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We investigate anisotropic lattice relaxation in non-c-plane InGaN/GaN multiple quantum wells

(MQWs). Transmission electron microscopy analyses of semipolar ð11�22Þ MQWs reveal that

lattice relaxation preferentially occurs along the ½�1�123� direction by introducing misfit dislocations

(MDs) with a Burgers vector of 1=3½11�20�. To theoretically describe this anisotropic relaxation

phenomenon, we expand the force-balance model, where the competition between the force

induced by lattice mismatch and the tension of dislocations determines the motion of dislocations.

Furthermore, because MDs are introduced at the interface between the bottom InGaN QW and the

underlying GaN, we propose to treat InGaN/GaN MQWs as InGaN single layers with effective In

compositions. Applying this structure model to the theoretical calculation of the critical layer

thicknesses reproduces well the experimentally observed lattice relaxation. This achievement

enables us to design semipolar InGaN/GaN MQW structures without lattice relaxation, thereby

realizing higher internal emission quantum efficiencies. VC 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4739723]

I. INTRODUCTION

InGaN-based visible light emitters grown on semipolar

and nonpolar GaN substrates have attracted much attention,

because the reduction of internal electric fields induced by

piezoelectric and spontaneous polarizations has been pre-

dicted theoretically1,2 and proven experimentally.3–6 In

fact, high performance light emitting diodes (LEDs) on the

semipolar f11�22g GaN substrates7,8 and green laser diodes

(LDs) on semipolar f2�201g GaN substrates9 have already

been demonstrated.

Irrespective of growth planes, it is essential to avoid lat-

tice relaxation because misfit dislocations (MDs) induced by

lattice relaxation may act as nonradiative recombination cen-

ters and prevent high performance light emission. So far, lat-

tice relaxation phenomena have extensively been discussed

for conventional polar (0001) plane,10–13 semipolar ð11�22Þ
plane,14,15 ð2�201Þ plane,15,16 ð1�101Þ plane,17 and nonpolar

ð1�100Þ plane.18 The reported primary slip planes, Burgers

vectors, and dislocation line directions are summarized in

Table I and Fig. 1, which are discussed in more detail below.

A particularly important parameter in describing the lat-

tice relaxation is the critical layer thickness (CLT). To date,

CLT models have been established for isotropic material

systems,19–21 which include zinc blende (001) and (111)

planes. However, for anisotropic material systems such as

the wurtzite structure, the development of CLT models is

under progress. For example, Holec et al. recently investi-

gated InGaN single layers grown on wurtzite (0001) GaN

with a strict consideration of the anisotropic crystal struc-

ture.11,12 It should be noted that the (0001) plane is an iso-

tropic plane in the anisotropic wurtzite structure. Romanov

et al. have examined CLTs of anisotropic semipolar InGaN

and AlGaN single layers.15 However, they adopted an iso-

tropic approximation by using averaged Poisson’s ratio.

Therefore, to precisely calculate the CLTs, the model with-

out isotropic approximation is required.

Furthermore, CLTs have experimentally been demon-

strated only for InGaN and AlGaN single layers as well as

single quantum wells (SQWs), but have not been clarified

for multiple quantum wells (MQWs), though they are more

widely used for active layers in light emitters. This is

because the lattice relaxation in MQWs is not as simple as

that in single layers including SQWs; for example, it is still

unclear for any crystal orientations as to where MDs are

induced under the presence of many InGaN/GaN interfaces.

In this study, we demonstrate anisotropic lattice relaxa-

tion experimentally in InGaN/GaN MQWs grown on semipo-

lar ð11�22Þ GaN substrates. To describe the observation

theoretically, the conventional CLT model is expanded to

anisotropic growth planes in anisotropic crystal structures. In

addition, based on transmission electron microscopy (TEM)

observations that MDs are induced at the interface between

the first InGaN QW of MQWs and the underlying GaN, we

propose to treat InGaN/GaN MQWs as InGaN single layers

with equivalent In compositions. In fact, this model with the

developed CLT model can reproduce the anisotropic lattice

relaxation in ð11�22Þ InGaN/GaN MQWs. Finally, in order to

confirm an advantage of the appropriate design of MQW

structures, internal quantum efficiencies (IQEs) are compared

between coherently grown and strain-relaxed InGaN QWs.

II. EXPERIMENTS

The samples used in this study were grown by metal-

organic vapor phase epitaxy. The substrates were thea)E-mail: kawakami@kuee.kyoto-u.ac.jp.
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semipolar ð11�22Þ GaN substrates sliced from [0001]-ori-

ented GaN crystals grown by hydride vapor phase epitaxy.

The surfaces of the substrates were chemically mechanically

polished. Initially, 2-lm-thick GaN homoepitaxial layers

were grown on the substrates, and then, InGaN single layers,

InGaN/GaN SQWs, or MQWs with various In compositions

and thicknesses were grown. All samples were nominally

undoped.

In compositions and QW thicknesses were evaluated by

x-ray diffraction (XRD) radial scans for the ð11�22Þ symmet-

ric plane. To determine the In compositions of the strained

ð11�22Þ InGaN layers, we used the strain model proposed by

Funato et al.22 A fluorescence microscope with a 100�
objective lens was used to observe the luminescence mor-

phology. The 405 nm line of a mercury lamp was used to

selectively excite the InGaN QWs. In order to observe MDs,

cross-sectional TEM was performed by using a JEOL JEM-

2100 F electron microscope with an acceleration voltage of

200 kV. TEM specimens were prepared by mechanical pol-

ishing and subsequent Ar ion milling.

III. EXPERIMENTAL OBSERVATIONS
OF ANISOTROPIC LATTICE RELAXATION

To assess the lattice relaxation in ð11�22Þ InGaN/GaN

MQWs, we performed XRD reciprocal space mappings

(RSMs) for the ð02�22Þ and the ð11�24Þ asymmetric planes,

which reveals the coherency of the crystal lattice in the

½1�100� (y0 in Fig. 1(b)) and the ½�1�123� (x0 in Fig. 1(b)) direc-

tion, respectively. The experimental results of relaxed sam-

ples indicated that the crystal lattice of InGaN was relaxed

for the ð11�24Þ plane, and coherent for the ð02�22Þ plane,

which means that the crystal lattice was preferentially relaxed

along the ½�1�123� (x0 in Fig. 1(b)) direction, similar to Ref. 14.

XRD-RSMs for the ð11�22Þ symmetric plane with the beam

condition along ½1�100� or ½�1�123� confirmed that the lattice

relaxation caused a crystal tilt in the InGaN layer around the

½1�100� axis. This direction corresponds to the dislocation

lines, as experimentally shown by TEM below. Therefore,

these results suggest that the lattice is anisotropically relaxed

with the introduction of MDs along the in-plane ½1�100�

TABLE I. Primary slip planes, MD line directions, Burgers vectors, and stresses used in the calculation of CLTs for the various growth planes of wurtzite

structure.

Growth plane

Polar10
Semipolar15

Nonpolar18

(0001) ð11�2mÞ ð1�10nÞ ð1�100Þ

Primary slip plane f11�22g (0001) ð10�10Þ
ð0�110Þ

MD line direction h1�100i ½1�100� ½11�20� [0001]

Burgers vector 1=3h�1�123i 1=3½11�20� 1=3½1�210�
1=3½�2110�

1=3½1�210�
1=3½�2110�

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ c2
p

a a a

bs 0 0 a=2 0

be? a a
ffiffiffi
3
p

a=2 a

bek c 0 0 0

Ks

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ðC11 � C12Þ

2

r
C44

Ke

Ke? ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
� C13Þ

C33ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13 þ 2C44Þ

s
C2

11 � C2
12

2C11

Kek ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
� C13Þ

C11ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13 þ 2C44Þ

s

Stress rxx ¼ ryy rx0 x0 rx0 x0 ry0 y0

FIG. 1. The primary slip systems and the coordinate systems for (a) polar,

(b) semipolar, and (c) nonpolar growth planes of a wurtzite crystal struc-

ture. Arrows and thick lines indicate the Burgers vectors and MD lines,

respectively.
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direction, and consequently, tilts around them. Thus, observ-

ing crystal tilt reveals whether the lattice is relaxed or not.

Furthermore, we revealed that the lattice relaxation

affects fluorescence images. Figures 2(a) and 2(b) show fluo-

rescence microscope images of coherently grown and strain-

relaxed InGaN QWs, respectively, grown on the semipolar

ð11�22Þ GaN substrates. The coherently grown InGaN QW

shows spatially homogeneous luminescence, whereas the

strain-relaxed InGaN QW shows dark lines along the ½1�100�
direction. These lines may be related to MDs, because their

direction was the same as that of dislocation lines, as dis-

cussed in TEM analyses. Thus, we distinguished coherently

grown samples from strain-relaxed samples by the dark lines

along the ½1�100� direction as well as the crystal tilts observed

by XRD measurements.

To discuss the lattice relaxation in the semipolar ð11�22Þ
InGaN/GaN heterostructures in more detail, we have to

know the structure of MDs and where they are formed. For

these purposes, cross-sectional TEM measurements were

performed on a ð11�22Þ InGaN/GaN SQW and a three-period

MQW with almost the same In composition (�12%), QW

thickness (�7 nm), and GaN barrier thickness (�9 nm).

Figures 3(a) and 3(b) show their cross-sectional bright-field

TEM images, viewed along the ½1�100� direction. The SQW

shows no MDs, whereas the MQW shows an array of MDs

only at the interface between the first strained InGaN QW

and the underlying GaN. These results suggest that even if

the thickness of each QW does not exceed the CLT, MDs

can form when the total thickness of MQW exceeds a certain

threshold, which for MQW is the CLT as discussed below.

Additionally, the Burgers vector of MDs was deter-

mined to be 1=3½11�20�, from a g � b invisibility analysis with

the two beam condition of g ¼ 0002 (not shown). Figure

3(c) shows the cross-sectional TEM image of the same sam-

ple as in Fig. 3(b), but in this particular case, the TEM speci-

men was tilted around the ½�1�123� (x0) axis to see how MDs

were lying at the interface. As a result, the dislocation lines

were observed to be perpendicular to the ½�1�123� (x0) direc-

tion, and therefore, parallel to the ½1�100� (y0) direction. Thus,

the observed MDs were determined to be pure edge disloca-

tions. By considering the Burgers vector and the line direc-

tion of MDs, we determined the slip plane to be the (0001)

plane. These results for the MDs in ð11�22Þ InGaN/GaN

MQWs will be used in theoretical calculation of CLTs in

Sec. IV.

IV. THEORETICAL CLT MODELS

A. General expression

Before discussing practical cases, let us discuss the gen-

eral expression of CLTs. To calculate the CLTs, we adopted

the force-balance model,19,21 where the balance of forces

acting on the threading dislocations, i.e., the force due to lat-

tice mismatch and the line tension (referred to as the “self-

stress" in the Fischer model21), is considered. This model is

based on the idea that threading dislocations pre-existing in

the substrates propagate within the heterointerfaces, when

the strained layer thickness exceeds the CLTs, hc. The gen-

eral equation for CLTs based on this model can be expressed

as

rbhc cos k ¼ 1

4p
Ksb

2
s þ Keb2

e

� �
ln

hc

r0

� �
; (1)

where the left-hand side represents the force due to lattice

mismatch acting on the slip plane, and the right-hand side

corresponds to the dislocation line tension equivalent to the

dislocation energy per unit length.23 Here, r is the in-plane

stress induced by lattice mismatch, b is the length of the Bur-

gers vector, and k is the angle between the Burgers vector

and the direction in the interface, normal to the dislocation

line. Moreover, bs and be are the screw and the edge compo-

nents of Burgers vector, respectively, and Ks and Ke are the

respective coefficients and referred to as “energy coef-

ficients.”24 In addition, r0 is the dislocation core radius, typi-

cally taken to be from b=4 to b.24

The CLT models have been developed for isotropic ma-

terial systems, such as zinc blende (001) heterostructures. In

this study, however, the anisotropy has to be taken into

account, because the wurtzite structure, which is the most

stable structure for nitride semiconductors, is anisotropic,

FIG. 3. Cross-sectional TEM images of (a) InGaN/GaN SQW and (b) three-

period MQW grown on the semipolar ð11�22Þ GaN substrates, viewed along

the ½1�100� axis. (c) That of the three-period MQW tilted about the ½�1�123�
axis. Arrows indicate misfit dislocations. The scale bar represents 50 nm.

FIG. 2. Fluorescence microscope images of (a) coherently grown and (b)

strain-relaxed InGaN QWs on the ð11�22Þ GaN substrates. The scale bar rep-

resents 10 lm.
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and furthermore, semipolar and nonpolar planes have in-

plane anisotropy unlike the polar (0001) plane. In Secs. IV B

and IV C, we demonstrate the practical expressions of CLTs

for the various cases.

B. Isotropic crystal structures

1. Isotropic growth planes

As the simplest case, we first consider the isotropic

growth plane in the isotropic crystal structure such as the

zinc blende (001) and (111) planes. For such structures, the

CLT models have been established by Matthews and Blake-

slee19 or Fischer et al.,21 which, in this article, are referred

to as the “M-B model” and the “Fischer model,” respec-

tively. In this case, r, Ks, Ke, bs, and be can be expressed

as r ¼ 2Geð1þ �Þ=ð1� �Þ, Ks ¼ G, Ke ¼ G=ð1� �Þ,
bs ¼ b cos a, and be ¼ b sin a, respectively, where G is the

shear modulus, � is the Poisson’s ratio, e is the in-plane

strain due to lattice mismatch, and a is the angle between

the Burgers vector and the MD line direction.23,24 By set-

ting r0 ¼ b=e (e: base of natural logarithm), Eq. (1) can be

transformed to the equation proposed by Matthews and

Blakeslee19:

hc ¼
bð1� � cos 2 aÞ
8peð1þ �Þ cos k

(
ln

hc

b

� �
þ 1

)
: (2)

In the Fischer model, the stress term was modified in order

to satisfy the condition that no forces can act on the free

surface21,25:

r0 ¼ 2G
1þ �
1� � e� b cos k

2hc

� �
: (3)

Then, by substituting r0 for r and by setting r0 ¼ b in Eq.

(1), we obtain the equation of CLTs proposed by Fischer

et al.21:

hc ¼
b cos k

2e

(
1þ 1� � cos2 a

4pð1þ �Þ cos2 k
ln

hc

b

� �)
: (4)

2. Anisotropic growth planes

For the anisotropic growth plane such as the zinc blende

(110) plane, Eqs. (3) and (4) are not applicable, because r
cannot be expressed in the same way as above. To determine

r, we have to know how the lattice relaxes and which direc-

tion of stress should be considered. Details of calculating

anisotropic r are described in Sec. IV C 2.

C. Anisotropic crystal structures

In this section, we consider anisotropic crystal struc-

tures, for which the parameters mentioned above become

more complicated. For the wurtzite crystal structure, elastic

properties perpendicular and parallel to the c-axis are differ-

ent, so that the Burgers vectors should be decomposed into

the two characteristic directions. It should be noted that the

MD line direction of primary slip systems in the wurtzite

structure is perpendicular (polar and semipolar) or parallel

(nonpolar) to the c-axis, as illustrated in Fig. 1. Therefore,

for the screw component of a Burgers vector bs, which is

parallel to the dislocation line, there is no need to include an-

isotropy. Similarly, for the dislocation parallel to the c-axis

(nonpolar), the edge component be, which is perpendicular

to the dislocation line, does not have to be decomposed,

because elastic properties around the dislocation line, that is,

within the basal (0001) plane, are isotropic.

For the dislocation perpendicular to the c-axis (polar

and semipolar), the edge component of a Burgers vector be

should be decomposed into components perpendicular, be?,

and parallel to the c-axis, bejj. Additionally, the respective

energy coefficients are defined as Ke? and Kejj. Applying this

procedure, Eq. (1) can be rewritten as

rbhc cos k ¼ 1

4p
ðKsb

2
s þ Ke?b2

e? þ Kejjb
2
ejjÞln

hc

r0

� �
: (5)

For anisotropic crystal structures, the energy coefficients Ks,

Ke?, and Ke|| depend on the dislocation line direction.24,26

1. Isotropic growth plane: Polar (0001) plane

For the wurtzite (0001) plane, which is isotropic, the in-

plane stress r due to lattice mismatch can be expressed

as11,12

r ¼ rxx ¼ ryy ¼
ðC11 þ C12ÞC33 � 2C2

13

C33

e: (6)

Note that using G ¼ ðC11 � C12Þ=2 and � ¼ ðC12C33 � C2
13Þ=

ðC11C33 � C2
13Þ, Eq. (6) can be transformed to r ¼ 2Ge

ð1þ �Þ=ð1� �Þ, which holds for isotropic planes. Here, Cij

are the elastic stiffness coefficients.

It is noteworthy that the definitions of G and � depend

on the directions of stress and consequent lattice elastic dis-

tortion. In the case of heteroepitaxy, the elastic deformation

in the growth plane should be considered. Therefore, there is

a set of definitions appropriate for the plane of the interest.

For the (0001) plane, the definitions given above hold, but

other planes possess other definitions.

For the polar (0001) InGaN single layers on GaN, it has

been reported that the MD lines were in the (0001) plane,10

as illustrated in Fig. 1(a). In such a situation, Ks, Ke?, and

Kejj can be expressed as follows24,26:

Ks ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ðC11 � C12Þ

2

r
; (7)

Ke? ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
� C13Þ

C33ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13 þ 2C44Þ

s
;

(8)

Kejj ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
� C13Þ

C11ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C33

p
þ C13 þ 2C44Þ

s
:

(9)
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According to the previous report,10 the Burgers vector com-

ponents are bs ¼ 0, be? ¼ a, and bejj ¼ c.

Holec et al. calculated CLTs for the wurtzite (0001)

InGaN/GaN heterostructures with a consideration of aniso-

tropic crystal structure,11,12 based on the M-B model,

although the coefficients were not explicitly expressed as

Eqs. (7)–(9).

2. Anisotropic growth planes

The semipolar and nonpolar planes can be determined

by tilting the c-axis of wurtzite crystal around a certain axis

in the basal (0001) plane. To express anisotropy within the

interfaces, the coordinates are defined for the semipolar and

nonpolar planes, as shown in Fig. 1; y0 is the rotation axis, x0

is the direction perpendicular to y0 direction in the growth

plane, and z0 is the direction normal to the growth plane. For

example, in the semipolar ð11�22Þ plane, x0 and y0 are parallel

to the ½�1�123� and the ½1�100� direction, respectively. How-

ever, x0 and y0 in the ð2�201Þ plane are the ½�1104� and the

½11�20�, respectively. To reflect the anisotropic lattice relaxa-

tion, the in-plane stress rx0x0 or ry0y0 should be chosen based

on the experimental observation.

Although r is often expressed with Poisson’s ratio � and

shear modulus G as discussed in Sec. IV B 1, these parame-

ters for the semipolar and nonpolar planes cannot be

expressed in the same way as those for an isotropic growth

plane without any approximation. Therefore, in this study,

we directly calculate the in-plane stress using Ref. 22, with-

out using � and G.

a. Semipolar ð11�2mÞ and ð1�10nÞ planes. To accu-

rately calculate the CLTs of anisotropic growth planes such

as semipolar ones, the force-balance model can be extended

by considering anisotropic lattice relaxation. (A similar treat-

ment is necessary for the anisotropic growth plane of the iso-

tropic crystal structure.) For semipolar InGaN/GaN

heterostructures, only the stress in the x0 direction (rx0x0 in

Ref. 22) should be included in the calculation of CLTs,

because the lattice relaxation occurs preferentially in this

direction, as discussed in Sec. III.

Substituting rx0x0 into r in Eq. (5), the CLT equation

based on the M-B model, including the anisotropy of crystal

structure and growth plane can be obtained:

rx0x0bhc cos k ¼ 1

4p
Ksb

2
s þ Ke?b2

e? þ Kejjb
2
ejj

� �(
ln

hc

b

� �
þ 1

)
:

(10)

The relation between the stress rx0x0 and the strain ex0x0 and

ey0y0 is given by

rx0x0 ¼
S022ex0x0 � S012ey0y0

S011S022 � S0212

; (11)

where

S011 ¼ S11 cos 4hþ S33sin4hþ 2S13 þ S44

4
sin22h; (12)

S022 ¼ S11; (13)

S012 ¼ S12 cos2 hþ S13sin2h; (14)

based on the Hooke’s law.27 Here, Sij are the elastic compli-

ances, which can be calculated from the elastic stiffness

coefficients Cij, and h is the rotation angle with respect to the

(0001) plane. Note that Eq. (11) can also be written with Cij,

as Eq. (6), but Sij can provide a simpler expression. In addi-

tion, ex0x0 and ey0y0 are the in-plane strains due to lattice mis-

match in the x0 and the y0 directions, respectively, as detailed

in Ref. 22. Ks, Ke?, and Kek are given by Eqs. (7)–(9).

Fischer et al. proposed to modify the stress term in order

to satisfy the free surface condition, as shown in Eq. (3). In

this study, we assumed that only the strain in the x0 direction

was partially relieved by the effect of the free surface,

because the MDs were lying along the y0 direction. Using

rx0x0 for r again, and setting r0 ¼ b, the equation of CLTs for

the semipolar plane based on the Fischer model can be

extracted:

rx0x0 �
S022b cos k=2hc

S011S022 � S0212

� �
bhc cos k

¼ 1

4p
Ksb

2
s þ Ke?b2

e? þ Kejjb
2
ejj

� �
ln

hc

b

� �
: (15)

Note that although the equation was described as the balance

of “force,” unlike the original expression based on the

“stress” equilibrium,21 these models are essentially identical.

For the semipolar ð11�22Þ InGaN/GaN heterostructures,

we have experimentally confirmed that the MD lines were

parallel to the ½1�100� direction, and their Burgers vectors

were 1=3½11�20� as demonstrated in Sec. III. Therefore, we

determined that b ¼ be? ¼ a, and k is equal to the angle

between the ð11�22Þ plane and the (0001) plane (for example,

58.4� for GaN and 58.1� for InN), as summarized in Table I.

For the ð2�201Þ InGaN/GaN heterostructures, it has been

reported that the MD lines were parallel to the ½11�20� direc-

tion, and their Burgers vectors were 1=3½1�210� or 1=3½�2110�.15

Therefore, the Burgers vector components are bs ¼ a=2,

be? ¼
ffiffiffi
3
p

a=2, and bejj ¼ 0.

b. Nonpolar ð1�100Þ plane. For the nonpolar ð1�100Þ
plane, the MD lines are parallel to the [0001] direction, dif-

ferent from other planes, where the MD lines are lying in the

(0001) plane. Their Burgers vectors are 1=3½1�210� or
1=3½�2110�.18 Therefore, b ¼ be ¼ a. Teutonico et al. have cal-

culated the energy coefficients for an infinitely straight dislo-

cation propagating along the [0001] direction26:

Ks ¼ C44; (16)

Ke ¼
C2

11 � C2
12

2C11

: (17)

If we taking into account the anisotropic lattice relaxation

preferentially occurring in the y0 direction, we should substi-

tute ry0y0 into Eq. (5). Therefore, the equation of the extended

M-B model for the nonpolar ð1�100Þ plane can be obtained:
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ry0y0bhc cos k ¼ 1

4p
ðKsb

2
s þ Keb2

eÞ
	

ln
hc

b

� �
þ 1

)
; (18)

where ry0y0 can be written as functions of ey0y0 and ex0x0 :

ry0y0 ¼
S011ey0y0 � S012ex0x0

S011S022 � S0212

; (19)

S011, S012, and S022 are given in Eqs. (12)–(14).

On the other hand, adopting similar treatment as Eq.

(15), the equation of the extended Fischer model for the non-

polar ð1�100Þ plane can be obtained:

ry0y0 �
S011b cos k=2hc

S011S022 � S0212

� �
bhc cos k

¼ 1

4p
ðKsb

2
s þ Keb2

eÞln
hc

b

� �
: (20)

3. Calculation of CLTs for various growth planes

Figure 4 compares the theoretical CLT values of InGaN

single layers on GaN among the polar (0001), the semipolar

ð11�22Þ, ð2�201Þ, and the nonpolar ð1�100Þ growth planes,

based on the extended Fischer model. The lattice parameters

and the elastic stiffness constants for GaN and InN are listed

in Table II.28 For InxGa1�xN, these parameters were interpo-

lated linearly by the In composition x. Burgers vectors,

energy coefficients and stresses are summarized in Table I.

It should be noted that applicable model, that is, the lat-

tice relaxation mechanism depends on the growth plane,

growth condition, or threading dislocation density. As dem-

onstrated below, the extended Fischer model can well

account for the experimental results of ð11�22Þ InGaN on

GaN. For the polar (0001) plane, however, it has been

reported that the measured CLTs are much lower than those

predicted by the extended Fischer model, and almost agree

with those of the M-B model.11,12 The observed difference in

the ð11�22Þ and (0001) InGaN may be related to generation

mechanisms of dislocations; in the InGaN/GaN MQW grown

on a (0001) GaN substrate, dislocation pairs were generated

from InGaN/GaN interfaces,13 whereas this situation does

not necessarily occur for other crystallographic planes.

V. RESULTS AND DISCUSSION

A. Comparison between experimental results
and theoretical models

Figure 5(a) shows lattice relaxation phenomena in

ð11�22Þ InGaN single layers and SQWs. Open circles and

crosses indicate coherently grown and strain-relaxed sam-

ples, respectively, which were experimentally confirmed by

the methods described in Sec. III. The dashed and solid lines

indicate the CLTs for the semipolar ð11�22Þ InGaN single

TABLE II. Material parameters used for the calculation of CLTs.28

Parameters GaN InN

a at 300 K (nm) 0.3189 0.3545

c at 300 K (nm) 0.5185 0.5703

C11 (GPa) 390 223

C12 (GPa) 145 115

C13 (GPa) 106 92

C33 (GPa) 398 224

C44 (GPa) 105 48

FIG. 5. Theoretical and experimental

assessment of strain relaxation for (a)

InGaN single layers and SQWs, and (b)

InGaN/GaN MQWs. Solid and dashed

lines are the CLTs calculated with Eqs.

(15) and (10), respectively. Open circles

and crosses are for coherently grown

and strain-relaxed samples, respectively.

FIG. 4. Calculated CLTs based on the extended Fischer model [Eq. (15)]

for InGaN single layers grown on various planes.
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layer theoretically calculated by Eq. (10) based on the M-B

model and Eq. (15) based on the Fischer model, respectively.

As shown in Fig. 5(a), the theoretical calculation based on

Eq. (15) was in good agreement with experimental results.

This result suggests that the free surface plays a role in lat-

tice relaxation of ð11�22Þ InGaN/GaN.21,25

Moreover, Hsu et al. reported that a 40-nm-thick InGaN

single layer with In composition of 1% grown on the ð11�22Þ
GaN substrate was coherent, whereas those with In composi-

tion of 4%, 5%, and 6% were relaxed.29 These results also

agree with Eq. (15).

In contrast, the lattice relaxation phenomena in ð11�22Þ
InGaN/GaN MQWs cannot be reproduced by the theoretical

calculations as demonstrated in Fig. 5(b), where experimen-

tal results are plotted as functions of In composition and QW

thickness for each QW. It should be noted that each QW

thickness in most of the samples was below the CLT.

Increasing the periods of MQWs most likely increased total

strain energy, and as a result, induced MDs. Therefore, we

should consider not only the CLT of each QW, but also the

CLTs of the entire MQWs.

B. Structure model: Representing InGaN/GaN MQWs
as InGaN single layers

As discussed in Sec. III, TEM measurements for a

ð11�22Þ InGaN/GaN MQW revealed that the MDs were intro-

duced at the interface between the first InGaN QW and the

underlying GaN, even if each QW was not relaxed. Similar

phenomena have been observed in other material systems,

such as InGaAs/GaAs MQWs,30,31 SiGe/Si superlattices,32

and InAsP/InGaAsP MQWs.33

We will now discuss why MDs were induced at the

interface between the first InGaN QW and the underlying

GaN. For this, we consider the strain energy stored in a

MQW structure. Suppose MDs are introduced at a certain

InGaN/GaN interface. In this situation, the MQW region

above the interface is free-standing from the GaN substrate,

but is coherent within the region, whereas the MQW region

below the interface is still coherent to the substrate. The

coherent region below the interface has more strain energy

than the free-standing region. Therefore, it is the most ener-

getically favorable to not have a coherent region, that is, to

have MDs form at the interface between the bottom InGaN

QW and the underlying GaN, as long as each QW thickness

is below its CLT.

Based on the discussion above, we propose to treat

InGaN/GaN MQWs as InGaN single layers characterized by

the total thicknesses and the effective In compositions. Let us

now consider how to determine the effective In composition.

When a MQW (or superlattice) composed of any two kinds of

layers becomes free-standing, one layer accommodates com-

pressive stress, and the other accommodates tensile stress.

These stresses can be transformed into the forces acting on

the corresponding layers by multiplying the layer thick-

nesses.24 The in-plane lattice parameter of a free-standing

MQW can be determined when these forces with opposite

sign are in equilibrium. For ð11�22Þ InGaN/GaN MQWs, the

balance of forces in the ½�1�123� direction should be considered,

because the lattice relaxation preferentially occurs in this

direction. The equation for the balance is expressed as

rfs
whw þ rfs

b hb ¼ 0; (21)

where rfs
i (i ¼ w or b) is the in-plane stress in the ½�1�123�

direction when the MQW is free-standing, and hi is the layer

thickness. The subscripts w and b stand for QW and barrier

layer, respectively. Because rfs
i is a function of the in-plane

lattice parameter, Eq. (21) determines it. Then, the effective

In composition of a free-standing MQW is assumed to be the

same as the In composition of an unstrained InGaN layer

with the same in-plane lattice parameter.

We considered the force balance condition in the above

discussion. However, note that the same in-plane lattice pa-

rameter can also be extracted from the condition that the

strain energy is minimized. This is because the force acting

on the crystal lattice is given by the differential of the strain

energy, and consequently, the force balance and the energy

minimum conditions are equivalent.

C. CLTs of ð11�22Þ InGaN/GaN MQWs

Figure 6 shows how the effective In composition and

the total thickness evolve during growth of an InGaN/GaN

MQW, which is the same MQW as that in Fig. 3(b). The

CLT calculated with Eq. (15) is also plotted. When the first

InGaN QW is grown on a GaN substrate, the effective In

composition does not change, whereas only the total thick-

ness is increased as represented by (i) in Fig. 6. Next, during

the growth of the subsequent GaN barrier layer, the effective

In composition decreases, and the total thickness increases

[(ii)]. Then, as the number of QW grows, such variations are

repeated and the effective In composition approaches that of

the entire MQW structure.

The dashed line represents the calculated CLT for

InGaN single layer, using Eq. (15). The first InGaN QW is

below the CLT, but during the growth of the second InGaN

QW, the total thickness exceeds the CLT of MQW. This

means that the SQW can be grown coherently, whereas the

MQWs with a period of more than one may experience lat-

tice relaxation, and MDs are introduced at the interface

between the first InGaN QW and the underlying GaN, con-

sistent with Figs. 3(a) and 3(b). That is, the prediction is that

MDs can be induced when the total thickness of MQWs

exceeds the calculated CLT at a certain growth stage.

To verify our model, we plot the experimentally

assessed lattice relaxation in Fig. 7 as functions of the effec-

tive In composition and the total thickness of ð11�22Þ InGaN/

GaN MQWs. It is found that the experimental results can

well be reproduced by Eq. (15), indicating that our method

can be applied to the calculation of CLTs for ð11�22Þ InGaN/

GaN MQWs. To obtain high quality MQWs without MDs,

the thickness of each QW should be below the CLT, as

shown in Fig. 3(a), and the total thickness of MQW should

not exceed the CLT determined as a function of the effective

In composition, as shown in Fig. 7.

In this study, the experimental results for only the

ð11�22Þ InGaN/GaN MQWs were demonstrated. However,
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the concept may be applied to nitride semiconductor hetero-

structures with various crystal orientations, and furthermore,

to other material systems.

D. IQEs of ð11�22Þ InGaN QWs

Because MDs may work as nonradiative recombination

canters, we compared the optical properties of coherently

grown and strain-relaxed ð11�22Þ InGaN QWs. To evaluate

the IQEs of the InGaN QWs, temperature-dependent photolu-

minescence (PL) measurements were performed. The excita-

tion source was a frequency-doubled Ti:sapphire laser with a

wavelength of 400 nm, a pulse width of 2 ps, a repetition rate

of 80 MHz, and an excitation power density of 1.6 lJ/cm2. In

this study, IQE was defined as the integrated PL intensity at

300 K divided by that at 13 K.

Figure 8 shows the IQEs of ð11�22Þ InGaN QWs at

300 K as a function of PL peak wavelength. Open circles and

crosses indicate IQEs of coherently grown and strain-relaxed

InGaN QWs, respectively. IQEs of coherently grown InGaN

QWs tend to be larger than those of strain-relaxed InGaN

QWs, as expected. Further improvement of IQEs may be

achieved by optimizing the growth conditions to eliminate

nanoscale nonradiative recombination centers, such as point

defects and unexpected impurities.

VI. CONCLUSION

We investigated the lattice relaxation in InGaN single

layers, InGaN/GaN SQWs, and MQWs grown on the semipo-

lar ð11�22Þ GaN substrates. To reproduce experimentally

revealed anisotropic lattice relaxation, the formulae of CLTs

for anisotropic systems were developed, based on the force-

balance model. TEM analyses of relaxed MQWs revealed that

MDs were introduced at the interface between the first InGaN

QW and the underlying GaN. Therefore, we propose to treat

InGaN/GaN MQWs as InGaN single layers with the effective

In compositions. The calculated CLTs were in reasonable

agreement with the experimental results, verifying our

approach. The achievement enabled us to design and fabricate

high quality InGaN/GaN QWs without MDs. In fact, we con-

firmed that the IQEs of coherently grown InGaN QWs tended

to be larger than those of strain-relaxed InGaN QWs.
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