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We demonstrate by a particle simulation that Z-mode waves generated by the cyclotron maser instability

can lead to a significant acceleration of energetic electrons. In the particle simulation, the initial electron

ring distribution leads to the growth of Z-mode waves, which then accelerate and decelerate the

energetic ring electrons. The initial ring distribution evolves into an X-like pattern in momentum space,

which can be related to the electron diffusion curves. The peak kinetic energy of accelerated electrons

can reach 3 to 6 times the initial kinetic energy. We further show that the acceleration process is related

to the “nonlinear resonant trapping” in phase space, and the test-particle calculations indicate that

the maximum electron energy gain Demax is proportional to B0:57
w , where Bw is the wave magnetic field.

VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4772059]

INTRODUCTION

The cyclotron maser instability (CMI) is an important

mechanism for wave generation in plasma physics. Wu and

Lee1 and Lee and Wu2 discovered the importance of relativ-

istic effect on the resonance condition for the generation of

X-mode and O-mode waves. Wagner et al.,3 Pritchett et al.,4

and Lee et al.5 simulated CMI based on various velocity dis-

tributions with population inversion.

In the previous literature, the generation of X- and O-mode

waves was often discussed.1–7 The two wave modes are impor-

tant because they can be directly amplified and propagate into

field-free space. The Z mode needs mode-conversion to gener-

ate waves propagating into field-free space.8 The whistler-

mode waves excited by CMI is less discussed. However, the

electron acceleration by electromagnetic whistler-mode waves

has been widely studied recently.9

In our previous simulation study on ring-beam CMI,5

we focused on the generation of various wave modes. In this

paper, we examine the electron acceleration by carrying out

a series of particle simulations with an initial energetic elec-

tron ring distribution in the presence of a dense background

plasma. The initial electron ring distribution leads to excita-

tion of Z-mode waves and evolves into an X-like pattern in

momentum space. Strong acceleration and deceleration of

electrons occur, and the peak energy of accelerated electrons

can be 3 to 6 times the initial energy, where the initial energy

ranges from 100 to 500 keV. The X-like pattern is associated

with particle diffusion curves. The acceleration process is

then studied through test-particle calculations.

EXCITATION OF WAVES AND FORMATION OF
X-LIKE PATTERN IN PARTICLE SIMULATIONS

We use 1D and 2D electromagnetic particle-in-cell

simulation codes (EM codes)10 to study the problem. A ring

distribution function in the momentum space can be

expressed as

fr ¼ nrar exp �
ðu? � ur?Þ2 þ u2

jj

2ðDuÞ2

" #
; (1)

where u? and ujj are momentum components perpendicular

and parallel to ambient magnetic field B0, respectively; ur? is

the ring momentum; ar is a normalization constant. Here, the

term “momentum” refers to “momentum per unit mass,”

u ¼ cv, where c is the Lorentz factor. The density of the ring

distribution nr is set to 5% of the total electron density. The

momentum dispersion of energetic ring electrons is

Du ¼ 0:025c, and the thermal momentum of background elec-

trons is 0:05c, where c is the speed of light. The ratio of elec-

tron plasma to cyclotron frequency is xpe=Xce 0.2, 0.33, 0.5,

and 1. The average initial kinetic energy, e0 � ðc0 � 1Þmec2,

of ring distribution is set to 50, 100, 200, and 500 keV in the

simulation, corresponding to initial Lorentz factor

c0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

r?=c2
p

¼ 1.1, 1.2, 1.4, and 2, respectively, where

me is the electron rest mass.

Fig. 1(a) shows the dispersion diagrams of 1D and 2D

simulations for case I (xpe=Xce ¼ 0:33 and e0 ¼200 keV).

From the dispersion diagrams with frequency x and parallel

wave vector k in Fig. 1(a), we can see intensive excitation of

R-mode waves with frequency between xpe and Xce. These

waves are the Z-mode waves. Fig. 1(b) shows the wave and

kinetic energy histories of 1D simulation for case I. Initially

waves grow, and most electrons are decelerated. Accelera-

tion occurs as waves reach higher amplitude during the ini-

tial linear wave growth stage. The corresponding energetic

electron distribution at a later stage is shown in Fig. 2(a) and

has high resemblance to the 2D simulation result. Both 1D

and 2D results show similar dispersion diagrams and similar

strong acceleration of electrons with a peak energy

ep � 3e0 ¼600 keV. In the following discussion, we examine

the acceleration mechanism by parallel Z-mode waves based

on the 1D simulations.

a)Authors to whom correspondence should be addressed. Electronic
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Fig. 1(c) shows the electron energy distribution for three

cases with peak energy of accelerated electrons ep � 3e0

¼600 keV for case I, ep � 4:55e0 ¼455 keV for case II

(xpe=Xce ¼ 0:5 and e0 ¼100 keV), and ep � 6e0 ¼1200 keV

for case III (xpe=Xce ¼ 1 and e0 ¼200 keV). The peak energy

can reach about 3 to 6 times the initial energy.

Figs. 2(a) and 2(b) show the X-like and shell patterns

found, respectively, in case I and in the case with xpe=Xce ¼ 5

and e0 ¼ 200, where the whistler mode dominates in the latter

case. The difference between the diffusive patterns can be related

to the phase velocity vph of the dominant counter-streaming

waves and the corresponding electron diffusion curves. The

diffusion curve is determined by the conservation of kinetic

energy in the frame of reference moving with vph.11 Fig. 2(c)

shows the growth rate xi and vph of the most unstable wave as

functions of xpe=Xce obtained from linear kinetic theory (see

e.g., Ref. 7) for e0 ¼ 200keV. The waves leading to the X-like

and shell patterns in Figs. 2(a) and 2(b) have vph � 0:8 (blue

dot) and 0.1 (red dot), respectively. Their corresponding diffu-

sion curves are plotted in Fig. 2(d) as blue and red curves and

resemble the simulation results in Figs. 2(a) and 2(b).

TEST-PARTICLE CALCULATIONS

To further analyze the acceleration and deceleration

processes, we conduct a series of test-particle calculations.

The equations of electron motion is

me
dðcvÞ

dt
¼ �e½Ew þ v� ðB0 þ BwÞ�; (2)

where Bw ¼ k� Ew=x with k k B0 and Ew?B0; �e is the

electron charge. Let / be the gyration angle of v?, w be the

gyration angle of Bw, and f � /� w be the gyration angle

between v? and Bw, as illustrated in Fig. 3. We have

d/
dt
¼ Xce

c
þ g; (3)

dw
dt
¼ ðx� kvjjÞ; (4)

h � df
dt
¼ Xce

c
� ðx� kvjjÞ þ g � vþ g; (5)

dc
dt
¼ � e

mec2
v?• Ew ¼

eEw

me

� �
v?
c2

� �
sinf; (6)

v � Xce

c
� ðx� kvjjÞ; (7)

g � e

mecv?
ðEw � vjjBwÞcos f: (8)

FIG. 1. (a) Dispersion diagrams of 1D and 2D simulations showing the exci-

tation of Z-mode waves (red color) and (b) time histories of wave, kinetic

and total energies in 1D simulation for case I with xpe=Xce ¼ 0:33 and

e0 ¼200 keV. The V-like lines in (a) indicate the speed of light. Plot

(c) shows the energy distributions for three cases. The initial energy distribu-

tions are also shown as thin dotted lines (green line for case II, blue-red for

cases I and III).

FIG. 2. (a) and (b) Distribution functions of different cases at a later stage obtained from simulations, (c) theoretical calculation of growth rate xi and phase

velocity vph of the most unstable mode as functions of xpe=Xce and (d) diffusion curves for various vph. In (a) and (b), the black dots indicate the initial electron

momentum, and several electron trajectories obtained from EM-code simulation (black lines) and test-particle calculation (purple lines) are superposed. In (c)

and (d), the blue dots/curves correspond to the case in (a), and the red ones correspond to (b).
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The term Xce=c is associated with electron gyration in the

background field B0, and the term g is associated with gyra-

tion caused by wave fields Ew and Bw. The energy increasing

rate is expressed in Eq. (6). Usually g is small for large u?
and small wave amplitude. However, g can dominate when

u? is small for electron deceleration case.

ACCELERATION BY A SINGLE WAVE

In the following, we first analyze single-wave cases to

understand the basic acceleration process, and then introduce

two-wave cases to explain electron trajectories found in par-

ticle simulations.

In a single-wave case, the wave field acting on an elec-

tron can be easily understood in (c� 1,f) polar plot of Fig. 3.

The variation of kinetic energy ðc� 1Þmec2 is associated

with wave electric field. For a forward propagating wave, the

electron is accelerated if 0 < f < p (acceleration phase) or

decelerated if p < f < 2p (deceleration phase). An ideal

acceleration is that an electron is in the acceleration phase

with _f ¼ df=dt ¼ 0 all the time. Nevertheless, the wave field

changes electron velocities, v? and vjj, and hence modifies v
as well as g, resulting in df=dt 6¼ 0, and make the electron

move out of the acceleration phase after some time. How-

ever, an effective acceleration can occur if the electron stays

long in the acceleration phase.

We first consider that an electron interacts with a forward

propagating wave (single-wave) with constant Ew and Bw. The

initial condition is f ¼ p, vjj ¼ �0:257c, c0 ¼ 1:4 (200 keV),

Xce=c0 ¼ 1:134x, ck=x¼1:238, and Bw ¼ 0:02B0. The purple

curves in Fig. 4 are the trajectories of this electron. The electron

first rotates in the clockwise (CW) direction (Phase 1) in

Fig. 4(a), then the rotation slows down with a gyration reversal

(Phase 2), and then this electron rotates in the counterclockwise

(CCW) direction (Phase 3). The occurrence of gyration reversals

in the magnetic/electric field frame can keep electrons in the

acceleration phase longer and leads to a considerable energy

gain for electrons. As a result, the electron has an energy gain of

510 keV or ep � 3:57e0 ¼710 keV as shown in Fig. 4(c).

Phase 1: Initially, g is small and negligible, and we have

v < 0 due to negative parallel velocity, leading to the decrease

of f. The electron rotates in the CW direction and moves into

the acceleration phase. Before the reversal, df=dt is domi-

nated by x� kvjj and Xce=c. The ratio of their time deriva-

tives is always larger than 1 and almost constant (about 1.6) in

both acceleration and deceleration phases, indicating that

Xce=c decreases and increases slower than x� kvjj does.

Phase 2: In the acceleration phase, both Xce=c and x� kvjj
decrease, and the latter decreases faster, leading to the

increase of df=dt, which are initially negative. The value of

df=dt reaches zero at the reversal point before f ¼ 0 and

becomes positive after the reversal. Here, v dominates the

value of df=dt, and g has no major impact on the accelera-

tion process.

Phase 3: The electron now rotates in the CCW direction,

and f increases due to positive df=dt, which keeps increasing

because of the increase of v. The electron is still in the accel-

eration phase before f ¼ p and reaches a peak energy

ep � 3:57e0.

Fig. 4(b) shows the deceleration process of an electron

with t ¼ 0 � 60X�1
ce , in which the term g is found to domi-

nate over v with a small u?. The electron kinetic energy

reaches a minimum value of 40 keV (c� 1 ¼ 0:08). The

deceleration is so effective that the reversal is unnecessary.

Here, the electron is decelerated and then accelerated as

shown in Fig. 4(c).

FIG. 3. An illustration of wave fields with forward (f) and backward (b)

propagation acting on an electron in the (c� 1,f) polar coordinates of mag-

netic/electric field frame. Ef and Eb are wave electric fields; Bf and Bb are

wave magnetic fields. Electron P has a kinetic energy ðc� 1Þmec2, and its

v? makes an angle f with B. The red and blue curves correspond to the

acceleration (dc=dt > 0) and deceleration phases (dc=dt < 0), respectively.

FIG. 4. Single-wave test-particle results for two electrons, Q (purple) and R

(blue), with (a)(b) the trajectories in the (c� 1,f) coordinates, (c) kinetic

energy histories and (d) trajectories in momentum space. Electron Q has one

gyration reversal in the acceleration phase of the polar plot and has a peak

energy ep ¼ ðc� 1Þmec2 �710 keV. Electron R is decelerated and then

accelerated as shown in (c). The electron trajectories in ( _f,f) phase space is

shown in (e). The green curve corresponds to the separatrix which gives the

maximum energy gain Demax. Dashed curves indicates deceleration. The

red dots are the initial positions. (f) shows the maximum energy gain

Demax ¼ Dcmec2 � 10:1mec2ðBw=B0Þ0:57
for c0 ¼ 1:4.
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NONLINEAR RESONANT TRAPPING

The acceleration process discussed above can be related

to the “nonlinear resonant trapping” for whistler and ion cy-

clotron waves as discussed in Ref. 9. For the electron motion

in a single wave field, we obtain from Eqs. (2)–(8)

d2f
dt2
� x2

tr sin f ¼ 0; (9)

x2
tr ¼ Xce

Bw

B0

� �
v?k

c

� �
1� x

c2k2

� �
kvjj þ

Xce

c

� �� �
: (10)

Fig. 4(e) shows electron trajectories in (_f,f) phase space, and

the result is similar to a pendulum problem. The purple curve is

close to the green separatrix, which would give the maximum

energy gain for electron acceleration. Fig. 4(f) shows the maxi-

mum energy gain obtained from test-particle calculations,

Demax ¼ Dcmec2, as a function of wave amplitude Bw for

c0 ¼ 1:4, in which the best fit is Dc ¼ 10:1ðBw=B0Þ0:57
.

The maximum energy gain Demax can be written as

Demax ¼ 2

ð0

p

�eEwv? sin f
df=dt

df: (11)

Assuming constant xtr and v? for simplicity, we obtain

h2 ¼ 2x2
trð1� cos fÞ from Eq. (9) and substitute it into Eq.

(11) to obtain

Demax ¼ 8eEwv?=xtr / B0:5
w : (12)

The approximate formula in Eq. (12) is in a good agreement

with the fitting line in Fig. 4(f). The small difference of the

power, 0.07, is due to the weak dependence of v? and vjj on

Ew or Bw.

ACCELERATION BY TWO OPPOSITELY
PROPAGATING WAVES

Let the subscripts b and f denote forward and backward

propagation, respectively. Consider two waves, propagating

in opposite directions and parallel to B0, and assume

xf ¼ xb ¼ x, kf ¼ �kb ¼ k, Bf ¼ Bb ¼ 0:01B0 and

Ef ¼ Eb. The wave amplitude in each of the two waves is

half of that in the single-wave case. We find that Xce=c and

x6kvjj dominate in most acceleration cases. The Doppler-

shift frequencies of the two waves are x� kvjj (forward) and

xþ kvjj (backward). Due to opposite signs of wave vectors,

it is hard for an electron to stay within the acceleration

phases of both waves for a long time if vjj is large.

Figs. 5(a)–5(d) show an acceleration case of two-wave

test-particle calculation with the initial condition ff ¼ 0:78p,

fb ¼ 1:45p, vjj ¼ �0:06c, c0 ¼ 1:4 (200 keV), Xce=c0

¼ 1:1338x, and ck=x¼1.238. The electron is initially accel-

erated by both waves (Phase 1) and then interacts with the

forward propagating wave in the way similar to the single-

wave case while the backward propagating wave just gives a

small modulation to the electron energy and momentum

(Phase 2). The electron is accelerated for a long period and

has a peak energy ep � 3:8e0 ¼760 keV as shown in Fig. 5(c).

Phase 1 (green curves): At the starting point, we have

vf � vb because of small vjj. As a result the electron in Phase

1 is accelerated by both the forward and backward propagat-

ing waves as denoted by the green curves.

Phase 2 (purple curves): After the initial stage, vjj
becomes large, and the difference between vf and vb also

increases. For the forward propagating wave, vf increases

slowly because both Xce=c and x� kvjj decrease. The elec-

tron can interact with the forward propagating wave in the

way similar to the single-wave case. For the backward propa-

gating wave, vb decreases rapidly because Xce=c decreases

and xþ kvjj increases. Due to a large jvbj, the electron

gyrates fast in (c� 1,fb) polar plot of Fig. 5(b). As a result

of rapid gyration, the backward propagating wave just gives

a small modulation to the electron energy and momentum as

shown in Figs. 5(c) and 5(d).

In Fig. 2(a), we also show electron trajectories obtained

from the EM-code simulation (black lines) and test-particle

calculation (purple lines). In the presence of multi-forward

and multi-backward propagating waves, electrons take cha-

otic trajectories as shown in the X-like pattern of Fig. 2(a).

Moreover, in Fig. 1(b) the wave energy at the end of the sim-

ulation is only 5% of its peak value. Hence the acceleration

process becomes irreversible as wave damping occurs.

DISCUSSION AND SUMMARY

Electron ring distributions can be produced through sev-

eral processes, such as mirror reflection of upstream plasma in

quasi-perpendicular shocks,7,12 mirror reflection of energetic

plasma beam in coronal flux loops13 and injection of electron

beam in the direction perpendicular to magnetic field.14

Energization of electrons to 200–2600 keV by Z-mode waves

FIG. 5. Two-wave test-particle results for electron S: (a) its trajectory in

(c� 1,ff ) polar plot, (b) in (c� 1,fb) polar plot, (c) kinetic energy history,

and (d) particle trajectory in u? � ujj momentum space. The red dots indi-

cate the initial positions. Different colors indicate different acceleration

stages. The trajectory of electron S show one gyration reversal, and the peak

energy is ep � 3:8e0 ¼760 keV.
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may be partially responsible for the observed energetic elec-

trons associated with solar flares and fast magnetosonic

shocks in the interplanetary space.

In summary, the energetic electron ring distribution can

lead to amplification of Z-mode waves via CMI. Intensive

interactions between the parallel propagating Z-mode waves

and ring electrons occur, leading to acceleration and deceler-

ation of electrons. The initial ring distribution evolves into

an X-like pattern in momentum space, which is related to the

electron diffusion curves. Particle simulations show that the

peak energy of electrons can reach 3–6 times the initial ki-

netic energy. The initial kinetic energy in our simulations

ranges from 50 to 500 keV, while the final peak energy can

reach 200 to 2600 keV. Reversals of electron gyration in the

electric field frame can lead to a longer electron stay in the

acceleration phase, resulting in a higher energy gain. We fur-

ther show that this acceleration process is related to

“nonlinear resonant trapping” in ( _f,f) phase space and the

maximum electron energy gain Demax is proportional to B0:57
w

from the test-particle calculations.
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