealing with the zero mode
carefully. L will be taken to infinity in the end.
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φkðη; η0Þ ¼ − π

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðη0Þ

p ð−ηÞd−12
ð−η0Þ−d−2

2

½v0Jνð−kηÞ

− u0Nνð−kηÞ�; (75)

where JνðxÞ and NνðxÞ are the Bessel and Neumann
functions, respectively, and u0 and v0 are given by

u0 ¼ −ð−η0Þ−d−1
2

��
d − 1

2
þ νþ iωkðη0Þη0

�
Jνð−kη0Þ

þ kη0J1þνð−kη0Þ
�
; (76)

v0 ¼ −ð−η0Þ−d−1
2

��
d − 1

2
þ νþ iωkðη0Þη0

�
Nνð−kη0Þ

þ kη0N1þνð−kη0Þ
�
: (77)

If we expand the wave function φkðη; η0Þ around η0 ¼ −∞,
we find that the Wightman function for each mode,

Gþ
k ðη; η0; η0Þ ¼ h0η0 jϕk;aðηÞϕk;aðη0Þj0η0i

¼ φkðη; η0Þφ�
kðη0; η0Þ; (78)

takes the following form (see Appendix C):

Gþ
k ðη; η0; η0Þ ¼

π

4
½ð−ηÞð−η0Þ�d−12

�
Hð1Þ

ν ð−kηÞHð2Þ
ν ð−kη0Þ þ

�
d − 2

4

�
2 1

ð−kη0Þ2 ½H
ð1Þ
ν ð−kηÞHð2Þ

ν ð−kη0Þ
þHð2Þ

ν ð−kηÞHð1Þ
ν ð−kη0Þ�

þ e2i½kη0þ
πð1þ2νÞ

4
�
�
i

d − 2

4ð−kη0Þ þ
ðν2 − 1

4
Þðd − 3Þ − ðd−2

2
Þ2 −m2

4ð−kη0Þ2
�
Hð1Þ

ν ð−kηÞHð1Þ
ν ð−kη0Þ

þ e−2i½kη0þ
πð1þ2νÞ

4
�
�
−i d − 2

4ð−kη0Þ þ
ðν2 − 1

4
Þðd − 3Þ − ðd−2

2
Þ2 −m2

4ð−kη0Þ2
�
Hð2Þ

ν ð−kηÞHð2Þ
ν ð−kη0Þ

þOðð−kη0Þ−3Þ
�
: (79)

Here, the first term, which can be written as
limη0→−∞Gþ

k ðη; η0; η0Þ, is the Wightman function for the
Bunch-Davies vacuum, Gþ

BD;kðη; η0Þ. The last two terms
include rapidly oscillating factors e�2ikη0 and can be
dropped from the expression, because they do not contrib-
ute to the integral in (69) for a sufficiently large jη0j. We
thus find that the Wightman function has the form

Gþ
X;kðη; η0; η0Þ ¼ Gþ

BD;kðη; η0Þ þ ΔGþ
k ðη; η0; η0Þ (80)

with9

ΔGþ
k ðη; η0; η0Þ ¼ ½ð−ηÞð−η0Þ�d−12 fð−kη0Þ

× ½Hð1Þ
ν ð−eiεkηÞHð2Þ

ν ð−e−iεkη0Þ
þHð2Þ

ν ð−e−iεkηÞHð1Þ
ν ð−eiεkη0Þ�

þOðð−kη0Þ−4Þ; (81)

fðzÞ≡ π

4

�
d − 2

4

�
2

z−2: (82)

Here, an infinitesimal positive constant ε is introduced in
order to make the k integration in Eq. (69) finite (see
footnote 11 in Appendix D). Then, comparing (81) and (82)
with (50), we find that α ¼ 2 and thus the relaxation time is
l=α ¼ l=2. Note that the reason why the relaxation time is
given by l=2 (not by l) is the disappearance of the
order ð−kη0Þ−1 terms from (79) due to highly oscillatory
integrals.
We close this subsection with a comment that the state

j0η0i does not have a de Sitter invariance, since it introduces
an extra scale η0 as a cutoff [even though the corresponding
Wightman function has the same short distance behavior
as Gþ

BDðx; x0Þ]. This can be seen from the fact that
Gþðx; x0; η0Þ does not have a de Sitter–invariant form
(see Appendix D).

C. Higher-order corrections in _F

With the Wightman function (80), _F defined in (62)
takes the form

_F ðΔE; τ; τ1; η0Þ ¼ _FBDðΔE; τ; τ1Þ þ Δ _F ðΔE; τ; τ1; η0Þ;
(83)

where _FBDðΔE; τ; τ1Þ and Δ _F ðΔE; τ; τ1; η0Þ are given
by the integrals (52) and (53), respectively. The integrals

9Terms of order ð−kη0Þ−3 also disappear, since they neces-
sarily include the rapidly oscillating factors.
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can again be performed analytically as is done in
Appendix E, and we obtain [see (54) and (55) and recall
that α ¼ 2]

_FBDðΔE; τ; τ1Þ ∼ _F eqðΔEÞ þ const e−ðd−12 �ν�iΔEÞðτ−τ1Þ;
(84)

Δ _F ðΔE; τ; τ1; η0Þ ∼ e−2ðτ−τ0ÞΔ _F ð0ÞðΔEÞ
þ const e−ðd−12 �ν�iΔEÞðτ−τ1Þ; (85)

where τ0 ≡− logð−η0Þ and the coefficient of the leading
term in Δ _F ðΔE; τ; τ1; η0Þ is given by10

Δ _F ð0ÞðΔEÞ ¼
�
d − 2

4

�
2 i

25π
d−1
2 Γðd−1

2
Þ

�
eiπ

d−2
2

�
eiπν

sinðπνÞ 3F̂2

� d−3
2
; d−3

2
þ ν;

d−1
2
þν−2−iΔE

2

1þ ν;
dþ3
2
þν−2−iΔE

2

; e−i0
�

þ e−iπν
sinð−πνÞ 3F̂2

� d−3
2
; d−3

2
− ν;

d−1
2
−ν−2−iΔE

2

1 − ν;
dþ3
2
−ν−2−iΔE

2

; e−i0
��

þ e−iπd−22
�

e−iπν
sinðπνÞ 3F̂2

� d−3
2
; d−3

2
þ ν;

d−1
2
þν−2−iΔE

2

1þ ν;
dþ3
2
þν−2−iΔE

2

; ei0
�

þ eiπν

sinð−πνÞ 3F̂2

� d−3
2
; d−3

2
− ν;

d−1
2
−ν−2−iΔE

2

1 − ν;
dþ3
2
−ν−2−iΔE

2

; ei0
���

þ ðΔE → −ΔEÞ: (86)

D. Thermalization of a two-level detector
in de Sitter space

As we discussed in the preceding subsections, if we take
the initial state for the scalar field to be the instantaneous
ground state at a finite past, there exists a damping term in
_F with the relaxation time l=2. This behavior of _F is
expected to represent the relaxation of the surrounding
medium. In this subsection, as an analytically tractable
example, we consider the case where the detector is a two-
level system with energy eigenvalues E1 and E2, with
ΔE≡ E2 − E1 > 0, and describe how the density distri-
bution of the detector approaches the Gibbs distribution
with relaxation time l=2.
To proceed with the analysis, we set the following

assumptions:
(i) The initial distribution of the detector, ρðτ1Þ, is

averaged over the initial proper time τ1 for the duration
Δτ ≳ 1=ΔE. This is for describing distributions at
different energy levels to a good accuracy. As a
consequence, the off-diagonal elements of ρðτ1Þ can
be effectively set to zero, because they are oscillatory
during that time.

(ii) The energy difference should be much larger than
the natural energy scale of de Sitter space,
ΔE ≫ l−1 ¼ 1, in order for relaxation modes with
relaxation times of order l to be observed.

(iii) The operator μ is off diagonal with respect to the basis
jmi (m ¼ 1, 2):

μ ¼ ðhmjμjniÞ ¼
�

0 μ12
μ�12 0

�
: (87)

This is simply for making the following analysis much
easier.

One can easily show that the master equation (30)
decomposes into the diagonal and off-diagonal parts under
assumption (iii). The off-diagonal part is given by linear
differential equations of the form

�
ρ
⋅
12ðτÞ

ρ
⋅
21ðτÞ

�
¼ Mðτ; τ1Þ

�
ρ12ðτÞ
ρ21ðτÞ

�
; (88)

Mðτ;τ1Þ

≡
�
iΔE−jμ12j2F

⋅
ð0;τ;τ1;η0Þ μ212F

⋅
ð0;τ;τ1;η0Þ

μ�212F
⋅
ð0;τ;τ1;η0Þ −iΔE−jμ12j2F

⋅
ð0;τ;τ1;η0Þ

�
;

(89)

which can be integrated to

�
ρ12ðτÞ
ρ21ðτÞ

�
¼ T exp

�Z
τ

τ1

dτ0Mðτ0; τ1Þ
��

ρ12ðτÞ
ρ21ðτÞ

�
: (90)

Since we can effectively set ρ12ðτ1Þ ¼ ρ21ðτ1Þ ¼ 0 due to
assumption (i), we can also set ρ12ðτÞ ¼ ρ21ðτÞ ¼ 0
[assuming that Mðτ0; τ1Þ changes slowly when averaging
over τ1].

10
3F̂2 is defined from the generalized hypergeometric function

3F2 (see Appendix B) as

3F̂2

�
a1; a2; a3
b1; b2

; z

�
≡ Γða1ÞΓða2ÞΓða3Þ

Γðb1ÞΓðb2Þ
× 3F2

�
a1; a2; a3
b1; b2

; z

�
:
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The diagonal part can then be obtained from (31) and
(32) as�
ρ
⋅
11ðτÞ
ρ
⋅
22ðτÞ

�
¼
�−w21ðτ;τ1;η0Þ w12ðτ;τ1;η0Þ

w21ðτ;τ1;η0Þ −w12ðτ;τ1;η0Þ
��

ρ11ðτÞ
ρ22ðτÞ

�
(91)

with

wmkðτ; τ1; η0Þ ¼ λ2jμmkj2 _F ðEm − Ek; τ; τ1; η0Þ: (92)

Using Eqs. (83)–(85) together with assumptions (i) and (ii),
one can easily show that _F comes to take the following
form after averaging over τ1:

_F avðΔE; τ; η0Þ≡ 1

Δτ

Z
τ1þΔτ

τ1

dτ01 _F ðΔE; τ; τ01; η0Þ

¼ _F eqðΔEÞ þ e−2ðτ−τ0ÞΔ _F ð0ÞðΔEÞ
þOðe−4ðτ−τ0ÞÞ; (93)

where _F eqðΔEÞ andΔ _F ð0ÞðΔEÞ are given by (56) and (86),
respectively. Note that the uninteresting τ1-dependent terms
proportional to e−ðd−12 �ν�iΔEÞðτ−τ1Þ have totally disappeared
from _F due to the averaging procedure [see (84) and (85)].
Replacing _F ðΔE; τ; τ1; η0Þ in (92) by _F avðΔE; τ; η0Þ, we
obtain the master equation for the diagonal elements of the
form

�
ρ
⋅
11ðτÞ

ρ
⋅
22ðτÞ

�
¼

�−wþðτ; τ0Þ w−ðτ; τ0Þ
wþðτ; τ0Þ −w−ðτ; τ0Þ

��
ρ11ðτÞ
ρ22ðτÞ

�
(94)

with

w�ðτ; τ0Þ≡ λ2jμ12j2½ _F eqð�ΔEÞ þ e−2ðτ−τ0ÞΔ _F ð0Þð�ΔEÞ
þOðe−4ðτ−τ0ÞÞ�: (95)

From a general argument following (56), we have
already seen that, as τ becomes large, the density distri-
bution ρmmðτÞ approaches the Gibbs distribution at
temperature 1=2πl:

ρeqmm ¼ e−2πlEm

Z
ðZ ¼ e−2πlE1 þ e−2πlE2Þ: (96)

In order to investigate how the detector relaxes to this
equilibrium, we expand ρmmðτÞ as ρmmðτÞ≡ ρeqmm þ
ΔρmmðτÞ and keep small quantities to the first order,
assuming that Δρmm=ρ

eq
mm ≪ 1 and e−2ðτ−τ0Þ ≪ 1. Then

(94) becomes

d
dτ

Δρ11ðτÞ ¼ −λ2jμ12j2½e−2ðτ−τ0ÞΔ _F ð0ÞðΔEÞ tanhðπΔEÞ
þ ð _F eqðΔEÞ þ _F eqð−ΔEÞÞΔρ11ðτÞ�: (97)

We used the fact that Δ _F ð0ÞðΔEÞ is an even function of ΔE
[see (86)] and Δρ11 ¼ −Δρ22. This equation can be solved
easily, and we find that the relaxation behavior of the
density distribution is given by

Δρ11ðτÞ ¼ e−λ2jμ12j2AðΔEÞðτ−τ2ÞΔρ11ðτ2Þ

− λ2jμ12j2Δ _F ð0ÞðΔEÞ
λ2jμ12j2AðΔEÞ − 2

tanhðπΔEÞðe−2ðτ−τ2Þ

− e−λ2jμ12j2AðΔEÞðτ−τ2Þ−2ðτ2−τ0ÞÞ: (98)

Here,

AðΔEÞ≡ _F eqðΔEÞ þ _F eqð−ΔEÞ; (99)

and τ2 is an arbitrary proper time after τ1 (τ2 > τ1), where
the linear approximation is well justified.
We note that the function AðΔEÞ has the following

asymptotic form for large jΔEj:

AðΔEÞ ∼ jΔEjd−3
2d−2πd−3

2 Γðd−1
2
Þ ðjΔEj → ∞Þ; (100)

as can be easily shown by using the asymptotic form of the
Gamma function (Eq. 8.328-1 of [21]),

lim
jyj→∞

jΓðxþ iyÞj ∼
ffiffiffiffiffiffi
2π

p
e−π

2
jyjjyjx−1

2 ðx; y ∈ RÞ: (101)

We now consider a detector that satisfies the inequality

λ2jμ12j2ðΔEÞd−3l ≫ 1: (102)

Then, by using the asymptotic form (100),
AðΔEÞ ∼ jΔEjd−3, and the inequality (102), the damping
terms in (98) which are proportional to e−λ2jμ12j2AðΔEÞðτ−τ2Þ
rapidly disappear from the expression, leaving only the
term proportional to e−2ðτ−τ2Þ:

Δρ11ðτÞ ∼ −Δ _F ð0ÞðΔEÞ
AðΔEÞ tanhðπlΔEÞe−2ðτ−τ2Þ=l; (103)

where we have restored the curvature radius l. Note that the
coefficient Δ _F ð0ÞðΔEÞ=AðΔEÞ does not depend on details
of the detector (such as λμ12). The remaining damping term
in (103) corresponds to the desired relaxation mode with
the relaxation time l=2. Since only those rapidly disap-
pearing terms depend on details of the detector, one may
say that such a detector under consideration is an ideal
detector, in the sense that it quickly loses its own
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nonequilibrium properties and gets adjusted to its environ-
ment almost instantaneously.

V. CONCLUSION AND DISCUSSIONS

In this paper, we have considered an Unruh-DeWitt
detector staying in the Poincaré patch of de Sitter space.
The main difference of our setup from those in the
literature is that the scalar field (before interacting with
the detector) is not in the Bunch-Davies vacuum (nor in
the α vacuum). Then the Unruh-DeWitt detector behaves
as if it is in a nonequilibrium environment. In order to
deal with such situations, we first derived the master
equation which describes a finite time evolution of the
density matrix of an Unruh-DeWitt detector in arbitrary
geometry.
We then applied the framework to de Sitter space. We

showed that there exists a damping term in _F with a
relaxation time of the form l=α if the initial state of the
scalar field is chosen such that the Wightman function takes
the form (43) with (49) and (50). In particular, if we take the
initial state to be the instantaneous ground state at a finite
past, the relaxation time is always given by l=2. We further
gave an explicit description of the relaxation process for a
two-level detector.
We here should stress again that we are not considering

just the thermalization process of a detector dipped in a
thermal bath. In fact, since the initial state is chosen to be
different from the Bunch-Davies vacuum, the detector
should initially behave as if it is in a medium which is
not in thermodynamic equilibrium. As time goes on,
the detector comes to behave as if it is in a thermal
bath, since the difference of the initial state from the
Bunch-Davies vacuum becomes irrelevant at later times
(i.e., Δ _F= _FBD ≪ 1 at later times).
In reality, there can be many relaxation processes for

such a detector, some of which are simply the processes
where the detector gets adjusted to its environment.
However, these processes usually depend on details of
the detector and thus can be neglected by considering an
ideal detector which quickly responds to changes in its
environment. The terms proportional to e−λ2jμ12j2AðΔEÞτ in
(98) actually represent such processes. On the other hand,
there are terms including the factors e−ðd−12 �ReνÞτ in _F .
This kind of term always exists even when the initial state
is the Bunch-Davies vacuum and thus does not have
relevance to the relaxation of the nonequilibrium medium
depicted in Fig. 1(b). For the case of the two-level
detector considered in Sec. IV D, such damping terms
disappear from the expression after taking an average
over the startup time τ1. There is also a damping term
proportional to e−ατ=l [see (55)], which appears only
when the initial state is different from the Bunch-Davies
vacuum and thus describes the nonequilibrium dynamics
of the surrounding medium. In particular, the relaxation

time takes a universal value l=2 (i.e., α ¼ 2) for the
instantaneous ground states at finite pasts. We expect
that the relaxation time l=2 gives a quantity representing
the nonequilibrium thermodynamic character intrinsic
to de Sitter space, just as the temperature of the final
Gibbs distribution represents the Gibbons-Hawking
temperature intrinsic to de Sitter space.
In the previous studies, thermal properties of de Sitter

space have been investigated mainly in the context of
equilibrium thermodynamics. The relaxation processes
discussed in this paper may serve as examples related to
the nonequilibrium dynamics of de Sitter space.
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APPENDIX A: DERIVATION OF THE
MASTER EQUATION

In this Appendix, we derive the master equation (24).
Since ρtotI ðtÞ satisfies the time evolution equation (18),
PρtotI ðtÞ andQρtotI ðtÞ satisfy the differential equations (note
that P þQ ¼ 1)

d
dt
PρtotI ðtÞ ¼ −iP adVIðtÞPρ

tot
I ðtÞ − iP adVIðtÞQ ρtotI ðtÞ;

(A1)

d
dt
QρtotI ðtÞ ¼ −iQ adVIðtÞPρ

tot
I ðtÞ − iQ adVIðtÞQρtotI ðtÞ:

(A2)

The solution of (A2) is given by

QρtotI ðtÞ ¼ −i
Z

t

t1

dt0Te−i
R

t

t0 dt
00Q adVI ðt00ÞQ adVIðt0ÞPρ

tot
I ðt0Þ

þ Te
−i
R

t

t1
dt0 Q adVI ðt0ÞQ ρtotI ðt1Þ;

(A3)

and, substituting this to (A1) and using ðd=dtÞPρtotI ðtÞ ¼
ðdρIðtÞ=dtÞ ⊗ Xϕ, we obtain
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dρIðtÞ
dt

⊗ Xϕ ¼ −iP adVIðtÞPρ
tot
I ðtÞ − iP adVIðtÞ

× Te
−i
R

t

t1
dt0 Q adVI ðt0Þ Q ρtotI ðt1Þ

− P adVIðtÞ

Z
t

t1

dt0 Te−i
R

t

t0 dt
00 Q adVI ðt00Þ

×Q adVIðt0Þ Pρ
tot
I ðt0Þ: (A4)

This equation can be simplified by noticing that Xϕ can be
chosen arbitrarily without changing the time evolution of
ρIðtÞ. If we set Xϕ ¼ ρϕðt1Þ ¼ ρϕI ðt1Þ, we have Eq. (22):
PρtotI ðt1Þ ¼ ρtotI ðt1Þ, QρtotI ðt1Þ ¼ 0. Thus, the second term
on the right-hand side of (A4) vanishes. Furthermore, since
the interaction has the factorized form VIðtÞ ¼ λ dτ

dt μIðτÞ ⊗
ϕIðxðτÞÞθðt − t1Þ [Eq. (14)], we obtain

TrϕðadVIðtÞPρ
tot
I ðtÞÞ¼λ

dτ
dt
½μIðτÞ;ρIðtÞ�TrϕðϕIðxðτÞÞρϕI ðt1ÞÞ;

(A5)

which vanishes when the condition (23) holds. We thus find
that the first term in (A4) also vanishes:

P adVIðtÞPρ
tot
I ðtÞ ¼ TrϕðadVIðtÞPρ

tot
I ðtÞÞ ⊗ Xϕ ¼ 0: (A6)

The last equation (A6) shows that Q adVIðtÞPρ
tot
I ðtÞ ¼

adVIðtÞPρ
tot
I ðtÞ ¼ adVIðtÞðρIðtÞ ⊗ ρϕI ðt1ÞÞ, and, thus, (A4)

becomes the master equation (24).

APPENDIX B: MEIJER’S g FUNCTION AND
GENERALIZED HYPERGEOMETRIC FUNCTION

Meijer’s G function Gm;n
p;q (0 ≤ m ≤ q, 0 ≤ n ≤ p) is

defined by (see Sec. 9.302 of [21] for details on the choice
of the contour C)

Gm;n
p;q

�
z

����a1;…;ap
b1;…;bq

�

¼
Z
C

ds
2πi

Q
m
j¼1Γðbj−sÞQn

j¼1Γð1−ajþsÞQq
j¼mþ1Γð1−bjþsÞQp

j¼nþ1Γðaj−sÞz
s: (B1)

This function is invariant under the arbitrary permutation
of a set fa1;…; ang, fanþ1;…; apg, fb1;…; bmg, or
fbmþ1;…; bqg. As a special case of the G function, the
generalized hypergeometric function is defined by
(Eq. 9.34-8 of [21])

pFq

�
a1;…; ap
b1;…; bq

; z

�

≡
Qq

i¼1 ΓðbiÞQp
i¼1 ΓðaiÞ

G1;p
p;qþ1

�
−z

���� 1 − a1;…; 1 − ap
0; 1 − b1;…; 1 − bq

�

¼
Qq

i¼1 ΓðbiÞQp
i¼1 ΓðaiÞ

Z
C

ds
2πi

Γð−sÞQp
i¼1 Γðai þ sÞQq

i¼1 Γðbi þ sÞ ð−zÞs:
(B2)

For convenience, we define the following functions using
the generalized hypergeometric functions:

pF̂q

�
a1;…; ap
b1;…; bq

; z

�
≡

Qp
i¼1 ΓðaiÞQq
i¼1 ΓðbiÞ p

Fq

�
a1;…; ap
b1;…; bq

; z

�
:

(B3)

If no two bi (1 ≤ i ≤ m) differ by an integer,
Meijer’s G function Gm;n

p;q with p < q, or p ¼ q and
mþ n > p, or p ¼ q and mþ n ¼ p and jzj < 1, can
be expanded by using the generalized hypergeometric
functions [22]:

Gm;n
p;q

�
z

����a1;…;ap
b1;…;bq

�

¼
Xm
k¼1

Q
m
i¼1;i≠kΓðbi−bkÞ

Q
n
i¼1Γð1−aiþbkÞQp

i¼nþ1Γðai−bkÞ
Qq

i¼mþ1Γð1−biþbkÞ
zbk

×pFq−1
�

1−a1þbk;…;1−apþbk
1−b1þbk;…;�;…;1−bqþbk

;ð−1Þp−m−nz
�
;

(B4)

where � means that the kth term has been omitted. In
particular, G2;2

3;3 is expanded as

G2;2
3;3

�
z

����a1;a2;a3b1;b2;b3

�

¼zb1
Γðb2−b1ÞΓð1−b2þb1Þ
Γða3−b1ÞΓð1−a3þb1Þ

×3F̂2

�
1−a1þb1;1−a2þb1;1−a3þb1

1−b2þb1;1−b3þb1
;−z

�

þzb2
Γðb1−b2ÞΓð1−b1þb2Þ
Γða3−b2ÞΓð1−a3þb2Þ

×3F̂2

�
1−a1þb2;1−a2þb2;1−a3þb2

1−b1þb2;1−b3þb2
;−z

�
: (B5)

Furthermore, one can show
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G2;3
4;4

�
z

���� a1; a2; a3; a4b1; b2; b3; a4

�
¼ zb1

Γðb2 − b1ÞΓð1 − b2 þ b1Þ
Γða4 − b1ÞΓð1 − a4 þ b1Þ 4

F̂3

�
1 − a1 þ b1; 1 − a2 þ b1; 1 − a3 þ b1; 1 − a4 þ b1

1 − b2 þ b1; 1 − b3 þ b1; 1 − a4 þ b1
;−z

�

þ zb2
Γðb1 − b2ÞΓð1 − b1 þ b2Þ
Γða4 − b2ÞΓð1 − a4 þ b2Þ 4

F̂3

�
1 − a1 þ b2; 1 − a2 þ b2; 1 − a3 þ b2; 1 − a4 þ b2

1 − b1 þ b2; 1 − b3 þ b2; 1 − a4 þ b2
;−z

�

¼ zb1
Γðb2 − b1ÞΓð1 − b2 þ b1Þ
Γða4 − b1ÞΓð1 − a4 þ b1Þ 3

F̂2

�
1 − a1 þ b1; 1 − a2 þ b1; 1 − a3 þ b1

1 − b2 þ b1; 1 − b3 þ b1
;−z

�

þ zb2
Γðb1 − b2ÞΓð1 − b1 þ b2Þ
Γða4 − b2ÞΓð1 − a4 þ b2Þ 3

F̂2

�
1 − a1 þ b2; 1 − a2 þ b2; 1 − a3 þ b2

1 − b1 þ b2; 1 − b3 þ b2
;−z

�
(B6)

by using the following identity [which can be derived from (B2)]:

4F3

�
a1; a2; a3; a4
b1; b2; a4

; z

�
¼ 3F2

�
a1; a2; a3
b1; b2

; z

�
: (B7)

From the above identities, one can show the following relations for σ, σ0 ¼ �1, and α ∈ R:

G2;2
3;3

�
−e−ðσ−σ0Þ i0x

����−
d−α−3

2
; α−

d−5
2
þν�iΔE
2

; ν − d−α−3
2

ν; 0; α−
d−1
2
þν�iΔE
2

�

¼ − ð−e−ðσ−σ0Þ i0xÞν sinðπ d−1−α
2

Þ
sinðπνÞ 3F̂2

� d−1−α
2

; d−1−α
2

þ ν;
d−1
2
þν−α∓iΔE

2

1þ ν;
dþ3
2
þν−α∓iΔE

2

; e−ðσ−σ0Þi0x
�

− sinðπ d−1−α−2ν
2

Þ
sinð−πνÞ 3F̂2

� d−1−α
2

; d−1−α
2

− ν;
d−1
2
−ν−α∓iΔE

2

1 − ν;
dþ3
2
−ν−α∓iΔE

2

; e−ðσ−σ0Þ i0x
�
; (B8)

G2;3
4;4

�
−e−ðσ−σ0Þ i0x

����−
d−α−3

2
; α−

d−5
2
þν�iΔE
2

; ν − d−α−3
2

; ν − d−α−4
2

ν; 0; α−
d−1
2
þν�iΔE
2

; ν − d−α−4
2

�

¼ ð−e−ðσ−σ0Þ i0xÞν cosðπ d−1−α
2

Þ
sinðπνÞ 3F̂2

� d−1−α
2

; d−1−α
2

þ ν;
d−1
2
þν−α∓iΔE

2

1þ ν;
dþ3
2
þν−α∓iΔE

2

; e−ðσ−σ0Þ i0x
�

þ cosðπ d−1−α−2ν
2

Þ
sinð−πνÞ 3F̂2

� d−1−α
2

; d−1−α
2

− ν;
d−1
2
−ν−α∓iΔE

2

1 − ν;
dþ3
2
−ν−α∓iΔE

2

; e−ðσ−σ0Þ i0x
�
; (B9)

from which we obtain the following formula for x > 0:

G2;2
3;3

�
−e−iðσ−σ0Þ0x

����−
d−α−3

2
; α−

d−5
2
�iΔEþν
2

; ν − d−α−3
2

ν; 0; α−
d−5
2
�iΔEþν
2

− 1

�
þ iσG2;3

4;4

�
−e−iðσ−σ0Þ0x

����−
d−α−3

2
; α−

d−5
2
þν�iΔE
2

; ν − d−α−3
2

; ν − d−α−4
2

ν; 0; α−
d−5
2
þν�iΔE
2

− 1; ν − d−α−4
2

�

¼ eσiπ
d−α
2

�ð−e−ðσ−σ0Þ i0Þνxν
sinðπνÞ 3F̂2

� d−1−α
2

; d−1−α
2

þ ν;
d−1
2
þν−α∓iΔE

2

1þ ν;
dþ3
2
þν−α∓iΔE

2

; e−iðσ−σ0Þ0x
�

þ e−σiπν
sinð−πνÞ 3F̂2

� d−1−α
2

; d−1−α
2

− ν;
d−1
2
−ν−α∓iΔE

2

1 − ν;
dþ3
2
−ν−α∓iΔE

2

; e−iðσ−σ0Þ0x
��

: (B10)
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Another useful formula can be obtained by using the identities [23]

3F̂2

�
a1; a2; a3
b1; b2

; z

�
¼ ð−zÞ−a1 Γða1ÞΓða2 − a1ÞΓða3 − a1Þ

Γðb1 − a1ÞΓðb2 − a1Þ 3F2

�
a1; a1 − b1 þ 1; a1 − b2 þ 1

a1 − a2 þ 1; a1 − a3 þ 1
; z−1

�

þ ð−zÞ−a2 Γða2ÞΓða1 − a2ÞΓða3 − a2Þ
Γðb1 − a2ÞΓðb2 − a2Þ 3F2

�
a2; a2 − b1 þ 1; a2 − b2 þ 1

a2 − a1 þ 1; a2 − a3 þ 1
; z−1

�

þ ð−zÞ−a3 Γða3ÞΓða1 − a3ÞΓða2 − a3Þ
Γðb1 − a3ÞΓðb2 − a3Þ 3F2

�
a3; a3 − b1 þ 1; a3 − b2 þ 1

a3 − a1 þ 1; a3 − a2 þ 1
; z−1

�

½a1 − a2∉Z; a1 − a3∉Z; a2 − a3∉Z; and z∉ð0; 1Þ�; (B11)

3F2

�
a1; a2; 0
b1; b2

; z

�
¼ 1; (B12)

from which one can show

3F̂2

�d−1
2
; d−1

2
� ν;

d−1
2
�νþiΔE
2

1� ν;
dþ3
2
�νþiΔE
2

; z

�
¼ ð−zÞ−1

2
ðd−1

2
�νþiΔEÞ sin

�
π

d−1
2
∓νþ iΔE

2

�
Γðd−12 þνþiΔE

2
ÞΓðd−12 −νþiΔE

2
ÞΓðd−12 þν−iΔE

2
ÞΓðd−12 −ν−iΔE

2
Þ

π

þ ð−zÞ−d−1
2

sinðπ d−1∓2ν
2

Þ
sinð∓πνÞ 3F̂2

� d−1
2
; d−1

2
∓ν;

d−1
2
∓ν−iΔE
2

1∓ν;
dþ3
2
∓ν−iΔE
2

; z−1
�

þ ð−zÞ−d−1�2ν
2

sinðπ d−1
2
Þ

sinð�πνÞ 3F̂2

� d−1
2
; d−1

2
� ν;

d−1
2
�ν−iΔE
2

1� ν;
dþ3
2
�ν−iΔE
2

; z−1
�
: (B13)

Using this equality, the following formula can be shown to hold:

− e−iπðd−12 þνÞ

sinðπνÞ 3F̂2

�
d−1
2
; d−1

2
þ ν;

d−1
2
þνþiΔE
2

1þ ν;
dþ3
2
þνþiΔE
2

; ei0
�
− e−iπðd−12 −νÞ

sinð−πνÞ 3F̂2

�
d−1
2
; d−1

2
− ν;

d−1
2
−νþiΔE
2

1 − ν;
dþ3
2
−νþiΔE
2

; ei0
�

¼ e−πΔE
Γðd−12 þνþiΔE

2
ÞΓðd−12 −νþiΔE

2
ÞΓðd−12 þν−iΔE

2
ÞΓðd−12 −ν−iΔE

2
Þ

π
þ eiπðd−12 þνÞ

sinðπνÞ 3F̂2

�
d−1
2
; d−1

2
þ ν;

d−1
2
þν−iΔE
2

1þ ν;
dþ3
2
þν−iΔE
2

; e−i0
�

þ eiπðd−12 −νÞ
sinð−πνÞ 3F̂2

�
d−1
2
; d−1

2
− ν;

d−1
2
−ν−iΔE
2

1 − ν;
dþ3
2
−ν−iΔE
2

; e−i0
�
: (B14)

APPENDIX C: DERIVATION OF EQ. (79)

We derive the asymptotic form (79) of the Wightman function for each mode:

Gþ
k ðη; η0; η0Þ ¼ φkðη; η0Þφ�

kðη0; η0Þ: (C1)

By introducing z≡−kη0 and θðzÞ≡ z − ðπ=4Þð1þ 2νÞ, and using the asymptotic form of the Bessel and Neumann
functions around z ¼ ∞ (i.e., η0 ¼ −∞) (see Sec. 8.451 of [21]), u0 has the expansion

u0 ¼ i

ffiffiffiffiffi
2k
π

r
ð−η0Þ−d−1

2

�
e−iθðzÞ

�
1þ i

d−2
2

− ðν2 − 1
4
Þ

2z
− ðν2 − 1

4
Þðν2 − 1

4
− ðd − 2Þ − 2m2Þ
8z2

�

þ eiθðzÞ
�
−i d − 2

4z
þ ðν2 − 1

4
Þðd − 4Þ − 2m2

8z2

�
þOðz−3Þ

�
: (C2)
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v0 can be obtained from this expression by replacing θðzÞ
with θðzÞ − π=2:

v0 ¼ −
ffiffiffiffiffi
2k
π

r
ð−η0Þ−d−1

2

�
e−iθðzÞ

�
1þ i

d−2
2

− ðν2 − 1
4
Þ

2z

− ðν2 − 1
4
Þðν2 − 1

4
− ðd − 2Þ − 2m2Þ
8z2

�

− eiθðzÞ
�
−i d − 2

4z
þ ðν2 − 1

4
Þðd − 4Þ − 2m2

8z2

�

þOðz−3Þ
�
: (C3)

With the u0 and v0 given above, the wave function (75) is
written as

φkðη; η0Þ ¼
ffiffiffi
π

p
2

ð−ηÞd−12
�
e−iθðzÞ

�
1þ i

d−2
2

− ðν2 − 1
4
Þ

2z

− ðν2 − 1
4
Þðν2 − 1

4
− ðd − 2ÞÞ

8z2

�
Hð1Þ

ν ð−kηÞ

− eiθðzÞ
�
−i d − 2

4z
þ ðν2 − 1

4
Þðd − 4Þ − 2m2

8z2

�

×Hð2Þ
ν ð−kηÞ þOðz−3Þ

�
: (C4)

Then, by substituting this to (C1), we obtain Eq. (79).

APPENDIX D: WIGHTMAN FUNCTION

1. Analytic expression for the Wightman function

The Wightman function for the instantaneous ground
state,

Gþðx; x0; η0Þ ¼
1

ð2πÞd−12 jx − x0jd−32

×
Z

∞

0

dkk
d−1
2 Jd−3

2
ðkjx − x0jÞGþ

k ðη; η0; η0Þ;
(D1)

has the expansion of the form

Gþðx; x0; η0Þ ¼
X∞
n¼0

X2
a;b¼1

cðnÞa;bðη0ÞGðnÞ
a;bðx; x0Þ; (D2)

where

GðnÞ
a;bðx; x0Þ≡ ½ð−ηÞð−η0Þ�d−12

ð2πÞd−12 jx − x0jd−32
Z

∞

0

dkk
d−1
2
−nJd−3

2
ðkjx − x0jÞ

×HðaÞ
ν ð−eiσaεkηÞHðbÞ

ν ð−eiσbεkη0Þ; (D3)

cð0Þ1;2¼ π=4; cð0Þ2;1¼ cð0Þ1;1 ¼ cð0Þ2;2 ¼ 0; cð1Þa;b¼ 0;

cð2Þ1;2¼ cð2Þ2;1¼
π

4

�
d−2

4

�
2

ð−η0Þ−2; cð2Þ1;1¼ cð2Þ2;2 ¼ 0 (D4)

with

σa ≡
�þ1 ða ¼ 1Þ;
−1 ða ¼ 2Þ: (D5)

Here, an infinitesimal positive constant ε is introduced in
order to make the k integration finite.11 Note that the n ¼ 1
terms will totally disappear as a consequence of ignoring
the highly oscillating terms.
In the following, we derive an analytic expression for the

integral (D3). We take care of only terms with a ≠ b, since
terms with a ¼ b do not contribute to the Wightman
function at least for n ≤ 2 [see (D4)].
By using the identity Kνðe−iσaπ2zÞ ¼

ðiσaπ=2Þeσa iπν2 HðaÞ
ν ðzÞ, we first obtain the relation

Z
∞

0

dkk
d−3
2
þ1−nJd−3

2
ðkjx − x0jÞHðaÞ

ν ð−kηÞHðbÞ
ν ð−kη0Þ

¼ − 4σaσb
π2

e−ðσaþσbÞiπν2
Z

∞

0

dkk
d−3
2
þ1−nJd−3

2
ðkjx − x0jÞ

× Kν

�
−e−iσaπ2kη

�
Kν

�
−e−iσbπ2kη0

�
: (D6)

Then, using the formula [29]

Z
∞

0

dkkμþ1−nKνðakÞKνðbkÞJμðckÞ

¼ 2μ−1−n
Γðμþ 1Þ

cμ

b2ξ
½ða=bÞνΓðξÞΓðξþ νÞΓð−νÞ

× F4ðξ; ξþ ν; 1þ μ; 1þ ν;−c2=b2; a2=b2Þ
þ ða=bÞ−νΓðξÞΓðξ − νÞΓðνÞ
× F4ðξ; ξ − ν; 1þ μ; 1 − ν;−c2=b2; a2=b2Þ�
½ξ≡ μþ 1 − ðn=2Þ; ν∉Z�; (D7)

we obtain the following expression for GðnÞ
a;bðx; x0Þ:

11It is known that a delicate treatment is required in regular-
izing the integral to obtain the response function F [24–28].
However, we expect that the current regularization is sufficient to
obtain its derivative _F , since it gives a de Sitter–invariant form in
the limit η0 → −∞ and reproduces all the known results in the
literature as special cases. See comments following (86) and (59).
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GðnÞ
a;bðx; x0Þ ¼

ð−σaσbÞe−ðσaþσbÞiπν2

2nπ
dþ3
2 e−iπσbd−1−n2 Γðd−1

2
Þ

�−η
−η0

�d−1
2 ð−η0Þn

×
��−η

−η0
�

ν

e−ðσa−σbÞiπν2 Γ
�
d− 1− n

2
þ ν

�

× Γ
�
d− 1− n

2

�
Γð−νÞ

× F4

�
d− 1− n

2
þ ν;

d− 1− n
2

;
d− 1

2
; 1þ ν;

e−iσb0jx− x0j2
ð−η0Þ2 ;

e−iσaπð−ηÞ2
e−iσbπð−η0Þ2

�
þ ðν → −νÞ

�
:

(D8)

Here, F4ða; b; c; d; x; yÞ is Appell’s hypergeometric func-
tion given by

F4ða; b; c; d; x; yÞ≡
X∞
m¼0

X∞
n¼0

ðaÞmþnðbÞmþn

m!n!ðcÞmðdÞn
xmyn

½jxj1=2 þ jyj1=2 < 1�; (D9)

ðxÞn ≡ Γðxþ nÞ=ΓðxÞ: (D10)

For Zðx; x0Þ ≡ ½η2 þ η02 − jx − x0j2�=ð2ηη0Þ < 1, the
series in (D9) does not converge, and the analytic con-
tinuation should be performed (see Eq. 9.185 of [21]
for the integral representation of the Mellin-Barnes
type).
In the limit jx − x0j → 0, one can show, by using the

identity

F4ða; b; c; d; 0; yÞ≡
X∞
n¼0

ðaÞnðbÞn
n!ðdÞn

yn ¼ 2F1

�
a; b
d

; y

�
;

(D11)

that the Wightman function takes the form

lim
jx−x0j→0

GðnÞ
a;bðx; x0Þ ¼

ðσaσbÞe−ðσaþσbÞiπν2

2nπ
dþ1
2 e−iπσbd−1−n2 Γðd−1

2
Þ

�−η
−η0

�d−1
2 ð−η0Þn

��−η
−η0

�
ν e−ðσa−σbÞiπν2

sinðπνÞ 2F̂1

� d−1−n
2

þ ν; d−1−n
2

1þ ν
;
e−iσaðπ−0Þð−ηÞ2
e−iσbðπ−0Þð−η0Þ2

�

þ
�−η
−η0

�−ν eðσa−σbÞiπν2
sinð−πνÞ 2F̂1

� d−1−n
2

− ν; d−1−n
2

1 − ν
;
e−iσaðπ−0Þð−ηÞ2
e−iσbðπ−0Þð−η0Þ2

��

¼ 4

π

ð−σaσbÞeiπ
2
ðσaþσbÞðd−1−n2

−νÞΓðd−1−n
2

Þ
ð4πÞd2Γðd−1

2
Þ ½ð−ηÞð−η0Þ�n22F̂1

� d−1−n
2

þ ν; d−1−n
2

− ν
d−n
2

;
1 − ua;b

2

�
(D12)

with

ua;b ≡ e−iσaðπ−0Þð−ηÞ2 þ e−iσbðπ−0Þð−η0Þ2
2e−iðσaþσbÞðπ−0Þð−ηÞð−η0Þ : (D13)

Here, in the last equality, we have used formulas 9.132-2
and 9.134-3 of Ref. [21].
We comment that (D12) can be obtained more directly

by performing an integration (D3) with setting jx − x0j ¼ 0
in advance:

lim
jx−x0j→0

GðnÞ
a;bðx; x0Þ ¼

2½ð−ηÞð−η0Þ�d−12
ð4πÞd−12 Γðd−1

2
Þ

Z
∞

0

dkkd−2−nHðaÞ
ν ð−eiσaεkηÞHðbÞ

ν ð−eiσbεkη0Þ;

¼ ð−σaσbÞe−ðσaþσbÞiπν2 Γðd−1−n
2

ÞΓðd−1−n
2

− νÞ
2nπ

dþ3
2 Γðd−1

2
Þ ð−ηÞneiπσad−1−n2 eðσa−σbÞiπν2

×
�−η
−η0

�−d−1
2
−ν

2F̂1

� d−1−n
2

þ ν; d−1−n
2

1þ ν
; 1 − e−iσbðπ−0Þð−η0Þ2

e−iσaðπ−0Þð−ηÞ2
�
; (D14)

where we have used formula 6.576-4 of [21]. It
can be found that the last expression actually coincides
with the first line on the right-hand side of (D12) by using
formula 9.132-1 of [21].

Note that the nth-order Wightman function GðnÞ
a;bðx; x0Þ is

not de Sitter invariant for n > 0, because it has an extra
factor ½ð−ηÞð−η0Þ�n=2 which multiplies a function of the de
Sitter–invariant variable ua;b.
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2. Behavior of the Wightman function

In order to understand the behavior of the Wightman
function12

GþðxðτÞ; xðτ − sÞ; η0Þ

≃Gð0Þ
1;2ðxðτÞ; xðτ − sÞÞ þ π

4

�
d − 2

4

�
2

ð−η0Þ−2

× ½Gð2Þ
1;2ðxðτÞ; xðτ − sÞÞ þGð2Þ

2;1ðxðτÞ; xðτ − sÞÞ�;
(D15)

we give plots of the Wightman function for three typical
cases of d ¼ 4 with ν ¼ 20i [heavy mass case;
m > ðd − 1Þ=2 ¼ 3=2, Fig. 4], ν ¼ 0 [m ¼ 3=2, Fig. 5],
and ν ¼ 1.4 [light mass case; m < 3=2, Fig. 6]. It is clear
from these examples that, for the cases other than the light
mass case (i.e., for the cases described in Figs. 4 and 5), the
Wightman function GþðxðτÞ; xðτ − sÞ; η0Þ takes significant
values only around the coincident point s ¼ 0. On the other
hand, as can be seen in Fig. 6, the Wightman function has a
longer-range correlation as the mass m decreases. Thus, in
the light mass case, we may not be able to neglect memory
effects, and the Markovian approximation used in (30) may
not be valid.

APPENDIX E: CALCULATION OF _F

In this Appendix, we calculate the derivative of the
response function

_F ðαÞ
a;bðΔE;τ;τ1Þ≡

Z
0

−ðτ−τ1Þ
dse−iΔEsGðαÞ

a;bðxðτþ sÞ;xðτÞ;η0Þ

þ
Z ðτ−τ1Þ
0

dse−iΔEsGðαÞ
a;bðxðτÞ;xðτ−sÞ;η0Þ

(E1)

FIG. 4 (color online). The real part (left) and the imaginary part (right) of the Wightman function GþðxðτÞ; xðτ − sÞ; η0Þ for d ¼ 4,
ν ¼ 20i (heavy mass case), and τ − τ0 ¼ 50.

FIG. 5 (color online). The real part (left) and the imaginary part (right) of the Wightman function GþðxðτÞ; xðτ − sÞ; η0Þ for d ¼ 4,
ν ¼ 0, and τ − τ0 ¼ 50.

12The Wightman function has the following asymptotic form
for large s:

GþðxðτÞ; xðτ − sÞ; η0Þ ∼
e−iπðd−12 −νÞΓðd−1

2
− νÞΓðνÞ

4π
dþ1
2

e−ðd−12 −νÞs

þ e−iπðd−12 þνÞΓðd−1
2

þ νÞΓð−νÞ
4π

dþ1
2

e−ðd−12 þνÞs;

which becomes oscillatory for the heavy mass case
m > ðd − 1Þ=2. The behavior for small s is given by

GþðxðτÞ; xðτ − sÞ; η0Þ ∼
e−iπd−22 Γðd−2

2
Þ

4π
d
2

ðs − i0Þ−ðd−2Þ:
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associated with the Wightman function [on the trajectory
(40)] of the form

GðαÞ
a;bðx;x0Þ

¼ 2½ð−ηÞð−η0Þ�d−12
ð4πÞd−12 Γðd−1

2
Þ

Z
∞

0

dkkd−2−αHðaÞ
ν ð−kηÞHðbÞ

ν ð−kη0Þ:
(E2)

Recall that _F associated with the Wightman function (43)
is given by a linear combination of _F ðαÞ

a;b.
The first term in (E1) is rewritten to

Z
0

−ðτ−τ1Þ
dse−iΔEsGðαÞ

a;bðxðτ þ sÞ; xðτÞÞ

¼ 2e−ατ

ð4πÞd−12 Γðd−1
2
Þ

Z
∞

0

dx x
d−3
2
þiΔEHðaÞ

ν ðeiσaεxÞ

×
Z

x

e−ðτ−τ1Þx
dy y

d−3
2
−α−iΔEHðbÞ

ν ðeiσbεyÞ: (E3)

Here, we have defined new variables x≡ ke−ðτþsÞ
and y≡ ke−τ, and the order of integration has been
changed. In a similar way, the second term in (E1) is
rewritten to

Z
τ−τ1

0

dse−iΔEsGðαÞ
a;bðxðτÞ; xðτ − sÞÞ

¼ 2e−ατ

ð4πÞd−12 Γðd−1
2
Þ

Z
∞

0

dx x
d−3
2
−iΔEHðbÞ

ν ðeiσbεxÞ

×
Z

x

e−ðτ−τ1Þx
dy y

d−3
2
−αþiΔEHðaÞ

ν ðeiσaεyÞ; (E4)

where we have defined x≡ ke−ðτ−sÞ and y≡ ke−τ and
again the order of integration has been changed.
The y integration in (E3) and (E4) can be performed by

using the following formula with p ¼ 1 and q ¼ e−ðτ−τ1Þ:

Z
px

qx
dy y

d−3
2
−α∓iΔEHðbÞ

ν ðeiσbεyÞ

¼ − 2iσb
π

e−σb iπν2
Z

px

qx
dy y

d−3
2
−α∓iΔEKν

	
e−σb

iðπ−2εÞ
2 y




¼ − iσb
π

e−σb iπν2
�Z ðpxÞ2

0

−
Z ðqxÞ2

0

�
dY Y

d−5
2

−α∓iΔE
2

× Kν

	
e−σb

iðπ−2εÞ
2

ffiffiffiffi
Y

p 

ðy≡ ffiffiffiffi

Y
p

Þ

¼ − iσb
π

e−σb iπν2
Z

1

0

d ~Y

�
ðpxÞd−12 −α∓iΔE ~Y

d−5
2

−α∓iΔE
2

× Kν

	
e−σb

iðπ−2εÞ
2 ax

ffiffiffiffi
~Y

p 

− ðp → qÞ

�

¼ − 2ν−1iσb
π

�
ðpxÞd−12 −ν−α∓iΔE

×G2;1
1;3

�−e2iσbεðaxÞ2
4

����
ν−d−5

2
þα�iΔE
2

ν; 0; ν−
d−1
2
þα�iΔE
2

�
− ðp → qÞ

�
:

(E5)

In the last equality, we have used the following formula
[see Eq. (6.592-2) of [21]]:

Z
1

0

dxxλKνða
ffiffiffi
x

p Þ ¼ 2ν−1a−νG2;1
1;3

�
a2

4

����
ν
2
− λ

ν; 0; ν
2
− λ − 1

�
�
Reλ > −1þ jReνj

2

�
: (E6)

If q ≠ 0, the condition Reλ > −1þ ðjReνj=2Þ½⇔ðd −
1Þ=2 > jReνj þ α� is not necessary.
In order to perform the x integral in (E3) and (E4),

we use

FIG. 6 (color online). The real part (left) and the imaginary part (right) of the Wightman function GþðxðτÞ; xðτ − sÞ; η0Þ for d ¼ 4,
ν ¼ 1.4 (light mass case), and τ − τ0 ¼ 50.
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�
ωx2

4

���� a1
b1; b2; b3

�
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3;3

�
ω

����− αþν−2
2
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�
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2
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2
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2

��
; (E7)

which can be derived from formulas 7.821-1 and 7.821-2
of [21]:

Z
∞

0

dx xα−1JνðxÞG2;1
1;3

�
ωx2

4

���� a1
b1; b2; b3

�
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3;3

�
ω

����− αþν−2
2
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2

b1; b2; b3

�
; (E8)

Z
∞

0

dx xα−1NνðxÞG2;1
1;3

�
ωx2

4

���� a1
b1; b2; b3

�
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�
ω

����− αþν−2
2
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2
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�
: (E9)

We thus have

2e−ατ

ð4πÞd−12 Γðd−1
2
Þ

Z
∞

0

dx x
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2
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ν ðeiσaεxÞ
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2
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Combining (E1), (E3), (E4), (E10), and (B10),
we finally obtain the following expression for
_F ðαÞ
a;bðΔE; τ; τ1Þ:

_F ðαÞ
a;bðΔE; τ; τ1Þ ¼ bðα;0Þa;b e−ατ þ bðα;1Þa;b e−ðd−12 þν−iΔEÞτ

þ bðα;2Þa;b e−ðd−12 −ν−iΔEÞτ

þ bðα;3Þa;b e−ðd−12 þνþiΔEÞτ

þ bðα;4Þa;b e−ðd−12 −νþiΔEÞτ; (E11)

where

bðα;0Þa;b ≡ ð−e−ðσa−σbÞi0ÞνFðαÞ
a;bðν;ΔE; 1Þ

þ e−σaiπνFðαÞ
a;bð−ν;ΔE; 1Þ

þ ð−eðσa−σbÞi0ÞνFðαÞ
b;aðν;−ΔE; 1Þ

þ e−σbiπνFðαÞ
b;að−ν;−ΔE; 1Þ; (E12)

bðα;1Þa;b ≡−ð−e−ðσa−σbÞi0Þνeðd−12 þν−α−iΔEÞτ1

× FðαÞ
a;bðν;ΔE; e−2ðτ−τ1ÞÞ; (E13)

bðα;2Þa;b ≡−e−σaiπνeðd−12 −ν−α−iΔEÞτ1FðαÞ
a;bð−ν;ΔE; e−2ðτ−τ1ÞÞ;

(E14)

bðα;3Þa;b ≡−ð−eðσa−σbÞi0Þνeðd−12 þν−αþiΔEÞτ1

× FðαÞ
b;aðν;−ΔE; e−2ðτ−τ1ÞÞ; (E15)

bðα;4Þa;b ≡−e−biπνeðd−12 −ν−αþiΔEÞτ1FðαÞ
b;að−ν;−ΔE; e−2ðτ−τ1ÞÞ;

(E16)
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FðαÞ
a;bðν;ΔE; xÞ

≡ eσaiπ
d−α
2 e−σbiπ2

2αþ1π
dþ1
2 Γðd−1

2
Þ sinðπνÞ

× 3F̂2
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2

; e−iðσa−σbÞ0x
�
:

(E17)

Since bðα;0Þa;b is independent of τ, and bðα;iÞa;b (i ¼ 1, 2, 3, 4)

become independent of τ in the limit τ → ∞, we find _F ðαÞ
a;b

to take the following asymptotic form at later times:

_F ðαÞ
a;b ∼ const e−ατ þ const e−ðd−12 �ν�iΔEÞðτ−τ1Þ: (E18)

Then, for the Wightman function ΔGþ
k ðη; η0Þ given in

(49), the derivative of the response function becomes

Δ _F ðΔE;τ;τ1Þ∼
X2
a;b¼1

const _F ðαabÞ
a;b

∼
X2
a;b¼1

½conste−αabτþconste−ðd−12 �ν�iΔEÞðτ−τ1Þ�

∼conste−ατþconste−ðd−12 �ν�iΔEÞðτ−τ1Þ (E19)

with α≡mina;bðαabÞ.
The derivative of the response function for the Bunch-

Davies vacuum, _FBD, can also be calculated from (E11) by
setting a ¼ 1, b ¼ 2, and α ¼ 0:

_FBDðΔE; τ; τ1Þ ¼
π

4
_F ð0Þ
1;2ðΔE; τ; τ1Þ

¼ _F eqðΔEÞ þ π

4
bð0;1Þ1;2 e−ðd−12 þν−iΔEÞτ

þ π

4
bð0;2Þ1;2 e−ðd−12 −ν−iΔEÞτ

þ π

4
bð0;3Þ1;2 e−ðd−12 þνþiΔEÞτ

þ π

4
bð0;4Þ1;2 e−ðd−12 −νþiΔEÞτ; (E20)

where

_F eqðΔEÞ
≡ π

4
bð0;0Þ1;2

¼ e−πΔEΓðd−12 þνþiΔE
2

ÞΓðd−12 −νþiΔE
2

ÞΓðd−12 þν−iΔE
2

ÞΓðd−12 −ν−iΔE
2

Þ
8π

dþ1
2 Γðd−1

2
Þ ;

(E21)

bð0;1Þ1;2 ¼ −eiπνeðd−12 þν−iΔEÞτ1Fð0Þ
1;2ðν;ΔE; e−2ðτ−τ1ÞÞ; (E22)

bð0;2Þ1;2 ¼ −e−iπνeðd−12 −ν−iΔEÞτ1Fð0Þ
1;2ð−ν;ΔE; e−2ðτ−τ1ÞÞ;

(E23)

bð0;3Þ1;2 ¼ −e−iπνeðd−12 þνþiΔEÞτ1Fð0Þ
2;1ðν;−ΔE; e−2ðτ−τ1ÞÞ;

(E24)

bð0;4Þ1;2 ¼ −eiπνeðd−12 −νþiΔEÞτ1Fð0Þ
2;1ð−ν;−ΔE; e−2ðτ−τ1ÞÞ:

(E25)

We have used (B14) to obtain (E21). Equations (E20)–
(E25) give Eq. (59), which shows that _FBDðΔE; τ; τ1Þ has
the following asymptotic form for τ → ∞:

_FBDðΔE; τ; τ1Þ ∼ _F eqðΔEÞ þ const e−ðd−12 �ν�iΔEÞτ:

(E26)
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