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Abstract

In this paper we will give an overview concerning properties of composition oper-
ators T¢(g) := f o g in the framework of Besov-Lizorkin-Triebel spaces. Boundedness
and continuity will be discussed in a certain detail. In addition we also give a list of

open problems.
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1 Introduction

Let E denote a normed space of functions. Composition operators Ty : g+ fog, g € E, are
simple examples of nonlinear mappings. It is a little bit surprising that the knowledge about
these operators is rather limited. One reason is, of course, that the properties of T strongly
depend on f and E. Here in this paper we are concerned with E being either a Besov or a
Lizorkin-Triebel space (for definitions of these classes we refer to the appendix at the end
of this article). These scales of spaces generalize Sobolev spaces W;,"(]R"), Bessel potential
spaces Hj(R"), Slobodeckij spaces W (IR") as well as Holder spaces C*(R") in view of the

identities
e WR™) = Fh(R"), 1 <p<oo,méeN;

o Hi(R") =F3,(R"), 1 <p<oo,seR,;



e WyR") =F; (R")=DB; (R"),1<p<o0,5s>0,s¢N;
o C*(R") = B3, (R"),5s>0,s¢N.

In our opinion there is a very interesting interplay between integrability and regularity
properties of f,g and of the composition f o g. It is our aim to describe this in detail
and to give a survey on the state of the art. Many times we will not give proofs but discuss
illustrating examples. The theory is far from being complete. However we believe that a
discussion of these operators in spaces of fractional order of smoothness s > 0 is appropriate
and leads to a better understanding of the various phenomenons which occur.

Convention: If there is no need for a distinction between Lizorkin-Triebel spaces and Besov
spaces we will simply write E> (R") instead of F}} (R") and B; (R"), respectively. In the
same spirit, E> (R") can denote W7 (IR") in case s € N and p = 1 or +oo, although those

spaces are not Lizorkin-Triebel nor Besov spaces.

An illustrating example

Let us have a look at the following boundary value problem:

Au(z) + f(u(z)) = h(z), ze€Q,
u = 0, x€0dN.

Here €2 is an open and bounded subset of R™ with smooth boundary. Let L denote the
solution operator for the Dirichlet problem for the Laplacian with respect to 2. Then our

boundary value problem can be reformulated as a fixed point problem

w=L(h - f(u)). (1)

By E;Q(Q) we denote the collection of all functions in E; (€2) having vanishing boundary
values (this makes sense if s > 1/p). Since L : E5*(Q) — E;yq(Q) is an isomorphism a

discussion of (1) requires
Ty(E; () € E; 2 (Q)

including some estimates which relate the norms || Ty (u) || gs-2(q) and [|u || &5 (0)-

Remark 1 There are many papers dealing with problems as in our illustrating example.
We refer e.g. to [28], [34], [49], where boundedness and continuity of composition operators

are treated in connection with the Schrédinger equation.



The main problem

From a little bit more abstract point of view the above example indicates that we have to

study the following problem.

Problem 1:
Suppose E;g:f;gc(]R”) C E;;:f;‘l’c(]R”). Find necessary and sufficient conditions on f: R — R

s.t.
Te(EX  (R") C B (R").

Po,q0 P1,q1

Remark 2 (i) For a given space of functions E on R", the associated space E“° is the
collection of all functions g s.t. u - g € E, for all u € D(R™).

(i) Our assumption E50f¢(R™) C E3bio°(R™) indicates that there is no hope for an increase
of the local regularity of the whole set T¢(E°  (R")).

(iii) The theory of the operators T, as we know it at this moment, does not depend very
much on the underlying domain €. So we discuss 7y on function spaces defined on R".

(iv) Of course, it would make sense to replace Ty by more general mappings like

N(g1,---,94)(x) = f(z,1(x),...,94(z)), r eR",

where f : R"™ — R. In this generality these mappings N are called Nemytskij operators.
Much less is known for these general mappings. In our survey only very few remarks will be

made concerning this general situation.

There are hundred’s of references dealing with Problem 1 and its generalizations. However,
only in very few cases, e.g. if f(t) := ™, m € N, one knows the final answer. We will add a

few remarks later on. For the moment we will turn to a simplified problem.

Problem 2:

Find necessary and sufficient conditions on f: R — R s.t.

Ty (E,(R™)) C By (R"). (2)

We will call the property (2) the acting property. In applications one needs more than the
acting condition. In general one also needs boundedness and continuity. This justifies to

consider the following modified problems.



Problem 2’:

Find necessary and sufficient conditions on f: R — R s.t.

T E, (R")— E5 (R")
18 bounded.

Remark 3 (i) Generally speaking, a mapping T' of a metric space E to itself is said to be
bounded if 7'(A) is bounded for all bounded set A C E.

(ii) Coming back to our illustrating example it makes sense to ask for optimal inequalities
describing the boundedness of Ty. We will take care of this problem as well in our survey.
(iii) We do not know whether Problems 2 and 2" have the same solution. Indeed, we do not
have a counterexample in the framework of composition operators showing that the acting
condition can occur without boundedness. Furthermore, let us mention that it is classically
known that the acting condition implies at least a weak form of boundedness, see e.g. [39,
pp. 275-276], [55, Lem. 5.2.4, 5.3.1/1] and [14, Section 4.2].

(iv) If we slightly generalize the class of operators by considering N(g)(z) := f(z,g(x)), x €
R", i.e. Nemytskij operators, then it is well-known that acting conditions and boundedness
conditions may be different. For simplicity we only consider n = 1 and R replaced by [0, 1].

Then the classical example is given by

0 it u < s/
fs(xau) = . _ 7
=5 — o if uw>a%/?,

where 0 < s < 1. The associated Nemytskij operator maps B3, . [0, 1] into itself, but is not
bounded. We refer to [5].

Problem 2”:

Find necessary and sufficient conditions on f: R — R s.t.

¢ E, (R")— E5 (R")

18 continuous.

Remark 4 Problem 2 ( Problem 2’) and Problem 2” have different answers in general.
Below we will show that for some Lizorkin-Triebel spaces there exist noncontinuous bounded

composition operators, see Corollary 1.



In our opinion also the following problem is of interest.

Problem 3:

Characterize all function spaces E, where the following assertions are equivalent
o TyE)CE,
o Ty : E — FE isbounded,
o T;: E — Eis continuous,

whatever be f: R — R.

At the end of our paper, see Section 7, we will give a list of spaces for which the acting
property is equivalent to the boundedness and to the continuity. We will also produce a
negative list, it means, we will collect also those spaces, for which such equivalences do not
hold.

Both authors have written surveys with respect to this topic in earlier times, see [11], [55,
Chapt. 5] and [15]. To increase the readibility of this survey we allow some overlap with
those articles. However, we mainly concentrate on the progress since 1995. In addition, a
number of open problems is formulated within this text.

This survey is organized as follows. After the Introduction we collect a number of necessary
conditions for the acting property to hold. This will make the splitting in the discussion of
sufficient conditions more transparent. We start with this discussion in Section 3 by con-
centrating on Sobolev spaces. In Section 4 we will discuss the case of fractional order of
smoothness. The results of this section motivate to study composition operators on intersec-
tions which we will do in Section 5. Some generalizations to the vector-valued situation are
considered in Section 6 (but here we concentrate on Sobolev spaces). As mentioned above,
there will be a section devoted to Problem 3, namely Section 7. In the very short final section

we make some concluding remarks.

Notation

As usual, N denotes the natural numbers, Z the integers and R the real numbers. If F
and F' are two Banach spaces, then the symbol E — F indicates that the embedding is
continuous. The symbol ¢ denotes a positive constant which depends only on the fixed
parameters n, s, p,q and probably on auxiliary functions, unless otherwise stated; its value

may vary from line to line. Sometimes we will use the symbols “ < 7 and “ > 7 instead



of “<” and “>", respectively. The meaning of A < B is given by: there exists a constant
¢ > 0 such that A < ¢ B. Similarly > is defined. The symbol A < B will be used as an
abbreviation of A < B < A.

We denote by CJ*(R™) the Banach space of functions on R"™ which are continuous and
bounded, together with their derivatives up to order m, and by Cy,(R™) the Banach space
of bounded and uniformly continuous functions on R”. The classical Sobolev spaces are
denoted by W;"(R"), and their homogeneous counterparts by W];"(]R”), for m € N and
1 < p < co. Inhomogeneous Besov and Lizorkin-Triebel spaces are denoted by B (R")
and F; (R"), respectively. We use the notation F;’Q(R”) and Bf,’q(]R”) for the homogeneous
Lizorkin-Triebel and Besov spaces. For their definition, we refer to Section 9. General
information about these function spaces, as well as the Wiener classes BV, can be found
e.g. in [55, 63, 64] (£ (R")), [33, 37, 63] (sz’q(R")), and [20, 21, 67] (BV,). Let us mention
that we exclude the spaces F, (R"), even in case when we write £> (R"), 1 <p, ¢ < oo.
If an equivalence class [f], for the a.e. equality, contains a continuous representative, then
we call the class continuous and speak of values of f at any point (by taking the values of
the continuous representative).

If f is a function defined on R", and if h € R", we put A, f(x) := f(x+h)— f(z). Throughout
the paper ¢ € D(R™) denotes a specific cut-off function, i.e., ¥(z) = 1if |[z| < 1and ¢(z) =0
if |[x| > 3/2.

2 Necessary conditions

We begin with a collection of necessary conditions for the acting property. They are all
found essentially before 1990. However, they give a good idea concerning the expectable
solution of Problem 2.

Proposition 1 Let s > 0. Let f : R — R be a Borel measurable function. The acting
property T¢(D(R™)) C E5 (R") implies f € E52(R).

The proof follows easily by testing Ty on functions u € D(R") such that u(x) = x1 on some
ball of R", see e.g. [4, Thm. 3.5] or [55, Thm. 5.3.1/2].

Proposition 2 Let s > 0. Let f: R — R be a Borel measurable function.
(i) The acting property Ts(E5 N Loo(R™)) C By (R™) implies f € Wi (R).
(11) In case E5 (R™) ¢ Loo(R™), the acting property Tr(Es (R™)) C By (R™) implies f €



Remark 5 (i) The necessity of (local) Lipschitz continuity for the acting condition in the
framework of function spaces with fractional order of smoothness has been observed for the
first time by Igari [36] (p = ¢ = 2,0 < s < 1, s # 1/2). Then the result has been extended to
Besov and Lizorkin-Triebel spaces by the first named author and some co-authors. We refer
to [12] for more detailed references and for the proof of Prop. 2. Let us also mention the
recent publication [4, Thm. 3.1 and 3.2], where a proof in a more general context is given.
(ii) Observe that E5 (R") — By (R"). Hence, the Nikol'skij-Besov space B; , (R") is the
largest space within the family E; (R").

Proposition 3 Suppose 1 + 1/p < s < n/p. Then the acting property Ty(E; (R")) C

B, (R") implies f(t) = ct for some constant c.

The phenomenon described in Proposition 3 is well known since Dahlberg [30] had published
his short note in 1979. He had proved that the implication T¢(W;"(R")) C W"(R") requires
f(t) = ct for some constant c. Extensions to Besov and Triebel-Lizorkin spaces have been
given by Bourdaud [8, 11]. Extensions to values p,q < 1 can be found in Runst [54] and
in [59]. Runst has also been the first who had investigated implications of Ty(Es (R")) C
Bs (R™). A proof of Prop. 3 can be also found in [55, 5.3.1] and [4, Thm. 3.3].

As many times in the theory of Besov-Lizorkin-Triebel spaces in limiting situations the third

index ¢ has some influence.

Proposition 4 Suppose 1 +1/p =s < n/p.

(i) Let ¢ > 1. Then the acting property Ty(B, ,(R")) C By (R") implies f(t) = ct for some
constant c.

(ii) Let p > 1. Then the acting property Ty(F; (R")) C F; (R") implies f(t) = ct for some

constant c.

This has been proved by the first named author in [10] and [11], see also [55, Lem. 5.3.1/2] and
[4, Thm. 3.3]. The existence of nontrivial composition operators on B;j(l/ P) (R™), n>p+1,

and on FY (R™), n > 2, is an open problem.

Remark 6 The degeneracy is connected to the existence of unbounded functions in
By (R™). Instead, if we consider B N Loo(R™), the Dahlberg phenomenon disappears.
Indeed E; N Loo(R™) is known to be a Banach algebra for the pointwise product. Hence,

all entire functions, vanishing at 0, act on it. For this problem, we refer also to Section 5.

Remark 7 Notice that the embedding WL/¢(R) «— E;:g"c(]R) holds if 0 < s < 1, while the
reverse embedding holds for s > 1+ (1/p). In view of the four preceding propositions, the

values s = 1, s = 14 (1/p) and s = n/p appear as the critical ones for Problem 2.



3 Sobolev spaces

For an easier reading of the paper we first discuss Problems 2, 2°, 2” for Sobolev spaces. Ac-

cording to Remark 3, we present boundedness in the same section than the acting condition.

3.1 The acting condition on Sobolev spaces

In view of Section 2, in particular Remarks 6 and 7, it makes sense to separate the discussion

into the cases
e m=1;
e m >2and W(R") — L. (R");

e m >2and WHR") Z L(R").

Theorem 1 Suppose 1 < p < oo. Let f : R — R be a Borel measurable function s.t.
f(0) = 0. Then it holds

[reLZ®)  p>n
n n or p=1=n
T;(W)(R") C W, (R") <=

'€ Loo(R) otherwise.

In either case we have

I fogllwimn < f e 19 lwgn - (3)

Remark 8 (i) For a proof we refer to Marcus and Mizel [42], see also [6, Chapt. 9].
(i) If f and g are C! functions, and if f(0) = 0, then

[ 1r@rar = [ Vo) = FOFdr <111 / gl da, (4)

dg

P g, I .
' < ! b P — .« e
fg(x)) (%:i(x)‘ dr < || f'7 . w /Rn‘axi(x)‘ de, i=1,...,

J.

Hence, (3) follows under these extra conditions. By (4) also the role of the condition f(0) =0

becomes clear. The extension of these estimates to the general case is more complicated.

Theorem 2 Let m = 2,3,..., and let 1 < p < co. We suppose that W (R") — L (R").
Let f: R — R be a Borel measurable function s.t. f(0) = 0.



(i) Then the composition operator Ty maps W' (IR™) into itself if, and only if, f € me’e"c(R).
(it) For f € W*(R) we have

£ o gllwpn < CFg) (N9 I + 19 i ) (5)

where

C(f.9) = e(IF lwzsay + 17 Iy
I, = {teR: [t < lglamn},

and ¢ is independent of f and g.

Remark 9 (i) For a proof we refer to [9], see also [55, 5.2.4].
(ii) The estimate (5) will be typical for the supercritical case, i.e., the case Ej; (R") —
Lo (R™). Recall the chain rule

el
D' (fog) =3 S cuma (fP0g) DY - D, (6)
/=1 a1+---+o¢2=7
[a? |30
where v := (y1,..., %), &' = (od,...,ak), i=1,...,¢ are multi-indices and ¢, 41, _,e¢ are
certain combinatorical constants. Let v = (m,0,...,0). Then the sum on the right-hand
side contains the terms
dg \™ a™g
m) o (—> and "o g) —=.
(f'™ og) - (f'o9) ar

From this point of view an estimate as given in (5) looks natural.

We need a further class of functions. If F is a normed space of functions on R", then the

space E,nif is the collection of all g € E“° s.t.
19| B iy = sup [[g¥(- —a)llp < oo,
a€R”
where 1) is the cut-off function from our list of conventions.

Theorem 3 Let m = 2,3,..., and let 1 < p < oco. We suppose that W' (R") ¢ Lo (R").
Let f: R — R be a Borel measurable function s.t. f(0) = 0.

(i) If m =n/p > 2, then Ty(W*(R")) C W (R") holds if, and only if, f' € W;’ujf(R).

(ii) Letm=n/p > 2 and f' € W]Tl;jf(R). Then

[fog ||WZ§”(R") < Cy (|| 9 ||WZ§”(R") +1 g ||%;n(m<n)) (7)

9



where
a+1 1/p
Cr = e (I i +sup ([ 1rmopar) ) )
acR a

and c is independent of f and g.

(iii) Let either 1 <p < oo and2 <m <n/p, orp=1and3 <m < n. Then Ty(W*(R")) C
W (R™) holds if, and only if, G(t) = ct, t € R, for some c € R.

(iv) If n > 3, then Ty(WE(R™)) C WE(R™) holds if, and only if, f" € L1(R).

(v) Let f" € L1(R). Then

1f o gllwzny < el f Niwm + 1" e ) I 9 llw2en) (9)
and c is independent of f and g.

Remark 10 (i) For a proof we refer to [9], see also [55, 5.2.4] and [14]. The crucial idea in the
proofs of Thm. 2 and Thm. 3 (except part (iii)) consists in an integration by parts involving
the norm of the Sobolev space. Part (iii) in Thm. 3 is a particular case of Proposition 3, see
some further comments in Subsection 4.3.

(ii) The class W%, +(R) plays a crucial role in the composition problem, not only in the

critical case m = n/p. This becomes clear if we consider instead of the usual Sobolev space
W (R™) the so-called Adams-Frazier space W) N Wr}w(R”), see Theorem 25.

We turn back to the problem touched in Remark 9(ii). Here is an improvement of the

estimate (5) in the supercritical case.

Theorem 4 Let m = 2,3,..., and let 1 < p < co. We suppose that W' (R") — L (R").
Let f: R — R be in W' (R) s.t. f(0) =0. Then there exists a constant c s.t.
m—1
1509 gy < €1 Dy (19 Dy + 1 i )- (10)
Here c is independent of f and g € W (R").

Remark 11 A proof of (10) has been given in [14]. The exponent m — 1/p is the optimal
one, see Proposition 6 in Section 4. However, the result does not extend to all f in W];"’ZOC (R).

A counterexample is given by f(t) =sint, t € R, see [14].

3.2 Continuity of composition operators on Sobolev spaces

Theorem 5 (i) Let 1 < p < co. Every composition operator Ty, which maps WI}(R”) into

itself, is continuous.

1) Let 1 <p< oo, meN and m >n/p. Then every composition operator Ty, which maps
f

Wi (IR™) into itself, is continuous.

10



Proof ~ We concentrate on (ii). Under the given restrictions we have W (R") = F,(R")
in the sense of equivalent norms. From Thm. 2 we derive the equivalence of the acting
condition T¢(W;"(R")) € W;"(R") and f € W;**(R), f(0) = 0. Furthermore, the bound-
edness of T} follows from the estimate (5). In this situation we can apply Proposition 7, see
paragraph 4.2.3, and obtain that 7 must be continuous as well.

Remark 12 Part (i) is a famous result of Marcus and Mizel [43]. Part (ii) seems to be a

novelty.

4 Spaces of fractional order of smoothness
According to Section 2, it makes sense to separate the discussion into the cases
e D<s<1;
e l<s<1+4+1/p;
e 1+1/p<s<n/p;

e max(l+1/p,n/p) < s.

4.1 The case of low smoothness

In case 0 < s < 1, the only known necessary condition, see Remark 7, turns out to be also
sufficient.

Theorem 6 Let 1 < p,qg < 0 and 0 < s < 1. Let f: R — R be a Borel measurable
function s.t. f(0) = 0.

(i) The following assertions are equivalent:
() T(E (RY) € By (RY);
(b) Ty : E5 (R") — E> (R") is bounded;
(¢) Either f' € Loo(R) if Ej (R") ¢ Loo(R™) or f' € L(R) if Ej (R") < Loo(R™).
(ii) Let f" be as in (c). Then
Ifog]

holds for all g € E, (R™) and I, is defined as in Thm. 2.

o @) < et 11 911E5 )

11



Proof  The space E; (R") is defined by first order differences, see Definition 2 in Section
9. For those differences we have the obvious inequality |An(f o )] < ||f/llcc |Arg|. For the
estimate of the L,-term we refer to (4). Both inequalities together prove (ii) and at the
same time the implications (¢) = (b), (a). The nontrivial implication (a) = (c) follows by

Proposition 2. |

By using real interpolation for Lipschitz-continuous operators, see [52], one can add conti-

nuity to the list in part (i) of the theorem.

Theorem 7 Let 1 < p,gq < oo and 0 < s < 1. Let f : R — R be a continuous function
s.t. f(0) =0 and either f' € Loo(R) if Bs (R") ¢ Loo(R™) or f' € LY%(R) if By (R") —
Loo(R™). Then Ty : By (R") — By (R") is continuous.

The proof in [55, Thm. 5.5.2/3] uses the real interpolation formula

(L®). W®)) =B, &), 0<s<l, 1<g<oco,

5,9

in connection with a result of Maligranda [41] concerning the continuity of a nonlinear

operator T with respect to real interpolation, see [55, Sect. 2.5].

4.2 The case of high smoothness

In view of the results presented in Section 2, there is a natural conjecture.

Conjecture 1 Let s > 1+ (1/p). The composition operator Ty, associated to a Borel
measurable function f : R — R, maps E5 NLo(R™) to ES (R™) if, and only if, f € E3t(R)
and f(0) = 0.

The validity of the above Conjecture is known in case of Sobolev spaces (recall W"(R") =
EB(R™), 1 <p<oo,meN), see Thm. 1 and [14, Thm. 2]. For n = 1, it is also valid for
any Lizorkin-Triebel space and for some Besov spaces, see Subsection 4.2.1. The extension

to dimensions n > 1 is an open question.

4.2.1 The acting condition in the one-dimensional situation

To begin with we deal with a simplified situation where we give a sketch of the proof.
However, the used arguments are also typical for the more general results which will be

mentioned below.

12



We need some more classes of functions. For a function g : R — R, we denote by ||g| v, the

N 1/p
(Z 9(b) - g(ak>|p> ,

taken over all finite sets {]ax,bx[; K = 1,..., N} of pairwise disjoint open intervals. A

supremum of numbers

function g is said to be of bounded p-va'matzon if [|g||pv, < +o0o. The collection of all such
functions is called the Wiener class and denoted by BV,. We refer to [20, 21, 67] for a
discussion of these classes. Their importance in the composition problem is related to the
Peetre’s embedding

B,'(R) < BV,(R), (11)

p,1

see e.g. [53] and [20, Thm. 5].

Proposition 5 Let 1 <p < oo, p<g<oocandl+1/p<s <2 Letf € B;;l(]R) s.t.
f(0) =0. Then there exists a constant ¢ > 0 such that the inequality

(1
10 gllss,m < el £ o (19115, + 19 150" (12)
holds for all real analytic functions g in B, (R).

Remark 13 By (11) and by assumption s > 1+ (1/p), a weaker version of (12) is given by

s—(1
wmy. (13)

150 gllg,m < el g (191155, + 119

Proof Because of

' 1
B Y(R) — BLITVP(R) - C5(R) = Lo(R),  0<s <s—1— o

the function f’ is a continuous. Hence we may apply the chain rule and obtain
(fog)=(fo9d
in the pointwise sense. Furthermore, we will use that
lullsg 0 = llullr,@ + 10 | sz e (14)

for all distribution u if s > 0, see [63, 2.3.8].
Step 1. Since the estimate of the L,-term is as in (4), we only have to deal with the

homogeneous part of the Besov norm. For brevity we put

1/p
:(/|Ahf(x)|pdx> . heR.
R

13



Using (14) we have to estimate

()

wp((f e 9) g’ h) < |1 f llsowp(g'sh) + U(h),

Since

where

Uh) = ( [ 18057 e @Plg ) d:c) "

we are reduced to prove that
(/1 (U(h) )q %>1/q
1 \[h[*71) A

can be estimated by the right-hand side of (12).

Step 2. Without loss of generality we may assume h > 0. The set of zeros of ¢’ is discrete,
and its complement in R is the union of a family (I;); of nonempty open disjoint intervals.
For any h > 0 we denote by I] the (possibly empty) set of x € [; whose distance to the right

endpoint of I; is greater than h, and we set

I'=05\1, a; :=sup |¢'].

I

By ¢, we mean the restriction of ¢ to I;, hence a strictly monotone smooth function. If
I] # 0, then we have

l9(g; (y) +h) =yl <ah for yeg(l)), (15)

where g; ! denotes the inverse function of g;.
Substep 2.1. Let

1/p
Q,(f. 1) = (/R sup |Anf(z)P dx) , t>0. (16)

|hl<t

By (15) and by a change of variable we find
[ 180870 @Plg @ do < af ™ 0301 ). (1
I

By the Minkowski inequality w.r.t. Ly/,, and by Proposition 8 in Section 9, we obtain

14



([ Gt St o) ")
l

IN

l

= (Zaﬁ o) ( /O (ngfl,t))q%)uq

IN

sp—1\ 1/p
el gz (2 (suw l91) )™
l

p/q
00 1 - ) q/p dh
Z </0 (W aj ~ Q(f a h)) -

1/p

Now we follow [20, proof of Thm. 7]. By definition, the function ¢’ vanishes at the endpoints

of I;. Let 3; be one of these endpoints. Furthermore, there is at least one point & € I; such

that
l9'(&)] = sup l9'].
1

Hence

> sup [g/|""* Zlg &) =g G < lg I3, -
1A 1

By (17), we conclude that

() G 2 / 18l o g) @) lg @) dx) )

1
< el gy 119 e

Substep 2.2. Since ¢’ vanishes at the right endpoint of I}’, it holds

lg'(z)] < IS}1<1;}>1 lg'(z) — ¢'(x +v)|

for all « € I}'. Thus we obtain
> [ 1808 0 @l @) de < @1F 1) (s’ )
1

By Proposition 8, we conclude that

(/Oo (ﬁ Zz: /I{’ |AL(f og)($)|p|g/($)|pdéﬂ)fl/pd_]f)l/q

0

< el f oo llgllg ) -
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Putting (4), (17), (18) and (20) together we obtain (12). The proof is complete. |

To derive the acting property with respect to B, (R) one uses a specific density argument
(to get rid of the restriction to real analytic g), the Fatou property, see, e.g., [22] and [32].
To obtain the acting property for Bj (R) for higher values of s, m +1/p < s < m + 1,

m > 2, one can use an induction argument in combination with

lllsg @ =<l llz,@ + 1™ ||y e (21)

if s > 0, see [63, 2.3.8]. However, to get an optimal inequality for those values of s and to
deal with m < s < m+ 1/p, m > 2, more effort is needed. To describe this we have to
introduce a further space of functions. Since from now on we do not give proofs and the
arguments in the Lizorkin-Triebel case are similar (however, a bit more sophisticated) we
turn to the general notation. The outcome is the following, see [23], [24], [25] and [48] for
all details.

Theorem 8 Let 1 < p < o0, 1 <g< o0 (p<qif E=DB), and s > 1+ (1/p). The
composition operator Ty, associated to a Borel measurable function f : R — R, acts on
E: (R) if, and only if, f(0) =0 and f € E5P°(R).

Remark 14 We believe that the restriction p < ¢ in the B-case is connected with the
method of proof but not with the problem itself.

Acting property and boundedness are equivalent in this situation. To describe this, we use
the smooth cut-off function ¥ and define ¥(x) := ¥(z/t), t > 0. We denote by Slqu(R) the
space of all functions in L. (R) which belong to the homogeneous Besov-Lizorkin-Triebel

space E;7q(R), and endow it with the natural norm

If

Theorem 9 Let 1l <p<oo,1<q¢g<oo (p<qif E=B), and s> 1+ (1/p).
(i) Let f € Estc(R) and f(0) = 0. Then there exists a constant ¢ > 0 such that the inequality

Esq®) T If] By ) T | fllzom -

—(1
1 09 lmg,0 < el (f D) Nzt (I9llm 0 + ol ) (22)

holds for all such functions f and all g € E; (R).

(ii) There exists a constant ¢ > 0 such that the inequality
s—(1
| fog] 53,00 (g e (23)

holds for all functions f € E; (R), f(0) =0, and all functions g € E; (R).

By ®) < |l f] B, ®) 9]
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4.2.2 Optimal inequalities (I)

We would like to discuss the quality of the estimate (23). However, for doing that there is

no need to concentrate on n = 1. The following simple arguments work for any n.

Proposition 6 Let 1 <p,q < oo ands > 1+1/p. Let h: [0, 00[— [0,00[ be a nondecreasing
function satisfying h(x) = o (xs_(l/p)) for x — +o00. Let N be any semi-norm on D(R™). If

f is a continuous function such that, for some constant ¢ > 0, the inequality

[fogl

Bty < ¢ (N(9) + 1 (N(9)) ) (24)
holds for all g € D(R™), then f is a polynomial of degree < s.

Proof  We take the natural number m > 1 such that m —1 < s < m. Let ¢ be a function
in D(R™) s.t. ¢(z) = z1 for all z € [—1,1]". Then it holds (f o ap)(z) = f(az;) for all
x € [—1,1]" and all @ > 0. Hence

AR, (foap)(z) = Ajif(azy), Ve e[-1/2,1/2]",Vt €[0,1/2m], Va > 0.

Using this identity and (24), we deduce
a/2 1/p ) 1 1
( / / AT f () dx) < ct* (a/PTIN () + h(a N(p)) a/P7)
—a/2

for all ¢ €]0, 1] and a > 2m. By taking a to +oo, and by applying the assumption on h, we
deduce
AP f(x) =0 ae., vt €]0,1].

Then by a standard argument, we deduce that f is a polynomial of degree at most m — 1.

Remark 15 Proposition 6 yields that the exponent s—1/p in (13), (22), and (23) is optimal.
It also implies the optimality of the estimate (10).
4.2.3 Continuity of composition operators in the one-dimensional situation

There is a general continuity theorem in [18, Cor. 2] which can be applied for all n, if

Conjecture 1 is valid.

Proposition 7 Let s > 1+ 1/p. If Conjecture 1 is valid for E; (R"), then a composition
operator Ty is continuous if, and only if, f(0) =0 and f belongs to the closure of the smooth
functions in E3t°(R).

17



In consequence of Thm. 8 and this proposition we immediately get the following.

Corollary 1 Let 1 <p <oo and s > 1+ (1/p). Let f: R — R be Borel measurable.
(i) Let 1 < g < oo (p<qif E= B). Then the following assertions are equivalent :

e T} satisfies the acting condition Ty(E; (R)) C E; (R).
e Ty is a bounded mapping of E; (R) to itself.
o Ty : E5 (R) — E5 (R) is continuous.
o fe Eyl(R) and f(0) = 0.
(ii) The following assertions are equivalent :
e T} satisfies the acting condition Ty(E; . (R)) C E5 (R).
o Ty is a bounded mapping of E; (R) to itself.
o fe Eye(R) and f(0) = 0.
(iii) There exist functions f in E5 (R), f(0) =0, such that Ty : E; (R) — E» (R) is not
continuous.
4.2.4 Acting conditions in the general n-dimensional situation

In dimension n > 1, Conjecture 1 has not been proved up to now. We give here two sufficient
acting conditions. In the first one, we try to approach the minimal assumptions on f. In the

second one, we obtain an optimal estimate, but with stronger regularity assumptions on f.

Theorem 10 Let 1 < p < 00, 1 < ¢ < o0, max(n/p,1) < s < p. We suppose f € C*(R)
and f(0) = 0. Then Ty maps E; (R") into E5 (R").

Remark 16 (i) Of course, we have C*(R) C E52°(R). For a proof of Thm. 10 we refer to
[55, Sect. 5.3.6, Thm. 2].

(ii) Let F = B. Under some extra conditions on s, it is proved in [13] that one can replace
CH(R) by Bstete(R) with € > 0 arbitrary.

Theorem 11 Let 1 < p < oo, 1 < ¢ < o0, m € N and max(m,n/p) < s <m-+1. We
suppose f € C™T(R) and f(0) = 0. Then there exists a constant c s.t.

SEzs,yq(]R")) (25)

1o gllmg @ < cll fllopriw (19ll8;, @) + 9]

holds for all such f and all g € E;, (R").

18



Proof The theorem has been proved essentially in [55, 5.3.7, Thm. 1 and 2]. Only one

further remark is needed. Because of s > max(1,n/p) we have

s—ﬁzs(l—ﬁ)>1—ﬁ
p

and therefore, the continuous embeddings

B (R")— B (R") and FS (R")— F (R") (26)

pSV’U

for arbitrary v €]0, 0o]. |

Remark 17 (i) Probably the exponent s in (25) can be improved to s—1/p under additional
assumptions on f, see Proposition 6 and Thm. 4.

(ii) The estimation of the norm of || f o g|| in Theorem 11 is better than in Theorem 10. In
the detailed statement of Theorem 10, the norm || f o g|| is controlled by ||g||* instead of ||g||*
for lgl| > 1.

(iii) Both theorems have a long list of forerunners. Let us mention at least a few: Moser
1960 (Sobolev spaces) [47], Mizohata 1965 (Bessel potential spaces with p = 2) [46], Peetre
1970 (Besov spaces, nonlinear interpolation) [52], Adams 1976 (Bessel potential spaces) [1],
Meyer 1981 (Bessel potential spaces) [45], Runst 1986 (Besov-Lizorkin-Triebel spaces) [54],
Adams & Frazier 1992 (Bessel potential spaces) [2, 3].

4.3 The intermediate case (I)

We consider the case 1 + 1/p < s < n/p. By Proposition 3, the composition operator
necessarily lowers the regularity. The study of T} for f(¢) := sint, ¢t € R, is particularly

enlightening in this respect. Let us define

ga(z) = Y(x) 2|77, reR", a>0. (27)
Then it is well known (and not very complicated to prove) that in case s > 0

g €F,RY) < O0<a< g —s (28)
and

Ja € B, ,(R") <= either 0<a<——s or a=——s and qg=00 (29)
' D D
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hold, cf. [55, Lem. 2.3.1/1]. Then
am . . (m) - —a—2 m
o sin(gq(x)) =< sin'™ (Jz|~%) (|=| x1)™ 4+ lower order terms,
1
in a certain neighborhood of the origin. Compare this with the m-th order derivative of the
original function. It turns out that
am

—a—2m
ozl Ja |

(x) < |z ' + lower order terms (|z| — 0).

Since we have (a + 1)m > a + m if m > 2 this shows that the local singularity of the
composition becomes stronger than the singularity of the original function g,.

Going back to the general situation, a natural question consists in asking for the best possible
image space, hence we turn to Problem 1 for the rest of this subsection. The following strange

number will play a certain role

n 1({n
;+5(5—8)

s—s+1

*

0" =0"(s,p,n) =

(30)

Theorem 12 Suppose 1 + 1/p < s < n/p. Let f be a non-polynomial Borel measurable
function. Then for every r > o*(s,p,n) there exists a compactly supported function g, €
E5 (R™) such that the composition f o g, does not belong to B) . (R").

Remark 18 (i) A proof in case of smooth f can be found in [58, 59, 55|. However, by the
same arguments one can deal with non-smooth functions.

(i) If 1+1/p < s <n/p, then 1 +1/p < p* < s. This indicates a certain loss of smoothness.
Whether there exists a nonlinear function f such that T¢(E; (R")) C B2 (R") is still an
open question.

(iii) Also the following observation is of some interest. We study the difference d(s) =
s—0*(s,p,n) for fixed n and p (n > p+1). Obviously, d(1+1/p) = d(n/p) = 0 and d(s) > 0
if 14+1/p < s < n/p. Moreover, the function d(s) is concave on this interval, hence, it

attains a maximal value d(sg) there. We have

n n—1 n—1 2 —1
Sg:=—+1-— and d(so):< —1) PR St
p P p p(n—1)

This shows that d(s) has a bound depending on p and n, but it does not have an a priori

bound for fixed p and independent of n.
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We will use the following abbreviation:

w w 1/p
1 g = ([ 0 [ 1875 sy payan) 31

with m € N and m +1 > r > 0. The notation || f[|as(-ww)) reminds on a norm in a

homogeneous Besov space. In some sense it is an incomplete one.

Theorem 13 Suppose Ty(E; (R")) C B} (R") and 0 < r < s < n/p. Let f € Lo(R).
Then it follows that

sup w7 | £ g < o0 @
for all
2-I-l(ﬂ—s) —r(ﬂ—s—l-l)
p ' p\p p
v > VO(Sanapv ’I“) = n_ g : (33)
p

Remark 19 (i) For the proof we refer to [61].

(ii) Let us comment on the condition (33). Fix n and p and consider s T n/p. Then the
lower bound for 7 tends to infinity, which means that the necessary condition (32) becomes
less restrictive. This is connected with the fact that local singularities in spaces with s T n/p
become weaker and weaker, cf. (27) and (28). If we fix also s and consider r | 0, then
the necessary condition (32) becomes again weaker (since the lower bound of v increases).
Clearly, that corresponds to the fact that the spaces E;’p(]R”) become larger. A similar
observation gives a converse result if r T s.

(iii) A first essential conclusion of Theorem 13 is obtained by observing that || f [|as((—w.w]) 15 @
non-decreasing function in w. So, whenever f is not a polynomial of low degree, || f [[as ((—w,u))
is bounded from below by a positive constant. Then Theorem 13 says (in the case that f
is bounded) that o > 0 if, and only if, » < p*, which also follows from Theorem 3. Hence,
Theorem 13 represents an extension of Theorem 3.

Replacing the space £y (R") = B] (R") = F (R") by the Sobolev space W) (R"), r € N,

we have necessary and sufficient conditions. Let
Pm = {g: g(t) :Zagtz, a; € R, EzO,...,m}, m € N,
=0

and

A (f) = sup w ( [ irmwr dy) " (31)

w>1 —w

which replaces (31).
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Theorem 14 Suppose 0 < r < s < n/p. Recall, p* and vy are defined in (30) and (33),
respectively. Let f : R — R be a Borel measurable function if r > 1 and a continuous
function if r = 0, but not an element of P,_y. Then T¢(E; (R")) C W} (R") implies r < p*,
f0)=0, f € W;’EOC(R) and A, ,(f) < o0.

Now we turn to the sufficient conditions. We concentrate on r > 2 (for r = 0,1 we refer to
[60]).

Theorem 15 Suppose 1 < p < 00, 2 < r < s < n/p and define again vy by (33). Let
f(0)=0. If A, ,(f) < oo, then T¢(E; (R™)) C W) (R™) holds. Moreover, there exists some

constant ¢ such that

’70-1—7‘—%
B ) (35)

£ 29l < eAny(f) (9]

B &)+ [ 9]
holds with ¢ independent of f and g.

Remark 20 Both theorems are proved in [60]. However, the used arguments are as in
130, 8, 11, 54] (Thm. 14) and [9] (Thm. 15).

Various examples are treated in [59, 60, 61]. Here we concentrate on smooth periodic func-

tions. If f £ 0 is periodic and smooth, then
[ mwra=e, wxt.

Hence A, ,(f) < oo if, and only if, v > 1/p. In such a situation Theorems 14 and 15 yield

final results. Here another strange number occurs. Let

w [BIS

o= o(s,n,p) = 1 (36)

SEE

Obviously, o < ¢* if p < 0.

Corollary 2 Let 1 < p < oo and let 2 < r < s < n/p. Suppose that f is periodic,
f € C®R), and f #0. Then Ty(E; (R")) C W (R") holds if, and only if, f(0) = 0 and
r <.

This has a fractional counterpart, see [55, 5.3.6] and [61].

Theorem 16 Let 1 < p < 0o and 1 < s < n/p. Suppose that f is periodic, f(0) = 0,
f € C>®R), and f #0. Then the following assertions are equivalent:
(i) Ty(F,,(R™) C By (R"). (ii)) Ti(F;(R"))CFy (R"). (i) r <o.
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In [55, Thm. 5.3.6/3] we have been able also to prove the following associated inequality.

Theorem 17 Let f' € C®(R) and let f(0) = 0. Suppose 1 < q,r < oo and 1 < s < n/p.
Let ¢ be as in (36). Then there exists a constant ¢ such that

1feglrg,@n <cllglleg,e+191E, @) (37)

holds for all g € F; (R").

Remark 21 The proof of Thm. 17 relies on a specific estimate of products in Lizorkin-
Triebel spaces, see [55, Thm. 4.6.2/5]. There is also counterpart for Besov spaces but less

satisfactory.

4.4 The intermediate case (II)

Now we assume that 1 < s < 1+1/p. Since WL*(R) ¢ E;:éOC(R) and E;:gOC(R) ¢ Whtee(R),
we have two independent necessary acting conditions, but we do not know if these two
conditions are sufficient. Indeed, at this moment we do not have a conjecture how does the
solution of Problem 2 looks like. The best sufficient condition obtained so far is connected
with a new class of functions which has been introduced for the first time by Bourdaud and
Kateb.

We define U} (R) as the set of Lipschitz continuous functions f on R such that

1f'lv, = supt P Q,(f',) < +oo, (38)
>0
see (16) for the definition of €2,.

Theorem 18 Let 1 < p < 400 and 0 < s < 14 (1/p). If f € U}(R) and f(0) = 0, then
T4(B; (R")) C By (R"). Moreover, the inequality

1/ 0 gllz; ey < ¢ (1 oo + 11 Nlu) N9z, rn)
holds for all g € B, (R").

Remark 22 (i) A first proof of this theorem was found by Bourdaud and Kateb [16]. For
n = 1, Kateb [38] improved Theorem 18 by obtaining the acting property under the condition
f € Loo N BYZ(R). Observe,

Uy(R) — Wi N B/P(R)
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and the embedding is proper, see [20]. An extension of this result of Kateb to the general
n-dimensional case is still open.

(ii)) Whether Theorem 18 has a counterpart for Lizorkin-Triebel spaces is an open question.
(iii) Of course, smooth periodic functions f do not act by composition on E; (R"), for
1 <s<1+1/p, see Theorem 16.

A second proof of Thm. 18 has been given in [20]. There we first investigated the limiting
situation s = 1 4 1/p, which we will recall below, and afterwards we used nonlinear inter-
polation (more exactly, real interpolation of Lipschitz continuous operators) to derive the
result for 0 < s <14 1/p.

Theorem 19 Let 1 < p < co. If f € U}(R) and f(0) = 0, then Tf(B;jl/p(R")) C
ByfMP(R™). Moreover, the inequality

||f © gHle,Ll,/p(]R") <c (”fI”OO + ||fI”Up) “gHB;jl/p(]R”)
holds for all g € B)1""(R™).

There is a further result, rather close to the one-dimensional case of Thm. 19, we wish to
mention. Recall, the Wiener classes BV,,(R) have been introduced in Subsection 4.2.1. We

will need the class of all primitives.

Definition 1 Let p € [1,+00]. We say that a function f : R — R belongs to BV,!(R) if f

is Lipschitz continuous and if its distributional derivative belongs to BV,(R).
We endow BV,}(R) with the norm
Ifllsviw = [FO) + /sy, Ve BV, (R),

which renders BV]}(R) a Banach space. Concerning composition of functions belonging to

BV,}(R) we have proved in [20] the following satisfactory result.
Theorem 20 Let 1 < p < co. Then the following statements hold.
(i) If f,g € BV]}(R), then fog € BV;(R), and
1F o gllsvie < 1 fllsve (1 +21/”H9|\B%l<R>) '

(ii) Let f:R — R be a Borel measurable function. Then the operator Ty maps BV, (R) to
itself if, and only if, f € BV,}(R).

Remark 23 Also the inclusion
BV}(R) — U} (R)
is proper, see [20] or [40].
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The main example

There is one example which is of particular importance, mainly for historic reasons. We
consider f(t) := |¢|, t € R. This function belongs to the Besov space Bpa/”"(R) and is
Lipschitz continuous, of course. It is also immediate that it belongs to BV;}(R) and therefore

to UI} (R). By employing Thm. 19 and Thm. 18 we obtain the following corollary.

Corollary 3 Let 1 < p < oo. The operator g — |g| maps the Besov space B;jl/p(R")) into

the Besov space B;f.ol/ P(R™). Moreover, the inequality
ol gy < € gl s
holds for all g € B;jl/p(R”).

Remark 24 The corollary can be derived also from a result of Savaré [57] who had inves-

tigated the mapping ¢ — |g| with respect to a Banach space Z'*/P?(R), where

1+

1+4 1+1p
B, " (R) — Z"»P(R) — By (R).

p,1
For Besov spaces with 0 < s < 1+ 1/p we can argue by using nonlinear interpolation to
obtain the boundedness of g — |g| considered as a mapping of B, (R") into itself. This
method can not be applied to Lizorkin-Triebel spaces. By employing a different method the

outcome is the following.

Theorem 21 Let 1 <p,g<oo (1<p<oo,1<qg<ocoif E=F). Inaddition we assume
0<s<1l+1/p(s#1ifp=11in case E=F). Then the operator g — |g| maps the space
E5 (R™) into itself. Moreover, the inequality

gl &5, @y < cllglle;, @
holds for all g € E5 (R").

Remark 25 (i) Completely different methods have been used by Bourdaud, Meyer [22] and
Oswald [51] to prove Thm. 21 with £ = B. Whereas in the first reference the proof is
based on Hardy’s inequality the second reference is using spline techniques and Marchaud’s
inequality.

(ii) A first proof of Thm. 21 with £ = F has been given in [11], but with the extra condition
s # 1. Here a similar method as in [22] is applied. A second proof has been published by
Triebel [65, Thm. 25.8]. It relies on atomic decompositions and allows to deal with s = 1 if
1<p<oo.
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Let us turn to the continuity of the mapping g — |g|. The Lipschitz continuity of f(t) = |¢|
yields the continuity of g ~— |g| considered as a mapping of B;  (R") into itself if 0 < s < 1
and 1 < p,q < o0, see Thm. 7. Also the continuity with respect to Wpl (R™) is well-known,
see Thm. 5. There is nothing known on the continuity in all other cases where we know
1)1, (R™) C B, ().

4.5 Optimal inequalities (II)

All estimates in Subsection 4.4 do not reflect the nonlinearity of Ty, they are all of the form
< ¢(f) |lgll. Hence, the norm of g enters with the power 1. This is in sharp contrast to
the estimates given in case s > 1 + 1/p. However, by using essentially the same type of

arguments as in Prop. 6, one can also prove the following, see [20] for all details.

Lemma 1 Let 1 < p < +o0, and s > 1+ (1/p). Let N be a norm on D(R™). Let E be
a normed function space such that D(R™) C E C W{"°(R") and such that there exists a

positive constant A such that

sup (1 ( |
h£0 n

foralli=1,...,n.

dg dg

P 1/p
@'ae) " <algle veer @

If there exist a continuously differentiable function f : R — R and a constant B > 0 such
that Ty maps D(R™) into E, and such that the inequality

| foglle <B(N(g)+1)  VgeDR") (40)
holds, then f must be an affine function.

Remark 26 (i) The spaces £, (R"), t > 1+ 1/p, satisfy the assumptions of Lemma 1 with
14+ 1/p < s < min(t,2).

(ii) A mapping T': E — E is called sublinear, if there exists a constant ¢ such that

Tyl <c(+[lglle)

holds for all ¢ € E. Hence, by Lemma 1, a composition operator T}, satisfying the acting
property T¢(Es (R")) C E5 (R"), can be sublinear only in case s <1+ 1/p.
(iii) Tt is of a certain surprise that the boundary between sublinear and superlinear estimates

is given by s = 1+ 1/p and not simply s = 1 (think on a fractional version of the chain rule).
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5 Composition operators defined on intersections

Adams and Frazier [2, 3] have been the first who have seen that it makes sense to consider
composition operators on intersections of the type HSNW_ (R™), where H3(R") = F;,(R") is
a Bessel potential space. The main observation is the following: the Dahlberg phenomenon,

see Prop. 3, disappears.

Theorem 22 Let 1 < p,g< oo and s> 1, s € N. Let m > s be a natural number and let
f e CP(R) s.t. f(0) =0. Then Ty maps Fy, N W, (R") into F; (R™). In either case the

mapping is bounded and continuous.

Remark 27 (i) For the first moment it is surprising that the relation of s to n/p does not
have an influence. However, if s > max(1,n/p), then we have F; (R") < W, (R"), see
(26), and we are back in the situation discussed in Subsection 4.2.4. If 1 < s < n/p, then
s (R™) ¢ W (R") and consequently Fy N W{ (R") is strictly smaller than F (R™).

(ii) The theorem, as stated here, can be found in Brezis and Mironescu [26]. A different
proof, but restricted to the case p = ¢, has been given by Maz’ya and Shaposnikova [44].
With some restrictions in ¢ the boundedness of Ty is also proved in [55, 5.3.7]. For a similar

result involving Besov spaces we also refer to [55, 5.3.7].

Of course, one may ask for larger or simply different subspaces of F; (R") such that all
functions f € CJ*(R) generate a composition operator T s.t. this subspace is mapped into
F3 (R") by Ty. In [26] one can find a simple argument which explains that Fy N W (R")
is nearly optimal. Let g € F; (R"). Since fi(t) = cost — 1 and fy(t) = sint are admissible
functions it follows

(cosg—1+ising) € F; N Lo(R").

Since
s n 1
FM N Lyo(R™) — F

sp,2

(R") = W,,(R"),
see [26] (but traced there to Oru), we obtain €9 — 1 € W (R™). This implies

99
8:@

ie' —— € L,(R") forall (=1,...,n.
Thus g € WI}S(R”), the homogeneous Sobolev space. This space consists of all regular real-
valued distributions s.t. all derivatives of the first order belong to L,s(R") and is endowed

with the seminorm
”g”W;S(]R") = Z ||9(a)HLps(R”)-

laf=1

27



Hence, the optimal subspace is contained in FJ N Wslp(R”). In case of Bessel potential and
Slobodeckij spaces, Thm. 22 can be improved to become optimal with this respect. Recall,

Fyo(R") = H:>(R") in the sense of equivalent norms.

Theorem 23 Let 1 <p < oo and s > 1, s € N. Let m > s be a natural number and let
f € CP(R) s.t. f(0) =0. Then Ty maps Fj, N WSEJ(]R”) into I ,(R™). Furthermore, there

exists a constant cy such that

1£ 0 gll sz < ez (llgllrg e + ol gany)
holds for all g € F5, N WL (R").
Remark 28 Thm. 23 has been proved by Adams and Frazier in [3].

Now we turn to Slobodeckij spaces. Recall, if s > 0 is not an natural number, then F; (R") =

By (R™) = W7 (IR") holds in the sense of equivalent norms.

Theorem 24 Let 1 < p < oo and s > 1, s &€ N. Let m > s be a natural number and let
f € CP(R) s.t. f(0) =0. Then Ty maps F;,N Wslp(R") into I (R™). Furthermore, there
exists a constant ¢ such that

1f o9

ryy ) < el fllopm (Nolleg, o + 19l o)

holds for all g € F]fmﬂWSlp(R") and all f € CI"(R) s.t. f(0) = 0. In either case the mapping

T 1s continuous.

Remark 29 (i) Thm. 24 has been proved by Maz’ya and Shaposnikova in [44].
(ii) Open problem: prove Theorems 22, 23, 24 for the maximal range of s, p,q and under
minimal regularity conditions on f. Up to now, only the case of Sobolev spaces has a

complete answer, given by the following statements, see [14, Thm. 1 and 2].

Theorem 25 Let m be an integer > 2, 1 < p < +00 — with the exception of m = n and
p=1—andlet f: R — R be a Borel measurable function.
(i) Ty takes W' N W;LP(R") to dtself if, and only if, f(0) =0 and f' € W™ 1 (R).

punif

(ii) The inequality
170 gl < <Cr (gl g + g (a1)

holds for all f s.t. f(0) =0 and f" € W]ﬁ;ﬁf(R), and all g € W N W,}ZP(R"), where Cy is
defined by (8).
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Theorem 26 Let m be an integer > 2, 1 < p < 400, and let f : R — R be a Borel
measurable function. Then Ty takes W] N Loo(R™) to itself if, and only if, f € W;”’EOC(R)

and f(0) =

Remark 30 The exceptional case of Thm. 25 is covered by Thm. 26 since W N W}!(R")
is embedded into L. (R™).

6 Composition operators on vector-valued spaces

We turn to the vector-valued situation but restrict ourselves to Sobolev spaces.
Let k €N, k> 2. Let f: RF — R. We study the associated composition operator

Te(g) == fog, g=1(91.---,9r)

under the assumption g € W;"(]R",]Rk). To describe a sufficient condition for the acting
property we need a further class of functions. We need the following simple mappings: for
1 <35 <k we define

O'jf(ilfl, . ,:Ek) = f(l'l, ey L1y They Tty - e ,l'k_l,l'j) , zeR™.
Let 1 < p < oo and k > 1. Then the space FE,(R¥) is the collection of all measurable
functions f s.t.

k

a+1 1/p
1 sy = > (Sup/ s (O sy ) < 0.

=1 a€eR

By Wg; (R*) we denote the homogeneous Sobolev space built on E,, i.e., the semi-norm is

generated by
||f||Wg;(Rk) = Z ||f(a)||Ep(Rk)-

lal=m

Then we have the following partial generalization of Thm. 25 :

Theorem 27 Let 1 < p < oo and m,k > 2. Let f € WL N Wg; (R¥) and suppose f(0) =
Then Ty maps W" N Wplm(]R", R¥) into WH(R™). Moreover, there exists a constant ¢ s.t.

150 gllwpan < e (I g @y + 1 F ) (19 gy + 1905, g ) (42)

holds for all f € Wi NWE(R*) and all g € W N W, (R", RF).
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Remark 31 (i) This theorem has been proved in [14, Thm. 3]. The estimate (42) is not
found there, however, it can be derived as in the scalar case.
(ii) For Tyx(W,r N Wplm (R",R¥)) € W*(R") it is necessary that f is locally Lipschitz contin-

uous, see [4] and [14].

Let us have a short look on Thm. 2. A naive but natural conjecture concerning an extension

to the vector-valued case would consist in the following:

Let f € WL n Wymtee(RY) such that f(0) = 0. Then Ty maps W' N Wplm(R",Rk)
into W' (R™).

We do not believe that this statement holds true. The space I/VolO N Wg; (R¥) is much smaller
than VVolo N W;’”EOC(R’“). This can be easily seen by studying tensor products of functions.
Let

flz) = fi(z1) - ... - fulag), r=(z1,...,21) € R".
If fewln Wg; (R*), then each of the functions f; has to belong to W¢(R), at least

if all components of f are nontrivial or more exactly, are not polynomials. To guarantee
f e WL nwtoe(RF) it is sufficient to have f; € W™“¢(R) for all j.
In our understanding the extension to the vector-valued case will be not a straightforward

generalization. We expect some new phenomenons.

Remark 32 The extension of Thm. 27 to fractional order of smoothness is completely

open.

7 On Problem 3

Recall, Problem 3 consists in characterizing those function spaces F s.t. the acting condition
T¢(E) C E is equivalent to boundedness of Ty : E — FE and is also equivalent to the
continuity of Ty : E — E. With other words, if one has established the acting property
then one gets boundedness and continuity for free. If a space E has this property then we
will write E € Ps, otherwise E & Ps.

Below we have made a list of more or less classical function spaces and fixed their relation
to P3. In addition we have given some references, sometimes inside our survey, sometimes

not. We will use the convention —oco < a < b < 0.
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Function space E EePls References
L,(R"),1<p<o0 yes 6, 3.4, 3.7]
Lo (R™) no 6, 3.7
CIM(R™), m e N yes obvious
C*(R"), s >0, s¢N no [31], [35], [48]

W, (R"),1<p< oo yes Thm. 5(i)
Wr(R"), 1 <p<oo,meN, m>n/p yes Thm. 5(ii)
Wi R"), 1<p<oo,meN, 1+1/p<m<n/p yes Prop. 3
F (R),1<p<oo,1<g<oo, 1+1/p<s yes Cor. 1
Fo(R), 1<p<oo, 1+1/p<s no Cor. 1
F (R, 1<p<oo,1<qg<oo, 1+1/p<s<n/p yes Prop. 3
FpdP(R"), 1 <p<o0,1<q< o0 yes Prop. 4
By (R),1<p<oo,p<qg<oo, 1+1/p<s yes Cor. 1
By ((R),1<p<oo, 1+1/p<s no Cor. 1
By (R"), 1<p<oo,1<qg<oo, 1+1/p<s<n/p| yes Prop. 4
B;f;l/p(R"), 1<p<oo,l<qg<oo yes Prop. 3
BMO (R") no [19]
VMO (R") no [19]
CMO (R™) yes [19]
bmo (R™) no [19]
vmo (R™) yes [19]
cmo (R™) yes [19]
AC [a, b] yes 5]
BV, [a, b yes [5]
Lipaja,b], 0 <a <1 no [31], [35], [5]
A(T) yes 39, 8.6], [15],
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Definitions of all these function spaces will be given in the Appendix below.

8 Concluding remarks

As it becomes clear by the long list of open problems, in our opinion the theory of composition
operators in function spaces of fractional order of smoothness (like Besov and Lizorkin-
Triebel spaces) is just at its beginning. Even worst is the situation with respect to Nemytskij
operators. There are nearly no final results in the general case up to our knowledge. A few
information can be found in [55, 5.5.4]. A bit better is the situation when we restrict us to

operators of the type
N(g)(z) = f(z.g(z)), z€R", gek.

These special Nemytskij operators are studied in the monograph by Appell and Zabrejko [6],
see also the recent survey [5]. However, the knowledge concentrates on either spaces with
smoothness 0 (Lebesgue spaces, Orlicz spaces), or smoothness 1 (first order Sobolev-Orlicz

spaces) or on spaces with p = oo (Hélder spaces).

9 Appendix

Here we recall the definition of the function spaces used in this survey.

9.1 Besov and Lizorkin-Triebel spaces

To introduce the (inhomogeneous) Besov-Triebel-Lizorkin spaces we make use of the char-

acterizations via differences and derivatives.

Definition 2 Let s >0, 1 < q < o0, and let M € N be such that M < s < M + 1.
(i) Suppose 1 < p < oo. Then the Lizorkin-Triebel space F; (R™) is the collection of all
real-valued functions f € L,(R") s.t.

1
1

_s 1 dt q
1F g gy 2= 1L Nlzpeny + (/t jv / A A dh)i ) < 0.
0 |h|<t L®")
(ii) Suppose 1 < p < co. Then the Besov space B, (R") is the collection of all real-valued
functions f € L,(R") s.t.

s dh \ 3
I g a0y = 1 e+ ([ I8 oy i) < 0.
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Remark 33 The spaces F; (R"), By (R") are Banach spaces. Nowadays there exists a rich
literature on this subject. We refer to Frazier and Jawerth [33], Besov, I’jin, and Nikol’skij
[7], Nikol’skij [50], Peetre [53] and Triebel [63, 64, 66].

In some cases, an alternative equivalent norm in Besov spaces can be obtained as follows.
We concentrate on n = 1. Using the functional §2,(f,t) defined in (16), we have the following
result, see e.g. [64, Thm. 3.5.3, p. 194]:

Proposition 8 Let 1/p < s < 1. Then a real-valued function f belongs to B, (R) if, and

W if,
only if, o O\ »
[ f ey + (/0 (t—8> 7) < +00. (43)

Moreover, the above expression generates an equivalent norm on B, q(]R).
K

Remark 34 The condition s > 1/p cannot be avoided. Indeed, (43) implies that f is locally
bounded, a property which is not shared by all Besov functions for s < 1/p.

In Subsection 4.2.1 we have also used homogeneous Besov-Triebel-Lizorkin spaces. Here is

a definition.

Definition 3 Let s >0, 1 < q < o0, and let M € N be such that M < s < M + 1.
(i) Suppose 1 < p < oo. Then the homogeneous Lizorkin-Triebel space F;q(R”) 1s the

collection of all reqular real-valued distributions f s.t.

=

I/

o dty
e = ([ [ 18t g1ane ) < o0.
0

h|<t
|h|< Ly(R™)

(i) Suppose 1 < p < oco. Then the homogeneous Besov space B]‘j’q(]R") is the collection of all

reqular real-valued distributions f s.t.

If]

e = ([ I oy ) <
Bp,q(R ) Rn h LP(Rn) |h|n
Remark 35 Of course, we have f = g in E]‘j’q(]R") if f — g is a polynomial of degree < M.

Since we only deal with functions f € E;q N Lo (R), satisfying f(0) = 0, this does not

matter.
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9.2 BMO-type spaces

BMO(R"™) is the set of real-valued locally integrable functions g on R™ such that
lollso i=supf oo~ f o] < +oo.

where the supremum is taken on all cubes () with sides parallel to the coordinate axes and

where
f QY

denotes the mean value of the function g on Q). The quotient space of BMO(R™), endowed
with the above seminorm, by the subspace of constant functions, is a Banach space. Since
the operator T} is clearly not defined on the quotient space, we prefer to consider BA/O(R™)

as a Banach space of ‘true’ functions with the following norm:

gl == llgllsao + fo 9l VY9 € BMO(R™),

where (g is the unit cube [—1/2,41/2]". We denote by bmo(R") the linear subspace of
BMO(R™) consisting of those functions g which satisfy also the following condition

sup fQ|g| < 400,
|QI>1

where |@| denotes the Lebesgue measure of @) or, equivalently,

sup fQ|g| < +00,
Q=1

see [19, Lem. 7]. It turns out that bmo(R") is a Banach space for the norm
9llomo == N9l Brar0 + |21|1p folal Vg €bmo(R").
=1

We denote by cmo(R™) the closure of D(R™) in bmo(R™), and we endow c¢mo(R™) with the
norm of bmo(R™). Similarly, we denote by CMO(R") the closure of D(R™) in BMO(R"),
and we endow CMO(R™) with the norm of BMO(R").

According to Sarason [56], a function g of BMO(R™) which satisfies the limiting condition

hm(supr‘g—ng’) =0 (44)

=0\ |Q|<a

is said to be of vanishing mean oscillation. The subspace of BMO(R™) consisting of the
functions of vanishing mean oscillation is denoted VMO(R"), and we endow VMO(R")
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with the norm of BAMO(R™). We note that the space VM O(R™) considered by Coifman and
Weiss [29] is different from that considered by Sarason, and it coincides with our CMO(R").
As it is well known, VMO(R") & BMO(R"). For example, the function log|z| belongs
to BMO(R™), but not to VMO(R™), see e.g. Stein [62, Ch. IV, §. 1.1.2], and Brezis and
Nirenberg [27, p. 211]. We set

vmo(R"™) := VMO(R") N bmo(R"),

and we endow the space vmo(R"™) with the norm of bmo(R").
For the convenience of the reader, we display all the subspaces of BMO(R™) we have intro-

duced in the following diagram:

bmo(R™) & BMO(R")

U n U n
vmo(R™) & VMO(R")
U+ U+
cmo(R") & CMO(R")

where all inclusions are proper and continuous.

9.3 Some further classical function spaces

A definition of the Wiener class BV,(R) has been given in Subsection 4.2.1. The space
BV, a,b] is obtained by restricting the intervals [a, bg] to subintervals of [a, b].
By AC [a, b] we denote the collection of all absolutely continuous functions on [a, b] endowed

with the norm ,
I lactn = 1F@]+ [ 170 dr

Finally, by A(T) we denote the Wiener algebra on the torus, i.e., the set of all continuous,

2m-periodic functions f s.t.

oo T
I fllacr) := Z ’ f(t) ekt dt’ < 00.
k=—o00 -
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