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1
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. , .
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, .

, .

.

1.1:

,

.

, , ice

line .

.

ice line ,

.

, ice line

.

,

.

, H2O , H2O

. H2O ,

H ( He )

O . ,

, H2O . ,

, , ice line

. H2O , CO2,CH4,CO ice line .

ice line ,

. H2O ,

.
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.

, r , ,

z , r, z .

( ) ,

( ). ,

, r, z . 1.2

.

1.2: {
r +
z +{
r
z

, 2 , 3

. 4 ,

, 5 . 5

,

7 , 8 .

2

, (molecular

cloud) . H2,He

, .

(molecular cloud core) ,

. ,

(protostar) . ,

(free fall time)τff , ng ∼ 105 /cm3

τff ∼ 1/
√
Gρg ∼ 105 . ,

(protoplanetary disk)

. ,

, .

, 1% ( )

. ,

. ,

.
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2.1

,

, , 1960 80

[1][2]. ,

(solar nebula) ,

. ,

( , , ) , ,

H2,He ( 100 ; / )

. ,

(minimum mass model) , ,

( , ).

, ,

,

. ,

. , ,

T (r)

T (r) = 280
( r

1AU

)−1/2
[K] (2.1)

. , ( L∗) ( R)

L∗
4πr2

πR2 = 4πR2σSBT
4 ∴ T =

(
L∗

16πσSB

)1/4

r−1/2 (2.2)

(σSB ). T

R . H2O T � 160K

, H2O , , ice line

( radial ice line : r ) , (2.1) 3AU

. Hayashi 1981 [3] , ice line 2.7AU

, r � 2.7AU

, Σp⎧⎪⎨⎪⎩
Σ(rock)
p (r) = 7.1

( r

1 AU

)−3/2
[g/cm2] ([E] 0.35 AU � r � 2.7 AU)

Σ(rock+ice)
p (r) = 30

( r

1 AU

)−3/2
[g/cm2] ( [J] 2.7 AU � r � 36 AU )

(2.3)

. ice line [E]

[J] . Σg(r) , (2.3)
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/ ( 100 )

Σg(r) = 1.7× 103
( r

1 AU

)−3/2
[g/cm2] (2.4)

. ,

, (2.4)

. , (2.1) , (2.4)

.

2.2

2.2.1

,

. ,

,

vK =

√
GM∗
r

(2.5)

. ,

, (accretion) .

, .

vK =
√
GM∗/r ,

r−1/2 .

. , ,

, , . ,

,

, ( ,

).

.

, .

,

. , (turbulent viscosity) .

,

(∼ Hg; (3.29) ) ,

. ,

, (accretion disk)

α , ν

ν = αcs,gHg = α
cs,g

2

ΩK
(2.6)
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. , cs,g , Hg ( ;

(3.29) ), ΩK ≡ vK/r .

α α [4].

, .

(Magneto Rotational Instability;

MRI ) [5].

. MRI

,

( ) , [6].

,

,

.

2.2.2

, 3 .⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂ρg
∂t

+
∂

∂xj
(ρgvj) = 0 (2.7)

∂vi
∂t

+ vj
∂vi
∂xj

= − 1

ρg

∂Pg

∂xi
+

1

ρg

∂pij
∂xj

+ gi (2.8)

ρgcV
DT

Dt
= pij

∂vi
∂xj

+
T

ρg

(
∂Pg

∂T

)
V

Dρg
Dt

− ∂FE,j

∂xj
(2.9)

(2.7) ( ), (2.8) ( ), (2.9)

( ) 2. ,

. cV , FE,j . , pij

⎧⎪⎪⎨⎪⎪⎩
pij = 2ρgν

(
eij − 1

3
ekkδij

)
(2.10)

eij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
(2.11)

(eij ). Pg ,

Pg = cs,g
2ρg (2.12)

(cs,g ). ,

gi . ,

.

2 ( )
D

Dt
≡ ∂

∂t
+ v · ∇ .
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2.2.3

3.2

, 1 ( )

. , ,

3.

, Hg Hg/r � 1 ( (3.29) ),

(r, ϕ, z) z . (2.7)

, ∂/∂ϕ = 0 ,

∂ρg
∂t

+
1

r

∂

∂r
(rρgvr) +

∂

∂z
(ρgvz) = 0 (2.13)

4. , ∫ ∞

−∞
∂

∂z
(ρgvz) dz = 0 (2.15)

, (2.13) z , Σg ≡
∫ ∞

−∞
ρg dz

∂Σg

∂t
+

1

r

∂

∂r
(rΣgvr) = 0 (2.16)

. , , ϕ

fvis,ϕ

∂vϕ
∂t

+ vr
∂vϕ
∂r

+
vrvϕ
r

= fvis,ϕ (2.17)

, r , J ≡ rvϕ

∂J

∂t
+ rvr

∂vϕ
∂r︸ ︷︷ ︸

vr
∂J

∂r
− vrvϕ

+vrvϕ = rfvis,ϕ ∴ ∂J

∂t
+ vr

∂J

∂r
= rfvis,ϕ (2.18)

. , ϕ

fvis,ϕ , rfvis,ϕ

. rfvis,ϕ ,

(∂J/∂t)vis , ( r, δr � r)

3 , . ,
, ,

α ,
.

4 , A

∇ ·A = (er
∂

∂r
+ eϕ

1

r

∂

∂ϕ
+ ez

∂

∂z
) · (Arer +Aϕeϕ +Azez) =

∂Ar

∂r
+

Ar

r
+

1

r

∂Aϕ

∂ϕ
+

∂Az

∂z

=
1

r

∂

∂r
(rAr) +

1

r

∂Aϕ

∂ϕ
+

∂Az

∂z
(2.14)

.
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2πr δr (∂J/∂t)vis . , prϕ

2πr δr

(
∂J

∂t

)
vis

=
1

ρg
δ(2πr · r prϕ) ∴

(
∂J

∂t

)
vis

=
1

ρg

1

r

∂

∂r
(r2prϕ) (2.19)

,

fvis,ϕ =
1

ρg

1

r2
∂

∂r
(r2prϕ) (2.20)

. prϕ

prϕ = ρgν

[(
1

r

∂v

∂ϕ

)
r

+

(
∂v

∂r

)
ϕ

]
= ρgν

[ 1

r

∂vr
∂ϕ︸ ︷︷ ︸
0

−vϕ
r

+
∂vϕ
∂r

]
= ρgνr

∂

∂r

(vϕ
r

)
= ρgνr

∂Ω

∂r
(2.21)

5, , fvis,ϕ

fvis,ϕ =
1

ρg

1

r2
∂

∂r
(r3ρgν

∂Ω

∂r
) (2.22)

. , , Ω � ΩK Ω = ΩK

. J = r2ΩK =
√
GM∗r , M∗

∂J/∂t = 0 . (2.18) , (2.22) z

rΣgvr
∂J

∂r
=

∂

∂r
(r3Σgν

∂ΩK

∂r
) (2.23)

, vr

vr =
2

JΣg

∂

∂r

[
r2Σgν · (−3

2
ΩK)

]
= − 3

Σgr1/2
∂

∂r
(Σgνr

1/2) (2.24)

= −3ν

r

[
∂ ln(Σgνr

1/2)

∂ ln r

]
(2.25)

. , tdiff ∼ r2/ν |vr| ∼ r/tdiff

. (2.24) (2.16) ,

∂Σg

∂t
=

1

2πr

∂

∂r

[
6πr1/2

∂

∂r
(Σgνr

1/2)

]
(2.26)

. r 2πrΣg

F
(vis)
M ≡ 2πrΣgvr = −6πr1/2

∂

∂r
(Σgνr

1/2) (2.27)

5 (
1

r

∂v

∂ϕ

)
r

1

r

∂v

∂ϕ
r ,

(
∂v

∂r

)
ϕ

∂v

∂r
ϕ .
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(2.26) .

.

, r F
(vis)
J

, (2.23) ϕ (2π )

F
(vis)
J = −2πr3Σgν

∂ΩK

∂r
= 3πΣgνJ (2.28)

. , α ν (2.6) ν

, (2.28) ∂Σg/∂t ∂F
(vis)
J /∂t

∂Σg

∂t
=

1

3πνJ

∂F
(vis)
J

∂t
(2.29)

.
∂J

∂r
=

1

2

√
GM∗
r

∴ r1/2
∂

∂r
=

√
GM∗
2

∂

∂J
(2.30)

, F
(vis)
M

F
(vis)
M = − 2√

GM∗
r1/2

∂

∂r
(3πΣgνJ) = −∂F

(vis)
J

∂J
(2.31)

. (2.29),(2.30),(2.31) , (2.26)

F
(vis)
J J

∂F
(vis)
J

∂t
=

3νGM∗
4r

∂2F
(vis)
J

∂J2 (2.32)

. (2.1) , cs,g cs,g
2 ∝ T ∝ r−1/2

, (2.6) r ν ∝ r (2.32)

κ ≡ 3νGM∗
4r

(2.33)

. , 1

. ⎧⎪⎨⎪⎩
J = 0 r = 0 F

(vis)
J = 0 (2.34)

J → ∞ r → ∞ ∂F
(vis)
J

∂J
= 0 (2.35)

(2.32) . ψ(J, t) ≡
∫ ∞

J
F

(vis)
J (J ′, t) dJ ′ , (2.35)

, (2.32)

∂

∂t

∫ ∞

J
F

(vis)
J dJ ′ = κ

∫ ∞

J

∂2F
(vis)
J

∂J ′2 dJ ′

= κ

{
∂F

(vis)
J

∂J ′

∣∣∣∣∣
J ′→∞

− ∂F
(vis)
J

∂J ′

∣∣∣∣∣
J ′=J

}

∴ ∂ψ

∂t
= κ

∂2ψ

∂J2 (2.36)
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ψ(J, t) . F
(vis)
J = −∂ψ/∂J

. (2.34) (∂ψ/∂J)|J=0 = 0 , (2.36)

J = 0 −κ(∂ψ/∂J)|J=0 0 .

, t = t0 ψ(J, t0) = ψ0 δ(J) (ψ0

). , ,

.

, ψ(J, t0) = ψ0 δ(J) (2.36)

.

ψ(J, t) =
1

2π

∫ ∞

−∞
ψ̂(kJ , t)e

ikJJdkJ (2.37)

(2.36)

1

2π

∫ ∞

−∞
∂ψ̂(kJ , t)

∂t
eikJJdkJ = κ

1

2π

∫ ∞

−∞
(−kJ2) ψ̂(kJ , t)eikJJdkJ

∴ ∂ψ̂(kJ , t)

∂t
= −κ kJ2ψ̂(kJ , t) (2.38)

,

ψ̂(kJ , t) = ψ̂(kJ , t0)e
−κkJ

2(t−t0) (2.39)

. (2.37)

ψ(J, t) =
1

2π

∫ ∞

−∞
ψ̂(kJ , t0)e

ikJJ−κkJ
2(t−t0) dkJ (2.40)

, ψ(J, t0) = ψ0 δ(J)

ψ0 δ(J) =
1

2π

∫ ∞

−∞
ψ̂(kJ , t0)e

ikJJ dkJ (2.41)

. ψ̂(kJ , t0)

ψ̂(kJ , t0) = ψ0

∫ ∞

−∞
δ(J) e−ikJJ dJ = ψ0 (2.42)

, (2.40)

ψ(J, t) =
ψ0

2π

∫ ∞

−∞
eikJJ−κkJ

2(t−t0) dkJ (2.43)

. (2.43) ,

ikJJ − κ kJ
2(t− t0)

= −κ(t− t0)

[
kJ

2 − i
J

κ(t− t0)
kJ

]
= −κ(t− t0)

[
kJ − i

J

2κ(t− t0)

]2
− J2

4κ(t− t0)
(2.44)
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, ψ(J, t)

ψ(J, t) =
ψ0

2π
e
− J2

4κ(t−t0)

∫ ∞

−∞
e
−κ(t−t0)

[
kJ−i J

2κ(t−t0)

]2
dkJ

=
ψ0

2π
e
− J2

4κ(t−t0)

√
π

κ(t− t0)

=
ψ0√

4πκ(t− t0)
e
− J2

4κ(t−t0) (2.45)

. , ψ(J, t)
√
t J ( )

. , J = 0 , J → ∞
, (2.45) (2.34),(2.35) .

F
(vis)
J = −∂ψ/∂J ψ , F

(vis)
J (2.45)

F
(vis)
J =

2√
π

J

[4κ(t− t0)]
3/2

e
− J2

4κ(t−t0) (2.46)

. r0 ≡ −4κt0/GM∗ r̃, ν̃, J̃ , t̃

r̃ ≡ r/r0 (2.47)

ν̃ ≡ ν/ν0 = r̃ (2.48)

J̃ ≡ J/J0 = r̃1/2 (2.49)

t̃ ≡ 4κ(t− t0)/J0
2 =

t

(r02/3ν0)
+ 1 (2.50)

. , J0, ν0 r = r0 J, ν .

(2.46)

F
(vis)
J = C

r̃1/2

t̃3/2
e−r̃/t̃ (2.51)

(C ). (2.28), (2.31) F
(vis)
J Σg, F

(vis)
M⎧⎪⎪⎨⎪⎪⎩

Σg =
C

3πν0J0

1

r̃t̃3/2
e−r̃/t̃ (2.52)

F
(vis)
M = −C

J0

1

t̃3/2
e−r̃/t̃

(
1− 2r̃

t̃

)
= −3πΣgν

(
1− 2r̃

t̃

)
(2.53)

.

ξ̃ = r̃/t̃ Σ̃g =
3πν0J0
C

t̃5/2Σg F̃
(vis)
M =

J0
C
t̃3/2F

(vis)
M (2.54)

⎧⎨⎩ Σ̃g = ξ̃−1e−ξ̃ (2.55)

F̃
(vis)
M = −e−ξ̃

(
1− 2ξ̃

)
(2.56)

, Σ̃g, F̃
(vis)
M ξ̃ . (2.52),(2.53)

(Self-similar solution) .
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(2.53) , F
(vis)
M rm = t̃r0/2 .

rm , r < rm r > rm

. , rm . t = 0

r0/2 rm , ∼ r0
2/3ν0 , ∼ 3ν0/2r0

.

, (2.52) , 2rm = t̃r0 Σg r−1 exp

r . (2.52) r−1 ,

(2.4) Σg ∝ r−3/2 . r−3/2

(2.31) 0 ,

. , (2.53) ,

r < rm

F
(vis)
M � −3πΣgν (2.57)

. ,

. ,

, , Hα .

,

.

, , 105 106

(cf. τff ∼ 1/
√
Gρg ∼ 105 ) ,

|F (vis)
M | ∼ 10−7M�/year . ,

, 1AU |F (vis)
M | α

. ν (2.6)

ν � 5× 1016α

(
T

300 K

)( r

1 AU

)3/2
[cm2/sec] (2.58)

, 1AU Σg ∼ 2000 g/cm2 (2.57)

|F (vis)
M | � 2× 10−5α

(
Σg

2000 g/cm2

)(
T

300 K

)( r

1 AU

)3/2
[M�/year] (2.59)

. (2.59) |F (vis)
M | ∼ 10−7M�/year α

α ∼ 10−2 (2.60)

. (2.60) α

. , |F (vis)
M | , (2.60) 2

. ,

10−3 10−4 α .

Ros & Johansen 2013 , α 10−2 ,

, 10−3, 10−4 .
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3

, .

,

ice line .

.

, .

,

. ,

.

3.1

R ( )

FD = −CD

2
πR2ρgV

2 (3.1)

. , CD , ρg , V

. CD , (Kn = lg/R ; lg

) (Re = 2V R/ν ; ν )

C
(Ep)
D =

8

3Ma
(Kn � 1 , Re � 1) (3.2)

C
(St)
D =

24

Re
(Kn � 1 , Re � 1) (3.3)

C
(N)
D = 0.44 (Kn � 1 , Re 
 1) (3.4)

[7]. , Ma = V/vm,g , vm,g =
√

8/π cs,g

|vg| . (3.2) (Epstein drag law), (3.3)

(Stokes drag law), (3.4) (Newton drag law)

. ,

2 .

, R

lg . R � lg (Kn � 1)

, R � lg (Kn � 1)

. (

) , R

( ) ,

,

. ,
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, , (stopping

time friction time) mp V

tstop ≡ mpV

|FD| (3.5)

. , (3.1) (3.2),(3.3) ,

t
(Ep)
stop =

4π

3
ρsR

3V

4π

3

√
8

π
ρgR

2cs,gV

=

√
π

8

Rρs
cs,gρg

(3.6)

t
(St)
stop =

4π

3
ρsR

3V

6πρgνRV
=

2R2ρs
9ρgν

=
4

9

√
π

8

R2ρs
cs,gρglg

(3.7)

. , ρs mp = (4π/3)ρsR
3 .

ν = vm,glg/2 ( C (C.10)). , t
(Ep)
stop = t

(St)
stop

R = 9 lg/4 , τs ≡ ΩKtstop⎧⎪⎪⎪⎨⎪⎪⎪⎩
τ (Ep)s =

√
π

8

Rρs
Hgρg

(Epstein drag : R ≤ 9

4
lg) (3.8)

τ (St)s =
4

9

√
π

8

R2ρs
Hgρglg

( Stokes drag : R >
9

4
lg) (3.9)

[8][9].

3.2

3.1 , . ,

2 .

V v ρg ρp ,

DV

Dt
=

ρp
ρg

v − V

tstop
− GM∗

|r|3 r − 1

ρg
∇Pg +

1

ρg
∇ · Πvis (3.10)

Dv

Dt
= −v − V

tstop
− GM∗

|r|3 r (3.11)

. , Πvis . (r, ϕ, z)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Vr
∂t

+ Vr
∂Vr
∂r

+ Vz
∂Vr
∂z

− Vϕ
2

r
=
ρp
ρg

vr − Vr
tstop

− GM∗
r2

− 1

ρg

∂Pg

∂r

∂Vϕ
∂t

+ Vr
∂Vϕ
∂r

+ Vz
∂Vϕ
∂z

+
VrVϕ
r

=
ρp
ρg

vϕ − Vϕ
tstop

+ fvis,ϕ

∂Vz
∂t

+ Vr
∂Vz
∂r

+ Vz
∂Vz
∂z

=
ρp
ρg

vz − Vz
tstop

− GM∗
r3

z − 1

ρg

∂Pg

∂z

(3.12)
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⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂vr
∂t

+ vr
∂vr
∂r

+ vz
∂vr
∂z

− vϕ
2

r
= −vr − Vr

tstop
− GM∗

r2

∂vϕ
∂t

+ vr
∂vϕ
∂r

+ vz
∂vϕ
∂z

+
vrvϕ
r

= −vϕ − Vϕ
tstop

∂vz
∂t

+ vr
∂vz
∂r

+ vz
∂vz
∂z

= −vz − Vz
tstop

− GM∗
r3

z

(3.13)

. , (∂/∂ϕ = 0), r 
 z

, , α (α )

r, z . , ϕ

(2.22)

fvis,ϕ ≡ 1

ρg

1

r2
∂

∂r

(
r3ρgν

∂ΩK

∂r

)
(3.14)

(ν = αcs,gHg ).

tstop � 2π/ΩK , tstop ,

. (3.12)(3.13) , ∂/∂t = 0, , |Vr|, |Vz|, |vr|, |vz| � vK

( vK ≡ rΩK , ΩK ≡√GM∗/r3 ) 2⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Vϕ
2

r
=
ρp
ρg

vr − Vr
tstop

− vK
2

r
− 1

ρg

∂Pg

∂r

Vr
∂Vϕ
∂r

+ Vz
∂Vϕ
∂z

+
VrVϕ
r

=
ρp
ρg

vϕ − Vϕ
tstop

+ fvis,ϕ

0 =
ρp
ρg

vz − Vz
tstop

− ΩK
2z − 1

ρg

∂Pg

∂z

(3.15)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−vϕ
2

r
= −vr − Vr

tstop
− vK

2

r

vr
∂vϕ
∂r

+ vz
∂vϕ
∂z

+
vrvϕ
r

= −vϕ − Vϕ
tstop

0 = −vz − Vz
tstop

− ΩK
2z

(3.16)

. Vϕ = vK + V ′
ϕ , vϕ = vK + v′ϕ , V ′

ϕ, v
′
ϕ � vK 2

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Vr = vr + 2
ρg
ρp

(V ′
ϕ + η vK) ΩKtstop (3.17)

V ′
ϕ = v′ϕ +

ρg
ρp

(
fvis,ϕ − 1

2
VrΩK

)
tstop (3.18)

Vz = vz − ρg
ρp

ΩK
2tstopz − 1

ρp

∂Pg

∂z
tstop (3.19)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
vr = Vr + 2v′ϕΩKtstop (3.20)

v′ϕ = V ′
ϕ − 1

2
vrΩKtstop (3.21)

vz = Vz − ΩK
2tstopz (3.22)
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. , (3.17) η , ( )

6

η ≡ − cs,g
2

2vK2

∂ lnPg

∂ ln r
(3.25)

. , Vz = 0 . ,

(3.22) ( )

vz = −ΩK
2tstopz (3.26)

, (3.19) , ρg 
 ρp

Pg = cs,g
2ρg

∂ρg
∂z

= −ρgΩK
2

cs,g2
z (3.27)

. z , Σg(r) ≡
∫ ∞

−∞
ρg(r, z)dz

ρg =
Σg√
2πHg

exp

[
− z2

2Hg
2

]
(3.28)

. Hg ( )

Hg ≡ cs,g
ΩK

� 0.03
( r

1AU

)5/4
[AU] (3.29)

( 2 (2.2) ).

r, ϕ . [ ρg× (3.20)−ρp× (3.17) ] , [ (3.18)+ (3.21) ]

, [ ρg× (3.21)−ρp× (3.18) ] , [ (3.17)+ (3.20) ]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

vr − Vr =
2τs

1 + cp
(v′ϕ − V ′

ϕ − η vK) (3.30)

cp vr + Vr = 2
fvis,ϕ
ΩK

(3.31)

v′ϕ − V ′
ϕ = −1

2

τs
1 + cp

(vr − Vr)− τs
1 + cp

fvis,ϕ
ΩK

(3.32)

cp v
′
ϕ + V ′

ϕ = −η vK (3.33)

. cp ≡ ρp/ρg ( ) .
6 , (r )

vϕ
2

r
=

1

ρg

∂Pg

∂r
+

GM∗
r2

(3.23)

. vϕ

vϕ = vK

(
1 +

cs,g
2

vK2

∂ lnPg

∂ ln r

)1/2

� vK(1− η) (3.24)

. , η
. , ,

.
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εvis ≡ − 1

η vK

fvis,ϕ
ΩK

(3.34)

, (3.30) (3.32)⎧⎪⎪⎪⎨⎪⎪⎪⎩
vr − Vr = − (1 + cp)− εvisτs

τs + (1 + cp)
2τs−1

2η vK (3.35)

v′ϕ − V ′
ϕ =

τs + (1 + cp)εvis

τs + (1 + cp)
2τs−1

η vK (3.36)

, (3.31),(3.33) , ,

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Vr =
cp − [τs + (1 + cp)τs

−1]εvis

τs + (1 + cp)
2τs−1

2 η vK

V ′
ϕ = − [τs + (1 + cp)τs

−1] + cpεvis

τs + (1 + cp)
2τs−1

η vK

Vz = 0

(3.37)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

vr = −1 + (1 + cp)εvisτs
−1

τs + (1 + cp)
2τs−1

2 η vK

v′ϕ = −(1 + cp)τs
−1 − εvis

τs + (1 + cp)
2τs−1

η vK

vz = −ΩKτsz

(3.38)

.

(3.37),(3.38) . α (2.6)

ν = αcs,g
2/ΩK , (3.14)

fvis,ϕ =
1

ρg

1

r2
∂

∂r
(−3

2
r2ρgνΩK) = −3

2

νΩK

r

r

ρgν r1/2
∂

∂r
(ρgνr

1/2)

= −3

2

νΩK

r

∂ ln(ρgν r
1/2)

∂ ln r
(3.39)

, εvis

εvis =
3

2

ν

r

1

η vK

∂ ln(ρgν r
1/2)

∂ ln r
= 3α

cs,g
2

2vK

1

η vK

∂ ln(ρgν r
1/2)

∂ ln r

= −3α

[
∂ lnPg

∂ ln r

]−1

︸ ︷︷ ︸
−O(1)

[
∂ ln(ρgν r

1/2)

∂ ln r

]
︸ ︷︷ ︸

O(1)

∼ α (3.40)

. εvis α ,

( τs < εvis , τs
−1

).
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ρp/ρg � 1 εvis � 1 (3.37),(3.38)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Vr � ρp

ρg

2η vK
τs + τs−1

− 3ν

r

∂ ln(ρgν r
1/2)

∂ ln r

V ′
ϕ � −η vK
Vz = 0

(3.41)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
vr � − 2 η vK

τs + τs−1

v′ϕ � − η vK
1 + τs2

vz = −ΩKτsz

(3.42)

. η vK ,

, r

. τs � 1 , ,

r , , ,

. , τs > 1

, ,

. , τs = 1

7. (3.8) , R

R1 ≡
√
π

8

Hgρg,c
ρs

� 2.1× 102
( r

3AU

)−3/2
[cm] (3.44)

Epstei
n drag

law

Sto
ke

s d
rag

law

~Mean free path

Hight Re limit

Τs� 1

Τs = 1

Τs� 1(9 lg/4)
1005020 20030 30015070

0.0100

0.0050

0.0200

0.0030

0.0300

0.0150

0.0070

R[cm]

v r
[A

U
/y

ea
r]

3.1: r (r = 3AU)

(vr = −η vK) .

η vK ∼ 0.01 [AU/year]

100

.

z , τs � 1 ,

vz = −ΩKτsz .

,

αcs,g

vz
αcs,g

=
τs
α

z

Hg
(3.45)

7 vr
∂vr
∂τs

= 2η vK
1− τs

2

(1 + τs2)
2 = 0 (3.43)

τs = 1 .
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, τs > α ,

Hg . α = 0.01 , cm

z .

r , ν = 0

. ,

( (3.41) 1 ).

3.3

.

. ,

, (random force)

. ,

. ,

. , (

) ,

(Langevin equation) [10]. ,

r ϕ z (r, ϕ

) (z ) ( ,

, r z 1 ).

3.3.1

(Kolmogorov turbulent)

. ( ) teddy (

(3.55) )8, ug Eg(t) ≡ 〈ug(t)ug(0)〉

Eg(t) = Eg(0)e
−|t|/teddy = 〈ug2〉e−|t|/teddy (3.46)

teddy . ,

〈ug(t+ t0)ug(t0)〉 t0 , Eg(0) = 〈ug2〉 2

9. Êg(ω) ,

10

8 , (cascade) ,
eddy turnover time . ,

( ) . teddy
eddy turnover time .

9 〈X〉 X , X X .
10 , .

f̂(ω) =

∫ ∞

−∞
f(t)e−iωt dt f(t) =

1

2π

∫ ∞

−∞
f̂(ω)eiωt dω (3.47)
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Êg(ω) =

∫ ∞

−∞
Eg(t)e

−iωtdt

= 〈ug2〉
∫ ∞

0
2e−t/teddy cosωt dt

= 〈ug2〉 2teddy
1 + ω2teddy2

= 〈ug2〉P̂ (ω) (3.48)

, . P̂ (ω) ≡ 2teddy/(1 +

ω2teddy
2) . xg(t) = x(0) +

∫ t

0
ug(τ)dτ ,

Dg ≡ lim
t→∞

〈|xg(t)|2〉
2t

= lim
t→∞

1

2t

[
〈|xg(0)|2〉+ 2

∫ t

0
〈x(0)ug(τ)〉dτ + 〈|

∫ t

0
ug(τ)dτ |2〉

]
(3.49)

. 2 〈xg(0)ug(τ)〉 , τ > 0

0 . , 3 〈|
∫ t

0
ug(τ)dτ |2〉

〈|
∫ t

0
ug(τ)dτ |2〉 =

∫ t

0
dτ1

∫ t

0
dτ2 〈ug(τ1)ug(τ2)〉

=

∫ t

0
dτ1

∫ τ1

0
dτ2 Eg(τ1 − τ2) +

∫ t

0
dτ1

∫ t

τ1

dτ2 Eg(−(τ1 − τ2))︸ ︷︷ ︸
( 11)

= 2

∫ t

0
dτ1

∫ τ1

0
dτ2 Eg(τ1 − τ2) (3.50)

. τ ′ ≡ τ1 − τ2

〈|
∫ t

0
ug(τ)dτ |2〉 = 2

∫ t

0
dτ1

∫ τ1

0
dτ ′ Eg(τ

′)︸ ︷︷ ︸
( 12)

= 2

∫ t

0
dτ ′
∫ t

τ ′
dτ1 Eg(τ

′) = 2

∫ t

0
dτ ′ (t− τ ′)Eg(τ

′)

(3.52)

. (3.49)

Dg = lim
t→∞

1

2t

[
〈|xg(0)|2〉+ 2

∫ t

0
dτ ′ (t− τ ′)Eg(τ

′)
]
=

∫ ∞

0
Eg(τ

′)dτ ′ (3.54)

, Eg(τ
′) =

1

2π

∫ ∞

−∞
dω Êg(ω)e

iωτ ′

Dg =
1

2π

∫ ∞

0
dτ ′
∫ ∞

−∞
dω Êg(ω)e

iωτ ′

=
1

2
Êg(0) = 〈ug2〉teddy (3.55)

11 ∫ t

0

τ1

∫ t

τ1

dτ2 Eg(−(τ1 − τ2)) =

∫ t

0

dτ2

∫ τ2

0

dτ1 Eg(−(τ1 − τ2)) (3.51)

( 3.2), τ1 τ2

∫ t

0

dτ1

∫ τ1

0

dτ2 Eg(τ1 − τ2) .

12 ∫ t

0

dτ1

∫ τ1

0

dτ ′ Eg(τ
′) =

∫ t

0

dτ ′
∫ t

τ ′
dτ1 Eg(τ

′) (3.53)

( 3.3).
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. , δ(ω) =
1

2π

∫ ∞

−∞
eiωτ

′
dτ ′ (

(3.54) (3.46) ). (3.55) ,

( E (E.11) 〈ug2〉 → kBT/mp , γp → 1/teddy ).

3.2: [ (3.51)] 3.3: [ (3.53)]

3.3.2

. ,

O ΩK Hill ( D)

. , z ,

O (xp, yp) 2 Hill . xp, yp

, O .

, x, y ΩK , y

vshear = −(3/2)ΩKxp

. ,⎧⎨⎩up = ẋp

vp = ẏp +
3

2
ΩKxp

(3.56)

vshear . ,

⎧⎪⎪⎨⎪⎪⎩
u̇p = 2ΩKvp − up − ug

tstop

v̇p = −ΩKup
2

− vp − vg
tstop

(3.57)

( (D.3),(D.4) ). ,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ûp =

(1 + i νs)ûg + 2τsv̂g

τs2 + (1 + i νs)
2

v̂p =
−(τs/2)ûg + (1 + i νs)v̂g

τs2 + (1 + i νs)
2

(3.58)

23

物性研究・電子版　Vol. 3, No. 2 032605 （2014年5月号）《修士論文》



. τs ≡ ΩKtstop , νs ≡ ωtstop . |ûp|2 , |v̂p|2 , (ûpv̂∗p + û∗pv̂p)/2

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

|ûp|2 = 1

k(νs)

[
(1 + νs

2)|ûg|2 + 4τs
2|v̂g|2 + 4τs

ûgv̂
∗
g + û∗gv̂g
2

+ 4τs
i νs(ûgv̂

∗
g − û∗gv̂g)
2

]
(3.59)

|v̂p|2 = 1

k(νs)

[
τs

2

4
|ûg|2 + (1 + νs

2)|v̂g|2 − τs
ûgv̂

∗
g + û∗gv̂g
2

+ τs
i νs(ûgv̂

∗
g − û∗gv̂g)
2

]
(3.60)

ûpv̂
∗
p + û∗pv̂p
2

=
1

k(νs)

[
−τs

2
|ûg|2 + 2τs|v̂g|2 + (1− τs

2 + νs
2)
ûgv̂

∗
g + û∗gv̂g
2

]
(3.61)

.

k(νs) ≡ (1 + τs
2 + νs

2)
2 − 4τs

2νs
2 (3.62)

. ,

E(x)
g (t) ≡ 〈ug(t)ug(0)〉 , E(y)

g (t) ≡ 〈vg(t)vg(0)〉 , E(xy)
g (t) ≡ 〈ug(t)vg(0)〉 (3.63)

, .

,

Ê(x)
p = lim

T→∞
〈|ûp|2〉
T

, Ê(y)
p = lim

T→∞
〈|v̂p|2〉
T

, Ê(xy)
p = lim

T→∞
〈ûpv̂∗p + û∗pv̂p〉

2T
(3.64)

. (3.59),(3.60),(3.61) 3 (ûgv̂
∗
g + û∗gv̂g)/2

ûgv̂
∗
g + û∗gv̂g
2

=
1

2

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 ug(t1)vg(t2)

[
eiω(t1−t2) + e−iω(t1−t2)

]
=

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 ug(t1)vg(t2) · cos[ω(t1 − t2)] (3.65)

,

〈ûg v̂∗g + û∗gv̂g〉
2

=

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 E

(xy)
g (t1 − t2) · cos[ω(t1 − t2)] (3.66)

, (3.59),(3.60) i νs(ûgv̂
∗
g − û∗gv̂g)/2

i νs(ûgv̂
∗
g − û∗gv̂g)
2

=
i νs
2

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 ug(t1) vg(t2)

[
e−iω(t1−t2) − eiω(t1−t2)

]
=

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 ug(t1) vg(t2) · νs sin[ω(t1 − t2)]

= lim
T→∞

∫ T/2

−T/2
dt1

∫ T/2

−T/2
dt2 ug(t1) vg(t2) · νs sin[ω(t1 − t2)] (3.67)

i νs〈ûgv̂∗g − û∗gv̂g〉
2

= lim
T→∞

∫ T/2

−T/2
dt1

∫ T/2

−T/2
dt2 〈ug(t1) vg(t2)〉 · νs sin[ω(t1 − t2)]

= lim
T→∞

∫ T/2

−T/2
dt1

∫ T/2

−T/2
dt2 E

(xy)
g (t1 − t2) · νs sin[ω(t1 − t2)] (3.68)

24

物性研究・電子版　Vol. 3, No. 2 032605 （2014年5月号）《修士論文》



. τ ≡ t1 − t2

i νs〈ûgv̂∗g − û∗gv̂g〉
2

= lim
T→∞

∫ T/2

−T/2
dt1

∫ t1+T/2

t1−T/2
dτ E(xy)

g (τ) · νs sinωτ︸ ︷︷ ︸
≡F (t1)

(3.69)

, F (t1) ≡
∫ t1+T/2

t1−T/2
dτ E(xy)

g (τ) · νs sinωτ

F (t1) + F (−t1) =

[∫ 0

t1−T/2
dτ +

∫ t1+T/2

0
dτ +

∫ 0

−t1−T/2
dτ +

∫ −t1+T/2

0
dτ

]
E(xy)

g (τ) · νs sinωτ

=

[∫ −(t1−T/2)

t1−T/2
dτ +

∫ t1+T/2

−(t1+T/2)
dτ

]
E(xy)

g (τ) · νs sinωτ = 0 (3.70)

, F (t1) = −F (−t1) F (t1) ,

i νs〈ûgv̂∗g − û∗gv̂g〉
2

= lim
T→∞

∫ T/2

−T/2
dt1F (t1) = 0 (3.71)

. , Ê
(x)
p , Ê

(y)
p , Ê

(xy)
p (3.59),(3.60),(3.61)⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ê(x)
p =

1

k(νs)

[
(1 + νs

2)Ê(x)
g + 4τs

2Ê(y)
g + 4τsÊ

(xy)
g

]
Ê(y)

p =
1

k(νs)

[
τs

2

4
Ê(x)

g + (1 + νs
2)Ê(y)

g − τsÊ
(xy)
g

]
Ê(xy)

p =
1

k(νs)

[
−τs

2
Ê(x)

g + 2τsÊ
(y)
g + (1− τs

2 + νs
2)Ê(xy)

g

] (3.72)

. , (3.48)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ê(x)
p =

1

k(νs)

[
(1 + νs

2)〈ug2〉+ 4τs
2〈vg2〉+ 4τs〈ugvg〉

]
P̂ (νs) (3.73)

Ê(y)
p =

1

k(νs)

[
τs

2

4
〈ug2〉+ (1 + νs

2)〈vg2〉 − τs〈ugvg〉
]
P̂ (νs) (3.74)

Ê(xy)
p =

1

k(νs)

[
−τs

2
〈ug2〉+ 2τs〈vg2〉+ (1− τs

2 + νs
2)〈ugvg〉

]
P̂ (νs) (3.75)

. St ≡ tstop/teddy (Stokes number)

P̂ (νs) ≡ 2teddySt
2

St2 + νs2
(3.76)

. (3.73),(3.74),(3.75) ω = νs/tstop , 〈up2〉,
〈vp2〉, 〈upvp〉 . , .

, . k(νs) = (νs
2 − 2τsνs + 1 + τs

2)(νs
2 + 2τsνs + 1 + τs

2) 1/k(νs)

(Pole) ⎧⎨⎩ν1 = τs + i , ν2 = τs − i

ν3 = −τs + i , ν4 = −τs − i
(3.77)

,
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ττ

ν

νν

ν

ν

ν

3.4:

P̂ (νs) ⎧⎨⎩ν5 = iSt

ν6 = −iSt
(3.78)

. , 6 Im[νs] > 0

ν1, ν3, ν5 3 .

, 3 .

I1 ≡ 1

2π

∫ ∞

−∞

P̂ (νs)

k(νs)
dω =

1

2π

1

tstop

∫ ∞

−∞

P̂ (νs)

k(νs)
dνs

=
1

2π

1

tstop
· 2πi

[
Res
νs=ν1

+ Res
νs=ν3

+ Res
νs=ν5

]
P̂ (νs)

k(νs)

=
i

tstop

[
1

(ν1 − ν2)(ν1 − ν3)(ν1 − ν4)
P̂ (ν1)

+
1

(ν3 − ν1)(ν3 − ν2)(ν1 − ν4)
P̂ (ν3) +

1

k(ν5)

2 teddy St
2

ν5 − ν6

]
=

1

K
· 2 + St

2
(3.79)

I2 ≡ 1

2π

∫ ∞

−∞
P̂ (νs)

k(νs)
(1 + νs

2) dω =
1

2π

1

tstop

∫ ∞

−∞
P̂ (νs)

k(νs)
(1 + νs

2) dνs

=
1

2π

1

tstop
· 2πi

[
Res
νs=ν1

+ Res
νs=ν3

+ Res
νs=ν5

]
P̂ (νs)

k(νs)
(1 + νs

2)

=
i

tstop

[
1 + ν1

2

(ν1 − ν2)(ν1 − ν3)(ν1 − ν4)
P̂ (ν1)

+
1 + ν3

2

(ν3 − ν1)(ν3 − ν2)(ν1 − ν4)
P̂ (ν3) +

1 + ν5
2

k(ν5)

2 teddy St
2

ν5 − ν6

]
=

1

K

[
1 + St

(
1 +

τs
2

2

)]
(3.80)

I3 ≡ 1

2π

∫ ∞

−∞
P̂ (νs)

k(νs)
(1− τs

2 + νs
2) dω =

1

2π

1

tstop

∫ ∞

−∞
P̂ (νs)

k(νs)
(1− τs

2 + νs
2) dνs

=
1

2π

1

tstop
· 2πi

[
Res
νs=ν1

+ Res
νs=ν3

+ Res
νs=ν5

]
P̂ (νs)

k(νs)
(1− τs

2 + νs
2)

=
i

tstop

[
1− τs

2 + ν1
2

(ν1 − ν2)(ν1 − ν3)(ν1 − ν4)
P̂ (ν1)

+
1− τs

2 + ν3
2

(ν3 − ν1)(ν3 − ν2)(ν1 − ν4)
P̂ (ν3) +

1− τs
2 + ν5

2

k(ν5)

2 teddy St
2

ν5 − ν6

]
=

1

K
(1 + St − τs

2) (3.81)

,

K ≡ (1 + τs
2)[(1 + St)2 + τs

2] (3.82)

.
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〈up2〉, 〈vp2〉, 〈upvp〉⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈up2〉 =
1

2π

∫ ∞

−∞
Ê(x)

p dω = I2〈ug2〉+ 4τs
2I1〈vg2〉+ 4τsI1〈ugvg〉

=
1

K

{[
1 + St

(
1 +

τs
2

2

)]
〈ug2〉+ 2τs

2(2 + St)〈vg2〉+ 2τs(2 + St)〈ugvg〉
}

(3.83)

〈vp2〉 =
1

2π

∫ ∞

−∞
Ê(y)

p dω =
τs

2

4
I1〈ug2〉+ I2〈vg2〉 − τsI1〈ugvg〉

=
1

K

{
τs

2(2 + St)

8
〈ug2〉+

[
1 + St

(
1 +

τs
2

2

)]
〈vg2〉 − τs(2 + St)

2
〈ugvg〉

}
(3.84)

〈upvp〉 =
1

2π

∫ ∞

−∞
Ê(xy)

p dω = −τs
2
I1〈ug2〉+ 2τsI1〈vg2〉+ I3〈ugvg〉

=
1

K

{
−τs(2 + St)

4
〈ug2〉+ τs(2 + St)〈vg2〉+ (1 + St − τs

2)〈ugvg〉
}

(3.85)

. up, vp 2 . (3.55)

, (3.73)

D(x)
p =

1

2
Êp(0) = teddy

〈ug2〉+ 4τs
2〈vg2〉+ 4τs〈ugvg〉

(1 + τs2)
2 (3.86)

. (3.83),(3.84),(3.85),(3.86) , τs � 1 τs 
 1 2

. τs � 1, ,

,

〈up2〉
〈ug2〉 =

〈vp2〉
〈vg2〉 =

〈upvp〉
〈ugvg〉 =

1

1 + St
(3.87)

D(x)
p = 〈up2〉teddy (3.88)

, orbital effect 13.

.
13 , , .

2 .

u̇p = − up

tstop
+

ug

tstop
(3.89)

|ûp|2 =
|ûg|2

1 + νs2
(3.90)

(νs ≡ ωtstop). Êp(ω) = Êg(ω)/(1 + ω2tstop
2)

〈up
2〉 = 1

2π

∫ ∞

−∞
Êp(ω) dω =

1

2π

〈ug
2〉

tstop

∫ ∞

−∞

P̂ (νs)

1 + νs2
dνs (3.91)

〈up
2〉

〈ug
2〉 =

1

1 + St
(3.92)

.

Dp =
1

2
Êp(0) = 〈ug

2〉teddy (3.93)

, .
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St 
 τs 
 1 
 ΩKteddy⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈up2〉 = [1 + (τs
2/2)]〈ug2〉+ 2τs

2〈vg2〉+ 2τs〈ugvg〉
St(1 + τs2)

(3.94)

〈vp2〉 = (τs
2/8)〈ug2〉+ [1 + (τs

2/2)]〈vg2〉 − (τs/2)〈ugvg〉
St(1 + τs2)

(3.95)

〈upvp〉 = (−τs/4)〈ug2〉+ τs〈vg2〉+ 〈ugvg〉
St(1 + τs2)

(3.96)

D(x)
p =

4teddy
τs2

〈vg2〉 (3.97)

. , τs � 1 (3.88)

, τs 
 1 (3.97) 〈vg2〉
. ,

,

. τs � 1 ,

. , , 〈ug2〉 = 〈vg2〉 〈ugvg〉 = 0

(3.94),(3.95),(3.96) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈up2〉 = 〈ug2〉
St

1 + (5/2)τs
2

1 + τs2
(3.98)

〈vp2〉 = 〈ug2〉
St

1 + (5/8)τs
2

1 + τs2
(3.99)

〈upvp〉 = 〈ug2〉
St

(3/4)τs
2

1 + τs2
(3.100)

. τs 
 1 , (3.98),(3.99)⎧⎪⎪⎨⎪⎪⎩
〈up2〉 = 5

2

〈ug2〉
St

〈vp2〉 = 5

8

〈ug2〉
St

(3.101)

∴
√
〈up2〉 = 2

√
〈vp2〉 (3.102)

( D [ (D.13)] ).

, St 
 1 ,

.

, (3.83),(3.84),(3.85) , 〈ug2〉, 〈vg2〉 〈ugvg〉
. 〈ug2〉 = 〈vg2〉 , τe ≡ ΩKteddy

, 2

.
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τe � 1 , x ug y vg ,

( ) 〈ugvg〉 ∼ −Dg · (∂vshear,g/∂xg)
. vshear,g = −(3/2)ΩKxp

( ) . (3.55) Dg = 〈ug2〉teddy

〈ugvg〉 ∼ 3

2
τe〈ug2〉

∴ 〈ug2〉 = 〈vg2〉 ∼ 2

3τe
〈ugvg〉 (τe � 1) (3.103)

. τe ≡ ΩKteddy .

, τs 
 1 [11][12]. ϕ ,

r ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
ρg +

∂

∂r
(ρgUg) = 0 (3.104)

∂

∂t
(ρgJ) +

∂

∂r
(ρgJ Ug) = −∂F

(vis)
J

∂r
(3.105)

∂

∂t
(ρgE) +

∂

∂r
(ρgE Ug) = −∂F

(vis)
E

∂r
+ ρg ε̇eddy (3.106)

. (3.104) , (3.105) , (3.106)

. , J(r), E(r) , r

,

J(r) = r2ΩK =
√
GM∗r (3.107)

E(r) =
J2

2r2
− GM∗

r
= −GM∗

2r
(3.108)

. , Ug , F
(vis)
J F

(vis)
E

. ε̇eddy ,

,

ε̇eddy ∼ 〈ug2 + vg
2〉/teddy . (3.107),(3.108)

∂J(r)

∂r
=

1

2

√
GM∗
r

=
rΩK

2
(3.109)

∂E(r)

∂r
=

GM∗
2r2

=
rΩK

2

2
(3.110)

, δJ δE = ΩK δJ

. F
(vis)
J F

(vis)
E

F
(vis)
E

F
(vis)
J

=
δE

δJ
= ΩK (3.111)

∂F
(vis)
E

∂r
= −3

2

ΩK

r
F

(vis)
J +ΩK

∂F
(vis)
J

∂r
(3.112)
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. [ (3.105)− J× (3.104)] [ (3.106) − E× (3.104)]⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρgUg

rΩK

2
= −∂F

(vis)
J

∂r

ρgUg
rΩK

2

2
= −∂F

(vis)
E

∂r
+ ρg

〈ug2 + vg
2〉

teddy

(3.113)

, (3.112) ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρgUg = − 2

rΩK

∂F
(vis)
J

∂r
(3.114)

F
(vis)
J =

2r

3ΩK
ρg

〈ug2 + vg
2〉

teddy
(3.115)

. (3.114) , (3.115)

.

−ρg〈ugvg〉 F
(vis)
J = r ρg〈ugvg〉 14,

τe 
 1 〈ugvg〉 ∼ 2〈ug2 + vg
2〉

3τe

∴ 〈ug2〉 = 〈vg2〉 ∼ 3τe
4

〈ugvg〉 (τe 
 1) (3.116)

. , (3.103),(3.116)

〈ug2〉 = 〈vg2〉 ∼ 2 + (9τe
2/4)

3τe
〈ugvg〉 (3.124)

14 ,

∂vi
∂xi

= 0 (3.117)

∂vi
∂t

+ vj
∂vi
∂xj

= − 1

ρg

∂Pg

∂xi
+ ν

∂2vi

∂xj
2 (3.118)

(ν ). , 〈vi〉, 〈Pg〉
v′i, Pg

′

vi = 〈vi〉+ v′i , P = 〈Pg〉+ Pg
′ (3.119)

. (3.119) (3.117)

∂〈vi〉
∂xi

=
∂v′i
∂xi

= 0 (3.120)

. (3.119) (3.118)

∂〈vi〉
∂t

+ 〈vj〉∂〈vi〉
∂xj

+ 〈v′j ∂v
′
i

∂xj
〉 = − 1

ρg

∂〈Pg〉
∂xi

+ ν
∂2〈vi〉
∂xj

2 (3.121)

, 3 (3.120)

〈v′j ∂v
′
i

∂xj
〉 = 〈 ∂

∂xj
(v′iv

′
j)〉 − 〈v′i

∂v′j
∂xj︸︷︷︸
0

〉 = ∂

∂xj
〈v′iv′j〉 (3.122)

∂〈vi〉
∂t

+ 〈vj〉∂〈vi〉
∂xj

= − 1

ρg

∂〈Pg〉
∂xi

+
1

ρg

∂

∂xj

[
μ
∂〈vi〉
∂xj

− ρg〈v′iv′j〉
]

(3.123)

(μ = ρgν). μ∂〈vi〉/∂xj ,
−ρg〈v′iv′j〉 . (Reynolds stress) .
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. 3.5 3.6 , (3.83),(3.84),(3.85) 〈up2〉, 〈vp2〉, 〈upvp〉
τs, τe (τs ≡ ΩKtstop , τe ≡ ΩKteddy). 3.5 (3.124)

〈ugvg〉 , 3.6 〈ugvg〉 = 0

. , τs ≈ 1 . 3.5 τe = 1

τe = 10 τs ≈ 1 Vparticle/Vturb > 1

. τe = 1 , 〈ugvg〉 = 0 3.6

, −ρg〈ugvg〉
. , 〈ugvg〉 1

. τe = 10 〈ugvg〉 = 0

, . ,

[10].

, (3.124) , (3.55),(3.86)

Sc ≡ D
(x)
p /D

(x)
g (Schmidt number) 3.7

.

Kt

V
V

ugvg

upvp

vp

up

K t

K t

ugvg

upvp

vp

up

K t

K t

ugvg

upvp

vp

up

K t

3.5: 〈ugvg〉 = 3τe
2 + (9τe2/4)

〈ug2〉

Kt

V
V

upvp

vp

up

K t

K t

upvp

vp

up

K t

K t

upvp

vp

up

K t

3.6: 〈ugvg〉 = 0

31

物性研究・電子版　Vol. 3, No. 2 032605 （2014年5月号）《修士論文》



0.001 0.01 0.1 1 10 100 1000
10-5

10-4

0.001

0.01

0.1

1

10

�Ktstop

D
p(x

) /D
g(x

)

Estimate model
<ugvg>=0 model
�Kteddy=10
�Kteddy=1
�Kteddy=0.1

3.7:

3.7 Sc , τe

. Sc

τe 〈ugvg〉
, 〈ugvg〉 .

, τe = 0.1, 10 (3.124)

〈ugvg〉 , τs ≈ 1

. τs < 1 〈ug2〉
, τs τs > 1

〈vg2〉 . 〈ugvg〉
τs ≈ 1 τe = 1

.

(3.124) τe ∼ 1 〈ugvg〉 . 〈ugvg〉 = 0

(3.86)

D(x)
p =

1 + 4τs
2

(1 + τs2)
2D

(x)
g (3.125)

. 〈ugvg〉 = 0 (3.124)

. (3.125) 4

D(x)
p =

D
(x)
g

1 + τs2
(3.126)

. , , D
(x)
g

α ( (2.6),(2.60) ).

, (3.125) (3.126)

. ,

(3.126) .

3.3.3

, .

. , −GM∗z/r3 =

−ΩK
2z z̈ = −ΩK

2z ΩK (

). ,

, τs = ΩKtstop � 1

(3.2 ).

, .

,

2 .
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,

. zp , wp = dzp/dt .

wg , (3.48) .

dwp

dt
= −ΩK

2zp − wp − wg

tstop
(3.127)

. ,

− ω2ŵp = −ΩK
2ŵp − iω

tstop
(ŵp − ŵg)

∴ ŵp =
iω

tstop(ΩK
2 − ω2) + iω

ŵg (3.128)

.

|ŵp|2 = ω2

tstop2(Ωk
2 − ω2)

2
+ ω2

|ŵg|2 (3.129)

,

Ê(z)
p =

ω2

tstop2(Ωk
2 − ω2)

2
+ ω2

Ê(z)
g =

νs
2P̂ (νs)

(τs2 − νs2)
2 + ν2s

〈wg
2〉 = νs

2P̂ (νs)

�(νs)
〈wg

2〉 (3.130)

. , νs ≡ ωtstop �(νs) ≡ (νs
2 − τs

2)
2
+ νs

2 , P̂ (νs) ≡
2teddySt

2/(St2 + νs
2) . , 〈wg

2〉 Ê
(z)
p

ω = νs/tstop , . P̂ (νs)

(3.78) ⎧⎨⎩ν5 = iSt

ν6 = −iSt
(3.131)

, �(νs) = (νs
2 − i νs − τs

2)(νs
2 + i νs − τs

2)⎧⎪⎪⎨⎪⎪⎩
ν7 =

√
4τs2 − 1

2
+
i

2
, ν8 =

√
4τs2 − 1

2
− i

2

ν9 = −
√
4τs2 − 1

2
+
i

2
, ν10 = −

√
4τs2 − 1

2
− i

2

(3.132)

, Im[νs] > 0 νs = ν5, ν7, ν9 3 15.

, ν5, ν7, ν9

.

15 (
√
4τs2 − 1)/2 −(

√
4τs2 − 1)/2

τs > 1/2 . τs < 1/2⎧⎪⎨
⎪⎩
ν7 =

i

2
(1 +

√
1− 4τs2) , ν8 = − i

2
(1−

√
1− 4τs2)

ν9 =
i

2
(1−

√
1− 4τs2) , ν10 = − i

2
(1 +

√
1− 4τs2)

(3.133)

. , Im[νs] > 0 νs = ν5, ν7, ν9 ,
τs > 1/2 .
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1

2π

∫ ∞

−∞
Ê(z)

p dω =
1

2π

〈wg
2〉

tstop

∫ ∞

−∞
νs

2P̂ (νs)

�(νs)
dνs

=
1

2π

〈wg
2〉

tstop
· 2πi

[
Res
νs=ν5

+ Res
νs=ν7

+ Res
νs=ν9

]
νs

2P̂ (νs)

�(νs)

= i
〈wg

2〉
tstop

[
2teddySt

2

ν5 − ν6

ν5
2

�(ν5)
+ P̂ (ν7)

ν7
2

(ν7 − ν8)(ν7 − ν9)(ν7 − ν10)

+P̂ (ν9)
ν9

2

(ν9 − ν7)(ν9 − ν8)(ν9 − ν10)

]
=

〈wg
2〉

1 + (τs/τe) + τsτe
(3.134)

∴ 〈wp
2〉 = 〈wg

2〉
1 + (τs/τe) + τsτe

=
〈wg

2〉
1 + St(1 + τe2)

(3.135)

τe = ΩKteddy � 1 (3.92) ( 13).

Hp

Hp
2 = 〈|zp(t)|2〉 (3.136)

. (3.136) , t zp(t)

2 . 〈|zp(t)|2〉 t→ ∞
, , 〈|zp(t)|2〉 . zp(t)

zp =
1

2π

∫ ∞

−∞
ẑpe

iωtdω , dzp/dt = wp

ẑp = − iŵp

ω
∴ |ẑp|2 = |ŵp|2

ω2
(3.137)

Hp
2 = lim

T→∞
1

T

∫ T/2

−T/2
dt 〈|zp(t)|2〉

= lim
T→∞

1

(2π)2
1

T

∫ T/2

−T/2
dt

∫ ∞

−∞
dω1

∫ ∞

−∞
dω2 〈ẑ∗p(ω1)ẑp(ω2)〉ei(−ω1+ω2)t

=
1

2π

∫ ∞

−∞
dω1

[
lim
T→∞

〈|ẑp(ω1)|2〉
T

]

=
1

2π

∫ ∞

−∞
dω1

1

ω1
2

[
lim
T→∞

〈|ŵp(ω1)|2〉
T

]

=
1

2π

∫ ∞

−∞
dω1

Êz
p(ω1)

ω1
2

=
〈wg

2〉tstop
2π

∫ ∞

−∞
dνs

P̂ (νs)

�(νs)
(3.138)

( Ê(z)
p = lim

T→∞
〈|ŵp|2〉/T ), Hp

.
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1

2π

∫ ∞

−∞
P̂ (νs)

�(νs)
dνs =

1

2π
· 2πi

[
Res
νs=ν5

+ Res
νs=ν7

+ Res
νs=ν9

]
P̂ (νs)

�(νs)

= i

[
2teddySt

2

ν5 − ν6

1

�(ν5)
+ P̂ (ν7)

1

(ν7 − ν8)(ν7 − ν9)(ν7 − ν10)

+P̂ (ν9)
1

(ν9 − ν7)(ν9 − ν8)(ν9 − ν10)

]
=

teddy
τs2

1

1 +
Stτe

2

1 + St

(3.139)

,

Hp =

√
D

(z)
g

ΩKτs

1√
ξ(τs, τe)

(3.140)

. D
(z)
g = 〈wg

2〉teddy ,

ξ(τs, τe) ≡ 1 + St(1 + τe
2)

1 + St
= 1 +

Stτe
2

1 + St
(3.141)

. , D
(z)
g α ( (2.6))

D(z)
g = αcs,gHg = αHg

2ΩK (3.142)

, Hp Hg

Hp

Hg
=

√
α

τs
ξ−1/2 (3.143)

. , 〈wp
2〉1/2 〈|wsett |2〉1/2 ≈ ΩKτsHp

〈|wsett |2〉1/2
〈wp

2〉1/2 ≈ ΩKHg

〈wg
2〉1/2︸ ︷︷ ︸√
τe/α

τs

√
α

τs

√
1 + St =

√
(τe + τs)τs (3.144)

. τe > 1/τs , τs

. τe = ΩKteddy 
 1

, eddy time ΩK
−1

[10].

τs Ê
(z)
g zp

.

, .

(3.143) , τs � 1 Hp > Hg

. , (3.143)

Hp

Hg
=

√
α

α+ τs
ξ−1/2 (3.145)
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. α , Fick (

E ) . ,

.

Fick ,

[13][14]. , (3.145) ,

∂ρp
∂t

= − ∂

∂z
(ρpwsett) +

∂

∂z

[
ρgD

(z)
p

∂

∂z

(
ρp
ρg

)]
(3.146)

. 1 , 2 Fick

. , . (3.146)

, F
(z)
ad .diff (z) ≡ ρpwsett − ρgD

(z)
p ∂(ρp/ρg)/∂z

∂F
(z)
ad .diff (z)

∂z
= 0 (3.147)

, |z| → ∞ 0 (3.147)

, z F
(z)
ad .diff (z) = 0 .

cp ≡ ρp/ρg

D(z)
p

∂ ln cp
∂z

= wsett (3.148)

. . ΩKtstop � 1

, ,

wsett = −ΩKτsz .

, Ros 2012 [15] τs z ,

D
(z)
g = αHg

2ΩK Hp . (3.148)

∂ ln cp
∂z

= − τsz

αHg
2 (3.149)

cp = cp,c exp

[
−τs
α

z2

2Hg
2

]
∴ ρp = ρp,c exp

[
−α+ τs

α

z2

2Hg
2

]
(3.150)

(cp,c ρp,c

). Hp

Hp =

√√√√√√√
∫ ∞

−∞
z2ρp(z) dz∫ ∞

−∞
ρp(z) dz

(3.151)

=

√
α

α+ τs
Hg (3.152)
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, (3.145) ξ(τs, τe) → 1 .

, τs

. , , (3.8) τs ∝ ρg
−1 ∝ ez

2/2Hg
2

z 16. , (3.126)

17

ρp = ρp,c exp

[
− z2

2Hg
2 − 1

α

{
τs,c (e

z2/2Hg
2 − 1) +

τs,c
3

3
(e3z

2/2Hg
2 − 1)

}]
(3.154)

, (3.151) , Hp

. , τs,c z = 0 , τs = τs,c e
z2/2Hg

2
.

0.01 0.1 1 10 100
10-4

0.001

0.01

0.1

1

�Ktstop

H
p/
H
g

Model 3
Model 2
Model 1(Τe=10 )
Model 1(Τe=1.0)
Model 1(Τe=0.1)

3.8: (α = 10−2)

Model 1: (3.145) (Youdin & Lithwick 2007)

Model 2: τs = const. , D
(z)
p = D

(z)
g (Ros 2012)

Model 3: τs ∝ ez
2/2Hg

2

, D
(z)
p = D

(x)
p

3.8

. Model 1

(3.145) Hp

, τs = const , D
(z)
p = D

(z)
g

(3.152)

Model 2 . , Model 3

τs ∝ ez
2/2Hg

2
, D

(z)
p = D

(x)
p

Hp . , Model 3

τs,c Hp/Hg

. , α

α = 10−2 ( (2.60)).

Model 1 , τe Hp

, (3.144)

. , τe

Model 1 Model 2

. Model 3 τs,c

Hp , D
(z)
p = D

(x)
g /[1 + τs

2]

, τs,c > 1 .

D
(z)
g Model 3 Model 2 . ,

. , τs < 0.1

16 (3.9) , lg ∝ ρg
−1 z .

μ = ρgν ( C ; [16]).
17 dτs = (τsz/Hg

2)dz , (3.148)

ln cp = −
∫ z

0

D
(z)
g

D
(z)
p

τsz

αHg
2 dz = − 1

α

∫ τs

τs,c

D
(z)
g

D
(z)
p

dτs

∴ ρp = ρp,c exp

[
− z2

2Hg
2 − 1

α

∫ τs

τs,c

D
(z)
g

D
(z)
p

dτs

]
(3.153)

.
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, . , τe = 10 τe

, . τe = 1

(3.145)

Hp =

√
α

α+ τs

√
1 + τs
1 + 2τs

Hg (3.155)

, , (3.152)
√
2 (τs 
 1).

, , x z

(3.126)

D(x)
p = D(z)

p =
Dg

1 + τs2
(3.156)

. , x z

Dg ≡ D
(x)
g = D

(z)
g . Model 3

, τs > 1

, τs ∼ 0.1 (10cm )

. , τs � 0.1

.

4

4.1 Radial ice line Atmospheric ice line

H2O , ( )

ice line . ,

r z . ice

line radial ice line , ice line atmospheric ice line .

ice line , radial ice line .

, ice line Psat Pv

. ice line pressure ice line . ,

ice line Psat .

,

. , ( ) ( )

μv = μice (4.1)

,

. , SdT − V dP +Ndμ = 0

dμ

dμ =
V

N
dP − S

N
dT = v dP − s dT (4.2)
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. v, s 1 .

(4.1),(4.2)

vvdP − svdT = vicedP − sicedT

∴ dP

dT
=
sv − sice
vv − vice

=
ΔQsub

T (vv − vice)
(4.3)

. ΔQsub H2O 1

. (4.3) . vv 
 vice

dP

dT
� ΔQsub

Tvv
(4.4)

, P v = kBT vv = kBT/P

d lnP

dT
=

ΔQsub

kBT 2
(4.5)

. , Psat T

Psat = P0 exp

[
−ΔQsub

kBT

]
(4.6)

. ΔQsub P0 [17],

Psat = 6.034× 1012 exp

[
−5938 K

T

]
[dyn/cm2] (4.7)

[9][18]. (4.7) . ,

Psat ( - ) , ( - )

( - ) , H2O 4.1 [19].

4.1: H2O

,

Pv =
ρvkBT

μH2OmH
(4.8)

. , ρv

, μH2O(= 18) H2O

, mH . ρv

,

H2O , radial ice line

1%

ρv ∼ 0.01ρg

[20]. , (4.8) T

(2.1)

T = 2.8× 102
( r

1 AU

)−1/2
[K] (4.9)
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z .

, (2.4)

Σg = 1.7× 103
( r

1 AU

)−3/2
[cm] (4.10)

,

Pv = 1.8× 10−2
( r

1 AU

)−13/4
exp

[
− z2

2Hg
2

]
[dyn/cm2] (4.11)

. H2O

, (4.11) r = 3AU Pv ∼ 10−4dyn/cm2,

, r = 1AU Pv ∼ 10−2dyn/cm2 , 4.1 - 2

Pv .

4.2 (4.7),(4.11) ice line . ice line z = 0

r = rice , rice ≈ 3AU , atmospheric ice

line r , rice � r � 3.2AU rice

( ) .

4.2: Ice line (Pressure ice line) r , z , ice line (Pv = Psat

) , Hg . (2.1),(2.4)

. , r AU , z H
(3AU)
g (r = 3AU

) .
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4.2

, (condensation) ,

(sublimation) . Morfill 1985 [21] ,

.

,

, lg R R � lg R � lg

. ,

(2.4), , H2O H2,He σ = 2× 10−15cm2 ,

lg,c � 1

ng,cσ
� 29.4

( r

3 AU

)11/4
[cm] (4.12)

. , rice � 3AU , R ∼ 30cm

,

( ) .

, ,

. , ,

, ,

.

4.2.1

H2O fv(v) , ,

nv

nv =

∫
d3v fv(v) (4.13)

18. , ,

.

A.1 dS , vz < 0 (z

)

dS

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ 0

−∞
dvz |vz|fv(v) = dS nvvth,v (4.14)

(cf. (A.5)). (thermal velocity)

vth,v ≡

∫
vz≤0

d3v |vz|fv(v)∫
d3v fv(v)

(4.15)

18 r v .
.
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19, (4.13) . vth,v fv(v)

vth,v =

√
kBT

2πμH2OmH
=

√
μg

2πμH2O

cs,g (4.17)

. dS , (4.14)

, ,

4πR2 nvvth,v (4.18)

(R ).

, 1 mv = μH2OmH ,

(dmp/dt)cond (4.18)(
dmp

dt

)
cond

= 4πR2mvnvvth,v = 4πR2ρvvth,v (4.19)

. (4.19) , 4πR2 vth,v

1 τv 4πR2vthτvnv = 1(
dmp

dt

)
cond

=
mv

τv
(4.20)

. (4.19) (4.20)

, . ,

ρv ,

H2O ,

ρsat . ,

(dmp/dt)sub (
dmp

dt

)
sub

= −4πR2ρsatvth,v (4.21)

. , ρsat Psat

Psat =
ρsatkBT

μH2OmH
(4.22)

. , ,

(4.19) (4.21) dmp/dt

dmp

dt
= 4πR2vth,v(ρv − ρsat) (4.23)

19 vth (4.15) ,
. |v| , . , |v|

vm, cs .

vth =

√
kBT

2πm
vm =

√
8kBT

πm
cs =

√
kBT

m
(4.16)

(m 1 ).
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. (4.8) (4.22) Psat/Pv = ρsat/ρv ,

dmp

dt
= 4πR2vth,vρv

(
1− Psat

Pv

)
(4.24)

[18]. ,

, . Pv = Psat

ice line , ice line ,

. 4.2 , ice line ( )

dmp/dt > 0 (condensation zone) , , ice line ( )

dmp/dt < 0 (sublimation zone) .

ice line (dmp/dt > 0), (dmp/dt < 0)

, ice line

. ρv ,

. ρsat
20, ρv

ice line .

4.2.2

(H2O )

, H2O

, . ,

. ,

1 1 ,

. ,

[22]. ,

H2O ,

( ).

, ( ) r , r

�v(r) , ρv

. r Fv νv

Fv = −ρgνv ∂
∂r

(
�v
ρg

)
(4.25)

. ,

, ∂ρg/∂r �v/ρg

,

Fv � −νv ∂�v
∂r

(4.26)

20 Psat ρsat , (4.7) (4.22) , T
. T ( (2.2) ), Psat, ρsat

.
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. �v

∂�v
∂t

= −∇ · Fv ∴ ∂�v
∂t

=
νv
r2

∂

∂r

(
r2
∂�v
∂r

)
(4.27)

21. ,

, (4.27)

∂

∂r

(
r2
∂�v
∂r

)
= 0 (4.29)

. r2(∂�v/∂r) = const. ≡ A

∂�v
∂r

=
A

r2
∴ �v = −A

r
+B (4.30)

(B ). ρv

r → ∞ �v → ρv, , ρsat

r → R �v → ρsat A,B ,

H2O �v(r)

�v(r) = −R
r
(ρv − ρsat) + ρsat (4.31)

. (4.26)

Fv(r) = −νvR(ρv − ρsat)

r2
(4.32)

. mp , mp

dmp

dt
= −4πR2Fv(R)

= 4πR νv(ρv − ρsat) (4.33)

. , (4.23) R � lg

. , (4.33)

νv = vm,v lg/2 ( C )

dmp

dt
= 4πR2vth,v(ρv − ρsat) · 2 lg

R
(4.34)

. , (4.23) (4.34) R = 2 lg , R < 2 lg

(4.23) , R > 2 lg (4.34)

.
213 (r, θ, ϕ) (div )

∇ ·A =
1

r2
∂

∂r
(r2Ar) +

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aϕ

∂ϕ
(4.28)

, , θ, ϕ .
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ρs , ,

mp =
4

3
πρsR

3 (4.35)

, (4.23),(4.34)⎧⎪⎪⎨⎪⎪⎩
dR

dt
=
vth,v
ρs

(ρv − ρsat) (R ≤ 2 lg) (4.36)

dR

dt
=
vth,v
ρs

(ρv − ρsat) · 2 lg
R

(R > 2 lg) (4.37)

. R , R < 2 lg

, R > 2 lg

.

, ,

. ,

. ,

. ,

. 1 , ,

[9][15]. 2 ,

1mm 10cm ,

(Bounce) [23].

H2O ,

, . ,

,

[24][25][26]. , ice line

, .

, ice line ,

. ice line

, ,

.

, (4.36),(4.37)

.

10cm , R � lg ,

(4.23) (4.36) mp R

.
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5

, .

, ice line ( )- ( )

, (Advective-Diffusion equation)⎧⎪⎪⎨⎪⎪⎩
∂fp
∂t

= − ∂

∂R
(vRfp)− ∂

∂r
(vrfp) +

∂

∂r

[
ρgDp

∂

∂r

(
fp
ρg

)]
− ∂

∂z
(vzfp) +

∂

∂z

[
ρgDp

∂

∂z

(
fp
ρg

)]
(5.1)

∂ρv
∂t

=

∫ ∞

0
mp

∂

∂R
(vRfp) dR+

∂

∂r

[
ρgDg

∂

∂r

(
ρv
ρg

)]
+

∂

∂z

[
ρgDg

∂

∂z

(
ρv
ρg

)]
(5.2)

. , fp ρv

, mp = (4π/3)ρsR
3 R .

R R + dR , fp(R, r, z, t) dR

,

ρp ≡
∫ ∞

0
mpfp dR (5.3)

. (5.1) 1 R ( ), 2 r

( ), 4 z ( ), 3 5

r z . , (5.2) 1

22, 2 3

r z ( ). 3

(5.1),(5.2) ,

(operator splitting method) ,

fp, ρv ,

. ,

,

fp ρv .

5.1

fp(R, r, z, t) ρv(r, z, t)

(5.1),(5.2) ,

, . (5.1),(5.2) , ,

( ) , (3.28)

ρg =
Σg√
2πHg

exp

[
− z2

2Hg
2

]
(5.4)

22 (5.1) mp R , ρp
, 1 (5.2) 1 .
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. R, r, z (4.36) (3.42) 1 , 3

vR =
vth,v
ρs

(ρv − ρsat) (5.5)

vr = − 2ηvK
τs + τs−1

(5.6)

vz = −ΩKτsz (5.7)

(vth,v H2O , ρs ), (2.6),(3.156)

( )

Dg = αcs,gHg (5.8)

Dp =
Dg

1 + τs2
(5.9)

. α α , α = 10−2

( (2.60) ).

cs,g =

√
kBT

μgmH
(5.10)

cs,v =

√
kBT

μH2OmH
=

√
μg
μH2O

cs,g (5.11)

vth,g =

√
kBT

2πμgmH
=

1√
2π
cs,g (5.12)

vth,v =

√
kBT

2πμH2OmH
=

√
μg

2πμH2O

cs,g (5.13)

( (4.16) ). μg, μH2O H2O

, μg = 2.34 , μH2O = 18 . ρsat ,

(4.3)

Psat = 6.034× 1012 exp

[
−5938 K

T

]
[dyn/cm2] (5.14)

( (4.7))

ρsat =
Psat

cs,v2
=
μH2O

μg

Psat

cs,g2
(5.15)

. , (2.1),(2.4) ,

z .⎧⎪⎨⎪⎩
Σg = 3.3× 102

( r

3AU

)−3/2
[g/cm2] (5.16)

T = 1.6× 102
( r

3AU

)−1/2
[K] (5.17)
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τs = ΩKtstop (Stokes number)⎧⎪⎪⎪⎨⎪⎪⎪⎩
τ
(Ep)
stop =

√
π

8

Rρs
Hgρg

(Epstein drag : R ≤ 9

4
lg) (5.18)

τ
(St)
stop =

4

9

√
π

8

R2ρs
Hgρglg

( Stokes drag : R >
9

4
lg) (5.19)

. lg , σ = 2× 10−15 [cm2] ,

lg =
1

ngσ
=
μgmH

ρgσ

� 29.4 exp

[
z2

2Hg
2

]( r

3AU

)11/4
[cm] (5.20)

( (4.12) ). lg � 30 cm

, ,

. r η ,

, (3.25)

η = − cs,g
2

2vK2

∂ lnPg

∂ ln r
=

13

8

Hg
2

r2
(5.21)

� 3.2× 10−3
( r

3AU

)1/2
(5.22)

.

, (5.1),(5.2) .

τ
(Ep)
stop

∣∣∣
r=3AU
z=0

= 1 R = R
(3AU)
1 , R1 R1 mp,1

R
(3AU)
1 ≡

√
8

π

H
(3AU)
g ρ

(3AU)
g,c

ρs
, m

(3AU)
p,1 ≡ 4

3
πρsR

(3AU)
1

3
(5.23)

, R mp (R
(3AU)
1 � 2.1× 102 cm).

R̃ =
R

R
(3AU)
1

, m̃p =
mp

m
(3AU)
p,1

= R̃3
(5.24)

, r, z, t 3AU, H
(3AU)
g , 1/Ω

(3AU)
K .

r̃ =
r

3AU
, z̃ =

z

H
(3AU)
g

, t̃ = Ω
(3AU)
K t (5.25)

ρp =

∫ ∞

0
mp fp dR fp

[ρ]

[m][R]
,

ρ
(3AU)
g,c

f̃p =
m

(3AU)
p,1 R

(3AU)
1

ρ
(3AU)
g,c

fp, ρ̃v =
ρv

ρ
(3AU)
g,c

(5.26)
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. r z h ≡ H
(3AU)
g

3AU
� 4.4× 10−2 ,

ṽR =
vR

R
(3AU)
1 Ω

(3AU)
K

=

√
π

8
ṽth,v (ρ̃v − ρ̃sat) =

1

4

√
μg
μH2O

r̃−1/4 (ρ̃v − ρ̃sat) (5.27)

ṽr =
vr

3AU Ω
(3AU)
K

= − 2η ṽK
τs + τs−1

= −13h2

4

1

τs + τs−1
(5.28)

ṽz =
vz

c
(3AU)
s,g

= −Ω̃Kτsz̃ = −r̃−3/2 z̃ τs (5.29)

D̃g =
Dg

c
(3AU)
s,g H

(3AU)
g

= αc̃s,gH̃g = α r̃ (5.30)

D̃p =
Dp

c
(3AU)
s,g H

(3AU)
g

=
α

1 + τs2
c̃s,gH̃g =

α

1 + τs2
r̃ (5.31)

. , ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H̃g =
Hg

H
(3AU)
g

= r̃5/4

Ω̃K =
ΩK

Ω
(3AU)
K

= r̃−3/2

ṽK =
vK

3AU Ω
(3AU)
K

= r̃−1/2

c̃s,g =
cs,g

c
(3AU)
s,g

= r̃−1/4

ṽth,v =
vth,v

c
(3AU)
s,g

=

√
μg

2πμH2O

r̃−1/4

(5.32)

η ṽK = 13h2/8 . ρ̃g, ρ̃sat, τ
(Ep)
s

ρ̃g =
ρg

ρ
(3AU)
g,c

= r̃−11/4 exp

[ −z̃2
2 r̃5/2

]
(5.33)

ρ̃sat =
ρsat

ρ
(3AU)
g,c

=
μH2O

μg
r̃1/2 P̃sat (5.34)

τ (Ep)s =
R̃

H̃gρ̃g
= R̃ r̃3/2 exp

[
z̃2

2 r̃5/2

]
(5.35)

. P̃sat = Psat/P
(3AU)
g,c .

, (5.1),(5.2)⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂f̃p

∂t̃
= − ∂

∂R̃
(ṽRf̃p)− ∂

∂r̃
(ṽrf̃p) + h2

∂

∂r̃

[
ρ̃gD̃p

∂

∂r̃

(
f̃p
ρ̃g

)]
− ∂

∂z̃
(ṽz f̃p) +

∂

∂z̃

[
ρ̃gD̃p

∂

∂z̃

(
f̃p
ρ̃g

)]
(5.36)

∂ρ̃v

∂t̃
=

∫ ∞

0
m̃p

∂

∂R̃
(ṽRf̃p) dR̃+ h2

∂

∂r̃

[
ρ̃gD̃g

∂

∂r̃

(
ρ̃v
ρ̃g

)]
+

∂

∂z̃

[
ρ̃gD̃g

∂

∂z̃

(
ρ̃v
ρ̃g

)]
(5.37)

.
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5.2 (Operator splitting method)

∂f

∂t
= L1f + L2f + · · ·+ LNf (5.38)

. N L1,L2, · · · ,LN f

. ,

, n n+1 f

, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

fn+1 = F1(f
n,Δt)

fn+1 = F2(f
n,Δt)

...

fn+1 = FN (fn,Δt)

(5.39)

. , (5.38) N

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

fn+1/N = F1(f
n,Δt)

fn+2/N = F2(f
n+1/N ,Δt)

...

fn+1 = FN (fn+(N−1)/N ,Δt)

(5.40)

. ,

, (5.40)

[27][28].

(5.1),(5.2) ,

. ,

(5.36),(5.37)⎧⎪⎪⎨⎪⎪⎩
∂f

∂t
= − ∂

∂R
(uf)− ∂

∂r
(vf) + h2

∂

∂r

[
ρD

∂

∂r

(
f

ρ

)]
− ∂

∂z
(wf) +

∂

∂z

[
ρD

∂

∂z

(
f

ρ

)]
(5.41)

∂y

∂t
=

∫ ∞

0
R3 ∂

∂R
(uf) dR+ h2

∂

∂r

[
ρC

∂

∂r

(
y

ρ

)]
+

∂

∂z

[
ρC

∂

∂z

(
y

ρ

)]
(5.42)

. , ,

.

R, r, z, t .⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ri = TR(R

′
i) (i = 0, 1, · · · , NR)

rj = rini + (j − 1)Δr (j = 0, 1, · · · , Nr + 2)

zk = Tz(z
′
k) (k = 0, 1, · · · , Nz + 2)

tn = tini + nΔt (n = 0, 1, · · · , Nt)

(5.43)

, r0, rNr+2 z0, zNz+2 , r, z

. , r, t Δr,Δt
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R, z , R, z ,

R′, z′ , TR(R
′), Tz(z′)

.

R′
i = R′

ini + iΔR′ (i = 0, 1, · · · , NR) (5.44)

z′k = z′ini + (k − 1)Δz′ (k = 0, 1, · · · , Nz + 2) (5.45)

5.3

5.3.1

(R )

R ( )

∂f

∂t
= − ∂

∂R
(u f) (5.46)

. R

∂

∂t

∫ Ri+1/2

Ri−1/2

f dR = −
[
uf
]Ri+1/2

Ri−1/2

(5.47)

. Ri−1/2, Ri+1/2 R ,

( 5.1 ). f

, f

(Ri+1/2 −Ri−1/2)
∂

∂t
fi = −

{(
uf
)
Ri+1/2

−
(
uf
)
Ri−1/2

}
(5.48)

.

f
n+1/5
i = fni − Δt

Ri+1/2 −Ri−1/2

{
(φR)

n
i+1/2 − (φR)

n
i−1/2

}
(5.49)

5.1:

. fni,j,k ≡ f(Ri, rj , zk, tn) ,

fni r = rj , z =

zk

. , ,

. ,

(5.49) (φR)
n
i−1/2, (φR)

n
i+1/2

Ri−1/2, Ri+1/2 R

,

(φR)
n
i+1/2 = un

⎧⎨⎩fni (un > 0)

fni+1 (un < 0)
(5.50)
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[28].

Condn
i,j,k ≡ −

Δt {(φR)ni+1/2,j,k − (φR)
n
i−1/2,j,k}

Ri+1/2 −Ri−1/2
(5.51)

, Δt

r = rj , z = zk

Cond sumn
j,k = −Δt

∫ ∞

0
R3 ∂

∂R
(u f) dR

=
∑
i

Condni,j,k

∫ Ri+1/2

Ri−1/2

R3 dR

=
1

4

∑
i

Condn
i,j,k

(
Ri+1/2

4 −Ri−1/2
4
)

(5.52)

.

(r )

r ( )

∂f

∂t
= − ∂

∂r
(v f) (5.53)

, (5.49)

f
n+2/5
j = f

n+1/5
j − Δt

Δr

{
(φr)

n+1/5
j+1/2 − (φr)

n+1/5
j−1/2

}
(5.54)

(φr)
n+1/5
j+1/2 =

⎧⎨⎩vjf
n+1/5
j (vjf

n+1/5
j + vj+1f

n+1/5
j+1 > 0)

vj+1f
n+1/5
j+1 (vjf

n+1/5
j + vj+1f

n+1/5
j+1 < 0)

(5.55)

.

(r )

r

∂f

∂t
= h2

∂

∂r

[
ρD

∂

∂r

(
f

ρ

)]
(5.56)

[27][28].

∂

∂r

[
ρD

∂

∂r

(
f

ρ

)] ∣∣∣∣n+2/5

j

=
1

Δr

{
ρj+1/2Dj+1/2

∂

∂r

(
f

ρ

)∣∣∣∣n+2/5

j+1/2

− ρj−1/2Dj−1/2
∂

∂r

(
f

ρ

)∣∣∣∣n+2/5

j−1/2

}

=
1

Δr

{
ρj+1/2Dj+1/2

1

Δr

(
f
n+2/5
j+1

ρj+1
− f

n+2/5
j

ρj

)
− ρj−1/2Dj−1/2

1

Δr

(
f
n+2/5
j

ρj
− f

n+2/5
j−1

ρj−1

)}

=
1

(Δr)2

{
ρj−1/2Dj−1/2

ρj−1
f
n+2/5
j−1 − ρj−1/2Dj−1/2 + ρj+1/2Dj+1/2

ρj
f
n+2/5
j +

ρj+1/2Dj+1/2

ρj+1
f
n+2/5
j+1

}
= − 2

h2Δt
(ar)j f

n+2/5
j−1 +

2

h2Δt

{
1− (br)j

}
f
n+2/5
j − 2

h2Δt
(cr)j f

n+2/5
j+1 (5.57)
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. ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ar)j ≡ − h2Δt

2(Δr)2
ρj−1/2Dj−1/2

ρj−1

(br)j ≡ 1 +
h2Δt

2(Δr)2
ρj−1/2Dj−1/2 + ρj+1/2Dj+1/2

ρj

(cr)j ≡ − h2Δt

2(Δr)2
ρj+1/2Dj+1/2

ρj+1

(j = 1, 2, · · · , Nr + 1)

(5.58)

. (5.56)

f
n+3/5
j − f

n+2/5
j

Δt
=
h2

2

{
∂

∂r

[
ρD

∂

∂r

(
f

ρ

)] ∣∣∣∣n+2/5

j

+
∂

∂r

[
ρD

∂

∂r

(
f

ρ

)] ∣∣∣∣n+3/5

j

}
(5.59)

, (5.57)

(ar)j f
n+3/5
j−1 + (br)j f

n+3/5
j + (cr)j f

n+3/5
j+1 = (qr)

n+2/5
j (5.60)

(qr)
n+2/5
j ≡ −(ar)j f

n+2/5
j−1 + {2− (br)j}fn+2/5

j − (cr)j f
n+2/5
j+1 (5.61)

(j = 1, 2, · · · , Nr + 1)

. j = 0, j = Nr + 2 (5.60) ,⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(br)0 (cr)0 0

(ar)1 (br)1 (cr)1
(ar)2 (br)2 (cr)2

. . .
. . .

. . .

(ar)Nr+1 (br)Nr+1 (cr)Nr+1

0 (ar)Nr+2 (br)Nr+2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f
n+3/5
0

f
n+3/5
1

f
n+3/5
2
...

f
n+3/5
Nr+1

f
n+3/5
Nr+2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(qr)
n+2/5
0

(qr)
n+2/5
1

(qr)
n+2/5
2
...

(qr)
n+2/5
Nr+1

(qr)
n+2/5
Nr+2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.62)

3 , F f
n+3/5
j . ,

LU 1

, .

(z )

z ( )

∂f

∂t
= − ∂

∂z
(w f) (5.63)

, (5.49) (5.54) , z

f
n+4/5
k = f

n+3/5
k − Δt

zk+1/2 − zk−1/2

{
(φz)

n+3/5
k+1/2 − (φz)

n+3/5
k−1/2

}
(5.64)
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(φz)
n+3/5
k+1/2 =

⎧⎨⎩wkf
n+3/5
k (wkf

n+3/5
k + wk+1f

n+3/5
k+1 > 0)

wk+1f
n+3/5
k+1 (wkf

n+3/5
k + wk+1f

n+3/5
k+1 < 0)

(5.65)

.

(z )

z

∂f

∂t
=

∂

∂z

[
ρD

∂

∂z

(
f

ρ

)]
(5.66)

, r

(az)k f
n+1
k−1 + (bz)k f

n+1
k + (cz)k f

n+1
k+1 = (qz)

n+4/5
k (k = 1, 2, · · · , Nz + 1) (5.67)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(az)k ≡ − Δt

2(zk+1/2 − zk−1/2)(zk − zk−1)

ρk−1/2Dk−1/2

ρk−1

(bz)k ≡ 1 +
Δt

2(zk+1/2 − zk−1/2)

(
1

zk − zk−1

ρk−1/2Dk−1/2

ρk
+

1

zk+1 − zk

ρk+1/2Dk+1/2

ρk

)
(cz)k ≡ − Δt

2(zk+1/2 − zk−1/2)(zk+1 − zk)

ρk+1/2Dk+1/2

ρk+1

(qz)
n+4/5
k ≡ −(az)k f

n+4/5
k−1 + {2− (bz)k}fn+4/5

k − (cz)k f
n+4/5
k+1

(k = 1, 2, · · · , Nz + 1)

(5.68)

.

,

f .

5.3.2

( )

Δ r = rj , z = zk (5.52)

Cond sumn
j ,k , ,

∂y

∂t
=

∫ ∞

0
R3 ∂

∂R
(u f) dR (5.69)

y
n+1/3
j,k = ynj,k − Cond sumn

j,k (5.70)

.
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(r )

r

∂y

∂t
= h2

∂

∂r

[
ρC

∂

∂r

(
y

ρ

)]
(5.71)

,

(ār)j y
n+2/3
j−1 + (b̄r)j y

n+2/3
j + (c̄r)j y

n+2/3
j+1 = (q̄r)

n+1/3
j (j = 1, 2, · · · , Nr + 1) (5.72)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ār)j ≡ − h2Δt

2(Δr)2
ρj−1/2Cj−1/2

ρj−1

(b̄r)j ≡ 1 +
h2Δt

2(Δr)2
ρj−1/2Cj−1/2 + ρj+1/2Cj+1/2

ρj

(c̄r)j ≡ − h2Δt

2(Δr)2
ρj+1/2Cj+1/2

ρj+1

(q̄r)
n+2/3
j ≡ −(ār)j y

n+1/3
j−1 + {2− (b̄r)j}yn+1/3

j − (c̄r)j y
n+1/3
j+1

(j = 1, 2, · · · , Nr + 1)

(5.73)

.

(z )

z

∂y

∂t
=

∂

∂z

[
ρC

∂

∂z

(
y

ρ

)]
(5.74)

(āz)k y
n+1
k−1 + (b̄z)k y

n+1
k + (c̄z)k y

n+1
k+1 = (q̄z)

n+2/3
k (k = 1, 2, · · · , Nz + 1) (5.75)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(āz)k ≡ − Δt

2(zk+1/2 − zk−1/2)(zk − zk−1)

ρk−1/2C

ρk−1

(b̄z)k ≡ 1 +
Δt

2(zk+1/2 − zk−1/2)

(
1

zk − zk−1

ρk−1/2C

ρk
+

1

zk+1 − zk

ρk+1/2C

ρk

)
(c̄z)k ≡ − Δt

2(zk+1/2 − zk−1/2)(zk+1 − zk)

ρk+1/2C

ρk+1

(q̄z)
n+2/3
k ≡ −(āz)k y

n+2/3
k−1 + {2− (b̄z)k}yn+2/3

k − (c̄z)k y
n+2/3
k+1

(k = 1, 2, · · · , Nz + 1)

(5.76)

.
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6

. ,

. ,

z , R

2 . 2 ,

.

6.1

, z ,

∂ρp
∂t

= − ∂

∂z
(vzρp) +

∂

∂z

[
ρgDp

∂

∂z

(
ρp
ρg

)]
(6.1)

. ρp(z, t) , Dp(z)

. (6.1) ,

vzρp − ρgDp
∂

∂z

(
ρp
ρg

)
= 0 (6.2)

, z vz −ΩKτsz , Dp =

Dg/(1 + τs
2) , (3.148)

ρ(ana)p = ρp,c exp

[
− z2

2Hg
2 − 1

α

{
τs,c (e

z2/2Hg
2 − 1) +

τs,c
3

3
(e3z

2/2Hg
2 − 1)

}]
(6.3)

( (3.154) ). ρp,c, τs,c ρp, τs

.

. vzρp ≤ 0

, −ρgDp ∂z(ρp/ρg) ≥ 0

. ,

,

. (6.3) .

(6.3) , ρp(z, t) 6.1, 6.2,

6.3 . 6.1 R = 0.001R1 ,

6.2, 6.3 R = 0.01R1,R = 0.1R1

. α α = 10−2 ,

, .

,

. , R
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. ,

τs . τs , vz = −ΩKτsz

, Dp = Dg/(1 + τs
2) , ( )

ρp z = 0 .

, , z

. , ρg exp(−z2/2Hg
2) z

. , z

−ΩKτsz , τs ρg , ,

.

, ,

. τs � 1

. τs 
 1 ,

z , ,

. , . ,

,

,

.
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6.1: (z ) [R = 0.001R1 ∼ 0.1cm ]

6.2: (z ) [R = 0.01R1 ∼ 1cm ]

6.3: (z ) [R = 0.1R1 ∼ 10cm ]
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6.2 ( )

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂fp
∂t

= − ∂

∂R
(vRfp)

∂ρv
∂t

=

∫ ∞

0
mp

∂

∂R
(vRfp) dR

vR =
vth,v
ρs

(ρv − ρsat)

(6.4)

. , , z

, fp = fp(R, z, t) , ρv = ρv(z, t)

. , z

. (6.4) ,

,

,

.

, . (6.4) 3

, vR(z, t) R .

fp(R, z, t) , R , vR(z, t)

. R = R0 > 0 , δ

R, t f0(z)

fp(R, z, 0) = f0(z) δ(R−R0) (6.5)

, (6.4) θ

fp(R, z, t) = f0(z) θ(R) δ(R−R0 −
∫ t

0
vR(z, t

′) dt′)

= f0(z) θ(R) δ(R− a(z, t)) (6.6)

. , θ(R) , R

. (6.6) a(z, t)

a(z, t) ≡ R0 +

∫ t

0
vR(z, t

′) dt′ (6.7)

. (6.4) ρp(z, t)

ρp(z, t) =

∫ ∞

0
mp fp(R, z, t) dR

=
4π

3
ρs f0(z)

∫ ∞

0
R3 θ(R) δ(R− a(z, t)) dR

=
4π

3
ρs f0(z) a(z, t)

3 θ(a(z, t)) (6.8)
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. t = 0 ρp,0(z) , (6.8) f0(z)

f0(z) =
ρp,0(z)

(4π/3)ρsR0
3 (6.9)

, ,

ρp(z, t) = ρp,0(z)

[
a(z, t)

R0

]3
(6.10)

. , , (6.10) ,

ρp(z, t)

.

, (6.4) 2 3

∂ρv(z, t)

∂t
=

4π

3
vth,v(ρv(z, t)− ρsat)

∫ ∞

0
R3∂fp(R, z, t)

∂R
dR

=
4π

3
vth,v(ρv(z, t)− ρsat)

{[
R3fp(R, z, t)

]∞
0

− 3

∫ ∞

0
R2fp(R, z, t) dR

}
= −4π vth,v(ρv(z, t)− ρsat)

∫ ∞

0
R2fp(R, z, t) dR (6.11)

. , R→ ∞ fp(R, z, t) → 0 . (6.11) ,

vth,v 4πR2 ,

ρsat ,

( ) . (6.6) (6.11)

, q(z, t) ≡ ρv(z, t)− ρsat

∂q(z, t)

∂t
= −4π vth,v q(z, t) f0(z)

∫ ∞

0
R2 θ(R) δ(R− a(z, t)) dR

= −4π vth,v q(z, t) f0(z) θ(a(z, t)) a(z, t)
2 (6.12)

. a(z, t) (6.7)

∂a(z, t)

∂t
= vR(z, t) =

vth,v
ρs

q(z, t) (6.13)

(6.12)

∂2a(z, t)

∂t2
= −4πvth,vf0(z) θ(a(z, t)) a(z, t)

2∂a(z, t)

∂t
(6.14)

. ,

∂a(z, t)

∂t
− vth,v

ρs
q0(z) = −4πvth,vf0(z)

∫ a(z,t)

R0

θ(a′) a′2da′

∴ ∂a(z, t)

∂t
=
vth,v
ρs

q0(z)− 4π

3
vth,vf0(z)

⎧⎨⎩a(z, t)
3 −R0

3 ( a(z, t) ≥ 0 )

−R0
3 ( a(z, t) < 0 )

(6.15)
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, (6.9)

∂a(z, t)

∂t
=

vth,vρp,0(z)

ρs

⎧⎪⎪⎨⎪⎪⎩
b(z)−

[
a(z, t)

R0

]3
( a(z, t) ≥ 0 )

b(z) ( a(z, t) < 0 )

(6.16)

b(z) ≡ ρv,0(z)− ρsat + ρp,0(z)

ρp,0(z)
(6.17)

6.4:

. a(z, 0) = R0

, (6.16)

z 3

.

b(z) ≥ 1 ,

∂a/∂t ≥ 0

R ,

a(z, t) b(z)− [a(z, t)/R0]
3 =

0 . .

b(z)− [a(z, t)/R0]
3 = 0

, ρv = ρsat . , b(z) < 1

. , ∂a/∂t < 0 R

. ,

. 0 ≤ b(z) < 1 , a , b(z)− [a(z, t)/R0]
3 = 0

. , ρv

ρsat ,

. b(z) < 0 , a(z, t)

. a(z, t) ≥ 0 (6.16) 1 , a(z, t) < 0

2 . , 0 a(z, t)

fp(R, z, t) (

, θ(R) ).

, b(z) < 0 , a(z, t) = 0

.

, f
(st)
p (R, z)

f (st)p (R, z) = f0(z)

⎧⎨⎩δ(R−R0 b(z)
1/3) ( b(z) ≥ 0 )

0 ( b(z) < 0 )
(6.18)
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. ρ
(st)
p (z)

ρ(st)p (z) =

∫ ∞

0
mp f

(st)
p (R, z, t) dR =

⎧⎨⎩ρv,0(z) + ρp,0(z)− ρsat(z) ( b(z) ≥ 0 )

0 ( b(z) < 0 )
(6.19)

. (6.19) ρ
(st)
v (z) + ρ

(st)
p (z) = ρv,0(z) + ρp,0(z)

ρ(st)v (z) =

⎧⎨⎩ρsat(z) ( b(z) ≥ 0 )

ρv,0(z) + ρp,0(z) ( b(z) < 0 )
(6.20)

. (6.20) , (6.16) (6.13) , 1

0 q(st) = 0 , 2 b q(st) = ρv,0−ρsat+ρp,0
, .

, (6.4)

6.5 . 6.5 ,

, .

, (6.20),(6.19)

,

. ρg ,

, . , cv,0 = 0.01,

cp,0 = 0.1cv,0 ρv,0 = cv,0ρg , ρp,0 = cp,0ρg .

, z fp(R, z, t) mp = (4π/3)ρsR
3

Np(R, t) . R R+ΔR

ΔMp(R, t) =
4π

3
ρsR

3 ΔR

∫
dz fp(R, z, t) (6.21)

.

Np(R, t) ≡ ΔMp(R, t)

Δ lnR
=

4

3
πρsR

4

∫
dz fp(R, z, t) (6.22)

Np(R, t) . , R = Rini

N(R, t)/N(Rini, 0) . ΔR ΔlnR , R

, lnR .

, 6.5 .

, .

ρsat . ρsat ρv

, .

2 ice line(atmospheric ice line) ,

, ,

. , , z
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6.5: (z )

, 6.6 . t = 20ΩK
−1 z

, t = 100ΩK
−1 , ρv

ice line , ρp

. ,

, , . ,

, ice line .

ice line ,

. ice line ,

.

,

. ,

, . z

,

. 6.6

. t = 100ΩK
−1 , 6.5

.

, z r ,

6.7 . , r, z , 6.7

z = 0 r .

, r, z 2 (6.19),(6.20)
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6.6: (z )

, 6.7 .

, 3AU r � 3AU r � 3AU

, radial ice line . r

, ice line

( ) . radial ice line condensation front

, .

r, z 6.8 . 6.7

,

. , .

, ,

,

. ,

. ,

, r

. ,

z

, . .
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6.7: (r )

6.8: (r )

7

,⎧⎪⎪⎨⎪⎪⎩
∂fp
∂t

= − ∂

∂R
(vRfp)− ∂

∂r
(vrfp) +

∂

∂r

[
ρgDp

∂

∂r

(
fp
ρg

)]
− ∂

∂z
(vzfp) +

∂

∂z

[
ρgDp

∂

∂z

(
fp
ρg

)]
(7.1)

∂ρv
∂t

=

∫ ∞

0
mp

∂

∂R
(vRfp) dR+

∂

∂r

[
ρgDg

∂

∂r

(
ρv
ρg

)]
+

∂

∂z

[
ρgDg

∂

∂z

(
ρv
ρg

)]
(7.2)

, , , ,

. , 1mm 10cm

, ice line .

, (Bounce)

,

[23]. 10cm , Streaming instability

[29],[30]. ,

particle Ros & Johansen 2013 [9]

.
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7.1 1D (z )

z ,

. (7.1),(7.2) r⎧⎪⎪⎨⎪⎪⎩
∂fp
∂t

= − ∂

∂R
(vRfp)− ∂

∂z
(vzfp) +

∂

∂z

[
ρgDp

∂

∂z

(
fp
ρg

)]
(7.3)

∂ρv
∂t

=

∫ ∞

0
mp

∂

∂R
(vRfp) dR+

∂

∂z

[
ρgDg

∂

∂z

(
ρv
ρg

)]
(7.4)

. (7.3) fp(R, z, t)

, z , .

ρp(z, t) fp(R, z, t)

ρp(z, t) =

∫ ∞

0
mpfp(R, z, t) dR (7.5)

(mp = (4π/3)ρsR
3 ). ,

(7.4) ,

.

7.1.1 Ros & Johansen 2013

,

, .

Ros & Johansen 2013 , particle ice

line . particle

, particle

.

Ros & Johansen 2013 z 1 [9, Fig.5] 23.

[9, Fig.5] ( ) ( ) ,

. ,

, ,

. , R = 0.001R1

.

, [9, Fig.5] ,

( )

vR =
vth,v
ρs

ρv (7.6)

. ,

, , ,
23 Astronomy&Astrophysics 552, A137 (2013)
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( ) 0 .

(7.6) , ,

.

[9, Fig.5] ,

. ,

1mm t = 2000ΩK
−1 10cm

.

Ros & Johansen 2013 , (7.3),(7.4)

7.1 . , . [9, Fig.5] 7.1

particle

. , [9, Fig.5] 7.1 ,

, Ros & Johansen 2013 particle

.

7.1 ,

. ,

,

.

.

7.1: Ros & Johansen 2013 ( 1D : z ; α = 10−2)

7.1.2 1D Advanced model

, Ros & Johansen 2013 ,

. ,
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.

Ros & Johansen 2013 ,

.

7.2 . 6.2

- (6.19),(6.20) . , ,

(4.36)

vR =
vth,v
ρs

(ρv − ρsat) (7.7)

. Ros & Johansen 2013 , (7.6)

ρsat , ρv 0

, (7.7) ρsat

. , (7.7)

, ice line .

, ice line ρv = ρsat . Ros & Johansen 2013 , [9, Fig.5]

ice line ,

. ice line ,

.

7.2: 1D Advanced model ( - α = 10−2)

7.2 . 7.2 , ice line

, ρsat

. ( ) ice line . ,

, ice line ( ) .

. ,
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, ice line . ice line ,

.

,

. , ice line

. , 7.2 ice line

7.1 . 7.1

, 7.2 ice line

. 7.1 ,

,

.

, 〈R〉 7.3 .

α = 10−2 , 1mm 10cm 2000ΩK
−1

. , α α = 10−3, 10−4

.

, ,

.

7.4 ,

, . ,

.

, .

7.5 ,

.

7.3: 〈R〉
( 1D z - )

α = 10−2, α = 10−3,
α = 10−4 ( 7.4

).
, ice line
,

. , α
.
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 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0  2000  4000  6000  8000  10000

H
p/

H
g

t [ΩK
-1]

α=10-2

α=10-3

α=10-4
7.4: Hp

( 1D z - )

(3.151) Hp

. α = 10−3, 10−4 ,
Hp , α = 10−2

,
Hp (

, -
).

 0.001

 0.01

 0.1

 1

-3 -2 -1  0  1  2  3

Lo
ca

l m
ea

n 
du

st
 s

iz
e 

 <
R

>/
R

1

z [Hg]

t=    100 ΩK
-1

t=  2000 ΩK
-1

t=10000 ΩK
-1

7.5: 〈R〉
( 1D z - )

z ,
. , α

α = 10−2 . t = 100ΩK
−1,

t = 2000ΩK
−1, t = 10000ΩK

−1

. ice
line ,

,
.

,

.

7.2 2D (r,z )

, z ,

. r , 2

. , .

2 r . z

vz = −ΩKτsz (7.8)

, , r

. vr

vr = − 2ηvK
τs + τs−1

(7.9)

, τs 1 , ,

.
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radial ice line ( )

, z

. r , z

.

7.2.1 Ros & Johansen 2013

r Ros & Johansen 2013 .

, r . z , r

[9, Fig.9] 23.

z atmospheric ice line , r radial ice line

. [9, Fig.9]

, radial ice line condensation front

. .

, radial ice line

. , condensation front

. [9, Fig.9]

.

Ros & Johansen 2013 , (7.1),(7.2)

7.6 . 3

. ,

r , z , .

,

3 . 2 (6.22)

Np(R, t) ≡ ΔMp(R, t)

Δ lnR
=

4

3
πρsR

4

∫
dr

∫
dz fp(R, r, z, t) (7.10)

. , Ros & Johansen 2013

, r, z 0 .

Ros & Johansen 2013 [9, Fig.9]

. radial ice line , ,

radial ice line .

.

,

,

.
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7.6: Ros & Johansen 2013 ( 2D r, z α = 10−2)

7.7: 〈R〉
( 2D r, z α = 10−2)

Ros & Johansen 2013

7.7 .

7.7 Ros & Johansen 2013 [9, Fig.10]

,

.

〈R〉 � 0.01R1

〈R〉 � 0.1R1 ,

0.001R1 � 〈R〉 � 0.1R1

.

,

( ) . (

) |vdiff | ∼ αcs,g ,

|vz| = ΩKτs|z|
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|vz|
|vdiff | ∼

ΩKτs|z|
αcs,g

=
τs
α

|z|
Hg

(7.11)

. Ros & Johansen 2013 , ice line atmo-

spheric ice line zice = 3Hg , atmospheric ice line |z| = zice

|vz| � |vdiff |
τs � α

Hg

zice
� 0.003 (7.12)

. 〈R〉 � 0.003R1 ,

. 〈R〉 � 0.003R1

atmospheric ice line

. , |vdiff | r vr � 2η vKτs

|vr|
|vdiff | ∼

2η vKτs
αcs,g

=
2η τs
α

r

Hg
∼ 2η1/2τs

α
(7.13)

,

τs �
α

2η1/2
∼ 0.1 (7.14)

r . , 〈R〉 � 0.1R1

. radial ice line

,

. ,

, 〈R〉 � 0.1R1

. , 〈R〉 � 0.1R1

. , ,

τs,crit ∼ α/
√
η ∼ 0.1, Rcrit ∼ αR1/

√
η ∼ 10cm .

7.2.2 2D Advanced model

2 Ros & Johansen 2013

. , - ,

(7.7) , ice line

. 7.8 7.9 . 7.8 Ros & Johansen 2013

, rmin = 2.9AU rmax = 3.8AU

. , 7.9 rmin = 2.5AU , rmax = 4.0AU (

,

). α 7.8 , 7.9 α = 10−2 .

7.9 , 10000ΩK
−1 r

.
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7.8: 2D Advanced model ( - rmin = 2.9AU , rmax = 3.8AU)

. ,

, .

. ,

, radial ice line

.

7.10 7.9 t = 2000, 5000, 10000ΩK
−1 z = 0

. , ,

, . ice line

7.11 . radial ice line

, 10000ΩK
−1 0.1AU

, ice line ,

.
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7.9: 2D Advanced model ( - rmin = 2.5AU , rmax = 4.0AU)

t = 10000ΩK
−1 . , r, z

(
). r ,

. ,

. , τs � 0.1
.
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7.10: ( - α = 10−2)

-3

-2

-1

 0

 1

 2

 3

 2.9  3  3.1  3.2  3.3  3.4  3.5

z 
[H

g]

r [AU]

t =   2000 [ΩK
-1]

t =   5000 [ΩK
-1]

t = 10000 [ΩK
-1]

7.11: Ice line

, α

〈R〉 7.12 .

, 0

,

.

, 7.12

rmax , α

rmax = 3.5, 4.0, 4.5AU .

α

, , rmax

, .

, ,

(7.14) τs,crit ∼ α/
√
η ∼ 0.1 .

,

.

7.12: 〈R〉 ( 2D r,z - )
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8

. 1mm 10cm

, ,

. , ice line ,

. z

1 1000 1mm 10cm . r

2 10000 10cm

. r

∼10cm .

2 , ice line

. z 1

, z ice line (

) . , r

ice line

. ice line

, ,

.

Ros & Johansen 2013 [9] . ,

. , 2

. , ice line

.

ice line 1 . ,

ice line(CO ) [31].

ice line .

10cm

, 10cm

. ,

. ,

Streaming instability[29] . 10cm

[30] , ,

Streaming instability

.
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,

ice line ,

. ,

.

[24][25][26]. ,

, , (porous aggregates) ,

.

, ,

, 10km .

, ,

3 . ,

, ,

. ,

. ,

, .

.

. , ice line

, ice line

. ,

.

7.12 ,

( α ) .

ice line - . ,

, (7.14)

Rcrit ∼ αR1/
√
η ( 7.12 ).

Rcrit ,

.

.

, , Streaming instability

[32] . ,

, (

, [33]),

.

.
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A (Epstein law)

lg R

[45]. ,

(r,v) (r + d3r,v + d3v)

f0(v)d
3r d3v = ng

(
mg

2πkBT

)3/2

e
− mg

2kBT
v2

d3r d3v (A.1)

. v , V v−V

. , (r,v − V )

(r + d3r,v − V + d3v)

fV (v − V )d3r d3v = ng

(
mg

2πkBT

)3/2

e
− mg

2kBT
v2

d3r d3v (A.2)

. V = αV ex + βV ey + γV ez (α, β, γ V x, y, z

) , , ,

fV (v) = ng

(
mg

2πkBT

)3/2

e
− mg

2kBT
(v+V )2

(A.3)

V 1

fV (v) = ng

(
mg

2πkBT

)3/2{
1− mg

kBT
V (α vx + β vy + γ vz)

}
e
− mg

2kBT
v2

(A.4)

. , z dS vz < 0 .

A.1 dS v ,

dS . , v v+ d3v (

dS )

N(v) dS d3v = −vzfV (v) dS d3v (A.5)

, dS (z

) ,

MdS = dS

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ 0

−∞
dvz 2mg vz N(v)

= −2ρg

(
mg

2πkBT

)3/2

dS

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ 0

−∞
dvz

(
vz

2 − mgV

kBT
γ vz

3

)
e
− mg

2kBT
v2

= −2ρg

(
mg

2πkBT

)1/2

dS

∫ 0

−∞
dvz

(
vz

2 − mgV

kBT
γ vz

3

)
e
− mg

2kBT
vz2

= −ρg
(
kBT

mg
+ γ

√
8

π
cs,gV

)
dS (A.6)

. , ρg ≡ mgng , cs,g ≡√kBT/mg .
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A.1: dS A.2: dS

, A.2 V /V = eζ (ξ, η, ζ) (eζ ζ

). (ξ, η, ζ) dS ,

θ, ϕ . , V z γ = cos θ ,

(A.6) θ dS

MdS = −ρg
(
kBT

mg
+

√
8

π
cs,gV cos θ

)
(A.7)

. MdS V M cos θdS ,

, ,

F
(Ep)
D = R2

∫ π

0
dθ

∫ 2π

0
dϕ M cos θ sin θ

= −4π

3

√
8

π
ρgR

2cs,gV (A.8)

.
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B (Stokes law)

, 24 25 [46].

B.1:

, z R

( B.1).

∇ · v = 0 3 (r, θ, ϕ)

∇ · v =
1

r2
∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(sin θ vθ) +

1

r sin θ

∂vϕ
∂ϕ︸ ︷︷ ︸

0

= 0

(B.3)

. (B.3)

Ψ(r, θ) ⎧⎪⎨⎪⎩
vr =

1

r2 sin θ

∂Ψ

∂θ

vθ = − 1

r sin θ

∂Ψ

∂r

(B.4)

. Ψ

.

∂v

∂t
+ (v · ∇)v = − 1

ρg
∇P + νΔv +

ν

3
∇(∇ · v) (B.5)

∂v

∂t
= − 1

ρg
∇P + νΔv (B.6)

. , ( )

. , ω ≡ ∇ × v

, (B.6) rot
∂ω

∂t
= νΔω (B.7)

24 ρg .
Dρg
Dt

= 0 ,
∂ρg
∂t

+∇ · (ρgv) = 0

∇ · v = 0 (B.1)

. ,
D

Dt
≡ ∂

∂t
+ v · ∇ ( ) .

25 Re

Re =
( )

( )
=

U2/L

νU/L2
=

UL

ν
(B.2)

(L , U ). , ,
.
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26.

Δω = 0 (B.8)

, .

B.1 3 (r, θ, ϕ) ω = ∇× v

, ∂/∂ϕ = 0 , vϕ = 0

ω = er
1

r sin θ

[
∂(vϕ sin θ)

∂θ︸ ︷︷ ︸
0

− ∂vθ
∂ϕ︸︷︷︸
0

]
+eθ

1

r

[
1

sin θ

∂vr
∂ϕ︸ ︷︷ ︸

0

− ∂(r vϕ)

∂r︸ ︷︷ ︸
0

]
+eϕ

1

r

[
∂(r vθ)

∂r
− ∂vr

∂θ

]

= −eϕ
1

r sin θ

[
∂2Ψ

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂Ψ

∂θ

)]
(B.9)

. X =

[
∂2

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂

∂θ

)]
Ψ

ω = eϕ
−X
r sin θ

(B.10)

, ω r, θ ωr, ωθ 0 Δω

Δω = er

[
Δωr︸︷︷︸

0

− 2ωr

r2︸︷︷︸
0

− 2

r2 sin θ

∂(ωθ sin θ)

∂θ︸ ︷︷ ︸
0

− 2

r2 sin θ

∂ωϕ

∂ϕ︸ ︷︷ ︸
0

]

+eθ

[
Δωθ︸︷︷︸

0

+
2

r2
∂ωr

∂θ︸ ︷︷ ︸
0

− ωθ

r2 sin2 θ︸ ︷︷ ︸
0

− 2 cos θ

r2 sin2 θ

∂ωϕ

∂ϕ︸ ︷︷ ︸
0

]

+eϕ

[
Δωϕ +

2

r2 sin θ

∂ωr

∂ϕ︸ ︷︷ ︸
0

+
2 cos θ

r2 sin2 θ

∂ωθ

∂ϕ︸ ︷︷ ︸
0

− ωϕ

r2 sin2 θ

]

= eϕ

[
1

r2
∂

∂r

(
r2
∂ωϕ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ωϕ

∂θ

)
+

1

r2 sin2 θ

∂2ωϕ

∂ϕ2︸ ︷︷ ︸
0

− ωϕ

r2 sin2 θ

]

= −eϕ

[
1

r2 sin θ

∂

∂r

{
r2
∂

∂r

(
X

r

)}
+

1

r3 sin θ

∂

∂θ

{
sin θ

∂

∂θ

(
X

sin θ

)}
− X

r3 sin3 θ

]

= −eϕ
1

r sin θ

[
∂2

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂

∂θ

)]
X

= −eϕ
1

r sin θ

[
∂2

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂

∂θ

)]2
Ψ (B.11)

26 rot grad = 0 , div rot = 0 , rot rot = grad div − div grad

rotΔv = rot div gradv = rot (grad div − rot rot )v

= −(grad div − div grad )rotv = div grad rotv

= Δω

.
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. (B.8) ,[
∂2

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂

∂θ

)]2
Ψ = 0 (B.12)

Ψ .

0⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

r → R ( )

vr = 0 , vθ = 0 ,
∂Ψ

∂r
= 0 ,

∂Ψ

∂θ
= 0

r → ∞ ( )

vr = −V cos θ , vθ = V sin θ ,
∂Ψ

∂r
= −V r sin2 θ ,

∂Ψ

∂θ
= −V r2 sin θ cos θ

(B.13)

(B.12) . Ψ

Ψ = −1

2
V r2 sin2 θ (B.14)

. θ Ψ = f(r) sin2 θ , (B.12)

f(r) [
d2

dr2
− 2

r2

]2
f(r) = 0 (B.15)

.

[
d2

dr2
− 2

r2

]
f(r) = F (r) , (B.15)

[
d2

dr2
− 2

r2

]
F (r) = 0 (B.16)

, 27

F (r) =
A

r
+ Cr2 (B.18)

( A,C ). f(r)[
d2

dr2
− 2

r2

]
f(r) = A

1

r
+ Cr2 (B.19)

,

f0(r) = Br +Dr4 (B.20)

27 r
d

dr
r
dF

dr
= r2

d2F

dr2
+ r

dF

dr
(B.16) , ξ ≡ ln r

d2F

dξ2
− dF

dξ
− 2F = 0 .

F = Ae−ξ + C e2ξ ∴ F =
A

r
+ Cr2 (B.17)

.
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(B,D ). , (B.19) F (r)

, ,

f(r) = f0(r) + F (r) =
A

r
+Br + Cr2 +Dr4 (B.21)

.

Ψ =

(
A

r
+Br + Cr2 +Dr4

)
sin2 θ (B.22)

(B.4) , (B.13) A,B,C,D , v⎧⎪⎪⎪⎨⎪⎪⎪⎩
vr = 2 cos θ

(
A

r3
+
B

r
+ C +Dr2

)
= −V cos θ

(
1− 3R

2r
+
R3

2r3

)
vθ = sin θ

(
A

r3
− B

r
− 2C − 4Dr2

)
= −V sin θ

(
−1 +

3R

4r
+
R3

4r3

) (B.23)

. (B.23) , .

, (B.6)

∇P = ρg νΔv (B.24)

, r , Δv r

(Δv)r = Δvr − 2vr
r2

− 2

r2 sin θ

∂(vθ sin θ)

∂θ
− 2

r2 sin θ

∂2vϕ
∂ϕ︸ ︷︷ ︸

0

=
1

r2
∂

∂r

(
r2
∂vr
∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂vr
∂θ

)
+

1

r2 sin2 θ

∂2vr

∂ϕ2︸ ︷︷ ︸
0

−2vr
r2

− 2

r2 sin θ

∂(vθ sin θ)

∂θ

= −3V cos θ
R

r3
(B.25)

∂P

∂r
= −3 ρg ν V cos θ

R

r3
(B.26)

. r = R

PR(θ) = P∞ +
3ρg νV

2R
cos θ (B.27)

. , σrθ (B.23)

σrθ(θ) = ρg ν

[(
1

r

∂v

∂θ

)
r

+

(
∂v

∂r

)
θ

]∣∣∣∣
r=R

= ρg ν

[
1

r

∂vr
∂θ

+ r
∂

∂r

(vθ
r

)]∣∣∣∣
r=R

=
3 ρg νV

2R
sin θ (B.28)

. z

F
(St)
D = −

∫ π

0
sin θ dθ

∫ 2π

0
dϕ(PR(θ) cos θ − σrθ(θ) sin θ)

= −6πρg νRV (B.29)

. (A.8) , R 2

, (B.29) R .
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σθ

σθ

B.2: B.3:

C

C.1:

.

, C.1 , x

vx(z) z . z = 0 z

z

F+, F−⎧⎪⎪⎪⎨⎪⎪⎪⎩
F+ =

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ ∞

0
dvz vzfg(v, z = 0) (C.1)

F− =

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ 0

−∞
dvz vzfg(v, z = 0) (C.2)

,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F+ = ng

(
mg

kBT

)3/2 ∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ ∞

0
dvz vze

− mg
2kBT

v2

(C.3)

F− = ng

(
mg

kBT

)3/2 ∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ 0

−∞
dvz vze

− mg
2kBT

v2

(C.4)

F+ = F− =
1

4
ngvm (C.5)

. , |v|

vm ≡
(
mg

kBT

)3/2 ∫
d3v |v|e−

mg
2kBT

v2

=

√
8kBT

πmg
=

√
8

π
cs,g (C.6)

. z = 0 z x , z = 0

lg . , z = 0
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z M+,M−⎧⎪⎪⎪⎨⎪⎪⎪⎩
M+ =

1

4
mgngvmvx(−lg) = 1

4
ρgvm

(
vx(z = 0)− lg

∂vx
∂z

∣∣∣∣
z=0

)
(C.7)

M− =
1

4
mgngvmvx(lg) =

1

4
ρgvm

(
vx(z = 0) + lg

∂vx
∂z

∣∣∣∣
z=0

)
(C.8)

. , z = 0 M

M =M+ −M− = −1

2
ρgvmlg

∂vx
∂z

∣∣∣∣
z=0

(C.9)

, −μ(∂vx/∂z) , , ν = μ/ρg

ν =
1

2
vmlg =

1

2

√
8

π
cs,glg (C.10)

. lg , , (cross section) σ

lg =
1

ngσ
=
μgmH

ρgσ
(C.11)

, ν (C.10) ρg .

(B.29) F
(St)
drag ρg

[16].
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D Hill

a0, Ω0 ≡ ΩK(a0)

. ,

Hill . Hill , (Hill )⎧⎪⎪⎨⎪⎪⎩
ap ∼ a0

ep � 1

ip � 1

(D.1)

mp � M∗ Hill

( D.2).

D.1: D.2: Hill

2 (p = 1, 2) .

m1,m2 �M∗ , , 2

. r12

Hill , Hill⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẍp = 2Ω0 ẏp + 3Ω0
2xp − GMp′

r123
(xp − xp′)

ÿp = −2Ω0 ẋp − GMp′

r123
(yp − yp′)

z̈p = −Ω0
2zp − GMp′

r123
(zp − zp′)

(D.2)

(p �= p′). 2Ω0 ẏp,−2Ω0 ẋp , −Ω0
2zp z ,

3Ω0
2xp x ( )28 .

(D.2) , 2

. p x, y ( ){
ẍp = 2Ω0 ẏp + 3Ω0

2xp (D.3)

ÿp = −2Ω0 ẋp (D.4)

z ( ) . (D.4)

, B

ẏp = −2Ω0xp +
BΩ0

2
(D.5)

87

物性研究・電子版　Vol. 3, No. 2 032605 （2014年5月号）《修士論文》



. (D.3)

ẍp = −Ω0
2xp +BΩ0

2 (D.6)

,

xp = A cos[Ω0(t− τp)] +B (D.7)

(A, τp ). t = τp xp = (1− ep)ap − a0 t = τp + (π/Ω0)

xp = (1+ ep)ap − a0 A = −epap , B = ap − a0 ,

, ⎧⎨⎩
xp = (ap − a0)− epap cos[Ω0(t− τp)] (D.8)

yp = �p − 3

2
Ω0(ap − a0)t+ 2epap sin[Ω0(t− τp)] (D.9)

(ϕp ). , x, y Ω0

(Epicyclic oscillation) , ΩK a ( )

y −3(ap − a0)Ω0/2 (Shear motion)

. , z

z̈p = −Ω0
2zp (D.10)

zp = ipapΩ0 cos[Ω(t− τp) + ωp] (D.11)

(ip, ωp ), Ω0 .

(vertical ocsillation) . (D.8),(D.9),(D.11)

, ,

,

. ,

(up, vp, wp) = (ẋp, ẏp + (3/2)xpΩ0, żp)⎧⎪⎪⎪⎨⎪⎪⎪⎩
up = epapΩ0 sin[Ω0(t− τp)]

vp =
1

2
epapΩ0 cos[Ω0(t− τp)]

wp = ipapΩ0 cos[Ω0(t− τp)]

(D.12)

, 2 29⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
up2 =

1

2
ep

2ap
2Ω0

2

vp2 =
1

8
ep

2ap
2Ω0

2 ∴
√
up2 = 2

√
vp2

wp
2 =

1

2
ip

2ap
2Ω0

2

(D.13)
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. , O (fixed guiding center) (ẋp, ẏp, żp)

2 ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ2p =

1

2
ep

2ap
2Ω0

2

ẏ2p = 2ep
2ap

2Ω0
2 ∴

√
ẋ2p =

1

2

√
ẏ2p

ż2p =
1

2
ip

2ap
2Ω0

2

(D.14)

[47].

28 , ξp ≡
√

(a0 + xp)
2 + yp2 ,

φ∗(ξp, zp) = − GM∗√
ξp

2 + zp2
(D.15)

. , φ∗ ξp = a0 , zp = 0

φ∗(ξp, zp) � φ∗(a0, 0) + (ξp − a0)
∂φ∗
∂ξp

∣∣∣∣ξp=a0
zp=0

+ zp
∂φ∗
∂zp

∣∣∣∣ξp=a0
zp=0

+
1

2
(ξp − a0)

2 ∂2φ∗
∂ξp

2

∣∣∣∣ξp=a0
zp=0

+ (ξp − a0)zp
∂2φ∗

∂ξp ∂zp

∣∣∣∣ξp=a0
zp=0

+
1

2
zp

2 ∂
2φ∗

∂zp
2

∣∣∣∣ξp=a0
zp=0

� −GM∗
a0

+

(
xp +

yp
2

2a0

)
GM∗
a0

2
− GM∗

a0
3

xp
2 +

GM∗
2a0

3
zp

2 (D.16)

. , ξp(xp, yp) =
√

(a0 + xp)
2 + yp2 xp = 0 , yp = 0

ξp(xp, yp) � a0 + xp
∂ξp
∂xp

∣∣∣∣xp=0
yp=0

+ yp
∂ξp
∂yp

∣∣∣∣xp=0
yp=0

+
1

2
xp

2 ∂2ξp

∂xp
2

∣∣∣∣xp=0
yp=0

+ xpyp
∂2ξp

∂xp ∂yp

∣∣∣∣xp=0
yp=0

+
1

2
yp

2 ∂2ξp

∂yp
2

∣∣∣∣xp=0
yp=0

� a0 + xp +
yp

2

2a0
(D.17)

. , U

U = −1

2
Ω0

2[(a0 + xp)
2 + yp

2] = −GM∗
2a0

3
(a0

2 + 2a0xp + xp
2 + yp

2) (D.18)

, , x, z

Fx = −∂φ∗
∂xp

− ∂U

∂xp
= 3

GM∗
a0

3
xp = 3Ω0

2xp (D.19)

Fz = −∂φ∗
∂zp

− ∂U

∂zp
= −GM∗

a0
3

zp = −Ω0
2zp (D.20)

.
29 , X(t)

X(t) = lim
T→∞

1

T

∫ T/2

−T/2

X(t) dt (D.21)

.
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E

2 , [48][49].

,

. ,

. Fick . ,

.

E.1:

E.1 1 (

ρg, mg) ( ρp,

mp) . , 1

1 .

, N ,

Ng, Np , ( )W

W =
N !

Ng!Np!
(E.1)

. ( )

lnW � N(lnN − 1)−Np(lnNp − 1)−Ng(lnNg − 1) (E.2)

, , S

S = kB lnW � kB(N lnN −Np lnNp −Ng lnNg) (E.3)

. , N = Ng +Np . S ,

, T

μp − μg = −T
(
∂S

∂Np

)
U,V,N

= kBT ln

(
Np

Ng

)
(E.4)

30. V

Np

Ng
=
ρp/mp

ρg/mg
(E.7)

30 V N = Ng +Np = const , U

dU = TdS − PdV + μgdNg + μpdNp

= TdS + (μp − μg)dNp (E.5)

,

μp − μg = −T

(
∂S

∂Np

)
U,V,N

(E.6)

.
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,

μp − μg = kBT

[
ln

(
ρp
ρg

)
− ln

(
mp

mg

)]
(E.8)

. .

, ( )

Fdiff ∝ −ρp∇
[
μp − μg
mp

]
(E.9)

. (E.9) γp , (E.8)

γpFdiff = −ρp∇
[
μp − μg
mp

]
= −ρg kBT

mp
∇
(
ρp
ρg

)

∴ Fdiff = −ρgDp∇
(
ρp
ρg

)
(E.10)

. ρp/ρg � 1 .

Dp ,

Dp ≡ kBT

mpγp
(E.11)

.
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F 3

, (5.36) (5.37)

. 3

, . 3 (triagonal matrix) ,

P 0 [27].

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0 c0 0

a1 b1 c1

a2 b2 c2
. . .

. . .
. . .

aM−1 bM−1 cM−1

0 aM bM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q0

q1

q2
...

qM−1

qM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(F.1)

3 , P q

Px = q (F.2)

x .

LU

, LU , ( 0 ) (

0 ) , 3

.

P 2 P = LU .

L =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0

α1 1 0

α2 1 0
. . .

. . .
. . .

αM−1 1 0

0 αM 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β0 γ0 0

0 β1 γ1

0 β2 γ2
. . .

. . .
. . .

0 βM−1 γM−1

0 0 βM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(F.3)

LU =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β0 γ0 0

α1β0 α1γ0 + β1 γ1

α2β1 α2γ1 + β2 γ2
. . .

. . .
. . .

αM−1βM−2 αM−1γM−2 + βM−1 γM−1

0 αMβM−1 αMγM−1 + βM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(F.4)
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⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

α0 = 0 β0 = b0 γ0 = c0

αm =
am
βm−1

βm = bm − αmγm−1 γm = cm
(m = 1, 2, · · · ,M − 1)

αM =
aM
βM−1

βM = bM − αMγM−1 γM = 0

(F.5)

. m = 0 m = M αm, βm, γm , P LU

. L U q (F.2)

. , LU q

.

(F.2) LU L U , LUx = q{
L ξ = q (F.6)

Ux = ξ (F.7)

, ξ x .

( ) ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0

α1 1 0

α2 1 0
. . .

. . .
. . .

αM−1 1 0

0 αM 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ξ0

ξ1

ξ2
...

ξM−1

ξM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q0

q1

q2
...

qM−1

qM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(F.8)

ξ ⎧⎪⎨⎪⎩
ξ0 = q0 (F.9)

ξm = qm − αmξm−1 (F.10)

(m = 1, 2, · · · ,M)

, m = 0 m =M .

( ) ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β0 γ0 0

0 β1 γ1

0 β2 γ2
. . .

. . .
. . .

0 βM−1 γM−1

0 0 βM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x0

x1

x2
...

xM−1

xM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0

y1

y2
...

yM−1

yM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(F.11)
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, x ⎧⎪⎪⎪⎨⎪⎪⎪⎩
xM =

ξM
βM

(F.12)

xm =
1

βm
(ξm − γmxm+1) (F.13)

(m =M − 1,M − 2, · · · , 0)
m = M m = 0 ,

. , 3 .

(5.60),(5.67),(5.72),(5.75) .
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