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A coupled cell network can be represented as a directed graph. We can associate a
dynamical system governed by ODEs with any given coupled cell network in such a
way that nodes (or cells) represent state variables that evolve over time and edges (or
couplings) represent interaction between those state variables. This dynamical system
is called a coupled cell system. The main motivation of the study of coupled cell system
is to understand its dynamics from the network architecture of the associated coupled
cell network and not from specific forms of the vector fields.

In this work we focus on regular coupled cell networks, in which all cells and all
couplings are identical and moreover each cell receives the same number of incoming
edges called input. For a regular coupled cell network, let {1,...,n} be the set of all
its cells. Let z; € R* be the state variable for the cell j, where k is the dimension of
the internal dynamics in each cell, which is assumed to be constant. Then a coupled

cell system associated with the given regular network is the system of ODEs

.j'fj:f(xjaxo'j(l)7"'7x0'j(v)) j:l,...,’fl

where the cell j receives inputs from the cells (1), ...,0;(v). Here 0;(i)’s are allowed
to be equal to each other and even to j. The number v is called valency of the network
and it is constant for any choice of the cell j because each cell has the same number
of inputs. The overbar indicates that the coupling coordinates are invariant under
permutations of the coupling cells. This invariance is assumed, since we assume there
is only one kind of coupling. Since there is only one type of node, we assume that the
function f: R¥ x (R¥)" — RF is independent of j. In Figure 1 we show an example of
a regular coupled cell network and its associated coupled cell system.

Every coupled cell system associated with a regular network, when restricted to a
flow-invariant subspace defined by an equality of certain cell coordinates, corresponds
to a coupled cell system associated with a smaller network called the quotient network.
A coupled cell system associated with quotient network is called a quotient system.
Note that thb dynamics of a quotient system can be “lifted” to the dynamics of the
original coupled cell system on the corresponding flow-invariant subspace.

One of important and interesting subjects in coupled cell systems theory is the
“synchrony”. We say that two or more cells are synchronous if they behave identically
the same for all time. The corresponding subspace given by the synchrony defines a

flow-invariant subspace, and thus a quotient system on the quotient network.

In this thesis, we consider synchrony-breaking steady-state bifurcation, which is a
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steady-state bifurcation from the fully-synchronous equilibrium in coupled cell sys-
tems. The bifurcating solutions are in general not fully-synchronous, and hence not
lying in the fully-synchronous subspace. However, it can still be partially synchronous,
and thus contained in a flow-invariant subspace given by a certain synchrony relation.
In this case, the bifurcation takes place not only in the original coupled cell system
but also in a quotient system on the synchronous subspace, which is easier to study.
Observe that a given coupled cell system associated with a regular network can have
several quotient systems at the same time. Then the following question arises, which

is the motivation of this work.

(*) What is the condition of a reqular coupled cell network for which all codimension-
one synchrony-breaking steady-state bifurcations in an associated coupled cell system

can be lifted from its quotient systems?

This question leads to a notion of reducibility of bifurcations. For certain coupled
cell networks, if all bifurcations in associated coupled cell systems can be lifted from
its quotient systems then we say that the bifurcation is reducible.

The main results of the thesis are summarized as follows. We consider two classes of
regular networks, namely, 1-input regular networks, and multiple-input n-cell regular
networks with D, -symmetry. For 1-input regular networks, its architecture is a loop
together with trees attached to it. Therefore it suffices to consider a 1-input loop with

a l-input chain attached to it, which we call a (1-input) loop-chain network.

Theorem 1 Under a certain genericity condition, there are only the following three
cases of codimension-one synchrony-breaking steady-state bifurcation branches of equi-

librium solutions in a loop-chain network:
(a) a cascading solution of square-root type,
(b) an alternatively synchronous solution,

(¢) a fully synchronous solution.

The precise definitions of these three types of solutions are given in the thesis.
From this theorem one can answer to the question (*) for the class of 1-input regular
coupled cell networks. In particular, if the loop contains more than one cell, then the

codimension-one synchrony-breaking steady-state bifurcation is generically reducible.

For the case of multiple-input regular networks, we obtain:

Theorem 2 Under a mild condition on the multiplicity of critical eigenvalues, the
codimension-one synchrony-breaking steady-state bifurcations in generic coupled cell
systems associated with an n-cell reqular coupled cell network with D,-symmetry is

reducible for n > 2.




ogo 30

gobogbooooood

gbogbobooboboobboboboobuoobooboobbooboon
gogobbboobbbouogooooboboodoouooooobboobobo
OO000O00ooOoooOonOM. Golubitsky O LStewart 00000 200300
gggobbbbbdooooooobobbobbbuoooooooobbobobo
gogoobbbobbbouoooooobboobboouoooooboboobn
googoobbbobobobbbobtoddoooouooooobobboboobbn
gooobobbobobodoooooobboobobbboooooooboboobbo
ggbbbuoooobbbuoooobbbuoooobbboooobbbod
gogggoobbbbbobbobbbbbbdoooooooooooobon
googobbbbboougoooobobbbougooooobbobbn
gogobbobbbdodgooooobboobbuoooooobobooobo
ggoobbbbotuodooooooobbbbbbooooooobbbbbo
goggobbbobbbudgoooobboobbbbouooooooobboboobbo
gogobbbbboougoooobobbbobouoooooobboboobbo
gddoooogoobobbboobbbtboodooooooobboboobobo
gbooboboobbooboobboboboobbooboooboobon
gogggobobbbobobobbbbbbtboddooooooobbbobobo
ggbbobuoooobbbooooobbboobbuoogoobbod
gogggobbobooobbbbbbtoddddoooooooooooobon
googobobboobbbooooobbbobbboooooooboboboobbo
gbogdbuodgbuodgbogboobooboodobuoobooobobobb
gogobbbuougooooobbbobbbbouooooooobbobobbn
gogobbbobbbuodooooooobbobboooooooobooo
gogbbbuooobobbooooboboooobboooon
gbbooobbotoboobbodboobbdobodoboobbooboob
gogggbbbbbobbbbouodoooooooobobboobobobbbbo
gooobbobobbouoooooobboobbooooooooboboooon
ERERE

gobboobobbbbbtbododdooooooooooooooooooon
gbogboogboboobooobouogbbogb 260 102200000000
gogoobooodon

gooboboobooooooooooog




