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Quantum behavior of the integrated density of states
for the uniform magnetic field and a randomly
perturbed lattice

By

Naomasa UEKT*

Abstract

For the Schrédinger operators on L?(R?) and L*(R?®) with the uniform magnetic field
and the scalar potentials located at all sites of a randomly perturbed lattice, the asymptotic
behavior of the integrated density of states at the infimum of the spectrum is investigated. The
random lattice is the model considered by Fukushima and describes an intermediate situation
between the ordered lattice and the Poisson point process. In this note the scalar potentials
are assumed to decay rapidly and the effect of the kinetic part are investigated.

§1. Introduction

Let

H:(z‘%—%)QJF(i%JF%)Q—B

be the Landau Hamiltonian on L?(R?) with the uniform magnetic field B > 0 subtracted
B so that the lowest eigenvalue is 0, where i = /—1. Let Ve(z) = >ogeze WT —q— &)
be a random potential on R?, where ¢ = (£4)qez2 is a collection of independently and
identically distributed R?-valued random variables with the distribution

(1.1) Py(&, € dx) = exp(—|x|®)dx/Z(6),

0 € (0,00), Z(0) is the normalizing constant, and v is a nonnegative function belonging
to the Kato class Ky (cf. [2] p-53). We will consider the random Schrédinger operators

(1.2) He =H + Vg,
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and the restriction H¢ of H to the complement of T'(§) = U,cz2 B(q+ & : 7o) by the
Dirichlet boundary condition, where 79 € (0,00) and B(p: 1) :={z € R? : |z — p| < r}
is the open ball with the center p and the radius r. Vg and T'(§) are soft and hard
obstacles, respectively. We will consider the integrated density of states (N (X))x>o and
(N(N)aso of He and He, respectively: (IN(N))a>o is defined by

(1.3) R™2N¢ p(\) — N(\) as R — oo

for any point of continuity of N(\) and almost all £, where Ng r(\) is the number of

eigenvalues not exceeding A of the self-adjoint operator Hg », on the L? space on the

cube Agr = (—R/2,R/2)* with the Dirichlet boundary condition. N()\) exists as a

deterministic increasing function (cf. [2], [13]). (N (A))r>0 is similarly defined for H,.
In this note, we first prove the following:

Theorem 1.1. (i) If

1.4 inf
(1.4) ?S%I}l% u(z) >0

for some R >0 and

(1.5) lim |z|%logu(z) = —oo,

|z|—o00

then we have

1\ —(1+6/2) —22+6/27
1.6 li log — log N(\) >
(16) ;—fﬁ}( o) R (RS (R e
and
— 1\-1 1\—"n
(1.7) lﬁrol (log X) (loglog X) log N(A) = —

for any n € N. Moreover if 6 > 4, then we have

1>—(1+(9—4)/6) -K

(1.8) Iﬁ%(l‘)gi log N(A) < Zir=n76

where K is a finite constant independent of B. The same estimates hold for (N'(X\))a>o-
(ii) If (1.4) for any R > 1 and

_ — |z
(1.9) u(z) —exp( G (1+o(1)))
as |x| — oo with a = 2, then we have
1\ —(1+6/2) —27 2 146/2
1.1 li log — logN(A\) > —————Fi—— | = .
(1.10) ;fg(ogQ o8 (/\)_(9+1)(9+2)(B+ 0)
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We next formulate the 3-dimensional problem by referring to the corresponding
result [9] for the Poisson case. We write any element @ of R? as (z,73) € R? x R and
set

)€ = |7, |23|% lp = (Jw [P + |a3|%?) /P if p € [1, 00),
1|7V Jas|% if p = o0,
for arbitrarily fixed @ = (6,,603) € (0,00)? and p € [1,00]. Let V¢(z) = > qezs W(T —
q—¢& q) be a random potential on R, where u is a nonnegative function belonging to the
Kato class K3 (cf. [2] p-53), § = (§,)qezs is a collection of independently and identically
distributed R3-valued random variables with the distribution

(1.11) Py(&, € da) = exp(~[[2]|])dz/Z(6.p)
and Z(0,p) is the normalizing constant. Let

0 Bx2>2+(, 0 %)2_3 0?

H= (g, 5) +lign T a2

be the direct sum of the Landau Hamiltonian on L?(IR?) subtracted the magnetic field
B and the Laplacian on L?(R). As in the 2-dimensional case and as in [20], we will
consider the integrated density of states (IN(A))a>o of the random Schrédinger operator

(1.12) He=H+ Ve,

and that (N (X\))a>o of the restriction H¢ of H to the complement of T'(§) =

quzg, B(q + &, : ro) by the Dirichlet boundary condition, where ro € (0,00) and B(p :

r):={x € R3: |x — p| < r} is the open ball with the center p € R? and the radius r.
For this we prove the following:

Theorem 1.2. We assume

Co

(14 0(1))

as |x| — oo for some Cy € (0,00), p € [1,00] and o = (a1, 3) € (0,00)? satisfying

(1.14) =<l
o Qg
We set
3 1 30, 0
1.1 _ L, 30 0
(1.15) mfa,0) a—2t2%%0, -2 "2
and
(1.16) (,0)=— 2o L, bifar b
' P T s —2jar 21— 1jas—2/a; 2
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Then we have

(1.17) lim A (es0) log N(\) > —o0,
AL0
(1.18) @Aw(aﬂ) log N(A) <0,
. \(1+03)/2
(119) I;Trgm logN(/\) > —00
and
(1.20) @ﬁ log N (A) < 0.

If suppu is compact, then (1.19) and (1.20) hold by replacing N'(\) by IN(\).

As in [20], the above results are extensions of the results in [7] and [8], where
the same problem is considered in the case without magnetic fields. As is discussed
in [7] and [8], our model describes an intermediate situation between a completely
ordered situation and a completely disordered situation since the point process {q +
£q}qez2 converges weakly to the Poisson point process with the intensity 1 as 6 — 0
and converges weakly to the lattice Z2 as § — oo by slightly modifying the definition
as Pp(&, € dx) = exp(—(1 + |z|)?)dx/Z(0), which brings no essential changes for our
results. The results in [7] and [8] shows that the leading term of the integrated density
of states also tends to those for the Poisson case as § — 0 and decays as § — oo which
reflects that the infimum of the spectrum is strictly positive if the perturbations {&,} of
sites are all bounded. In the case with uniform magnetic fields the asymptotics of the
integrated density of states has been investigated mainly for the Poisson case. For this
topic and the relation with other topics, refer to a recent survey by Kirsch and Metzger
[14]. The first result was given by Broderix, Hundertmark, Kirsch and Leschke [1]: they
determined the leading term for the case where d = 2, u(x) = Cylz|~*(1 + o(1)) as
|z| — oo is satisfied for some a > 2 and Cy > 0 and the point process {q + &;}qez2 is
replaced by the Poisson point process. As is discussed in [10] and [20], this leading term
coincides with that of the classical integrated density of states, which depends only on
the scalar potential, as in Pastur’s case [17] without magnetic fields. Then Erdds [5]
treated the same case where the single site potential u is replaced by a function with a
compact support and he determined the corresponding leading term of the integrated
density of states, which depends only on the magnetic field and the intensity of the point
process and is independent of other precise informations on the single site potential as
in Nakao’s case [15] without magnetic field referring to Donsker and Varadhan’s result
[3]. On this behavior we may say that the quantum effect appears. The borderline
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between the classical and quantum behaviors was determined by Hupfer, Leschke and
Warzel [10]. The borderline corresponds to the case of (1.9) with @ = 2. They also
determined the leading term for the case of (1.9) with o € (0,2). The leading term
for the borderline case was determined by Erdds [6]. The leading term for the classical
case was determined also in the 3-dimensional case by Hundertmark, Kirsch and Warzel
[9]. For the 3-dimensional case, results appearing the quantum effect were obtained by
Warzel [21], where general bounds and the leading order for special cases were obtained.
In this note we try to extend the theory to our setting. We treat simple classical cases
in [20] and remaining cases in this note. Our results in this note give only upper and
lower estimates. By these upper estimates and Theorems 6.1 and 6.2 in [20], we see
that the quantum effect appears in the following five cases: (i) (1.4) for any R > 1
and (1.9) with o > 0 + 2, (ii) (1.4) for any R > 1 and (1.9) with @ > 6 and 0 > 4,
(iii) suppu is a nonempty compact set, (iv) essinfz<ru(x) > 0 for any R > 1 and
(1.13) with (1.14), and (v) supp u is a nonempty compact set. We conjecture that the
leading terms are close to our lower bounds in the 2-dimensional cases and are close
to our upper bounds in the 3-dimensional case. One reason is that the bounds tend to
the corresponding leading terms given in [5], [6] and [14] for the Poisson case as § — 0.
Thus the borderline between the classical and quantum behaviors is expected to be the
case of Theorem 1.1 (ii) and the case of 2/a + 3/ag = 1 in Theorem 1.2 as in the
Poisson case.

The organization of this note is as follows. We prove Theorem 1.1 in Sections 2, 3
and 4: we prove the lower estimates in Section 2, the upper estimate (1.8) in Section
3 and the upper estimate (1.7) in Section 4. We next prove Theorem 1.2 in Sections 5
and 6: we prove the lower estimate in Section 5 and the upper estimate in Section 6.

§2. Lower estimates for the 2-dimensional case
In this section we give lower estimates for Theorem 1.1. Let
o
N@:/ e AN ().
0

(1.10) is proven by the following, which we prove by referring to [1] and [10]:

Proposition 2.1.  If (1.9) holds with a = 2, then we have

(2.1) ﬁ—?o (logt)1+0/2 = (0 + 1)(6 + 2)

= +Co

log N (t) - —2m (Z >1+9/2‘

The basic inequality for the proof is the following extension of (3.5) in [1]:
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Proposition 2.2.  N(t) > Ny(t)/(4nt), where

Nl(t) = /A1 dr Eq| exp ( — t/R2 oB(y)Ve(z -l-y)dy)]
and ¢p(z) = exp(—Blz|?/2)B/(27).

Proof. In (2.4) of [20] we obtain

0% ~
(2.2) lim — Ey[Tr[exp(—t(H¢ + Q*[z|*))]] = N(¢).
Qo T
Then the rest of the proof is same with that of (3.5) in [1]. O

Proof of Proposition 2.1. N, (t) in Proposition 2.2 is rewritten as

/Aldeg exp(—t2u3($—q—§q))],

qe”?
where up = u * ¢p. By Lemma 3.5 (ii) in [10], we have

lim |z| 2logup(z) = —1/(Cy +2/B) =: —1/Cp.

|z|—o00
By the same lower estimate of Section 3 in [20], we obtain

2w
@+1)0+2)

log N1 (t) > —texp(—(1 —)*R%/Cp) — (R + 3¢ + 1)*2
for large enough R. By setting R = 1/Cp(logt)(1—¢)~2, we can complete the proof. [

Proof of 7(1.10) implies (1.6)”. For any n > 0, we can take a single site potential
uy, satisfying u, > v and (1.9) where a and Cj is replaced by 2 and 7, respectively. The
corresponding integrated density of states N, () satisfies N(A) > N,,(\) and

1\ —(1+6/2) _on 9 14072
lim ( log ~ log N, (\) > 2 .
Al_i%(ogQ o8 "()—(9+1)(9+2)(B+")

Since 7 is arbitrary, we obtain (1.6). O

8§3. An upper estimate appearing quantum effects for the 2-dimensional
case

In this section we prove the following upper estimate which is enough for (1.8):
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Proposition 3.1.  If0 > 4 and u(x) = Colp(ry)(x), then we have

—  log N (t) -4
(3.1) o g ) &8 = BEras

for some positive constant Cy independent of B, where B(rg) := B(0 : 19).

We reduce the proof to an estimate of the lowest eigenvalue of an operator with the
Dirichlet boundary condition following Section 6 in Erdés [5]: for any §,e1 € (0, 00),

—  log N(t) — €1 —1 B+p
(32) %}l]\g W < t%\Io% W log /Al dZEG [eXp ( 4 Al(HfaB(le)))] .

In (3.2), s = /(8/5)logt and Hfg(ﬁz:s) is He p(..s) Where B is replaced by B + 3. The

proof of (3.2) can be given by the same method of the proof of Theorem 6.3 in Erdés
[5], where we used the estimate

t g1 —t cs? e1(B+ 6
e e (- gE5L)] < e (B nE ) 2 e ()

instead of (3.4) in [5].
The obstacles are reduced to the hard obstacles by the following;:

Lemma 3.2. Ifu(x) = Colpary)(z), then we have

Co  MMHpEs\re)
3.3 A (H z:8 > —=A
( ) 1( ng( : )) 9 4(1+C7'0_2)

Proof. We represent the Landau Hamiltonian by the creation and annihilation
operators: H = A* A, where A = (i0/(0x1) — Bxa/2) 4+ i(i0/(0x2) + Bx1/2). Thus the
lowest eigenvalue has the representaion

M(He Bzs)) = [A@o® + (Vewo, o),

where o is a normalized ground state of H¢ p(..s). Since

(Vewo, o) > 00||900||2L2(B(z;s)nuq622 B(q+€q:2r0))>
we have

120l 72(Bo5)nU, o Blateg2r)) < M (HeB(z:s))/Co-

qEZ
On the other hand, we take a smooth function ¥ on R? such that ¥ = 0 on | geze Bla+
§g i r0)y ¥ =1o0n (Uyeze Bla+& :3r0/2))%, 0 <9 <1 and VY2 < 9/r3. Then we
have

9
[ Aol > [[9Apol* > = || Adeo| — T_QHQOOH%Z(B(z:s)OUQEZz B(g+£4:3r0/2))
0

g A1 (Hé,B(z:s))
7“8 Co '

N[ =

> M (Hpes7e)|19eol® —

N |
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Moreover we have

)\I(H ,B(z:s )
ool =1~ [ O (e
B(z:8)NU  ez2 B(g+£q:3r0/2) 0 *

Therefore, if 1 — A\ (H¢ p(z.s))/Co > 1/2, then we have

1 9 )\]_(Hg’B . )
Al(Hg,B(z:s)) > Z)\l(HB(Z:S)\T(g)) _ T_Q%,
0 0

from which we obtain (3.3). O
To estimate Ay (Hp(:s)\7(¢)), We develop Erdds’s isoperimetric inequality stating
(3.4) A (Hp) > M(Hpr))

for any bounded domain D of R? with the area |D| = |B(L)| = wL? and a smooth
boundry [4]. The right hand side is dominated from below by exp(—BL?*(1 + ¢)/2) for
sufficiently large L, where ¢ is an arbitrarily small positive constant. We need more
precise estimates for more complicated domains. In this note we prove the following:

Proposition 3.3.  Let D be a bounded domain of R* with the area |D| = wL?
whose boundary is a finite union of smooth curves. Let p be the radius of the largest
disk contained in D. Then we have

(3.5) M (Hp) > T exp(~CaBLAY p)?),

where C1 and Cy are universal positive constants.

Proof. By the same proof of the inequality (17) in [4], we have

A1(Hp) zinf{/|6_A(¢(“3))V6A(¢(“}))¢(w)|2dx//¢(w)2d$
:0< 9y eC®(D)NC¥(D),s» =0on D,

oo -1
Mo=8 [ adw>al( [ |ve@izan)

c {y=¢}
where C¥(D) is the set of all analytic functions on D and L(-) is the measure corre-
sponding to the length of curves. A is a nonnegative, strictly monotone decreasing,
continuous function on the range of . It is also included in the set C° of all real
valued functions on R which are smooth everywhere except for finitely many points. As
in the equations (19) and (20) in [4], we rewrite the quatities in the infimum as follows:

/ AV GAC@) () 2de = B / (©'(b))*e*"F(b)db
0
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and

[varae= [ ewre r wa,

where O(b) = A~1(b)e® and F(b) = |{x € D : h(x) < b}| with h(x) = A(x»(x)). We now
apply Lemma 3.4 below. Then we have

V{z : h(z) < b} _p\/;>2)_1
Ve : h(z) < b} + pv// +

L({z:h(z) = b}) > Ci(1 Vp)\/|{x L h(z) < b}|(1 - (

and
Co(LV p)?

B(1- (Var2Z).)

Therefore (23) in [4] is rewritten as follows:

F'(b) >

M (Hp)

bo
Zinf{B / (@/(b))2e_2bF(b)db(
0 0
:F,0 € (CX,0 > 0,0 is bounded, F' is strictly monotone increasing,

/ Ca(1V p)?
F(b) >
VE®) -pvT\?
B(l B (\/F(b)+2\/77)+)

" @(b)%—%F/(b)db) B

for a.a. 0 < b < bg,

—

As in [4], if we set h*(r) = F~Y(nr?), a(r) = (R*)(r) and q(r) = O(h*(r)) exp(—h*(r)),
then ¢, ¢ € L?((0,L),rdr) and q(L) = 0. (25) and (26) in [4] also hold:

L
s "(r) + a(r)q(r))2rdr "(b))2e2b
27 [ () +alr)ar)Prar < B [(©0) *F @)
and .
T r)rdr = 22 R :
2m [ Catrrar = [ (@) F @)
(24) in [4] is rewritten as

27r

0 < alr) = () = Frrrimy < Cy(1v p)*Br(1 - (:;Z)i) . a,(r).

Therefore we have

Al(HD)zinf{Zw/OL( '(r) + rdr / rdr

tq,q" € L*((0,L),rdr), q(L) =

I\/

I/\

IN

o

=
Q‘,’_,
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By Lemma 3.1 in [4], we have

A (Hp) >inf {277 /OL(q'(r) + ap(r)q(r))2rdr (277

1q,q € L*((0,L),rdr),q(L) = 0,q(r) > O}.

(3.6)

We rewrite g as q(r) = exp(—A,(r))Q(r), where

Ay(r) = /OT ay(s)ds.

Since A,(r) is monotone increasing, by the uniform estimate, we have

L L
M(Hp) > inf {27‘(’/0 Q'(r)? exp(—QAp(r))rdr/Qﬂ/O Q(r)? exp(—2A4,(r))rdr
:Q.Q € LX((0,1),rdr). Q(L) = 0,Q(r) = 0}
>M(—=Apr)) exp(—24,(L)),

where A1 (—Ap(z)) is the lowest eigenvalue of the Dirichlet Laplacian of B(L). By the
scaling, we have A\;(—Ap()) = Al(—AB(l))/LQ. By a simple calculation, we have

(3.7) A,(r) < C4B(1V p)°L.
Thus we obtain (3.5). O

The following is the estimate used in the proof of the last proposition:

Lemma 3.4.  Suppose that the domain D is defined by B(R) \ U;cy B(ai : 1)
for some 0 < ry < R < oo and {a; : i € N} C R? and that p is the radius of the
largest open disk contained in D. Then for any domain D contained in D such that its
boundary OD is a finite union of rectifiable Jordan curves, we have

2, (VIW@D) = pym\2y _ 4r[D]?
(3.8) (1 + cp) (1_(\/W+pﬁr) >2L(8D) ,

where ¢ is a finite constant depending only on rg.

Proof. This estimate has its origin in the classical isoperimetric inequality stating
L(0D)? > 4r|D| for any domain D in R? bounded by a finite union of rectifiable Jordan
curves. This inequality has been improved for more complicated domains. Many such
inequalities are known as Bonnesen type isoperimetric inequalities (see Ossermann [16]
and references therein). Among them we apply the following inequality by Ossermann:
if D is a domain of R? bounded by a rectifiable Jordan curve, then we have

(3.9) L(8D)? — 4x|D| > L(aD)Q(g—;Zf,
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where R is the radius of the smallest disc including D and p is the radius of the largest
disc included in D ((23) in Ossermann [16]). To apply (3.9), D should be simply
connected. Now for any domain D in D = B(R) \ |J,;cy B(a; : 70), we classify its holes

to two groups: let {Hy} | and {iI\i}iEI be simply connected closed domains such that

HkﬂUB(ai:ro);éQ, EﬂUB(ai:TO)ZQ

IS €N

and D + Uszl Hy, + UieIf—I\i is a simply connected domain. Therefore {Hy}X | are
holes intersecting the holes of D and {H,}iez are holes apart from the holes of D. We
may erase the holes {f‘f\i}iez to replace D by the domain D := D + Uiezf[\iv since
the radius of the largest disc included in D is still p. For the holes {Hk}le, we have
K < L(0D)/(2wrg), since L(OD) > 2mrg. By erasing K numbers of line segments
{C}E_| of the length L(C}) less than or equal to 2p, the domain D becomes a disjoint
union of finite number of simply connected domains {D; }3’21: D\ Zle Cr = 23.1:1 D;.
Then Ossermann’s inequality (3.9) gives

L(OD;) > \/47r|Djl/(1 - (%))

by dominating also the radius of the smallest disc including D; by /|D;|/m. By using
Lemma 3.5 below, we have

L(0D) + 2§:L(ck) > 47r|13|/(1 . ( DI - pﬁ)),

k=1 V1Dl = pv/7

from which we easily obtain (3.8). O

Lemma 3.5. Let H(Fy,---, F,) be a function of Fy,...,F, >0 defined by

H(Fl,---,Fn>=i{l :

with B € (0,00). Then we have
H(Fy, - Fy) > H( Y F0,-+,0),
i=1
Proof. Let Hy(f) :== H(Fy + f,Fy — f,F5,---,F,). This function is increasing

in small f > 0. By using also the symmetry in (F},---,F),), we can complete the
proof. O
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Finally we complete the proof of Proposition 3.1.

Proof of Proposition 3.1. 'We have only to show

1 e
lim e | dzFE
(310) t%oo (log t)(2—|—0)/6 0g /Al zZLg [eXp (Cl 5

S _Kl (9)/B(2+0)/6

exp(—c2(B + B)p1(z, 375)33)”

for some (3 by (3.2), Lemma 3.2 and Proposition 3.3, where p;(z,s,&) := 1V p(z, s, &),
p(z,,€) is the radius of the largest disk contained in B(z : s) \ T(£), c1, c2 € (0,00)
and K7 (f) € (0,00) depends on . For this, we have only to show

~

-2

— 1 ° ca(e1—

(3].].) }%IO%WIOg/A dZ/O dRe 3(e1 t)RPg(R < pl(Z,S,g))
1

is less than or equal to the right hand side of (3.10), where R = {(log(R™1s72))/(ca( B+
B)s)}/3. The qunatity in (3.11) is dominated from above by

1 ~
(3.12) hm L Gog 1210176 O<R<Sfif2 26A1{63(t —e1)R—log Py(R < p1(z,5,€))}

The probability can be estimated as follows:

Py(R < pi(z,5,6)) < Py(B(a: R) C B(s) \ T(€) for some a € B(s))
> Pylgl = R+ro—lg—a|—ex for Yg € B(a: R — &) NZ?)
a€B(s)N(e2Z?)
<#{B(s) N (£22%)} exp ( —(l-e) > (RAro—la—al -2’ + c41§2)
qEB(a:§—€2)0Z2
2m(R — 1 — £9)%F?
O +1)(0+2)

IN

<cps? exp ( — (1 —e3) + C4§2),
where g5 and 3 are arbitrarily small positive constants, and ¢4 and c5 are finite constants
depending e and e3. Thus the quantity (3.12) is less than or equal to

3.13 1 ! f R 11 L2 o
(3.13) ‘lmWo<§%-z{c3(t‘fl) +eof (S Tog s ‘67)+ b

where cg = (1—2e3)2m{(04+1)(0+2) (c2(B+5))0F2/3} 1 and ¢; = (1+€2)(c2(B+5)) 3.
For an arbitrary positive number v, a sufficient condition for ((log(R~'s72))/s)'/3—c; >
ver is R < exp(—s(v+1)3¢3)/s%. Then we have

( | 1 >1/3 N v (1] 1 >1/3
%8 752 C7_v+1 SOgR32
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and

inf {63(75 —¢e1)R+ 06((% log %

> inf{F(R): 0 < R < exp(—s(v + 1)3c)/s*},

1/3 +2
) — 07)+ 10 < R < exp(—s(v+ 1)3c§)/32}

where
1 > (0+2)/3

Rs?
with cg = cg(v/(v +1))?*2. The infimum of F(R) is attained at R = R(t) satisfying

1
F(R) = es(t — 21)R + cx (g log

cs(0 +2) 1\ (6-1/3
£) = log ———

Since R(t) = (14 o(1))(logt)@=/6 /t as t — 0o, R(t) < exp(—s(v + 1)3¢2)/s? and
inf{F(R):0 < R <exp(—s(v+1)3c)/s*} = F(R(t))

for sufficiently large . It is easy to see that

. F(R(t)) B (2+0)/6
00 (log 1)@+0)/6 — 08(§) '
On the other hand, by only the effect of the first term, we have

. 1 1
ll’lf{Cg(t — 81)R + cg ((; ]Og @

t—
°1 exp(—s(v+1)3¢3) > coV/t.

1/3 642
) — 07) cexp(—s(v+1)3c2)/s? <R < 3_2}
_l’_

C3
52

Thus the quantity (3.13) is less than or equal to —cg(3/8)(?t9)/6, By taking the limit
g3} 0 and v — oo, we see that the quantity (3.13) is less than or equal to

o B (2+9)/6
(9+1)(9+2)(8c§(3+6)2> '

This becomes the optimal value, the right hand side of (3.10), when 8 = B. O

8§4. A general upper estimate for the 2-dimensional case

In this section we prove the following upper estimate which is enough for (1.7):
Proposition 4.1.  If u(z) = Colp(y,)(x) with Co, 7o € (0,00), then we have

(1) = log N (t)

T N.
ttoo (logt)(loglogt)™ oo for any n €
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To prove this proposition, we modify Erdds’s upper estimate for the Poisson case
[5]. For the estimate, he applied his method of enlargement of obstacles referring to
Sznitman’s theory (cf. [19]). As in [5], we assume 0 < 1o < 1. We fix § and ¢ > 0
arbitrarily, and take s = 1/(8/8)logt, £ = 10 /(logt)/B and b > 10ry specified later.
In his theory, the points {g+ &, } corresponding to the centers of obstacles are classified
to two groups: /A;(m) 2 g+ &, is defined to be "good” if

(LA (m) N B(g +&: 105y 0 () Bd' +& :b)|
@' +€, €EAL (m)

|(£A1(m)) N B(q + & : 101D)]

>

O™

for any k € Z, N[0, (log(¢/(2b)))/(log 10)], and the other ¢A;(m) 3 g + &, is defined to
be "bad”. Then bad obstacles B(qg+¢&, : 7o) are erased and good obstacles B(q+&, : 70)
are enlarged to B(q + &, : b). In his theory, b is fixed to be a constant. We now take b
as an increasing function of t. A sufficient condition for his theory to be generalized to
this setting is

(4.2) lim b (g) e,

t—00
where k(e,b) = (41og 10) "t log{(1 —c(b)p(e)) 71}, ¢(b) = P(inf{t : r(t) = r1/b} < inf{t:
r(t) = 6}, r(t) is a 2-dimensional Bessel process starting at 2, r; € (0,1) and p(g) is
a [0, 1]-valued function decaying as € | 0 (cf. Lemma 7.5 in [5]). Indeed the condition

(4.2) is sufficient to obtain (7.23) in [5] from the last estimate in the proof of Lemma
7.5 (i) in [5]. By a result on 1-dimensional diffusion process, we can rewrite

c(b) = (log3) / log 6o

(cf. Theorem VI-3.1 in [11], [12]). Then we see that b = (loglogt)” satisfies (4.2) for
any v > 0. The rest of the proof is same.

8§ 5. Lower estimates for the 3-dimensional case

In this section we prove (1.17). We first assume (1.13) with a € (0,00)2. For R}
and Rs € N, we consider the event

{|QJ_| < 3R, and |g3| <3R3 = |q1L +&4,1| > 2R, or |g3 + &4.3] > 2R3,

las|
R3

o
(5.1) a’|qJ_| > 3R, or |q3| > 3R3” and (M) n > (
Ry

o a3
7|lgiL| > 3R or |q3] > 3R3” and (@) < (@) = |€q.3] < K3|q3|},
R, Rs

a3z
) = lEal < Kilaul
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where K| = (1 — 3~ (A@s/a1))) /2 and K3 = (1 — 3~ (A (@1/a3))) /2 We have
(5.2) Ve(z) < c1R3 R3(RS ARS?) ™1

for @ € Aar, x I(R3) on this event. Here and in the following, I(R) = (—R, R) for any
R > 0. To prove (5.2) we divide the summation as

Ve(x) = > u(x —q—¢&,)
q€Z3N(B(3R1)xXI(3R3))
(53) + > ul@ —q - &,)
q€Z3\(B(BRL)xI(3R3)):(lgL|/RL)*L >(lg3|/R3)>3

g€Z3\(B(BRL)xI(3R3)):(lgLl/R1)*L <(lgs|/R3)=3

The first term in the right hand side is easily dominated from above by R? R3/ (R A
R3*). Since ||z||¢ > [z |*+, the second term is dominated by

> ((1_KJ_)|QJ_| _RJ_>

g€Z3\(B(BRL)xI(3R3)):(lgLl/RL1)*L >(lg3|/R3)=3

By taking the summaton with respect to g3 and replacing the summation by the inte-
gration, this is dominated by

/ Ry(|qu]/Ry)™+/os
gL ER2:|q | >33/« R ((1 —K1)|qL|— RL)QL

dQJ_.

Since 1 > 2/a +1/az and (1 — K )3'@s/@1) —1 > 0, this is dominated by R3R> **.
Simirarly the third term in the right hand side of (5.3) is dominated by R2 Ry “.
Therefore we obtain (5.2).

The probability is estimated as

(5.4) log Py ( the event (5.1) occurs ) > —CQRiRg(RiJ' V R%).

Indeed we have

log Py ( the event (5.1) occurs )

= > log Po([q. + &q,1
a€Z3N(B(3R.)xI(3Rs))

(5.5) + 3 log Po(|¢q, 1| < K1 g1 )
q€Z3\(B(BRL1)xI(3R3)):(lgLl/R1)*L >(lg3|/R3)=3

+ > log Py(|€q.3] < Kslgs)-
q€Z3\(B(BRL)xI(3R3)):(lgLl/R1)*L <(lgsl/R3)*3

> 2R or |g3+&q.3| > 2R3)
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The first term in the right hand side is dominated from below by
R Rzlog Pa(|€0.1| > 5R, or |€o3] > 5R3).
Since the probability is rewritten as
Po(|€0, 1| = 5R 1 or [€o3| > 5R3)
:RiR:a/ exp(—|l|RLyL|’*, |Rays|®||,)
lyL|>5 or |ys|>5

=R3 R3Py(|¢o, 1
x B exp(— (1R €o,1 " | Rto,s

dy
Z(0,p)

> 5 or |o,3] > 5)

%, — 11€19)]160.0

>5or o3| > 5],

this probability is dominated from below by exp(—cs (RiL V R%*)). Therefore the first
term in the right hand side of (5.5) is dominated from below by —R3 Rj (Ref V RY).
The second and the third terms in the right hand side (5.5) is dominated from below
by —R3 exp(—C4R9f) and —R? exp(—C5R§3), respectively, by using log(1 — X) > —2X
for 0 < X < 1/2. Therefore we obtain (5.4).

We now recall

1 d-
N > mp" (AI(HB(RL)) A ( - (@>I<Rs))
(5.6) +/dw|¢m (z1) PR, (23)*Ve(x) < A

and the event (5.1) occurs),

where Hp(r, ) and (d*/(dz?))(r,) are the restrictions to the disk B(R, ) and the inter-
val I(R3), respectively, of H and the d?/(dz?), respectively, by the Dirichlet boundary

condition, and g, and ¢g, are the normalized eigenfunctions corresponding to Hp(r, )
and (d*/(dx?))r(r), respectively (cf. Theorem (5.25) in [18]). By Erdés’s bound

M) <on (- SR0-2)) ad a(- (1) )= (5)

we have

™ )2 ClRiRg

logN(exp ( — gRi(l — 61)> + (E > > —C6R2LR3(R0f V RY),

RT-ARY) =

where €1 is an arbitrarily fixed positive constant.
By specifying as R = Rg with 8 € (0,00), we have

log N(C7/R§/\{(WJ_—2)3—1}/\(043—1—25)) > _08R§5+1+(59L)V93
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and log N(\) > —co /M (F0)  where

26+ 14(B01)V0s
2A{(aL=2)B =1} A (a3 —1-28)

f(B;a,0) =

The function f(5; c, 0) attains u1(ay,0) at § = 3/(a —2). Therefore we obatin (1.17).
For the operator H¢, we consider a simpler event, (5.1) with a; = a3. On this
event we have T'(§) N (A2r, X I(R3)) = 0 for large R, and Rs. Thus we have

logN(eXp ( - gRi(l - 51)) + (2%3)2) > —cgR2 R3(R% v RP).

By taking R = 2,/(log R3)/(B(1 — 1)) so that exp(—BR? (1—¢1)/2) < R3?, we have
log N (c7/R%) > —cs Ry log R3

and log N'(A) > —cg A= H03)/210g(1/N).

§6. Upper estimates for the 3-dimensional case

In this section we prove (1.18). We may assume that w is continuous since the
essential condition is only (1.13). Following Proposition 5.11 in Warzel [21], we have

(6.1) N(t) < B

= 27(1 — e2BY) /A1 dxEglexp(—t(—05 + Ve(wL,+))) (w3, 23)],

where exp(—t(—03+V¢(x1,-)))(z3, %) is the integral kernel of the heat semigroup gen-
erated by the Schrodinger operator —95 + V(21 ,-) on L*(R) and Ag := (—R/2,R/2)?
for any R > 0. By the Neumann-bracketing, the right hand side is dominated by

B N
27(1 — e—2B%) Ry /A1 dz | Eg[Trlexp(—t(—05 + Ve(z 1, ) 1(Rry/2))ll

(6.2)

C
<h; ], @iBlexp(—(t =M (=05 + V(@ Nitm, )

where (—03+V¢(z L, '))ﬁRs/Z) is the restriction to the interval I (R3/2) by the Neumann
boundary condition and ¢; is an arbitrary small positive constant.
The eigenvalue is estimated as

A (=03 + V(x, '))%R3/2)

M
(6.3) >1nf{ ( %—I—Zuw— )I(R/Q)-bl,...,bMEARL><I(R3/2)}
° 3

>inf{x(_d_2+ M )"
= "\ de2 TR [t —bles |5/ 1(Ray2)

:beI(Rg/Q)},
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where M = #{b € Z>*N (Ar, x I(R3/2)) : b+ & € Ar, x I(R3/2)}. We take small
positive numbers €5, €3 and €, . Then

(6.4) e9R3 Ry > #{b € Z*N(Ar, x I(R3/2)) : |€b. 1|00 > €1 R1 /2 O |€p 3] > e3R3/2}
implies
(65) M > {(1 — SJ_)Q(l — 83) — SQ}RiRg.

Indeed since M > #{b € Z* N (A—c yr, X I((1 —e3)R3/2)) : |€p, 1|00 < €1 R1/2 and
|€b.3| < e3R3/2}, the right hand side of (6.4) is less than or equal to

#{beZ’ N (Aq—c yr, ¥ I((1—e3)R3/2)) : &b, 1] > €L R1/2 Or |€b3] > e3R3/2}
> (1—¢€1)%*(1 —e3)R®2 R3 — M.

(6.5) implies the right hand side of (6.3) is greater than or equal to

d2 C3R2 R3
inf { N ( — — L cbel 2) ¢.
H { 1( dt? + ||Ril,|t—b|a3||ﬁ)I(R3/2) € I(Rs/ )}

This equals

1 d2 03R2 R3 N
6.6) —infd N\ — — L :be I(Rs/(2h
(6.6) p2 { 1( dt2 +has—2||R1u/has,|t—b|as||ﬁ)1(33/<zh>> € I(ts/( ))}

for any h € (0,00) by changing the variables. Referring \;(—d?/(dt?) + Lo, /R)fg’R] >
cy/R? for any R > 2 and the condition (1.14), we let h = (R} R3)?/(®3~1) and

(6.7) 5 < Rjé_J_(Oés—l)/(QOés)—l < Ry

so that h**~2/(R% R3) = R3/h > 2 and R{*/h** < 1. Thus the quantity in (6.6)
is dominated from below by Rz ? and we obtain \;(—03 4+ V(2 '))%Rs/Z) > cg/R3.
Therefore we have

Po(M (=05 + Ve(xy, '))%33/2) < ¢6/R3)
<Pg(#{beZ’N(Ar. x I(R3/2)): |&.1]oc > €1 R1/2 0r |&p3| > e3R3/2} > e2R7 R3).

Since the event in the probability on the right hand side implies

Z ||€b||f? > ngiRg{(uQRL)GL . (632R3>93},

beZ3N (AR, XI(R3/2))

we have

(6:8)  Po(M(=05 + Vw1, )i(r,/2) < co/F3) < exp(—cr ] Rs(R" A RY)).
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We take 8 € (0,00) to specify as R = Rg . Then the condition (6.7) becomes § <
(2/a1)/(1—2/ay —1/a3) =: B and the right hand side of (6.8) becomes exp(—wRéﬂB;e)),
where f(5;0) = 8+ 1/24 ((801) A 03)/2. The function f(B;0) attains its maximum
po(cx, @) defined in (1.16) at 8 = 3. Thus our optimal estimate is

2 (o0
Pe(M(—05 + Ve(@1,)) N ray2) < c6/R3) < exp(—cr Ry (@),

By (6.2), we have
1 2uz(0x,0) c1 (t—e1)cs

N(t) < o exp(—cr R )+ s exp ( — R—§>
Since

N(t) = t/oo dAe P N()) > t/oo e N (25 ) = exp ( — t=5 )N (5],

0 n/R2 Ry Ry R3

we have N(n/R3) < exp(—cSRg’”(a’e)) for large Rs by taking n = c¢/2 and t =
C7R§+2”2(a’0)/(277). By taking A = n/R3, we obtain (1.18).

For N and the case that suppu is compact, we may assume u = C’olmxm

with 0 < r;,r3 < 1/2. Then we apply a standard Brownian estimate to reduce to an

estimate of the eigenvalue of the operator with the Dirichlet boundary condition:
—~ B

N =5 g5

<c / dz | Eglexp(—(t — e1)A1 (=05 + Ve(z 1, ) )] +e
Ay

| do . Bgtrlexp(~t(-28 + V(o Dl + ¢
A

1

(cf. [12] Section 1.7). Then we use Theorem 3.1 in the page 123 in [19] to have

M(=053 4+ V(@i )iw = 7T2/(SL]1€19 [Ii| + 2)?,

where {I}; are the random open disjoint intervals such that
> Le=1I(t)\ U a3 + &q.3 — 73.03 + Eg,3 + 73]
k q€Z3:q1+€q, 1 EB(xLr1)
and |Ij| is the length of Ij. If sup, |Ix| > s, then there exists p € Z N I(t) such that

[p,p+s—2]N U (g3 +&q.3 —T3,q3 + Eq,3 + 73] = 0.
q€Z3:q +E€q, 1 €B(x1ry)

Then we have (0,0,q) + &,0,q) € B(xL:71) X [p—13,p+ s — 2+ 73] for any ¢ €
[p—r3,p+s— 24 r3] NZ. Thus the probability of this event is estimated as

Py (sup || > s) < Z H Po(£(0,0,q),. & Bz :71) or [£0,0,45),3
k pEZNI(t) g€[p—rs+1,p+s—3+r3]NZ

> 1)

< 2texp(—c3(s+2rs —4))
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if s > 4. Therefore we have

Po(M (=05 + Ve(wi, )rw =7/ (s + c2)?) < 2texp(—cs(s + 2r5 — 4))

for s > 4. The rest of the proof is same.
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