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Abstract

In the Universe, there is an enormous number of structures and objects such as

galaxies, stars, and planets. Remarkable progresses of observations grow our under-

standing about their origins and formation processes. Among them, recent observations

of high-redshift quasars reveal that supermassive black holes (SMBHs) with mass of

& 109 M� have already formed as early as the beginning of the universe. As the forma-

tion processes of such BHs, the gas accretion and mergers of the remnant BHs formed

by the collapse of first generation stars (∼ 100 M�) have been considered. However,

various radiative feedbacks prevent the efficient BH growth and thus the required time

to form SMBHs becomes longer than the age of the high-redshift universe.

As a solution of this problem, formation of supermassive stars (SMSs; M∗ &
105 M�) and their subsequent collapse directly to the BHs in the first galaxies has

been considered. Seed BHs formed by the direct collapse are expected to sufficiently

shorten the formation time even with the radiative feedbacks. Formation of SMSs in

first galaxies irradiated with strong far ultraviolet (FUV) radiation has often been stud-

ied. In such cases, the primordial gas clouds are supposed to collapse monolithically

and form stars without strong fragmentation since H2 molecules, which are the main

coolants of primordial gas and promote gas fragmentation, are photo-dissociated.

In this thesis, we discuss the unified scenario of the seed BH formation through the

direct collapse of SMSs. We have investigated the formation of SMSs in the following

three parts; (i) formation of supermassive clouds in the first galaxies, (ii) collapse phase

of the supermassive cloud, and (iii) evolution of the protostar up to a SMS.

We first reconsider conditions of the SMS formation requiring the H2 photodissocia-

tion by the strong FUV radiations. Candidates of FUV sources, including star-forming

galaxies, are probably sources of strong CRs and X-rays too. We find that external

ionization promotes H2 production and elevates the threshold FUV intensity needed

for SMS formation as Jcrit ∝ U
1/2
CR (∝ J

1/2
X ) in the high CR (respectively X-ray) limit.

Therefore, the SMS formation under the strong FUV radiations is strongly suppressed

by the ionizations due to the external high-energy radiations (CRs and X-rays).

Following the result, we propose the new pathway to form SMSs without assuming

the strong FUV radiations. The assembly of a typical first galaxy proceeds via cold and

dense flows penetrating deep to the center, where the supersonic streams collide each

other to develop a hot and dense shocked gas. In such dense shocked layer, H2 molecules

are collisionally dissociated and thus supermassive clouds are formed. Thereafter, the

supermassive cloud collapses isothermally by the atomic cooling (Lyα and various

continuum emissions). The range of post-shock conditions for SMS formation can be

expressed as T & 6000 K (nH/104 cm−3)−1 for nH . 104 cm−3 and T & 5000 − 6000
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K for nH & 104 cm−3. Moreover, metal enrichment does not affect the above condition

for metallicity below ∼ 10−3 Z� if metals are in the gas phase.

Next, we investigate the fate of a supermassive cloud using the three-dimensional

hydrodynamical simulations. We find the cloud can collapse runaway and without

efficient fragmentation even if the cloud has turbulent motions. Though the H2 fractions

are rapidly enhanced by the three-body reaction (3H→H2 + H), the H2 cooling (both of

line and continuum emission) never play a significant role for the thermal evolution at

the central region. When the central region becomes optically thick, single hydrostatic

core (i.e., protostar) is formed. The formed protostar grows via rapid accretion fed

the dense filamentary flows. The accretion rate is so high (Ṁacc ∼ 3 M� yr−1) that

the protostar is expected to evolve up to a supermassive star (& 105 M�) within its

lifetime

Finally, we solved the stellar structure growing at the rate of & 0.01 M� yr−1.

Under rapid accretion, the stellar radius continues to increases monolithically with the

stellar mass following R∗ ∝ M
1/2
∗ . The stellar interior inhomogeneously contracts by

losing the thermal energy. The maximum of the stellar radius is R∗ ' 4×104 R� ∼ 102

AU for M∗ ∼ 104 M�. With this very large radius, the stellar effective temperature is

less than 104 K even after the protostar becomes supermassive. Strong UV feedback,

which could limit the mass accretion onto the star, is thus unlikely to operate in this

case. Moreover, we investigate the stability of the accreting protostar against the

stelar pulsations. As a result, accreting SMSs become pulsation unstable due to the

κ-mechanism, but the resulting mass-loss rates are still much lower than the accretion

rates. We conclude that the protostar rapidly grows to a SMS (& 105 M�) without

the strong mass-loss due to the negative feedbacks.
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Chapter 1

Introduction

1.1 Observations of SMBHs in the early universe

The origin and formation process of supermassive black holes (SMBHs), which ubiq-

uitously exist at the center of present-day galaxies, still remain a mystery. Among

them, observations by Soltan Digital Sky Survey (SDSS) have revealed the existence

of SMBHs with mass of & 109 M� in the high-redshift universe at z > 6 (e.g., Fan

2006; Willott et al. 2010). More deep observations (e.g., Jiang et al. 2009; Willott et al.

2010; Lawrence et al. 2007) have found a lot of additional high-z quasars (QSOs) and

some 50 QSOs have been discovered at z > 5.7 in the past decade. The most distant

QSO exists in the early universe at z = 7.085, which corresponds to the age of the

Universe ∼ 0.8 Gyr (Mortlock et al. 2011). Moreover, the strong correlations between

the central BH mass and global properties of the host galaxy (or spheroid) have been

well-known from observations of local galaxies (e.g., Magorrian et al. 1998; Ferrarese

and Merritt 2000; Gebhardt et al. 2000; Marconi and Hunt 2003; Gültekin et al. 2009).

These observations imply that SMBHs and their host galaxies have co-evolved over

the cosmological timescale. Revealing the origin and formation process of SMBHs has

crucial impacts on various fields of astrophysics and cosmology.

Most important feature of high-z SMBH is the large BH mass (& 109 M�). High-z

QSOs which host a SMBH at the center strongly shine with the bolometric luminosity

L & 1047 erg s−1. The masse of the central SMBH are inferred as a few ×109 M�,

assuming the QSO luminosity is as large as the Eddington luminosity,

LEdd =
4πGMBHc

κT

' 1.3 × 1047

(
MBH

109 M�

)
erg s−1, (1.1)

where G is the gravitational constant, c the speed of light, and κT the opacity of the

Thomson scattering. The BH mass is actually estimated using the empirical relations

obtained from the observations of local active galactic nucleus (e.g., the correlation

between the optical luminosity at wave length of 5100 Å and the delay time of the

continuum flux variability using reverberation mapping; e.g., Peterson 1993; Krolik

1



2 Chapter 1 Introduction

2001; Bentz et al. 2009). The estimated masses are almost constant as a function

of the redshift and the typical value is ∼ 109 M� for z > 4 (Marziani and Sulentic

2012), which is consistent with the above assumption of L ' LEdd for high-z QSOs.

These observations suggest that high-z QSOs have been fully developed in the early

universe like the low-redshift QSOs, which is also supported by the fact that the both

QSOs have some common properties such as the spectra of the UV to X-ray emissions

and metallicities (e.g., Fan et al. 2004; Jiang et al. 2007). Similarly, the hard X-ray

observations imply that brighter QSOs (i.e., more massive BHs) have evolved earlier

across the cosmic time (Ueda et al. 2003), which is so-called the cosmic downsizing.

This characteristic has a property opposite to the usual hierarchical structure formation

(see section 2.1.1) and thus is considered as a key to understand the formation process

of high-z SMBHs.

As other constraints on the origin and formation process of SMBHs, the rarity of

the luminous high-z QSOs has been discussed. The high-z SMBHs are expected to be

harbored by massive dark matter halos with mass of & 1012−13 M� since the number

density is as small as ∼ 1 Gpc−3. Since such massive halos are formed from 4-5 σ

peaks of the density perturbations, the high-z SMBHs are extremely rare objects in

the framework of the cosmological structure formation. This fact probably suggests

that most seed BHs hardly grow up to & 109 M� or that a small number of very

massive seed BHs are formed in the early universe. Tanaka and Haiman (2009) have

found that optimistic scenarios of the seed production and growth process required

to explain the high-z SMBH overproduce the less massive BHs (. a few ×107 M�).

Therefore, some feedback mechanisms which prevent the seed formation or BH growth

are needed. Furthermore, feedback mechanisms are expected to be closely related with

the correlations between the BH mass and the host spheroid (e.g., Silk and Rees 1998).

As seen above, the existence of high-z SMBH connects various phenomena and physical

processes, and thus the scenarios to explain their origin are required to be consistent

with all observational facts.

1.2 Growth processes of SMBHs

The existence of such SMBHs formed within . 1 Gyr from Big Bang (e.g., Fan 2006)

poses serious constraints on their formation and evolution scenarios. Several authors

have studied models for the SMBH growth by gas accretion and merger (e.g., Haiman

and Loeb 2001; Volonteri et al. 2003; Li et al. 2007; Tanaka and Haiman 2009), starting

from ordinary-massive BHs with 10 − 100 M�, which are remnants of first generation

of stars. However, various negative feedbacks prohibit their rapid growth. As an

alternative solution, massive seed BH formation (& 105 M�) formed by the direct

collapse of supermassive stars. We here review theoretical studies about the SMBH

growth process (gas accretion and merger) in section 1.2.1 and 1.2.2, and the recent
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alternative scenario of the massive seed formation in section 1.2.3.

1.2.1 Gas accretion

We first consider the BH growth via gas accretion. Considering the accreting gas onto

the BH has the specific angular momentum exceeding ∼ rISCOc, where rISCO is the

radius of the innermost stable circular orbit, an accretion disk is formed around the

BH because of the centrifugal barrier. In the disk, the gas accretes to the central

BH releasing the gravitational energy as the radiation by transporting the angular

momentum via the viscous friction. Assuming that portion of the gas rest-mass energy

is converted to the radiation, the luminosity of the disk is written by L = εṀBHc2,

where ṀBH is the accretion rate and ε is the radiative efficiency which depends on

the properties of the central BH and accretion disk. The typical value is estimated as

ε ' 0.06 for a non-rotating (schwarzschild) BH and ε ' 0.4 for a maximally rotating

BH and prograde disk (e.g., Shapiro and Teukolsky 1983).

From the luminosity function of bright QSOs, the mass density of the gas accreting

onto the bright QSOs is estimated as ρBH ' (2−4)×105 (ε/0.1)−1 M� Mpc−3, assuming

the QSO luminosity is given by L = εṀBHc2. On the other hand, the mass density of

the local BH (non-active phase) is also estimated as ρBH ' (3 − 6) × 105 M� Mpc−3.

Since the two values are similar, thus the bright QSOs at high-z universe are inferred

to grow via gas accretion at the radiative efficiency of ∼ 10%. This estimation suggests

that the gas accretion is the dominant process of the SMBH growth in the early universe

(e.g., Soltan 1982; Yu and Tremaine 2002; Marconi et al. 2004). We here note that

this argument is valid for the average BH growth. many authors have considered other

processes of the SMBH growth by merger (see section 1.2.2) or (low radiative efficiency)

super-Eddington accretion (e.g., Begelman 1978; Abramowicz et al. 1988; Ohsuga et al.

2005).

Next, we estimate the initial conditions required to form the SMBH with ∼ 109 M�

until z ∼ 6. We here consider the case of L = LEdd (if L > LEdd, the outward radiation

pressure force exceeds the gravity of the central BH and thus the gas accretion is

prohibited). Under this conservative assumptions of the constant radiative efficiency,

the growth of the BH mass is simply described by

dMBH

dt
= (1 − ε)ṀEdd =

1 − ε

ε

MBH

tEdd

, (1.2)

where ṀEdd = LEdd/(εc
2) is the Eddington accretion rate and tEdd = MBHc2/LEdd '

0.45 Gyr. From this equation, the BH mass is expressed as a function of the time,

MBH(t) = MBH(t0) exp

(
1 − ε

ε

t − t0
tEdd

)
, (1.3)

where MBH(t0) is the seed BH mass and t0 the initial time when the gas accretion

begins. As an example, considering a seed BH formed at z = 20 (t0 ' 0.2 Gyr), the
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required seed mass to form the observed SMBHs (∼ 109 M�) until z = 6 is estimated

as & 102 M� for ε = 0.1. Recent simulations suggest that first generation stars (so-

called Pop III stars) are ordinary massive star with 10−102 M� (Hosokawa et al. 2011;

Stacy et al. 2012; Hirano et al. 2013). Thus, the remnant BHs of Pop III stars could

be the promising seed BHs which manage to achieve the SMBH formation until z ∼ 6.

For more distant QSOs (z & 6), the additional assumptions (e.g., super-Eddington

accretion or low radiative efficiency) are needed to explain their formation.

In the above rough discussion, only the idealized situations for the BH growth are

considered. To evaluate the BH growth more accurately, the negative feedbacks due

to the radiation from the central accretion disk must be discussed. Milosavljević et al.

(2009) investigated the gas structure of the accretion flows near the remnant BH (∼
102 M�) of Pop III stars at the range of 102 − 103 AU, performing the hydrodynamical

numerical simulation. The accretion onto the central BH occurs episodically rather

than the continuous accretion. The resultant accretion rate is lower than the Eddington

accretion rate by one order of magnitude because of the strong radiative force. The

photo-ionization and heating due to the accretion disk also reduces the accretion rate

from the larger scale (∼ 1 kpc) to the central region, whose rate is smaller than

the Eddington rate by several orders of magnitude (Alvarez et al. 2009; Jeon et al.

2012). This is because the accretion rate in the outer-region is limited by the Bondi

rate, ṀBH ' G2M2
BH ρ/c3

s ∝ T
−3/2
gas , where ρ, cs and Tgas are the density, speed of

sound, and temperature of the ambient gas, respectively. Thus, the radiative heating

strongly decreases the accretion rate, which results the SMBH growth time much longer

than that estimated by equation (1.3). To understand the SMBH growth via gas

accretion, it is required to investigate the global properties of gas inflows over the

wide spacial scale. Recent simulation by Di Matteo et al. (2012) have performed

the cosmological simulations considering the hierarchical structure formation and BH

growth consistently. They have concluded that assuming a massive seed BH with

∼ 105 M�, the seed BH can grow to supermassive until z ∼ 6 fed by cold gas inflow

due to the galaxy formation.

1.2.2 BH merger

As another process of the BH growth, the BH merger has been considered. When the

galaxies hosting BHs at the center merge, the BHs loses the orbital angular momentum

and finally could merge each other. The key point for this process is how the angular

momentum of the binary BH is extracted. After the galaxy merging, the binary BH

sinks to the galaxy center and its orbit shrink because of the dynamical friction and

the three-body (or multi-body) encounter with the surrounding stars. Begelman et al.

(1980) pointed out that the orbital decay time becomes much longer than the Hubble

time at the binary separation of ∼ 1 pc because the number of the stars which receive

the angular momentum of the binary BH decreases. This is called final parsec problem,
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which has been considered to be a crucial problem. However, some authors thereafter

found that the extraction of the orbital angular momentum of the binary BH works

effectively and thus the separation could shrink to � 1 pc in the non-spherical (i.e.,

axisymmetric or triaxial) or non-static potential (e.g., Yu 2002; Merritt and Poon

2004). Moreover, the transport of the binary angular momentum to the circumbinary

disks, which is expected to form in the gas-rich galaxy, has been also considered (e.g.,

Armitage and Natarajan 2002; Milosavljević and Phinney 2005; Hayasaki et al. 2007;

MacFadyen and Milosavljević 2008; Cuadra et al. 2009; Haiman et al. 2009). Once the

binary orbit decays sufficiently, the gravitational radiation becomes the main process

transporting the orbital angular momentum. Then, the orbital decay time caused by

the gravitational wave emission is estimated as

tGW ' 0.25 Gyr
( a

0.2 AU

)4
(

MBH

102 M�

)−3

, (1.4)

where a is the binary separation and we assume the circular orbit of the equal-mass

binary BH. For the ordinary massive BHs (∼ 102 M�), the very close binary of a . 1

AU is at least required to merge within the age of the universe at z & 10 (∼ 0.5 Gyr).

Even if the binary coalescence occurs by emitting the gravitational wave, there

remains other difficulties of the BH growth in the early universe. When the two BHs

have unequal mass or spins, the strong gravitational wave is emitted to a definite

direction. Then, the coalesced BHs receive the momentum and thus are recoiled in

the opposite direction of the gravitational wave emission. The recoil velocity depends

on the mass ratio and their spin configurations (amplitudes and directions) and is

typically vrecoil ≥ 100 km s−1 (Herrmann et al. 2007; Koppitz et al. 2007) In the case

of the untiparallel spins, it can reach as high as 4 × 103 km s−1 (Campanelli et al.

2007). As we see in next chapter, typical haloes in a high-redshift universe tend to be

low mass and their escape velocity (∼ a few ×10 km s−1) is smaller than the recoil

velocity. If BHs are ejected from their host haloes in merging events, the BH growth

process must repeat again from scratch, which results in the suppression of the BH

growth through the merger events.

1.2.3 Alternative scenarios

As a solution to this, the alternative possibility of massive seed BH formation by

the direct collapse of supermassive stars (SMSs: & 105 M�) has been considered by

some authors. The evolution and general relativistic instability of SMSs have been

investigated by many authors (Chandrasekhar 1964a,b; Zeldovich and Novikov 1971;

Shapiro and Teukolsky 1983). Among them, Shibata and Shapiro (2002) calculated the

collapse of a rotating SMS into a SMBH and found that most of the mass originally

in the SMS is eventually locked in the BH (MBH ' 0.9 MSMS). This massive seed BH

as a remnant of SMS collapse reduces the growth time to & 109 M� within 0.46 Gyr,

which is as long as tEdd and mitigates the growth-time problem by a big margin.
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To form SMSs in the cosmological context, the two key physics have been discussed;

(1) angular momentum barrier and (2) fragmentation and star formation. Through the

hierarchical structure formation, a collapsing object is exerted the tidal torque from

neighboring density perturbations (Peebles 1969; Doroshkevich 1970; Efstathiou and

Jones 1979; White 1984). If the gas has the angular momentum enough to form disks,

the fragmentation could be effectively promoted and thus massive objects are hardly

formed. The early studies discussed the extraction of the angular momentum of the

gas through the Compton frictions with the cosmic microwave background (CMB)

radiation (Loeb 1993; Umemura et al. 1993) and due to the non-axisymmetric spiral

structures caused by the gravitational instability (Shlosman et al. 1989, 1990; Loeb

and Rasio 1994; Begelman and Shlosman 2009). Furthermore, the possibility that

SMSs and SMBHs are formed in halos with low spin angular momentum has been also

proposed (Eisenstein and Loeb 1995).

Thereafter, formation of SMSs and their subsequent collapse directly to the BHs

in the protogalaxies (z & 10 and Tvir & 104 K) has been envisaged (e.g., Bromm and

Loeb 2003; Begelman et al. 2006; Lodato and Natarajan 2006). Here, primordial gas

clouds more massive than 105 M� are supposed to contract monolithically to form

stars without strong fragmentation. Since rapid H2 cooling, which is the main cooling

process in the early universe, causes fragmentation of the primordial gas cloud, for the

SMS formation, suppression of H2 formation is required by some means. Examples of

such means are: the photodissociation by far-ultraviolet radiation from nearby stars

(e.g., Omukai 2001; Bromm and Loeb 2003; Omukai et al. 2008; Regan and Haehnelt

2009a,b; Shang et al. 2010; Johnson et al. 2011; Inayoshi and Omukai 2011; Agarwal

et al. 2012; Johnson et al. 2013), and the collisional dissociation in dense and hot

gas (Inayoshi and Omukai 2012). As other process suppressing fragmentation, the

gas heating by the ambipolar diffusion of the primordial magnetic field has been also

considered (Sethi et al. 2010). In all cases, the primordial gas collapses isothermally

at T ∼ 8000 K via H atomic cooling (Omukai 2001) and no major fragmentation is

observed in numerical simulations during this phase (Bromm and Loeb 2003; Regan

and Haehnelt 2009a,b). In chapter 2, we describe the SMS formation process and its

difficulties in more detail.

1.3 Organization of this thesis

This thesis is organized as follows. Chapter 2 is devoted to reviews of previous works,

and our works are described in the remaining chapters.

In chapter 2, we review the formation of galaxies and stars in the early universe.

Among them, we focus on the formation of supermassive stars as seeds of the observed

high QSOs.

In chapter 3 and 4, we present the discussion of our two papers:
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• K. Inayoshi and K. Omukai, “Effect of cosmic ray/X-ray ionization on supermas-

sive black hole formation,” Monthly Notices of the Royal Astronomical Society,

416, 2748 (2011).

• K. Inayoshi and K. Omukai, “Supermassive black hole formation by cold accretion

shocks in the first galaxies,” Monthly Notices of the Royal Astronomical Society,

422, 2539 (2012).

We investigate the formation scenario of supermassive clouds in the high-z galaxies.

First, we mention about negative feedback on the supermassive star formation due to

the cosmic rays / X-rays. Next, we propose a new scenario to form supermassive stars

which is consistent with the galaxy formation. Our scenario does not assume the strong

far-ultraviolet radiation, which is required in the previous studies.

In chapter 5, we show the results of numerical simulations about the subsequent

collapse of a supermassive cloud. This study is still unpublished. Nevertheless, we

discuss it because the collapse phase (e.g., efficiency of fragmentation) is the most

important topic in the supermassive star formation.

In chapter 6 and 7, we present the discussion of our two papers:

• K. Inayoshi, T. Hosokawa, and K. Omukai, “Pulsational instability of supergiant

protostars: do they grow supermassive by accretion?,” Monthly Notices of the

Royal Astronomical Society, 431, 3036 (2013).

• T. Hosokawa, H. W. Yorke, K. Inayoshi, K. Omukai, and N. Yoshida, “Formation

of Primordial Supermassive Stars by Rapid Mass Accretion” The Astrophysical

Journal, 778, 178 (2013).

We investigate the evolution and stability of the supermassive star under the proto-

stellar phase. We also discuss whether the protostar can grow up to a supermassive

star via rapid accretion.

In the last chapter, we summarize our results and discuss future works.



Chapter 2

Supermassive star formation in the

first galaxies: Overview

In this chapter, we overview the formation of supermassive stars (SMSs), which could

evolve to seeds of SMBHs in the high-z universe. In section 2.1, the formation of

first galaxy, which is the first object forming many stars in the universe, is briefly

described. Stars formed in the first galaxies are affected by the stellar activities of

stars born before (e.g., ultra-violet radiation, cosmic rays, X-rays, and supernovae). In

section 2.2, the SMS formation from primordial gas irradiated by strong far ultraviolet

(FUV) radiations is discussed. The probability of the SMS formation due to strong

FUV in the early universe are reviewed in section 2.3. Finally, we review the evolution

of the protostellar phase of SMSs in section 2.4.

2.1 Formation of first galaxies

2.1.1 Structure formation

In the present-day universe, there are many structures over the various spacial range

from galaxy clusters to the solar system. Our current understanding of the structure

formation is base on the Λ cold dark matter (CDM) model, which is supported by

observations of the cosmic microwave background (CMB), galaxy distribution, type Ia

supernovae (e.g., Riess et al. 1998; Perlmutter et al. 1999; Spergel et al. 2003; Knop

et al. 2003; Eisenstein et al. 2005; Kowalski et al. 2008; Komatsu et al. 2009). The

ΛCDM model suggests that the large-scale structure has been hierarchically formed

via growth of density fluctuations with smaller scale. As the amplitude of the density

fluctuations increases to the non-linear regime, the DM collapses and reaches an equi-

librium state, a so-called virial equilibrium. According to many numerical simulations

of the cosmological structure formation (e.g., Springel et al. 2005), DM halos merge

each other and form filamentary structure, which results in the assembly of more mas-

sive halos in the intersections of the filaments. Although the properties of such complex

8
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structures are difficult to describe analytically, we can roughly understand them as-

suming the spherical collapse of matters. By this assumption of the non-linear theory

of the density perturbations, the radius of the virialized DM halo is estimated as

Rvir = 0.784h−1 kpc

(
M

108h−1 M�

)1/3 (
Ωm

Ωz
m

∆c

18π2

)−1/3 (
1 + z

10

)−1

, (2.1)

where M is the halo mass, z the redshift at the virialization,

∆c = 18π2 + 82(Ωz
m − 1) − 39(Ωz

m − 1)2, (2.2)

and

Ωz
m =

Ω(1 + z)3

Ωm(1 + z)3 + ΩΛ

, (2.3)

(Bryan and Norman 1998). From the equilibrium between the gravity and velocity

dispersion, the virial temperature of the halo is defined as

Tvir =
µmH

2kB

GM

Rvir

(2.4)

= 1.98 × 104 K
( µ

0.6

) (
M

108h−1 M�

)2/3 (
Ωm

Ωz
m

∆c

18π2

)1/3 (
1 + z

10

)
,

where µ is the mean molecular weight of the baryonic gas and mH the hydrogen mass.

We here note that this is the simplest description of the non-linear structure formation.

Thereafter, more sophisticated formulations considering the non-spherical objects have

been constructed (e.g., Sheth and Tormen 2002). Nevertheless, the spherical collapse

model has been widely used because of its simplicity and accordance with a number of

cosmological simulations.

Then, when and where do first galaxies form in the framework of the hierarchi-

cal structure formation? We here consider that first galaxies must be massive hosts

enough to retain large amounts of gas for star formation, even if the radiative and

mechanical feedbacks happen inside the galaxies. Since ionization photons (> 13.6 eV)

from massive stars heat up the surrounding gas to ∼ 104 K, the DM halo of the the

first galaxy is required to be more massive as Tvir > 104 K. Moreover, recurrent SNe

could remove the ionized gas from the first galaxy. Many authors have investigated

the propagation of the SN shock and the fate of the gas in DM halos (e.g., Mori et al.

2002; Bromm et al. 2003). For the explosion energy of ∼ 1051 − 1053 erg, the efficiency

of the conversion to the thermal energy is not so high because of the radiative loss,

depending on the density profile of the surrounding gas. Then, in more massive halos

with & 107 M�, the gas is confined by the deep gravitational potential without blow-

ing. (e.g., Kitayama and Yoshida 2005; Greif et al. 2007; Whalen et al. 2008). In such

massive halos, some kinds of the feedback effect do not prevent the subsequent star

formation can actively proceed. In this paper, we define the first galaxies as massive

halos with M > 107−8 M� and Tvir > 104 K (e.g., Bromm and Yoshida 2011).
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Figure 2.1: The cooling function (erg s−1 cm3) of primordial gas (Z = 0) for atomics

(solid) and H2 molecules (dashed) as a function of the temperature. The H2 abundance

is assumed as y(H2) = 10−3.

2.1.2 Cold accretion flows

In the first galaxies, the gas falls into the deep gravitational potential well of the massive

halo and heat up to the virial temperature > 104 K. After the virialization, the gas

begins to collapse via radiative cooling and finally form stars. Figure 2.1 shows the

cooling rate of primordial gas (Z = 0) for atomics (solid) and H2 molecules (dashed)

as a function of the temperature. The two peaks of the atomic cooling rate present the

transition of H (Lyα emission; ∼ 104 K) and He (∼ 105 K), respectively, wheres the

H2 cooling works for lower temperature regime (103 < T < 104 K) if H2 is formed in

the gas. Since the gas temperature rises to > 104 K at the center of the first galaxy,

the Lyα cooling become the main cooling process. Since the cooling rate via the Lyα

emission is high, the cooling time of the gas is shorter than the Hubble time (age of

the universe) and thus star formation is efficiently driven in the halo, which is called

the atomic cooling halo.

In the conventional description of the gas virialization, the gas fallen into the DM

halo heats up to the virial temperature and the shocks propagate toward the virial

radius. Since the cooling rate is high in the atomic cooling halos (Tvir > 104 K),

however, the behavior of the shock propagation should change depending on the cooling
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Figure 2.2: The density (left) and temperature (right) of the primordial gas collapsing

into an atomic cooling halo at z ' 10. The dashed lines show the size of the the

virial radius (∼ 1 kpc). Since the shock position shrinks inside the virial radius owing

to efficient Lyα cooling, the accreting cold gas penetrates deep to the centre through

dense filamentary flows. This figure is taken from Greif et al. (2008).

time. According to the linear stability analysis by Birnboim and Dekel (2003) and Dekel

and Birnboim (2006), the post-shock region with radiative cooling is unstable against

the self-gravity when the post-shock pressure and density are satisfied with

γeff ≡ Ṗ

P

ρ

ρ̇
<

2γ

γ + 2
3

, (2.5)

where γeff is the effective adiabatic index with radiative cooling and γ = (∂ ln P/∂ ln ρ)ad.

For a monotonic gas (γ = 5/3), γeff = 10/7. We note that this stability condition is

equivalent to γ < 4/3, which is the condition for an adiabatic sphere given by the virial

theorem, if γeff = γ (i.e., no cooling). When we rewrite the stability condition using

the energy conservation

ė =
P

ρ2
ρ̇ − Λ

ρ
, (2.6)

we obtain

γeff = γ − Λ

ρe

ρ

ρ̇
, (2.7)

≡ γ − tcomp

tcool

,
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where · is the Lagrange time derivative, e the specific energy, Λ the cooling rate, tcomp =

ρ/ρ̇ the compression time scale, tcool = ρe/Λ the cooling time scale. Therefore, we find

the condition (2.5) roughly means that the radiative cooling in the post-shock region

exceeds the energy deposit due to the accretion flows (i.e., tcool . tcomp). Assuming

that the post-shock velocity is proportional to the radius (Birnboim and Dekel 2003),

the compression time is expressed as

tcomp = − 1

r2

∂

∂r
(r2u) = −3u2

rsh

, (2.8)

where u(r) = u2(r/rsh), and u2 rshis the post-shock velocity and rsh the position of the

shock. Since the pre-shock velocity is simply written as u1 = u2(γ + 1)/(γ − 1) under

strong shock limit when the shock does not move, tcomp ∼ u1/rsh. Thus, we obtain the

critical value of the cooling function (Λ̄ = Λ/n2
H, where nH is the number density of

hydrogen nuclei) as a function of quantities in the pre-shock flow,

Λ̄ > Λ̄crit ∼ 0.02
m2

H|u1|3

ρ1rsh

. (2.9)

Assuming rsh ' Rvir and u1 '
√

2GM/Rvir, we estimate the critical value Λ̄crit '
2.4 × 10−25 erg s−1 cm3 for the atomic cooling halo (M ' 108 M� and z ' 10), which

is much less than the value for the Lyα emission (& 10−23 erg s−1 cm3) shown in

Figure 2.1. Therefore, since the post-shock gas is gravitationally unstable for the gas

in the atomic cooling halo, the virial shocks do not propagate outward and instead

shrinks within the virial radius, which result in the different description of the galaxy

formation from the conventional ones.

Recent numerical simulations of galaxy formation have revealed that in the atomic

cooling halos (Tvir > 104 K), the shock position does not stay at the virial radius

and shrinks inside owing to efficient Lyα cooling. As seen in Figure 2.2, the accreting

cold gas penetrates deep to the centre through dense filamentary flows (Birnboim and

Dekel 2003; Kereš et al. 2005; Dekel and Birnboim 2006; Dekel et al. 2009; Bromm and

Yoshida 2011). The supersonic flows form the core supported by the kinetic energy of

turbulence with high Mach number. The turbulent flows collide each other and the

resultant shock develops a hot and dense (T & 104 K and n & 10− 103 cm−3) gas near

the centre (Wise and Abel 2007; Greif et al. 2008; Wise et al. 2008). This cold accretion

flows could effectively drive star formation by suppling the gas into the central region.

2.2 Star formation of second generation stars

In this section, we consider formation of 2nd generation stars, which are affected by

stellar feedbacks from stars born before. The very first stars (so-called Pop III stars)

would be more massive (∼ 100 M�) and hotter (Teff ∼ 105 K) than Pop I/II stars

in present-day because of the absence of the metals (e.g., Marigo et al. 2001, 2003).
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Therefore, Pop III stars emit a large amount of UV photons and have influences on the

subsequent star formation. In what follows, we reviewed the development of the UV

radiation background in the early universe (section 2.2.1), star formation under UV

radiations (section 2.2.2), and formation of SMSs as a special case (section 2.2.3 and

2.2.4).

2.2.1 UV radiation background in the early universe

Pop III stars emit a large amount of UV photons since they are massive stars and have

hot atmosphere. The typical effective temperature is so high (Teff ∼ 105 K) that the

spectrum of the galaxies including many Pop III stars is much different from that of

Pop I/II galaxies. Remarkably, a large number of the ionizing photon (hν ≥ 13.6 eV)

is emitted from Pop III galaxies compared to that of Pop II/I galaxies. Such ionizing

photons from Pop III galaxies are expected to ionize the neutral hydrogens in the inter-

galactic medium (IGM) and thus proceed the cosmic re-ionization. The size of the

ionization region is limited by the balance between the ionization and recombination.

On the other hand, since photons with energy lower than 13.6 eV does not contribute

the ionization of H and He, they propagate outside the ionization radius. Among

them, the far UV (FUV) photons at the Lyman-Werner band (11.2eV ≤ hν ≤ 13.6eV)

dissociate H2 molecules via

H2 + γ → 2H. (2.10)

Therefore, the photo-dissociation regions of H2 molecules can expand outside the ion-

ization regions. In other words, the background of FUV photons dominates before the

ionization regions develop enough to achieve the cosmic re-ionization. The develop-

ment of the UV radiation background at the initial epoch of cosmic reionization has

been studied by Haiman et al. (1997), assuming the the intrinsic radiation spectrum

(i.e., before absorptions) as

J(ν) = J21 × 10−21

(
ν

νL

)−1

erg s−1 cm−2 sr−1 Hz−1, (2.11)

where hνL = 13.6 eV and J21 is the intensity of photons at the Lyman limit (νL).

Since ionizing photons (hν ≥ 13.6 eV) are strongly absorbed by neutral H and He, the

UV background is developed by low energy photons. Most of the FUV photons also

contribute to the background radiations even in the face of the absorption due to the

H lines (e.g., Lyman series).

The average intensity of FUV radiation background is roughly estimated as a func-

tion of the star-formation rate (SFR) per comoving volume Ψ∗(z) and redshift z (Greif

and Bromm 2006),

JLW ' hc

4πmH

( ν̄

∆ν

)
ηLWρ∗(z)(1 + z)3, (2.12)

where h is the Planck constant, c the speed of light, ν̄ the average frequency of the LW

band (hν̄ = 12.4 eV), ∆ν the LW band width (h∆ν = 2.4 eV), ηLW the number of FUV
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photons radiated per Pop III stellar baryon, ρ∗ the stellar mass density producing the

background FUV photons. Johnson et al. (2013) evaluated ρ∗(z) from ρ∗(z) = Ψ∗(z)t∗,

where t∗ their lifetime (∼ 5 Myr). Then, equation (2.12) is rewritten as

J21 ' 0.2
(ηLW

104

) (
Ψ∗(z)

10−3 M� yr−1 Mpc−3

) (
1 + z

10

)3

. (2.13)

ηLW is estimated as ' 2 × 104 for Pop III stars with a top-heavy IMF and ' 4 × 103

for Pop I/II stars with a Salpeter-like IMF, respectively (Schaerer 2002).

When the FUV radiation background develops, H2 molecules are photo-dissociated

in minihalos of M ∼ 106 M� and Tvir ∼ 103 K, which results in strong suppression of

further star formation (Haiman et al. 1997). As the intensity of the FUV background

increases, the mass threshold of the DM halo where the star formation can take place

increases as M = (1.25 + 8.7J21)× 105 M� (Machacek et al. 2001) and thus the epoch

of star formation delays. Moreover, Omukai and Nishi (1999) show that a massive Pop

III star totally photo-dissociate the H2 molecules in their own minihalo. In the both

cases, H2 molecules in minihalos are easily dissociated by the FUV radiation emitted

from Pop III stars, which prevents the subsequent star formation. Even if the FUV

background develops to J21 > 0.04, star formation is led by the H atomic cooling in

massive halos of M > 107 M� and Tvir & 104 K (O’Shea and Norman 2008).

2.2.2 Thermal evolution of the irradiated primordial gas

As the FUV radiation background is built up over the IGM, star formation from pri-

mordial gas is affected by the H2 photo-dissociation process. Figure 2.3 presents the

thermal evolution of a cloud irradiated with the FUV radiations for various intensities

(0 ≤ J21 ≤ 105). The FUV spectrum is assumed to be the power law, J(ν) ∝ ν−1,

given by equation (2.11).

First we see the case of no-FUV (J21 = 0), where the cloud collapses along the

standard H2-cooling track (e.g., Palla et al. 1983). Following the initial adiabatic

rise up to ∼ 1000 K, the temperature starts decreasing owing to the H2 cooling. H2

molecules are produced through the H− channel,

H + e− → H− + γ, (2.14)

H− + H → H2 + e−, (2.15)

until the critical density ' 104 cm−3, where the H2 level-populations reach the local

thermodynamic equilibrium (LTE) and the cooling rate per unit mass saturates. The

temperature thereafter increases again gradually by the compressional heating towards

higher density. Addition of a FUV field affects the evolution in the following way.

As seen in the cases with J21 ≤ 102, with increasing radiation intensity, the initial

adiabatic phase continues until higher density and temperature, where the H2 column

density becomes high enough for efficient self-shielding against photodissociation. Once
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Figure 2.3: Density-temperature diagram of primordial gas irradiated with FUV radi-

ations for J21 = 0, 10−2, 1, 102, 104, and 105. For J21 ≤ 104, the gas cools and collapses

via H2 line cooling (T ∼ 1000 K), wheres the gas collapses isothermally keeping high

temperature (T ∼ 8000 K). This figure is taken from Omukai (2001).

the H2 cooling becomes effective, the temperature decreases and gradually converges

to the track in the no-FUV case. For J21 = 104, before the onset of H2 cooling, the

temperature reaches ' 8000 K and stays almost constant around 103 cm−3 owing to the

H Lyα cooling. This short isothermal phase is followed by a rapid temperature drop

by the H2 cooling. As in the cases with lower FUV fields, the temperature converges

towards the no-FUV track.

On the other hand, when a FUV field exceeds a critical value J21 ≥ 105, the tem-

perature evolution is qualitatively altered. The isothermal evolution at ' 8000 K

continues until very high density (∼ 1016 cm−3) and the H2 cooling never becomes

important. This bifurcation of thermal evolution originates from the fact that if the

H2 formation is prevented until the critical density for LTE, sufficient H2 never forms

because, at higher density, (i) the amount of H2 needed for cooling increases (ii) colli-

sional dissociation from the excited ro-vibrational levels of H2 becomes effective, which

reduces the H2 fraction (Omukai 2001).

Figure 2.4 shows the dominant cooling and heating processes in the gas for the case

of J21 = 105. As the isothermal collapse proceeds until > 106 cm−3, the dominant

cooling process changes to two-photon emissions (the transition line from the 2s state
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Figure 2.4: Heating and cooling rate (erg s−1 g−1) of primordial gas irradiated with

FUV radiations for J21 = 105 as a function of the gas density. Each line presents

the compressional heating (solid), chemical heating/cooling (dotted), H line emission

(short-dashed), two photon emissions (dot-dashed), continuum cooling (dashed), H2

line emissions (long-dashed). This figure is taken from Omukai (2001).

to 1s state of atomic hydrogen) because the Lyα emission becomes optically thick. For

the density higher than 108 cm−3, the continuum cooling (the free-bound and free-

free emissions of H− ions) dominates and leads further collapse until n ∼ 1016 cm−3.

Finally, the gas becomes completely optically thick for n > 1016 cm−3 and thus the

adiabatically hydrostatic core forms at the center of the cloud. The mass of the formed

protostar is estimated as the Jeans mass at the epoch of the formation of the adiabatic

core ∼ 0.03 M�, which is somewhat larger than that in formation of usual Pop III

stars.

2.2.3 The value of the critical FUV intensity

With the FUV flux increasing and reaching a threshold value, the thermal evolution

of the irradiated primordial gas does change. The value of the critical FUV intensity,

Jcrit, has been studied by several authors (Omukai 2001; Bromm and Loeb 2003; Shang

et al. 2010; Inayoshi and Omukai 2011; Wolcott-Green et al. 2011). Since the star-

forming galaxies and mini-quasars as sources of FUV radiations, some kinds of the FUV

spectrum are often assumed to have a diluted thermal spectrum, J(ν) ∝ Bν(T∗), with

brightness temperature T∗ = 104 and 105 K, corresponding to that from assembly of
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metal-enriched stars or massive Pop III stars, respectively, and a power-law J(ν) ∝ ν−1.

The values of the critical FUV flux are Jcrit,21 ' 103 (for T∗ = 104 K) and Jcrit,21 '
105 (T∗ = 105 K and power-law), respectively, by an one-zone model (Omukai 2001)

and three-dimensional hydrodynamical simulation (Bromm and Loeb 2003). For the

same value of J21 at the Lyman limit, the rate of H2 photodissociation, which proceeds

via absorption of photons of 11.2 − 13.6 eV does not vary so much for different values

of T∗. On the other hand, the rate of H− photodissociation,

H− + γ → H + e−, (2.16)

whose threshold energy (0.755 eV) is far below the Lyman limit, is significantly affected

with change of T∗ even with the same J21. For example, this rate is 2 × 104 times

higher for T∗ = 104 K than that for T∗ = 105 K with the same J21. Since H− is the

intermediary in the H2-forming reaction (equation 2.14 and 2.15), the H2 concentration

depends sensitively on T∗.

Subsequently, Shang et al. (2010) performed three-dimensional hydrodynamical

simulations and studied the dependence of the critical FUV flux on the radiation spec-

trum. They suggested that the value of Jcrit alleviates more than expected in the

previous works, because the reaction rate of the H2 collisional dissociation

H2 + H → 3H, (2.17)

is previously underestimated around the H2 LTE, which results in 30 < Jcrit,21 < 300

(104 < Jcrit,21 < 105) for the diluted thermal spectrum with T∗ = 104 K (105 K,

respectively) depending on the properties of host halos. Moreover, Wolcott-Green

et al. (2011) improved the effect of the H2 self-shielding against the FUV radiations

from a simple fitting formula given by Draine and Bertoldi (1996). Using the new

H2 shielding factor, the critical FUV flux for T∗ = 105 K is reduced by an order of

magnitude to Jcrit,21 ' 104 (Inayoshi and Omukai 2011; Wolcott-Green et al. 2011)

2.2.4 Supermassive star formation

As you see in the previous section, the strong FUV radiation dramatically change the

thermal evolution of primordial gas. How do the differences affect the properties of

protostars formed at the center of the cloud? The dependence of gas fragmentation

on the thermal state has been studied by many authors using both of the analytical

arguments and numerical simulations (e.g., Larson 1985; Li et al. 2003). In cases

of weak FUV intensities with J21 ≤ 104 (see Figure 2.3), the temperature rapidly

decreases via H2 cooling, which results in a soft equation of state γeff < 1, where

P ∝ ργeff . Then, non-spherical perturbations grows to form filamentary clouds and

efficient fragmentation occurs at n ' 104 cm−3, where H2 molecules reach the LTE

and its cooling saturates (γeff & 1). The mass of fragments is typically determined

by the Jeans mass at the temperature loitering point (n ∼ 104 cm−3 and T ∼ 500 K)
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Figure 2.5: Density distribution of DM particles and gas in the atomic cooling halo

irradiated with strong FUV radiations (J21 = 105). This figure is taken from Bromm

& Loeb (2003)

and estimated as Mcloud ∼ 103 M�. On the other hand, the gas irradiated with strong

FUV radiations (J21 > 105) continues to collapses isothermally (γeff ' 1) instead of the

rapid cooling. In such a case, the gas is expected to collapses runaway approaching a

self-similar density profile (Penston 1969; Larson 1969) without efficient fragmentation.

However, the self-similar solution could be unstable against the bar-mode perturbations

(Hanawa and Matsumoto 2000; Lai 2000), which could prompt the gas fragmentation.

In this way, the efficiency of fragmentation is non-trivial because of a lot physical

processes and thus three-dimensional hydrodynamical simulations are needed to study

this topic.

Figure 2.5 presents the results of the three-dimensional numerical simulation of

the evolution of the gas where H2 formation is suppressed by strong FUV. The four

panels indicate the spatial distributions of the DM particles (top) and gas (bottom)

at z = 10.3 with initial density fluctuations and no rotation. The gas falls into the

deep gravitational potential of the DMs and become the virial state without efficient
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Figure 2.6: Density distribution of a collapsing supermassive cloud within ∼ 2 pc from

the center. These figure present the result of Regan and Haehnelt (2009a)

fragmentation, which results in formation of a supermassive cloud with M ∼ 2.7 ×
106 M�. Bromm and Loeb (2003) also performed the simulation of cases that DMs and

gas have the angular momentum due to the tidal force during structure formation. The

strength of the rotation is often characterized by the (non-dimensional) spin parameter

defined by

λ =
J |Etot|1/2

GM5/2
, (2.18)

where J is the angular momentum and Etot the total energy of the system. As a result

of typical spin case λ = 0.05, which is given by most cosmological simulations, the gas

fragments into two supermassive cloud, whose mass are larger than ∼ 106 M�.

Similar simulations have been performed by Regan and Haehnelt (2009a,b) and

Shang et al. (2010) using the adaptive mesh refinement (AMR) code. These results

show that no efficient fragmentation and massive disk formation (see Figure 2.6), which

are basically consistent with that of Bromm and Loeb (2003). Most recent work by

Latif et al. (2013a,b) studied the collapse phase until n ∼ 1016 cm−3 (ρ ∼ 10−8 g

cm−3), where the protostellar formation is expected, and obtained the similar results

as the previous ones. However, these results have significant problems. One is the

oversimplification of the cooling processes in the collapsing gas. Most previous works

considered only Lyα cooling which is assumed to be the optically thin limit. As you

see in Figure 2.4, the dominant cooling process is the continuum emissions at high

density regime (n > 108 cm−3) because the Lyα emission becomes optically thick.

Since the temperature dependence of the cooling rate of the continuum radiations is

much stronger than that of the Lyα emission, thermal evolution is expected to change
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from the previous results. Second is turning off H2 molecular cooling or elevating the

photo-dissociating FUV background field by hand. In the gas, H2 molecules are formed

through the three-body reaction and its abundance rapidly increases at high density

> 1010 cm−3, which could lead to efficient cooling and fragmentation. In chapter***,

we again consider these problems in more detail.

2.3 Possibility to form supermassive stars

In the previous section, we introduced the formation scenario of seed BHs in the early

universe through the direct collapse of supermassive stars, which are formed from

primordial gas irradiated with strong FUV radiations. In this section, we discussed

whether supermassive stars are actually formed in the early universe z & 10. Main

topics reviewed in this section are the following two: (1) rarity of the atomic cooling

halos irradiated with FUV flux stronger than Jcrit and (2) effects of the metal pollution

on the gas thermal evolution. In addition to these, we also discussed the negative effect

of cosmic ray / X-ray ionization on the SMS formation in chapter 3.

2.3.1 Rarity of halos irradiated with J21 > Jcrit

We first consider how many atomic cooling halos are exposed to strong FUV radiation

(J21 > Jcrit ∼ 103 − 105) in the early universe at z & 10. As seen in section 2.2.1, the

FUV radiation background at z & 10 is estimated J21 ∼ 0.1−1, which is much smaller

than the critical intensity required to suppress the H2 cooling completely. Then, the

promising sites to form SMSs are very rare atomic cooling halos exposed to the FUV

radiations from close luminous star-forming galaxies within . 10 kpc (Dijkstra et al.

2008). Dijkstra et al. (2008) estimated the rarity of the atomic cooling halos at z = 10

irradiated with the FUV flux stronger than Jcrit,21(> 103) using the Press-Schechter

theory and Monte Carlo calculations, and concluded the fraction of such objects as

a non-negligible value . 10−6. However, the probability exponentially decreases for

J21 & 103, which leads to the difficulties to realize the FUV radiations enough to form

SMSs if Jcrit,21 � 103.

Recently, this topic has been studied in more detail using numerical simulations for

the cosmological structure formation (Agarwal et al. 2012; Johnson et al. 2013). They

predicted the evolution of the stellar populations from Pop III to Pop II stars and

the build up of the FUV radiations from the two populations considering the effect

of the IGM metal-enrichment on the population transition. Figure 2.7 presents the

distribution function of the FUV flux for the pristine halos at the two epoch (z = 16.01

and 8.45). The histograms present the FUV flux from Pop III stars (blue) and Pop

II stars (red), respectively. The vertical dashed lines are the critical FUV intensities

for cases with thermal spectrum of T∗ = 104 (Pop II) and 105 K (Pop III). The FUV

flux by Pop III stars is below the critical value (Jcrit,III ' 103) at all redshift, whereas
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Figure 2.7: The distribution function of the FUV flux for the pristine halos at the two

epoch (z = 16.01 and 8.45). The histograms present the FUV flux from Pop III stars

(blue) and Pop II stars (red), respectively. The vertical dashed lines are the critical

FUV intensities for cases with thermal spectrum of T∗ = 104 (Pop II stars) and 105 K

(Pop III stars). This figure is taken from Agarwal et al. (2012).

that by Pop II stars can locally exceed the critical value (Jcrit,II ' 30). Although

these results could not be robust because of many uncertainties for the IGM metal-

enrichment and Pop II star formation in the early universe, the FUV radiations from

Pop II star-forming galaxies are expected to actually have a significant role to suppress

the H2 cooling and lead formation of supermassive stars. To clarify the quantitative

understandings, more sophisticated studies are needed.

2.3.2 metal enrichment

After first stars are born in the early universe, the IGM metal enrichment proceeds

in the same way as the build up of the LW radiation background. Metals are mainly

produced by the stellar nuclear synthesis. Some fractions of metals condense into

dust grains, which are ejected by the stellar winds at the asymptotic giant branch

(AGB) phase and the SN explosions. Since the lifetime of low mass stars, which

evolve to the AGB phase, is shorter than the age of the universe, the main pathway

to produce dust grains could be the SN explosion in the early universe (Omukai et al.

2005). The transports of metals and dusts into the IGM have been studied by several

authors. The two ways are considered to be promising processes; (1) outflows from the

nearby star-forming regions and (2) inheriting from the parent sub-halos (Schneider

et al. 2006b). Figure 2.8 shows the SFR of Pop II stars (solid) and Pop III stars

(dashed), and the mass-averaged metallicity (dot-dashed) as a function of the redshift

(Tornatore et al. 2007). The averaged IGM metallicity increases as the star formation
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Figure 2.8: Predicted star formation rate of Pop II stars (solid) and Pop III stars

(dashed), and the mass-averaged metallicity (dot-dashed) as a function of the red-

shift. The colors of the lines show the differences of the resolutions of their numerical

simulations. This figure is taken from Tornatore et al. (2007).

is activated. The metal enrichment at z = 10 reaches Z . 10−4 Z�. Although

the averaged metallicity increases, the pristine regions (i.e., not polluted) continue to

survive until low redshift universe (z < 5) because of the non-homogeneous metal

enrichment. As a result, the Pop III star formation continues down to z ' 2.5, but at

a low SFR & 10−5 M� yr−1 Mpc−3.

As the IGM is polluted by metals and dusts, the Pop III/II transition from massive

stars to low mass stars is expected to occur. According to studies about thermal

evolution of low-metallicity gas (e.g., Omukai 2000; Omukai et al. 2005; Schneider

et al. 2006a; Tsuribe and Omukai 2006; Clark et al. 2008; Omukai et al. 2010; Dopcke

et al. 2013) the thermal emissions by dusts drives the fragmentation and formation

of low mass objects when the gas metallicity is higher than Zcr ' 10−5±1 Z�. The

critical metallicity driving the Pop III/II transition has been actively discussed since

the properties of dusts in the low-metallicity environments have some uncertainties.
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Figure 2.9: Thermal evolution of the low-metallicity gas irradiated with strong FUV

flux (J21 = 3 × 105) assuming the blackbody spectrum with Teff = 105 K (thick line).

Each line presents the case of log Z = −6 (solid), −5.3 (dotted), −5 (short-dashed),

−4 (long-dashed), −3 (dot-dashed), respectively. Thin lines shows the results without

an external FUV radiations. This figure is taken from Omukai et al. (2008).

From the recent observation of metal-poor stars by SDSS, an extremely metal-poor

star with Z ' 10−4.5 Z� was found (Caffau et al. 2011).

As the Pop III/II transition, the effects of the metal cooling on the thermal evolution

of the gas irradiated with strong FUV radiations was investigated by (Omukai et al.

2008). As seen from Figure 2.9, the thermal evolution of the gas for Z > 10−5.3 Z�

change from the primordial case because of the dust cooling. In such cases, the gas

temperature decreases at higher density ∼ 1010 − 1015 cm−3, which could result in

efficient fragmentation. Efficient fragmentation due to the dust cooling would suppress

the formation of supermassive stars. However, the typical distance between fragments

at the high density regime is so small that the fragments rapidly merge and form

supermassive stars. To understand whether the dust cooling affects on the supermassive

star formation or not, three-dimensional hydrodynamical simulations are awaited and

will be my future works.
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2.4 Protostellar evolution

When the atomic gas monolithically collapses, a low mass protostar (∼ 0.01 M�) forms

at the center of the cloud. The embryo protostar subsequently grows to an SMS via

rapid gas accretion of the surrounding envelope. The accretion rate onto a protostar

is roughly set by the temperature in the star-forming cloud as

Ṁacc ' MJ

tff
' c3

s

G
(2.19)

' 0.1 M� yr−1
( µ

1.2

)−3/2
(

Tcloud

8000 K

)3/2

,

(Shu 1977; Stahler et al. 1986). Since the accretion rate depends on the cloud tem-

perature, the protostellar evolution is also determined by the thermal history of the

parent cloud. Thus, there is an important difference; in the H atomic cooling case,

the accretion rate on to the protostar is ∼ 0.1 M� yr−1 (Tcloud ∼ 8000 K), which is

much higher than that in the ordinary Pop III case, where the H2 cooling is effective

(∼ 10−3 M� yr−1; Tcloud ∼ 400 K).

Figure 2.10 shows the evolution of the radii of accreting protostars at different

accretion rates as a function of the stellar mass. For the low accretion rate case (Ṁacc =

10−3 M� yr−1), the stellar radius gradually expands with mass via the adiabatic heat

input, so called the adiabatic-accretion phase. After that, protostar starts to contract

by losing its entropy via radiative diffusion (the Kelvin-Helmholtz contraction) until

the nuclear ignition occurs at the center. On the other hand, with the accretion rate

as high as Ṁacc ∼ 0.1 M� yr−1, the protostar continues expanding without the Kelvin-

Helmholtz contraction. In such a star, while most of the interior material contracts,

the outermost layer significantly swells up like a red giant star (‘supergiant protostar’

phase). This is because the outer layer absorbs a part of the outward heat flux and

obtains a very high specific entropy. Also in this case, the contraction at the centre

ceases with the hydrogen ignition, but the envelope continuously expands with the

increase of stellar mass.

In this evolutionary stage, the stellar luminosity is close to the Eddington value

(L∗ ' LEdd ∝ M∗), and the effective temperature remains almost constant at Teff '
5000 K due to the strong temperature dependence of the H− bound-free opacity. With

these two conditions and diffusion equation,

L∗ = 4πR2
∗σSBT 4

eff , (2.20)

where σSB is the Stefan-Boltzmann constant, the mass-radius relation of the supergiant

protostars is analytically written as

R∗ ' 8.2 × 103 R�

(
M∗

103 M�

)1/2

, (2.21)

which well agrees with the numerical results in Figure 2.10.
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Figure 2.10: Evolution of the protostellar radius with various accretion rates (10−3 ≤
Ṁacc ≤ 1.0 M� yr−1). This figure is taken from Hosokawa et al. (2012a).

As a protostar grows to massive more than 102 M�, the stellar luminosity ap-

proaches the Eddington luminosity. For cases with Ṁacc < 10−2 M� yr−1, after the KH

contraction, the surface temperature increase to ∼ 105 K and thus the large amounts of

ionizing photons are emitted. Such strong ionizing radiations heats up the surrounding

materials and halts the accretion onto the protostar (McKee and Tan 2008; Hosokawa

et al. 2011; Stacy et al. 2012). On the other hand, for the case of SMS formation

(Ṁacc > 10−2 M� yr−1), supergiant protostars have the bloated and cool (Teff ' 5000

K) envelope throughout the stellar evolution. In this case, since they hardly emit

ionizing photons and create an large HII region, the radiative negative feedback does

not work, which could result in the continuous gas supply into the central protostar

even without other negative feedbacks (e.g., stellar pulsation). In chapter 6 and 7, we
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describe our studies about the pulsational instability of supergiant protostars and the

subsequent evolution up to M∗ & 105 M�.



Chapter 3

Effect of cosmic ray/X-ray

ionization on SMBH formation

As we describe in section 2.2.4, supermassive stars are expected to form form primordial

gas where H2 cooling is suppressed by the FUV radiations. The critical FUV flux,

Jcrit, for the suppression of the H2 cooling is far above the predicted mean value of the

background radiation. The value of Jcrit strongly depends on the spectrum of the FUV

sources. Assuming a diluted thermal spectrum, J(ν) ∝ Bν(T∗), Jcrit ' 102 for T∗ = 104

K and ' 105 for T∗ = 105 K (in units of 10−21 erg s−1 cm−2 sr−1 Hz−1), corresponding

to that from star-forming galaxies including Pop II and III stars, respectively. Dijkstra

et al. (2008) estimated the probability distribution of the FUV intensity incident on

halos with mass ∼ 108 M� collapsing at redshift z ' 10 and showed such intense FUV

fields are only realized in neighborhoods of strong FUV sources. They also estimated

the fraction of halos bathed in radiation fields exceeding the threshold value Jcrit.

This fraction is 10−6 for Jcrit = 103 and decreases exponentially with increasing Jcrit

(> 2× 103). A small difference in Jcrit significantly affects the number of halos bearing

supermassive stars, and thus correct knowledge of the critical FUV flux is crucial in

estimating the number of seed BHs.

So far, the critical FUV flux Jcrit has been studied only in cases where the incident

radiation consists of components below the Lyman limit (Omukai 2001; Bromm and

Loeb 2003; Shang et al. 2010). However, strong FUV sources, i.e., actively star-forming

galaxies, are expected to contain a large number of massive stars and possibly some

mini-quasars. Since massive stars end their lives as supernovae and leave the remnants,

where cosmic rays (CRs) are accelerated and X-ray photons are produced, sources of

strong FUV radiation can also be those of CRs and X-ray photons. Similarly, mini-

quasars and high-mass X-ray binaries emit soft X-ray radiation. The incident flux

is thus expected to have such high-energy components. If present, CRs and X-rays

enhance the ionization degree of gas and increase the amount of H2, which is formed

by electron-catalysed reactions. In fact, Haiman et al. (1996) and Glover and Brand

(2003), who studied the condition for virialized minihalos under both FUV and X-ray

27
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irradiation to be able to cool via H2 line emission, found that the FUV photodissociation

effect is somewhat alleviated by the X-ray ionization.

In this chapter, we discuss the thermal evolution of primordial gas, including chem-

ical reactions and effects of FUV and CRs/X-rays. We also present the dependence

of Jcrit on the ionization rate by CRs/X-rays (section 3.2) and give an analytic inter-

pretation for this (section 3.3). In section 3.4, we use an empirical relation between

intensities of FUV and CRs/X-rays from nearby star-forming galaxies and speculate

on conditions required to induce supermassive star formation. Finally, we summarize

this section and provide some discussion in section 3.5.

3.1 Setups of our models

We consider thermal evolution of a metal-free cloud in a moderately massive halo with

virial temperature & 104 K irradiated by a FUV field and simultaneously by either

CRs or X-rays. In this section, we briefly explain how to treat the evolution of cloud

collapse (thermal state and chemistry) and the effects of external radiations (FUV,

CR, and X-ray).

3.1.1 thermal evolution

The evolution during the gravitational collapse is calculated by a one-zone model.

The actual hydrodynamical collapse of self-gravitating clouds is well described by the

Penston-Larson self-similar solution (Penston 1969; Larson 1969). In this solution, the

clouds consist of two spatial parts: the flat central core, whose size is about the Jeans

length λJ and where number density of hydrogen nuclei nH and temperature T , etc.

are nearly homogeneous, and the envelope, where the density profile obeys the power

law with radius as ρ ∝ r−2. In our one-zone model, all the physical variables such as

nH, T , etc. are thus intended to indicate those at the center of the core. The central

density increases approximately at the free-fall rate as

dρ

dt
=

ρ

tff
, (3.1)

where tff =
√

3π/32Gρ. In evaluating tff , we neglect the contribution from the dark

matter because the dark-matter gravity dominates only just before the virialization,

where the temperature increases adiabatically in any case.

The temperature evolution is calculated by solving the energy equation:

de

dt
= −p

d

dt

(1

ρ

)
− Λnet

ρ
, (3.2)

where e is the internal energy per unit mass, p the gas pressure, µ(= 1.2) the mean

molecular weight, kB the Boltzmann constant, γad(= 5/3) the ratio of specific heat,
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and Λnet the net cooling rate per unit volume. We here consider the cooling processes

for 10 < T < 104 K in primordial gas by H atom, H2 molecule, and HD molecule

(Omukai 2001; Galli and Palla 1998), net cooling associated with chemical reactions,

and heating rates by CRs and X-rays, respectively. Chemical reactions in primordial

gas among the following 14 species (H, H2, e−, H+, H+
2 , H−, D, HD, D+, HD+, D−,

He, He+, and He++) are considered. The included reactions are summarized in Table 1

of Inayoshi and Omukai (2011). We here adopt the H2 collisional dissociation rate of

Martin et al. (1996), which is ten times larger than the older rate of Shapiro and Kang

(1987) used by Omukai (2001) around ' 103 cm−3. The chemical reaction networks

are solved by an implicit method.

When the collapse proceeds significantly and the cloud becomes optically thick, the

radiative cooling becomes ineffective due to photon trapping. We assume the radius of

the core to be half a Jeans length

Rc =
λJ

2
=

√
πkBT

GρµmH

. (3.3)

Since we consider the core of the collapsing cloud, the column density of i-th species is

given by Ni = xinHRc, where xi is its concentration. Using this value, we estimate the

optical depth and the reduction rate of radiative cooling as in Omukai (2001).

3.1.2 FUV radiation

The incident FUV radiation field is assumed to have a diluted thermal spectrum, i.e.,

J(ν) ∝ Bν(T∗), with brightness temperature T∗ = 104 or 105 K, as the previous works

considered (see Section 2.2.3 and 2.2.4). We here consider the photo-dissociation of

H2, H−, and HD by FUV radiations. We note that the dissociation rate of H− strongly

depends on T∗, whose rate is 2×104 times higher for T∗ = 104 K than that for T∗ = 105

K. The H2 and HD are self-shielded against photodissociation for their column densities

NH2 > 1013 cm−2. The HD shielding is also contributed by H and H2. We use the

shielding factors given by Wolcott-Green and Haiman (2011). For the photoionization

of H and the photodissociation of H+
2 , those from the excited levels are also included

as in Omukai (2001).

3.1.3 Cosmic Rays

For the incident CR flux, we follow the treatment by Stacy and Bromm (2007). The

CR energy distribution dnCR/dε (cm−3 eV−1) is assumed to obey a power-law spectrum

with index −2, the value by the diffusive shock acceleration by a strong shock (e.g.,

Bell 1978) from the minimum energy εmin = 106 eV to the maximum εmax = 1015 eV.

After incident to the gas, CRs propagate inward with losing their energies by ionization

up to the penetration depth Dp at a rate (dε/dt)ion, for which we use the expression
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by Schlickeiser (2002). The heating rate by CRs at depth D is

ΓCR(D) =
Eheat

∆ε

∫ εmax

εmin

(dε

dt

)
ion

dnCR

dε
e−D/Dpdε, (3.4)

where ∆ε = 50 eV is the approximate kinetic energy of a CR particle lost upon each

scattering (Spitzer and Tomasko 1968), and the ionization rate is

ζCR(D) =
ΓCR(D)

nHEheat

, (3.5)

where Eheat ' 6 eV is the energy deposited as heat per ionization in a neutral medium

(Spitzer and Scott 1969; Shull and van Steenberg 1985). Note that the CR ionization

rate is related with the total CR energy density,

UCR =

∫ εmax

εmin

ε
dnCR

dε
dε, (3.6)

by

ζCR = 1.7 × 10−18U15 s−1, (3.7)

in the low column density limit, where U15 = UCR/10−15 erg cm−3 whereas the CR

ionization rate ζCR for high column density NH can be approximated as

ζCR = 1.3 × 10−19U15

( NH

1022 cm−2

)−3/4

s−1,

= 6.8 × 10−20U15

( nH

103 cm−3
· T

8000 K

)−3/8

s−1, (3.8)

for column density higher than > 1022 cm−2.

The CR ionization rate in the Milky Way has been estimated by many authors,

including ζCR ' 4 × 10−16 s−1 (Hayakawa et al. 1961), 6.8 × 10−18 s−1 < ζCR <

1.2 × 10−15 s−1 (Spitzer and Tomasko 1968) and ζCR ' 3 × 10−17 s−1 (Webber 1998).

By recent observation of H+
3 in the interstellar medium, the average H2 ionization by

CRs is evaluated ζCR,H2
' 4 × 10−16 s−1 (McCall et al. 2003; Indriolo et al. 2007),

which is translated to a rather high H ionization rate of ζCR ' 2.6 × 10−16 s−1. The

CR intensity at high redshift is totally uncertain. The CR energy density is set by a

balance between the injection and the diffusive leakage. On one hand, star formation

in young galaxies can be more active than in the Milky Way. The CR injection rate

being proportional to the star formation rate, the gas in the neighborhood of such

galaxies is subject to intense CRs. On the other hand, magnetic fields are expected

to be much weaker in young galaxies, which results in the longer Larmor radii of CRs

and easier leakage from the galaxies. This may result in weaker CR density if the CR

sources are in the same halo. Considering those uncertainties, we here regard the CR

energy density as a free parameter and calculate the cases for 10−3 ≤ U15 ≤ 104, which

corresponds to the CR ionization rate of 10−21 s−1 < ζCR < 10−14 s−1 in the low density

case.
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3.1.4 X-rays

Since the ionization cross sections of hydrogen and helium fall as σH(ν) ∝ ν−3 and

σHe(ν) ∝ ν−2, respectively, towards higher energy photons, the soft X-ray (2− 10 keV)

photons reach far longer distance from the sources than ionizing UV photons. Many

sources contribute to X-rays at a given point, i.e., an extragalactic X-ray background

is built up (Haiman et al. 1997).

Following Glover and Brand (2003), we assume the incident X-ray background

having a power-law spectrum with index −1.5,

JX(ν) = JX,21 × 10−21
( ν

ν0

)−1.5

erg s−1 cm−2 sr−1 Hz−1, (3.9)

where hν0 = 1 keV. We consider the X-ray ionization of both H and He atoms. The

heating rate by X-rays is

ΓX = ΓX,H + ΓX,He, (3.10)

where

ΓX,i =

∫
4πJX(ν)

hν
e−τνσi(ν)Eh,idν (i = H, He), (3.11)

the optical depth is given by

τν = NHσH(ν) + NHeσHe(ν), (3.12)

Eh,i is the energy deposited as heat for each ionization process, and given by a formula

by Wolfire et al. (1995). The ionization rate is also expressed as

ζ i
X,p =

∫
4πJX(ν)

hν
e−τνσi(ν)dν, (3.13)

where the subscript p represents primary ionization by X-rays. The primary electron’s

energy is deposited not only in heating but also in the secondary ionization. Since

the energy of the primary electron is far larger than the ionization threshold, the

secondary ionization is more effective than the primary in the case of X-ray ionization.

The secondary ionization rate of H is given by

ζH
X,s =

(
ζH
X,p +

y(He)

y(H)
ζHe
X,p

)
〈φH〉, (3.14)

and the secondary ionization rate of He is expressed similarly, where 〈φH〉 is the number

of secondary ionization per primary electron averaged over the X-ray spectrum, for

which we use the expression by Wolfire et al. (1995). Then, the terms on the right

hand side mean the secondary ionization rate by primary electrons due to H and He

ionization, respectively. The total ionization rate by X-rays is given by the sum of the

primary and secondary rates:

ζ i
X = ζ i

X,p + ζ i
X,s (i = H, He). (3.15)

In considering the secondary ionization, the H and He ionization rates are about the

same magnitudes, ζH
X ' ζHe

X .
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Figure 3.1: Effect of cosmic rays on the temperature evolution of primordial-gas clouds

under FUV irradiation with T∗ = 104 K. Four panels correspond to the evolutionary

tracks with four different cosmic-ray energy densities: U15 = 10−3, 1, 10 and 100,

where U15 = UCR/10−15 erg cm−3. The curves in each panel are those for different

FUV fluxes, whose intensities J21 are indicated by numbers. The diagonal dotted lines

show those at the constant Jeans mass, whose values are indicated by numbers in the

Figure. These figures are taken from Inayoshi and Omukai (2011).

3.2 Results

We here present the results of our calculation and describe the physical processes

determining the thermal evolution of the clouds.

3.2.1 Effects of cosmic rays

In Figure 3.1, we show the temperature evolution of collapsing clouds irradiated by

FUV fields with a diluted blackbody spectrum T∗ = 104 K, along with CRs with

energy density (a) U15 = 10−3, (b) 1, (c) 10, and (d) 100. The lines in each panel are

for cases with different values of FUV strength J21, which are indicated by numbers

in the panel. For the cases with U15 = 10−3 (left) and 100 (right), we also plot in
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Figure 3.2: Cooling and heating rates per unit mass as a function of the central number

density. The cosmic ray energy density is U15 = 10−3 (left) and 102 (right), and the

FUV intensity is J21 = 0 and J21 ≥ Jcrit for each case, respectively. The lines show the

heating rates by compression (thick) and chemical reactions (short dash-dotted), and

cooling rates by H2 (thick dotted) and HD (dash-dotted) molecules, H atoms (dotted).

These figures are taken from Inayoshi and Omukai (2011).

Figure 3.2, the cooling and heating rates per unit mass by individual processes, i.e.,

heating rates by compression (thick), by CR (dashed) and by chemical reactions (short

dash-dotted), and cooling rates by the H2 (thick dotted), by HD (dash dotted) and by

H atom (dotted).

In the case of U15 = 10−3, where the CR is too weak to affect any aspect in the

evolution (Figure 3.1 a, 3.2 a, and 3.2 b), the results are similar to those described in

Section 2.2.2 (no-CR cases). We here show these results for comparison with strong CR

cases. In the no-FUV case (J21 = 0), the gas collapses along the standard track (e.g.,

Palla et al. 1983), where the compressional heating and H2 cooling are balanced (Figure

3.2 a). When a FUV field exceeds a critical value J21 ≥ Jcrit ' 20, the temperature

evolution proceeds keeping ' 8000 K until high density (> 108 cm−3). Throughout the
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evolution, the H2 cooling never becomes important (Figure 3.2 b).

Next, we see how the thermal evolution described above changes with increasing

CR flux. The CR effects are twofold, i.e., heating and ionization. The stronger the

CR flux is, the more rapid is the initial temperature-increase owing to the CR heating

as seen in Figure 3.1 (b)−(d). In Figure 3.2 (d) for U15 = 100, very high CR-heating

rate can be seen at the lowest density. Enhanced ionization degree facilitates the H2

formation via H− channel (H + e− → H− + γ and H− + H → H2 + e−). To quench

H2 cooling totally, higher FUV flux is necessary, namely, the value of the critical FUV

flux Jcrit becomes larger. For example, as seen in Figure 3.1 (d), under a very strong

CR field of U15 = 100, even such strong FUV flux as J21 = 50 is not enough to quench

the H2 cooling. In Figure 3.3 (a), we plot the critical FUV flux Jcrit as a function of

the CR intensity. In the case of T∗ = 104 K, from its low-CR limit of Jcrit ' 20, Jcrit

begins to increase around U15 ∼ 10 and continues increasing as Jcrit ∝ U15
1/2 in the

high U15 limit. The dominant cooling and heating processes are similar in all cases of

the FUV flux exceeding the critical value Jcrit (see Figures 3.2 b and d).

So far, we limit our analysis to the radiation spectra of T∗ = 104 K. We also

studied the case of T∗ = 105 K. As mentioned previously, the H− photodissociation

rate depends sensitively on the brightness temperature T∗. Then, the concentration

of H2 produced through the H− channel changes with the value of T∗. This leads to

the enhancement of the critical FUV flux Jcrit for T∗ = 105 K compared to the case

for T∗ = 104 . The critical flux Jcrit for T∗ = 105 K is also plotted in Figure 3.3 (a).

We find that Jcrit = 1.6 × 104 for T∗ = 105 K, while Jcrit = 20 for T∗ = 104 K in the

no-CR cases. For CR energy density higher than U15 ∼ 10, the critical FUV flux Jcrit

increases as ∝ U15
1/2 in both T∗ = 104 and 105 K cases.

3.2.2 Effects of X-rays

Here, we briefly mention the cases of the clouds irradiated both by FUV and X-rays.

The temperature evolution is shown in Figure 3.4 for (a) JX,21 = 10−6 and (b) 10−2.

For the X-ray intensity as low as JX,21 = 10−6, the effects of X-rays, either ionization

or heating, are not important and the evolutionary tracks in Figure 3.4 (a) are the

same as those with negligible CRs (U15 = 10−3) in Figure 3.1 (a). When the X-ray

intensity is elevated to JX,21 = 10−2, the gas is heated instantaneously (see Figure 3.4

b). In the case of J21 = 0, the H2 cooling balances the X-ray heating at ' 5000 K

and the temperature begins decreasing thereafter. For J21 ≥ 0.1, the temperature

reaches at ' 8000 K and remains almost constant for a while by the H atomic cooling

until H2 is self-shielded against the FUV field. Similar to the case of CR ionization,

X-ray ionization enhances the critical FUV flux Jcrit for quenching the H2 cooling. This

critical FUV flux Jcrit is plotted in Figure 3.3 (b) as a function of the X-ray intensity

JX,21. As in the case of CR ionization, Jcrit remains constant below a threshold around

JX,21 ∼ 10−3 and increases as (JX,21)
1/2 for higher X-ray intensity. Since the behaviors of
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Figure 3.3: (a) The dependence of the critical FUV flux Jcrit on the CR energy density

U15 (solid curves) for two spectral types (thin curve: T∗ = 104 K, thick curve: T∗ = 105

K). In both cases, Jcrit ∝ U15
1/2 for U15 > 10. The lines indicate the relations between

J21 and U15 emitted from a star-forming galaxy (equation 3.32) with (i) the Salpeter

IMF and Z = 10−3 Z� (Pop II; thin dotted), (ii) Salpeter IMF and Z = 0 (Pop III;

thick dotted), (iii) the top-heavy IMF with mOB = 40 M� (short dashed) and (iv)

the top-heavy IMF with 120 M� (long dashed), respectively. The intersection of the

curves and lines for each T∗ case corresponds to the actual CR energy density and

critical FUV flux Jcrit in a halo affected by the star-forming galaxy. (b) the same plot

for the X-ray ionization. For both values of T∗, Jcrit ∝ (JX,21)
1/2 for JX,21 > 10−3. Note

that the fraction of halos with > 108 M� at z = 10 irradiated by FUV radiation J21

exceeding > 105 is negligibly low < 10−28. These figures are taken from Inayoshi and

Omukai (2011).

temperature evolution for different FUV fluxes as well as the dominant cooling/heating

processes are very similar to the cases with CRs, we do not repeat their description

here.

3.3 Dependence of the critical FUV flux on CR/X-

ray intensity

In Section 3, we see that strong CR and X-ray fluxes lead to the enhancement of

the critical FUV flux as Jcrit ∝ U15
1/2 and ∝ (JX,21)

1/2, respectively (see Figure 3.3).

Also, Jcrit decreases with lowering FUV temperature T∗. In this section, we discuss the

reason for these dependences. The chemical reactions needed in the below discussion

are summarized in Table 3.3

In the cloud under a high enough FUV field, the temperature reaches ' 8000 K
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Figure 3.4: Effect of X-ray ionization on the temperature evolution of metal-free clouds

under FUV irradiation with T∗ = 104 K. Two panels show the evolutionary tracks with

two different X-ray intensities JX,21 = 10−6 and 10−2. The curves in each panel are

those for different FUV fluxes, whose intensities J21 are indicated by numbers. The

diagonal dotted lines show those at the constant Jeans mass, whose values are indicated

by numbers in the Figure. These figures are taken from Inayoshi and Omukai (2011).

and remains constant by the H Lyα cooling. If sufficient H2 to cool forms during this

isothermal collapse, the temperature drops by its cooling and the isothermal evolution

is terminated. Otherwise, the isothermal evolution continues until very high density

of ∼ 1016 cm−3, where the cloud becomes optically thick to the H− bound-free ab-

sorption (Omukai 2001). The H2 concentration needed for its cooling to overcome the

compressional heating is

ycool(H2) =
(3/2)kBT

LH2tff
, (3.16)

where LH2 ≡ ΛH2/n(H2) (erg s−1) is the cooling rate per an H2 molecule. Since most

hydrogen is in the atomic form during the isothermal collapse, we assume n(H) = nH in

this Section. In Figure 3.5, we show ycool(H2) (thick solid line) as a function of density

for the isothermal collapse at 8000 K. Since LH2 increases linearly with number density

until the critical density for LTE nH,cr ' 3 × 103 cm−3 (at 8000 K) and saturates

for higher density, ycool(H2) decreases as ∝ n
−1/2
H until nH,cr, reaches the minimum

' 1.4 × 10−7 there, and increases as ∝ n
1/2
H for higher density. This ycool(H2) is

to be compared with the actual amount of H2 present y(H2). Before the temperature

reaches ' 8000 K, the H2 concentration attains the equilibrium value set by the balance

between the formation and destruction reactions. The effective rate coefficient of H2

formation via H− channel taking account of the H− photodissociation is

kform = k1
k2nH

k2nH + k3

, (3.17)
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where

k3 = β3J21, (3.18)

by using β3 = 2 × 10−7 (1 × 10−11) for T∗ = 104 K (105 K, respectively). This H2

is destructed either by photodissociation (reaction 18), which is dominant at the low

density where the FUV radiation is not shielded, or collisionally (reaction 7) at higher

density. Equating the larger of those dissociation rates with the formation rate, we

obtain the H2 concentration

y(H2) = min(nHk−1
4 , k−1

5 )kformy(e−)

≡ min(ypd(H2), ycd(H2)). (3.19)

The photodissociation rate coefficient is written as

k4 = β4J21, (3.20)

where β4 = 4.2×10−12 (1.3×10−12) for T∗ = 104 K (105 K, respectively). In the above,

we assume the cloud is transparent to the photodissociating radiation since ypd(H2)

immediately exceeds ycd(H2) once the self-shielding becomes important. The values of

y(H2) by equation (3.19) are plotted in Figure 3.5 for some combinations of T∗ and J21

for the ionization degree y(e−) = 4 × 10−5, corresponding the no-CR/X-ray case (see

later). The almost vertical portion of y(H2) on the low-density side is limited by the

photodissociation (ypd(H2)), while the gradually changing part at higher density is set

by the collisional dissociation (ycd(H2)). In the cases with J21 = 0.1 and 1 (103 and

104) for T∗ = 104 K (105 K, respectively), y(H2) exceeds ycool(H2) at some density. At

this moment, the actual temperature falls from ' 8000 K and the isothermal collapse

terminates. On the other hand, in the case with J21 = 20 (2 × 104) for T∗ = 104 K

(105 K, respectively), y(H2) always remains below ycool(H2) and thus the isothermal

collapse continues.

For density higher than the critical density nH,cr ∼ 103 cm−3, the H2 concentration

decreases owing to effective collisional dissociation from excited ro-vibrational levels

and has no chance to reach ycool(H2) anymore. To initiate efficient H2 cooling, H2

concentration must exceed ycool(H2) before nH,cr. Thus, we can find the critical flux

Jcrit by the condition whether y(H2) at nH,cr ∼ 103 cm−3 is higher than ycool(H2).

In the case of irradiation with hard FUV spectra (as T∗ = 105 K), photodissocia-

tion limits the H2 concentration and H− photodissociation is relatively irrelevant (i.e.,

kform ' k1). From the condition ypd(H2) = ycool(H2) at nH,cr, we obtain

Jcrit =
1

β4

k1nH,cry(e−)

ycool(H2)
. (3.21)

On the other hand, for softer FUV spectra, (as T∗ = 104 K), the H2 formation rate

is significantly reduced by H− photodissociation: kform = k1k2nH/k3. The dotted line

in Figure 3.5 shows ycd(H2) without H− photodissociation, which exceeds ycool(H2)
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Table 3.1: Chemical reactions

number reaction

1 H + e− → H− + γ

2 H− + H → H2 + e−

3 H− + γ → H + e−

4 H2 + γ → 2H

5 H2 + H → 3H

6 H+ + e− → H + γ

before reaching nH,cr. The actual value of ycd(H2) is, however, suppressed by H−

photodissociation (see thin solid lines in Figure 3.5) and thus the H2 concentration is

limited by collisional dissociation. Therefore, we obtain from the condition ycd(H2) =

ycool(H2) at nH,cr:

Jcrit =
k2

β3k5

k1nH,cry(e−)

ycool(H2)
. (3.22)

In general, the critical FUV flux is given by the larger of the above two values (equations

3.21 and 3.22).

Note that Jcrit increases with the ionization degree y(e−), which can be evaluated

as follows. Without external ionization, the ionization degree is governed by

dy(e−)

dt
= −k6nHy(e−)2. (3.23)

Integrating this equation for a collapsing cloud (i.e., equation 3.1),

y(e−) =
y0(e

−)

1 + 2k6y0(e−)nHtff
, (3.24)

where y0(e
−) is the initial ionization degree. For density > 50 cm−3, this renders

y(e−) = (2k6nHtff)−1. Equation (3.24) gives y(e−) ' 4 × 10−5 at nH = 103 cm−3.

Using the values at 103 cm−3, equations (3.21) and (3.22) lead to the critical FUV flux

Jcrit ∼ 10 (104) for T∗ = 104 K (105 K, respectively), which are indeed similar to our

numerical results for the no-CR/X-ray cases (Figure 3.3).

In the presence of strong CRs, the ionization degree is set by the balance between

recombination and CR ionization:

y(e−) =
(ζCR

k6

)1/2

n
−1/2
H . (3.25)

Comparing equations (3.24) and (3.25), we see that the CR ionization controls the

ionization degree if its rate is higher than

ζCR,crit =
1

4k6nHt2ff
' 3.8 × 10−19 s−1, (3.26)
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Figure 3.5: The H2 concentration y(H2) estimated by equation (3.19) (thin lines) vs.

that needed for its cooling to exceed the compressional heating ycool(H2) (thick line) in

the isothermally collapsing clouds at 8000 K with the ionization degree y(e−) = 4×10−5.

The H2 concentrations are shown for the FUV fields with brightness temperatures

T∗ = 104 K (thin solid lines) and 105 K (thin dashed lines). For each value of T∗,

three cases with different FUV intensities J21, which are indicated by numbers in the

Figure, are presented. The dotted line shows ycd(H2) without H− photodissociation.

This figures is taken from Inayoshi and Omukai (2011).

where the last equation is evaluated at T = 8000 K. This value is equivalent to the CR

energy density UCR,crit ' 5.5× 10−15 erg cm−3 from equation (3.8). For UCR > UCR,crit,

the ionization degree, as well as the critical FUV flux, increases as ∝ UCR
1/2. This

relation is reproduces well the behavior of Jcrit as a function U15 shown in Figure 3.3

(a).

Next we consider the case of the X-ray ionization. Just the same as in the CR

ionization, X-rays enhance the ionization degree as y(e−) ∝ (JX,21)
1/2 and thus Jcrit ∝

(JX,21)
1/2 for JX,21 > 10−3, whose threshold is determined by the balance between

recombination and X-ray ionization. This describes well the results shown in Figure 3.3

(b).

Our value of Jcrit = 20 for T∗ = 104 K is smaller than Jcrit = 39 which Shang et al.

(2010) estimated with one-zone model. This difference comes from the H2-formation

rate at high temperature: the rate coefficient we adopt (Galli and Palla 1998) is smaller

than that Shang et al. (2010) used (Abel et al. 1997). On the other hand, our value of

Jcrit = 1.6 × 104 for T∗ = 105 K is slightly larger than Shang et al. (2010) because we

use the new shielding factor by Wolcott-Green and Haiman (2011).
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Table 3.2: The IMF models of star-forming galaxies

model IMF mass (M�) metallicity (Z�) T∗ (K)

(i) Salpeter 1 − 100 10−3 104

(ii) Salpeter 1 − 100 0 105

(iii) top-heavy 40 0 105

(iv) top-heavy 120 0 105

3.4 CR and X-ray from star-forming galaxies

So far, we have regarded the intensities of FUV, CRs and X-rays as free parameters

in our calculation. All those radiation fields are, however, closely linked to the star-

formation activity in galaxies and thus their intensities, i.e., J21, U15 and JX,21, are

all proportional to the star formation rate (SFR). We here consider the star-forming

galaxies with two types of initial mass function (IMF): the Salpeter IMF and the top-

heavy one. For the Salpeter IMF, we take the mass range of 1 − 100 M� and consider

two cases of the stellar metallicity Z = 10−3 Z� and 0, which corresponds to Pop II

and III star clusters, respectively. For Pop III galaxies, we also consider the two cases

of the top-heavy IMF where all stars are mOB = 40 M� or 120 M�. The IMF models

we study are summarized in Table 3.4.

For FUV flux, we use the Lyman-Werner photon emissivity from a star-forming

galaxy for the IMF models calculated by Schaerer (2002, 2003):

J21 =


6.5 × 102

1.6 × 103

1.4 × 104

1.7 × 104


( d

10 kpc

)−2( SFR

20 M� yr−1

)
, (3.27)

where d is the distance from the source, and the numbers in the bracket correspond to

the IMF models in the same order as in Table 3.4

We assume that supernova remnants (SNRs) are the sources of CRs. The total CR

energy from a SNR is written as (Stacy and Bromm 2007)

ECR = 1051
(pCR

0.1

)( ESN

1052 erg

)
erg, (3.28)

where pCR is the fraction of SN explosion energy ESN going into the CR energy. Using

the supernova rate in the source galaxy

ṄSN =
fOB SFR

m̄OB

, (3.29)

where fOB, m̄OB is the mass fraction and average mass of massive (≥ 8 M�) stars, the

CR energy density of UCR is

UCR = ṄSN
ECR

4πd2〈v〉
, (3.30)
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where 〈v〉 is the average CR velocity. For the fiducial values of pCR = 0.1 and ESN =

1052 erg, we obtain

U15 =


42

42

44

15


( d

10 kpc

)−2( SFR

20 M� yr−1

)
. (3.31)

From equations (3.27) and (3.31),

J21 =


15

38

3.1 × 102

1.4 × 103

 U15. (3.32)

X-rays are mainly emitted by high-mass X-ray binaries. Observationally, the X-ray

luminosities in 2 − 10 keV of local star-forming galaxies are related with their star

formation rates as (e.g., Glover and Brand 2003)

LX = 1.2 × 1040
( SFR

20 M� yr−1

)
erg s−1, (3.33)

namely,

JX,21 = 4.5 × 10−3
( d

10 kpc

)−2( SFR

20 M� yr−1

)
. (3.34)

Although this is an empirical relation for local galaxies, observations of Lyman-break

galaxies provide supports for this to be valid as far as z ∼ 4 (Glover and Brand 2003

and references therein). Here, we thus extend the relation (3.34) to high-redshift (say,

z ∼ 10) universe. From equations (3.27) and (3.34), we obtain

J21 =


1.4 × 105

3.5 × 105

3.0 × 106

3.7 × 106

 JX,21. (3.35)

In Figure 3.3 (a), we plot the relations (3.32) for the IMF cases (i)-(iv) in Table 3.4.

The FUV intensity and CR energy density from galaxies are expected to fall on this

relation. In the case of Pop II radiation sources (i.e., type i), which are characterized

by T∗ ∼ 104 K, the relation (3.32) intersects with the Jcrit curve at (J21, U15) = (20, 2),

where the Jcrit does not deviate yet from its no-CR value. This means that the CR

ionization does not modify the value of Jcrit significantly. On the other hand, for Pop

III star clusters (T∗ ∼ 105 K), the critical FUV flux at the intersection points are > 20

(type ii), 10 (iii), and 2 times (iv) as large as Jcrit in the no-CR case, respectively.

Namely, the CR ionization drastically changes the critical FUV flux except for the case

with the top-heavy IMF with mOB = 120 M�.

In Figure 3.3 (b), we also plot the relations (3.35) between J21 and JX,21. As in the

case of CRs, the X-ray ionization effects become important for higher T∗, in particular,

T∗ > 104 K.
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3.5 Conclusion and Discussion

We have calculated the thermal evolution of primordial clouds under strong far-ultraviolet

(FUV) fields, along with cosmic rays (CRs)/X-rays. In the cloud under a FUV field ex-

ceeding a threshold, the H2 cooling is suppressed at any density. Such a cloud collapses

almost isothermally at 8000 K by hydrogen atomic cooling. According to numerical

simulations (Bromm and Loeb 2003), it avoids fragmentation and collapses directly to

a supermassive star (SMS).

Without external ionization by CRs/X-rays, the critical FUV flux is Jcrit ' 1.6×104

(in units of 10−21 erg s−1 cm−2 sr−1 Hz−1) for a diluted black body spectrum with

brightness temperature T∗ = 105 K, while it is as small as J21 ' 20 for T∗ = 104 K.

This dependence on T∗ comes from the higher H− photodissociation (> 0.755 eV) rate

for lower T∗ at the same J21 normalized at 13.6 eV. Since H2 is produced through the

H− channel, the larger H− photodissociation reduces the amount of H2 and thus the

value of Jcrit.

We have studied how this critical FUV flux changes with simultaneous irradiation

of either CRs or X-rays. In the case of CR irradiation, the critical FUV flux Jcrit

begins to increase with the CR energy density UCR > 10−14 erg cm−3 and depends

as Jcrit ∝ UCR
1/2 asymptotically. Similarly, for X-ray irradiation, Jcrit ∝ JX

1/2 for

JX > 10−24 erg s−1 cm−2 sr−1 Hz−1 at 1 keV. In both cases, the increase of the critical

FUV flux is caused by the enhanced ionization by CRs/X-rays, which promotes the H2

formation and cooling.

FUV intensity and CRs/X-rays from star-forming galaxies are expected to correlate

each other since they all trace the massive-star forming activity. Using the expected

relations between FUV intensity and CRs/X-rays, we have found that if the initial mass

function (IMF) of the radiation source is Salpeter-like and the brightness temperature

of the FUV radiation is rather high T∗ ∼ 105 K, the critical FUV intensity increases

significantly Jcrit ∼ 106 owing to ionization by CRs and X-rays. Even with the top-

heavy IMF, the critical FUV intensity increases to Jcrit ∼ 105 unless the stellar mass

is > 100 M�. Since the fraction of halos exposed to FUV flux exceeding Jcrit decreases

exponentially with Jcrit for > 2 × 103 (Dijkstra et al. 2008), there is little possibility

(< 10−28) for such intense FUV field realized in any halos. We conclude that if the

radiation source is composed of Pop III stars with brightness temperature ∼ 105 K

and contains sources of CRs/X-rays, its IMF must be very top-heavy > 100 M� to

enable SMS formation in nearby halos. Other possible radiation sources enabling SMS

formation include, e.g., sources with low brightness temperature, T∗ ' 104 K, such as

Pop II/I star clusters, or those with high T∗ but without strong CRs and X-rays. The

latter possibility is realized if a Pop III star cluster is so young that it harbors neither

supernova remnants nor high-mass X-ray binaries.

Finally, we discuss limitations of our analysis. In our model, we have assumed

that the external radiation is attenuated with the column density estimated by the
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central density and the size of the core, which is given by the Jeans length. Although

the column density of the core is given by this value for the Larson-Penston solution,

the contribution from the envelope needs to be added. But we can see the envelope

contribution is not significant by the following consideration. The steep decline of

density with radius as ρ ∝ r−2 limits the column density of hydrogen nuclei NH in

the envelope at most that of the core. Due to the photodissociation and low formation

rate, the H2 abundance is remarkably lower in the envelope than in the core. Therefore,

the envelope contribution to the column density of H2, which is relevant for evaluating

the critical FUV intensity, is small and the H2 column density is well approximated

by that of the core. Another concern is about the geometry of the cloud. In the low-

density regime we considered, the cloud shape can strongly deviate from the sphere.

Even though the clouds are in such shapes as sheet-like or filamentary, however, the

length scale of the shortest axis, which is most relevant for the shielding effects, is

still roughly given by the Jeans length, and thus the our assumption of the Jeans

length shielding remains valid. In fact, Shang et al. (2010), who studied the evolution

of the primordial clouds under strong FUV irradiation and compared the results by

the one-zone model and those by the cosmological three-dimensional simulation, found

very good agreements as for the thermal evolution at the center of the clouds, as well

as for the critical FUV intensity Jcrit needed to quench the H2 formation/cooling. In

addition, we assume that the clouds are isotropically irradiated by FUV, as well as CRs

and X-rays. However, such intense FUV field as exceeding the critical value Jcrit tends

to be dominated by a nearby single large source, rather than by a collective effect of

a large number of sources (Dijkstra et al. 2008). We suspect that, in the case of such

anisotropic radiation field, more intense sources are necessary to induce SMS formation

as the radiation comes from only limited solid angles. To confirm it, however, detailed

modeling is required, which is beyond the scope of this thesis.



Chapter 4

SMBH formation by cold accretion

shocks in first galaxies

As a promising process to form SMBHs in the high-z universe, the possibility of massive

seed BH formation by direct collapse of SMS (& 105 M�) has been considered. Specifi-

cally, SMS formation requires primordial gas in massive halos (Tvir & 104 K) irradiated

with strong FUV radiation to suppress the H2 cooling and efficient gas fragmentation

(e.g., Bromm and Loeb 2003; Regan and Haehnelt 2009a,b; Shang et al. 2010). This

scenario, however, has a serious drawback: for this mechanism of SMS formation to

work, extremely strong FUV radiation JLW
21 & 102 − 103 is required (Omukai 2001;

Bromm and Loeb 2003; Shang et al. 2010), while the fraction of halos irradiated with

such intense FUV fields with JLW
21 & 103 is estimated to be . 10−6 at z ∼ 10 (Dijkstra

et al. 2008), i.e., only extremely rare halos satisfy the condition for SMS formation.

Moreover, as we describe in the previous section, if high energy components, such as

cosmic rays or X-rays, are present along with the FUV radiation, their ionization effect

promotes the H2 formation and then strongly suppresses the SMS formation (Inayoshi

and Omukai 2011). Although the above scenario might be still viable considering the

rarity of high-z SMBHs, it is worthwhile to explore another possibility.

In this section, we propose a new scenario for SMS formation in post-shock gas of

cold accretion flows in forming first galaxies. Recent numerical simulations of galaxy

formation have revealed that, in halos with virial temperature Tvir & 104 K, the shock

position does not stay at the virial radius and shrinks inside owing to the efficient

Lyα cooling, and the accreting cold gas penetrates deep to the center through dense

filamentary flows (Birnboim and Dekel 2003; Kereš et al. 2005; Dekel and Birnboim

2006; Dekel et al. 2009; Bromm and Yoshida 2011). The supersonic flows collide each

other and the resultant shock develops a hot and dense (∼ 104 K and ∼ 103 cm−3) gas

near the center (Wise and Abel 2007; Wise et al. 2008). By studying thermal evolu-

tion of the shocked gas, we have found that, if the post-shock density is high enough

for the H2 rovibrational levels to reach the LTE, the efficient collisional dissociation

suppresses H2 cooling, and the gas cannot cool below several thousand K. Massive

44
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clouds with & 105 M� formed by fragmentation of the post-shock layer subsequently

collapse isothermally at ∼ 8000 K by the Lyα cooling. Without further fragmenta-

tion, monolithic collapse of the clouds results in the SMS formation. Note that, unlike

the previous SMS formation mechanism, strong FUV radiation is not required in our

scenario. Similar analysis has also been carried out by Safranek-Shrader et al. (2010),

who studied the fragmentation of the cold-stream shocked layer considering the ef-

fects of radiation field and chemical enrichment, but for a single post-shock condition

(4 × 103cm−3, 1.1 × 104 K, and the equilibrium chemical abundances).

In this chapter, we discuss the new pathway to form SMSs at the epoch of the first

galaxy formation without requiring strong FUV radiations. In section 4.1, we describe

the model for calculation of thermal evolution in the shocked gas. In section 4.2, we

present our results and clarify the conditions for isothermal collapse leading to the SMS

formation in terms of post-shock density and temperature. Effects of metal enrichment

is also considered here. In section 4.3, we analyze thermal processes in the shocked gas

and discuss the reason for the bifurcation of thermal evolution in more detail. Finally,

we summarize our study and present some discussions in section 4.4.

4.1 Setups of our models

In this section, we describe our model for calculation of thermal evolution in hot and

dense shocked regions formed by collision of cold accretion flows in the first galaxies.

4.1.1 Evolution in the post-shock layer

We consider the thermal evolution in the post-shock layer under the assumption that

the flow is steady and plane-parallel. Since the post-shock temperature is as high as

the virial temperature of first-galaxy forming halos (Tvir & 104 K), cooling by the Lyα

emission is efficient early on. The post-shock flow is compressed almost isobarically

as long as the gas cools effectively (e.g., Shapiro and Kang 1987). Within the steady-

state approximation, the conservation of mass and momentum leads to the following

relationships between the density ρ0, pressure p0, and flow velocity v0 just behind the

shock with those in the post-shock flow ρ, p, and v:

ρv = ρ0v0, (4.1)

ρv2 + p = ρ0v
2
0 + p0. (4.2)

Along this flow, we solve the energy equation

dE

dt
=

p + E

ρ

dρ

dt
− Λnet, (4.3)

where E is the internal energy per unit volume, d/dt is the Lagrangian time deriva-

tive, and Λnet is the net cooling rate per unit volume. Assuming a strong shock and



46 Chapter 4 SMBH formation by cold accretion shocks in first galaxies

neglecting the thermal pressure in the pre-shock flow, p0 ' 3ρ0v
2
0 is satisfied just be-

hind the shock front. Thus, we approximate the right-hand side of equation (4.2) by

4ρ0v
2
0. The cooling term Λnet includes the radiative cooling by H, H2 and HD, and

cooling/heating associated with chemical reactions. We solve the chemical reactions of

primordial gas among the following 14 species; H, H2, e−, H+, H+
2 , H−, He, He+, He++,

D, HD, D+, HD+, and D−. We adopt the same coefficients for the cooling/heating

and the chemical reactions as in Inayoshi and Omukai (2011) except for omitting the

radiative/cosmic-ray ionization and dissociation in this calculation. In studying ef-

fects of metal enrichment, we add the cooling by the fine-structure-line emission of CII

and OI to the primordial processes described above. Assuming the fraction of met-

als depleted to dust grains to be the same as in the Galactic interstellar gas, we set

the number fractions of C and O nuclei in the gas phase with respect to H nuclei to

xC,gas = 0.927 × 10−4(Z/Z�) and xO,gas = 3.568 × 10−4(Z/Z�) (Pollack et al. 1994).

We follow Hollenbach and McKee (1989) in calculating the cooling rates of CII and OI.

We curtail the C and O chemistry by simply assuming that all the C and O are in the

states of CII and OI, respectively, from the following consideration: with lower ioniza-

tion energy (11.26 eV) than H atom, C is photoionized by weak background radiation

and in the state of CII, while O is in ionization equilibrium with H and almost neutral

for . 8000 K, where the OI cooling is important. Molecular cooling of metals (e.g., CO

and H2O) is not included since its cooling is not important in the temperature range

relevant for the bifurcation of thermal evolution (& several 103 K).

4.1.2 Sheet fragmentation and subsequent evolution

Next, we consider the condition for the gravitational instability during the isobaric

compression of the post-shock layer and thus for its fragmentation. For the isobaric

compression, the dynamical time tdyn(≡ ρ/(dρ/dt)), which characterizes thermal evo-

lution, is approximately equal to the cooling time

tcool =
(3/2)nHkBT

Λnet

, (4.4)

where nH is the number density of H nuclei and T is the temperature. On the other

hand, the growth timescale for the gravitational instability is given by the free-fall time

(e.g., Larson 1985)

tff =

√
32

3πGρ
. (4.5)

As long as the cooling is effective enough and so tcool(' tdyn) . tff , the post-shock

layer continues to be compressed isobarically. However, once the cooling becomes

ineffective and tcool exceeds tff , the contraction of the layer halts and a dense layer

begins to develop inside the post-shock region. For example, since the growth rate of

the baryonic mass in halos of ∼ 108 M� at z ∼ 10 is ∼ 4 × 10−2 M� yr−1 (Dekel

et al. 2009), a gas of & 105 M� can accumulate in & 3 × 106 yrs. If sufficient gas



Chapter 4 SMBH formation by cold accretion shocks in first galaxies 47

supply is available through the accretion flow, the dense layer eventually satisfies the

Jeans criterion, i.e., the sound-crossing time tcross becomes longer than the free-fall

time (tcross & tff). The layer then fragments by the gravitational instability to produce

Jeans-scale clouds. In this section, assuming that the continuous gas supply to induce

the Jeans instability is available, we estimate the fragmentation mass scale by the

condition tff ∼ tcool in accordance with Yamada and Nishi (1998).

After fragmentation, the cloud collapses with its self-gravity, and its evolution can-

not be modelled as a steady flow anymore. Density evolution in a cloud collapsing

by the self-gravity is described by the Penston-Larson self-similar solution (Penston

1969; Larson 1969). We here calculate the evolution in the central-core part by using a

one-zone model as we described in section 3.1. Namely, after the condition for fragmen-

tation (tcool & tff) is satisfied, we switch the density evolution described by equations

(4.1)-(4.2) to that by equation (3.1) in our calculation and solve equation (4.3) for this

density evolution.

4.1.3 Initial conditions

According to numerical simulations of the first galaxy formation (Greif et al. 2008; Wise

et al. 2008), the pre-shock number density and temperature of cold flows and the shock

velocity are typically 103 cm−3, 200 K, and 20 km s−1, respectively, which correspond

to the post-shock density 4 × 103 cm−3 and temperature 9000 K. With those fiducial

values in mind, we carry out calculations for a wide range of initial number density

and temperature: 102 cm−3 < nH,0 < 107 cm−3 and 3000 K < T0 < 105 K. Since

H2, the main coolant below 8000 K, forms through the electron-catalyzed reactions

(H− process), the initial ionization degree xe,0, along with the initial H2 concentration

xH2,0, is important quantities for the subsequent thermal evolution. In reference to

the results of Kang and Shapiro (1992), who studied the chemical abundances in the

pre-shock gas considering photo-ionization and dissociation by UV radiation emitted

from the shock, we regard xe,0 ∼ 10−2 and xH2,0 ∼ 10−6 as typical ionization degree

and molecular fraction, respectively. However, since cold accretion flows are far denser

(∼ 103 cm−3) than the range Kang and Shapiro (1992) assumed (. 10−2 cm−3), the

electron recombination as well as the shielding of the UV photo-ionization/dissociation

probably lower the pre-shock ionization degree xe,0 and elevate molecular fraction xH2

from those values. Taking this uncertainty into account, we study the cases with

a wide range of initial ionization degree and H2 fraction: 10−5 ≤ xe,0 ≤ 10−1 and

10−6 ≤ xH2,0 ≤ 10−3.

4.2 Results

In this section, we present our results for thermal evolution after the gas experiences

the cold accretion shock. We first consider the cases of primordial gas and then discuss
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effects of small metal enrichment.

4.2.1 Primordial-gas case

In Fig. 4.1, we show the temperature evolution of primordial gas for four post-shock

conditions, indicated by two each open and filled circles. We here set the initial ion-

ization degree and molecular fraction to xe,0 = 10−2 and xH2,0 = 10−6, respectively.

First, we see the cases from the open-circle initial conditions in Fig. 4.1, whose tem-

perature evolution is shown by the dashed lines. In the lower initial-density case (nH,0,

T0)=(5 × 102 cm−3, 3.6 × 104 K) among them, the post-shock gas cools by the Lyα

emission and is compressed isobarically. Although the Lyα cooling becomes inefficient

below 8000 K, enough H2 for cooling has already been formed by this time, which

enables further temperature decrease. HD is formed abundantly for . 150 K, whose

cooling eventually lowers the temperature to ∼ 50 K. At this point, without efficient

coolant anymore, tcool becomes longer than tff . Clouds with Jeans mass of several

10 M� are produced by the gravitational instability. Also, in the case of lower initial

temperature (105 cm−3, 3.3×103 K), abundant H2 is formed immediately. The cooling

by H2 and then by HD allows the temperature to plummet isobarically until ∼ 100 K,

where the fragmentation mass scale of a few 10 M� is imprinted. In both the cases,

temperature evolution after fragmentation converges to the well-known track for clouds

collapsing by the self-gravity and cooling by H2 and HD (lower thin solid line; Uehara

and Inutsuka 2000; Nagakura and Omukai 2005).

Next, we see the two cases starting from the filled-circle initial conditions in Fig.

4.1, whose evolutionary tracks are indicated by the dash-dotted lines. In the higher

initial temperature case (104 cm−3, 3.6 × 104 K), the gas cools isobarically until 8000

K as in the open-circle cases. At ∼ 8000 K, however, the density exceeds ∼ 104 cm−3,

the critical density for H2 to reach LTE. For higher density, H2 is rapidly dissociated

collisionally from the excited rovibrational levels, and thus sufficient H2 for cooling is

never formed. Consequently, the gas cannot cool below ∼ 8000 K, and massive clouds

with & 105 M� are formed by fragmentation. Also, in the case of initial temperature

somewhat lower than 8000 K (2×105 cm−3, 5×103 K), H2 cooling is suppressed by the

collisional dissociation and fragmentation occurs immediately producing massive clouds

with & 105 M�, whose temperature increases to 8000 K by the compressional heating

in the course of gravitational collapse. In both cases, the massive clouds thereafter

collapse almost isothermally by the Lyα cooling until very high density (∼ 1016 cm−3),

where the cloud becomes optically thick to the H− bound-free absorption (Omukai

2001). Such isothermally contracting clouds do not fragment in the later phase and thus

collapse monolithically to SMSs, which eventually evolve to seeds of SMBHs (Bromm

et al. 2003; Shang et al. 2010).

As seen above, the behaviors of thermal evolution can be classified into two types.

The thick solid line in Fig. 4.1 corresponds to the boundary of initial conditions, from



Chapter 4 SMBH formation by cold accretion shocks in first galaxies 49

te
m

p
e

ra
tu

re
  T

(K
)

10
3

10
4

10
2

10
4

10
8

10
6

number density  nH (cm-3)

10
2

10
5

10   M7
10   M5

10   M3
10 M

H atomic

cooling

H2 cooling

HD
cooling

Figure 4.1: The temperature evolution of primordial gas after heated by the cold

accretion shock for the initial ionization degree xe,0 = 10−2 and H2 fraction xH2,0 =

10−6. The evolutionary tracks are shown with dashed and dash-dotted lines for four

combinations of initial temperature and density, indicated by two each open and filled

circles. The triangle symbol on each track indicates the epoch when the post-shock

layer fragments by the gravitational instability. The thick solid line, the domain above

which is hatched, divides the initial conditions leading to these two different ways of

thermal evolution. The two thin solid lines show the temperature evolution by the H

atomic cooling (upper) and the H2 and HD cooling (lower), respectively. The diagonal

dotted lines (lower-left to upper-right) indicate the constant Jeans masses, whose values

are denoted by numbers in the Figure. This figures is taken from Inayoshi and Omukai

(2012).

the above or below which subsequent thermal evolution bifurcates. Namely, the post-

shock conditions above the boundary (the hatched region) lead to the isothermal evo-

lution at ∼ 8000 K, while those below it result in the isobaric temperature decrease

until . 100 K. The boundary on the low-density side (nH,0 . 104 cm−3) can be fitted

as

T0 & 8 × 103
( nH,0

7 × 103 cm−3

)−1

K. (4.6)

This means that, after isobaric cooling to 8000 K, if the density exceeds the H2 critical

value for LTE (∼ 104 cm−3), the gas cannot continue further isobaric compression and

starts isothermal collapse. For higher densities nH,0 & 104 cm−3, the boundary is given

by

T0 & 5 × 103
( nH,0

105 cm−3

)−0.1

K. (4.7)
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Figure 4.2: The effect of initial ionization degree on the range of post-shock initial

conditions leading to isothermal collapse by H atomic cooling and thus SMS formation.

The lines present their boundaries for the cases with different initial ionization degrees

of xe,0 = 10−1 (solid), 10−2 (long-dashed), 10−3 (short-dashed), 10−4 (dotted), and

10−5 (dash-dotted), respectively. The molecular fraction xH2,0 = 10−6 for all cases.

This figures is taken from Inayoshi and Omukai (2012).

In Section 4, we discuss physical processes determining the location of the boundary

in more detail.

We mention the effect of initial chemical composition on thermal evolution. In

Fig. 4.2, we show the boundaries for the SMS-forming conditions for different initial

ionization degrees (10−5 ≤ xe,0 ≤ 10−1). The positions of the boundaries are almost

independent of xe,0 for & 104 cm−3, while the portions at . 104 cm−3 move to lower

density with decreasing xe,0. In particular, for xe,0 = 10−5, this results in the spiky

domain around 8000 K extending as low as ∼ 3 × 102 cm−3. With the higher initial

ionization degree, the more H2 is formed by the electron-catalyzed reactions, which

results in the wider range of post-shock conditions for H2 cooling, i.e., the smaller

range for SMS formation. The boundary for xe,0 ≤ 10−2 asymptotically approaches

that for higher xe,0 at & 3 × 104 K since the ionization degree jumps up immediately

to ∼ 10−1, even with smaller initial value, by effective collisional ionization

H + e− → H+ + 2 e−, (4.8)

in this temperature range. We also studied the cases with different molecular fraction

xH2,0 = 10−6, 10−4 and 10−3, and found that the boundaries for SMS formation is
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Figure 4.3: The effect of metallicity on the range of post-shock initial conditions leading

to SMS formation. The lines present their boundaries for the cases of metallicity Z = 0

(solid), 10−4 (long-dashed), 5 × 10−4 (short-dashed), 10−3 (dotted), 2 × 10−3 Z� (dot-

dashed), respectively. With metallicity higher than Zcr = 10−3 Z�, the boundary

remarkably shifts toward higher density. The initial ionization degree and molecular

fraction are xe,0 = 10−2 and xH2,0 = 10−6, respectively. This figures is taken from

Inayoshi and Omukai (2012).

almost independent of xH2,0. This is because, even with high initial value, H2 is rapidly

dissociated collisionally for . 104cm−3, and its fraction reaches the equilibrium one,

which is independent of initial value.

4.2.2 Metallicity effect

Next, we consider the cases with slight metal enrichment. In Fig. 4.3, we present the

boundaries for SMS-forming initial conditions for various metallicities with 0 ≤ Z ≤
2 × 10−3 Z�. With some metals, cooling by the fine-structure line emission of CII and

OI can exceed that by H2 and plays an important role in thermal evolution. With

metallicity as low as Z . 5 × 10−4 Z�, the metal cooling does not affect thermal

evolution around 8000 K and the boundary does not move from the primordial case.

As seen in Section 3.1, from initial conditions hotter and denser than the boundary

(i.e., the hatched region of Fig. 4.1), enough H2 for cooling is not formed and only

massive clouds are produced, which collapse isothermally thereafter. With increasing

metallicity, the metal-line cooling becomes able to make the gas to cool below ∼ 5000
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K isobarically even without H2. Once the temperature decreases and the collisional

dissociation becomes ineffective, abundant H2 eventually forms and the gas cools to

. 100 K by its cooling. By this additional cooling, the boundary of the SMS-forming

initial conditions moves to higher density. With metallicity as high as Z ∼ 10−3 Z�,

the cooling rate by CII and OI becomes comparable to the compressional heating at

∼ 8000 K and ∼ 104 cm−3. Therefore, even without help of H2 cooling, the metal

cooling alone is able to lower the temperature to the range where the H2 collisional

dissociation is ineffective, and thus the boundary shifts to higher density.

In summary, with metallicity higher than the critical value Zcr ∼ 10−3 Z�, the

boundary density becomes far higher than the typical post-shock value by the cold

accretion shock ∼ 103 cm−3 and such an initial condition would be very difficult to

be realized. Thus the possibility of SMS formation is strongly reduced for higher

metallicity. On the other hand, as long as Z < Zcr, the range of initial conditions for

SMS formation remains the same as in the primordial case.

4.3 Mechanism for the bifurcation of thermal evo-

lution of the post-shock gas

In this Section, we explain what processes are responsible for the bifurcation of thermal

evolution in the region where the cold accretion shock is thermalized, and give a physical

interpretation for the location of the bifurcation boundary for the post-shock conditions

in Figs. 4.1 and 4.2.

Efficient Lyα cooling drives temperature in a hot gas rapidly to ' 8000 K, where

its cooling rate is sharply cut off as the atomic hydrogen is not excited for lower

temperature. In Fig. 4.4, we show the cut-off temperature (dotted line), below which

H2 takes over the role of the dominant coolant. Thus, for the post-shock gas to continue

the isobaric cooling below 8000 K, the H2 cooling must become effective and keep the

cooling time tcool shorter than the free-fall time tff . The cooling time by the H2 cooling

is given by

tcool =
(3/2)kBT

LH2xH2

, (4.9)

where LH2 = ΛH2/(nHxH2) is the cooling rate per an H2 molecule (erg s−1) and has

the density dependence LH2 ∝ (1 + nH,cr/nH)−1 (nH,cr ' 104 cm−3 is the H2 critical

density for LTE). In conditions under consideration (below the dotted line of Fig. 4.4),

the H2 fraction xH2 is set by the equilibrium between the electron-catalyzed formation
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reaction and collisional dissociation reaction ∗, and so

xH2 =
kform

kcd

xe, (4.10)

where kform (H + e− → H− + γ) and kcd (H2 + H → 3H) are reaction rate coefficients

for the indicated reactions, respectively. Note that kcd depends on the fraction of H2 in

excited states and thus on the density. The rate coefficient kcd significantly increases

with density near the H2 critical density nH,cr, which results in the rapid decrease of

xH2 by the effective collisional dissociation at & 103 cm−3.

Furthermore, since xH2 is proportional to xe, the recombination also can be a key

reaction to determine tcool (∝ x−1
e ) at . 8000 K. Since the recombination time trec

(= 1/αrecnHxe; αrec is the recombination rate coefficient) has the same dependence

on xe as tcool, the ratio of these two timescales becomes independent of xe and is

approximately given by

tcool

trec
=

(3/2)nHkBT

LH2

kcdαrec

kform

' 0.9

(
T

5000 K

)9.0 ( nH

104 cm−3

)
. (4.11)

The last expression above is valid for the density and temperature around tcool ' trec
and & 104 cm−3, and the large temperature dependence of equation (4.11) is due to

that of kcd. In Fig.4.4, we show the range of the parameters satisfying tcool > trec
(the hatched region), where the recombination effectively works during the isobaric

contraction. Note that the hatched region appears only at & 103 cm−3, where kcd is

enhanced significantly. On the other hand, the ionization degree is frozen during the

isobaric compression at the density lower than the hatched region as tcool < trec. Under

constant xe, the cooling time becomes shorter and shorter with decreasing temperature

as tcool ∝ T 9.7 (at ' 5000 K) because the collisional dissociation is strongly suppressed

for lower temperature. Thus the efficient H2 cooling and resultant isobaric evolution

continue until ∼ 100 K.

We first consider the cases with xe,0 & 10−4 and defer the discussion for the lower

ionization cases later. As an example, in Fig. 4.4 we present the evolutionary tracks of

the shocked gas with xe,0 = 10−2 for different initial temperatures (solid lines) and the

bifurcation boundary of the SMS-forming initial condition (right dashed line). While

the gas passes through the hatched region where trec > tcool, the ionization degree

and thus H2 fraction fall rapidly. If such a gas runs out of H2 before reaching the

region where tcool < trec, the condition for fragmentation tcool & tff is immediately

satisfied and the clouds formed in this way collapse isothermally thereafter (the solid

∗Only with high xe ∼ 10−1, the charge exchange reaction (H2 +H+ → H2
+ +H) becomes the main

dissociation reaction of H2 at . 103 cm−3. However, since the bifurcation boundary for xe,0 = 10−1

locates at higher density (& 104 cm−3), the charge exchange reaction does not have any influences on
the location of the boundary. Thus, we adopt equation (4.10) even for xe ∼ 10−1.
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Figure 4.4: The diagram showing relevant processes in setting the bifurcation of the

thermal evolution of the shocked gas. The solid lines show the evolutionary tracks

of the shocked gas with xe,0 = 10−2, whose post-shock conditions are nH,0 = 2 × 104

cm−3 and T0 = 1.2 × 104, 6.6 × 103, and 5.1 × 103 K, respectively. Two dashed lines

present the bifurcation boundaries of the SMS-forming initial conditions for xe,0 = 10−2

and 10−5, respectively. The dotted line is the same as the upper thin line in Fig. 4.1,

which corresponds to the cut-off temperature below which the H2 line-emission becomes

the main cooling process instead of the Lyα emission. In the hatched region, the

ionization degree rapidly falls by effective recombination within the cooling time of H2

(tcool > trec). The dot-dashed line presents the condition of tff = tcool for xe = 10−5.

Here, the cooling time tcool is evaluated by using equation (4.10). This figures is taken

from Inayoshi and Omukai (2012).

lines starting from the filled circles in Fig.4.4). However, there is a small margin of

the initial parameter range above the line tcool = trec from which the gas manages to

maintain a small fraction of H2 and can reach the region where tcool < trec. In this case,

the post-shock layer can continue the isobaric contraction until ∼ 100 K (the solid line

starting from the open circle in Fig.4.4). In summary, if the fragmentation condition

tcool & tff is met in the range where trec < tcool, the post-shock layer cannot cool further

and clouds formed at this moment begin the isothermal collapse. The set of initial

conditions from which the evolutionary tracks meet the condition tff = tcool just on

the line trec = tcool corresponds to the boundary for the SMS formation in Fig. 4.1

in the high density regime (i.e., equation 4.7). Note that the boundary given by

equation (4.7) reflects the density-temperature relation of trec = tcool, which is mainly
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determined by the temperature dependence of kcd. Due to the strong dependence of kcd

on temperature, the H2 is collisionally dissociated very efficiently for the temperature

higher than given by equation (4.7). On the other hand, if the density is lower than

the H2 critical density nH,cr (∼ 104 cm−3) after cooling isobarically to 8000 K, the

gas continues further isobaric contraction to several 100 K by the ineffective collisional

dissociation of H2. This explains the fact that the low-density side of the boundary

of SMS-forming parameters in Fig. 4.1 (i.e., equation 4.6) corresponds to the isobaric

contraction track whose density at ' 8000 K is ∼ 104 cm−3.

Next, we consider the low ionization cases with xe,0 . 10−4. As seen in Fig. 4.4,

the portion of the bifurcation boundary (left solid line) for xe,0 = 10−5 locates in the

region trec > tcool, where xe is frozen during the isobaric compression. Therefore, if

the cooling condition tcool < tff is initially satisfied in the post-shock layer, the gas

continues to cool isobarically until . 100 K, where it produces ∼ 10 M� fragments.

Thus, the boundary of the SMS-forming condition is simply given by the requirement

tff . tcool for their initial values without the need for considering the recombination

effect. The dot-dashed line in Fig. 4.4 presents the condition tff = tcool for xe = 10−5

and in fact coincides with the boundary on the low-temperature side (. 8000 K).

4.4 Conclusion and Discussion

In this chapter, we have proposed a new scenario for supermassive star (SMS) formation

in central hot and dense regions of the halos formed by the cold accretion shocks in

the first galaxy formation. Since the gas cools effectively by Lyα emission in halos

with virial temperature Tvir & 104 K, location of the accretion shock does not stay

at the virial radius and shrinks inward. The gas instead flows supersonically along

cold and dense filaments to the central region of the first galaxy, where the flows

collide each other to produce a hot (& 104 K) and dense (& 103 cm−3) material by a

shock (Birnboim and Dekel 2003; Kereš et al. 2005; Dekel and Birnboim 2006; Wise

and Abel 2007; Greif et al. 2008; Wise et al. 2008; Dekel et al. 2009; Bromm and

Yoshida 2011). We have calculated thermal evolution in such a hot and dense region

formed by the cold accretion shock. For & 8000 K, the efficient Lyα cooling allows

the post-shock gas to cool and to contract isobarically at the value of ram pressure

from the shock front. To continue the isobaric cooling also below 8000 K, abundant

H2 needs to be formed and its cooling must be effective. If the density at ' 8000 K

is high enough (& 104 cm−3) to make the H2 rovibrational levels to reach the local

thermodynamic equilibrium, the H2 is dissociated effectively by the collisional reaction

from excited levels, which suppresses the cooling to lower temperature by H2. At this

epoch, gravitational instability of the post-shock layer produces massive fragments

with & 105 M�, which subsequently collapse isothermally at ∼ 8000 K by the Lyα

cooling. We have studied thermal evolution of the post-shock gas for a wide range of
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initial conditions (102 cm−3 < nH,0 < 107 cm−3 and 3000 K< T0 < 105 K) and have

pinned down the conditions leading to the isothermal collapse (the hatched region in

Fig. 4.1): T0 & 6000 (nH,0/104 cm−3)−1 K for nH,0 . 104 cm−3 and T0 & 5000 − 6000

K for nH,0 & 104 cm−3, for the pre-shock ionization degree at xe,0 = 10−2. Since H2

is formed by the electron-catalyzed reactions, the above condition depends somewhat

on the initial ionization degree (see Fig. 4.2): for smaller xe,0, the domain of initial

conditions leading to the isothermal collapse extends towards lower density. Those

massive clouds continue isothermal collapse until very high density ∼ 1016 cm−3, where

they become optically thick to the H− bound-free absorption (Omukai 2001). The

clouds are supposed to collapse directly to SMSs without further fragmentation (e.g.,

Bromm and Loeb 2003; Regan and Haehnelt 2009a,b; Shang et al. 2010). Eventually,

the SMSs collapse by the post-Newtonian instability, swallowing most of their material,

to become seeds of SMBHs (Shibata and Shapiro 2002).

The first galaxies may be enriched with metals to some extent as well as dusts

dispersed by supernova (SN) explosions of previous generations of stars. With high

enough metallicity, the gas can cool to low temperature (∼ 100 K) by metal-line cooling

alone even without H2. In this case, the SMS formation would be strongly suppressed.

We have then repeated the same analysis by considering as well as the metal cooling by

CII and OI. We have found that as long as the metallicity is lower than Zcr ' 10−3 Z�,

the metal-line cooling does not change the condition for SMS formation from that

in the primordial case (see Fig. 4.3). According to some cosmological simulations of

the assembly of first galaxies (Greif et al. 2010; Wise et al. 2012), the dense gas at

the center of galaxies is uniformly enriched to ∼ 10−3 Z� by a pair instability SN of

massive population III stars with 140 M� . M . 260 M�. On the other hand, typical

population III stars are recently considered to be less massive ∼ 40 M� (Hosokawa

et al. 2011; Stacy et al. 2012) and end their lives as ordinary core collapse SNe. In

this case, the resultant metallicity reduces by a factor of ∼10 (Heger and Woosley

2002; Nomoto et al. 2006) and thus becomes lower than the critical metallicity for

SMS formation we estimated.

We here stress that our scenario naturally explains the formation of seed BHs in the

conditions of first-galaxy formation without invoking extremely strong UV radiation

as envisaged in the previous scenario. The necessary condition for SMS formation in

halos with Tvir & 104 K is the isothermal collapse by the atomic cooling as a result of

suppression of the H2 cooling in the entire density range. So far, as a mechanism to

suppress H2 cooling, photodissociation by FUV radiation has been considered. In this

scenario, however, extremely strong FUV intensity JLW
21 & 102 − 103 (in unit of 10−21

erg s−1 cm−2 Hz−1 sr−1) is required to quench the H2 cooling (Omukai 2001; Bromm

and Loeb 2003; Shang et al. 2010), and halos irradiated by such intense radiation are

extremely rare (. 10−6 at z ∼ 10; Dijkstra et al. 2008). Moreover, if external ionization

by cosmic rays or X-rays, which promotes the H2 formation, is present as well, the FUV

intensity needed for SMBH formation is elevated. There would be little possibility
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(� 10−6) for such an intense FUV field to be realized in any haloes and thus the

SMS formation could strongly suppressed (Inayoshi and Omukai 2011). On the other

hand, in our scenario, collisional dissociation, rather than photodissociation, suppresses

the H2 cooling. Thus, even without FUV radiation, which has been considered to

be indispensable previously, the isothermal collapse and thus SMS formation can be

realized as long as the right condition is met for the cold accretion shock. Note,

however, this mechanism for SMS formation cannot operate in all first galaxies since

SMBHs are rare objects. If we use the number density of halos with mass ∼ 108 M� at

z ∼ 10, ∼ 10 Mpc−3 (comoving) and assume each of them had a SMS of ∼ 105 M�, the

predicted mass density of SMBHs ∼ 106 M� Mpc−3 (comoving) will exceed the total

present-day BH mass density ∼ 3 × 105 M� Mpc−3 estimated by Yu and Tremaine

(2002). Therefore, our conditions for SMS formation would be satisfied only in a small

fraction of first galaxies or some other processes, e.g., turbulent fragmentation, lack of

accreting material etc., suppress this mechanism to work for avoiding overproduction

of BHs.

We here briefly discuss the effect of dust cooling, which has not been considered in

this chapter. If the depletion factor of metals to dust grains is as high as the present-

day Galactic value fdep ' 0.5, the thermal evolution deviates from the isothermal one

at & 1010 cm−3 due to the dust cooling, if metallicity is higher than Zcr,dust ' 10−5 Z�

(Omukai et al. 2008). Although this critical metallicity Zcr,dust is smaller than the

critical value due to metal-line cooling Zcr ' 10−3 Z� by two orders of magnitude, the

depletion factor in the first-galaxy forming environment is highly uncertain. According

to theoretical models of dust formation and destruction in the first SNe, typically only a

few % of dust formed at the explosion survives, after being swept by the reverse shock,

depending on the ambient density (Nozawa et al. 2006; Bianchi and Schneider 2007).

For example, with fdep ' 0.05, the critical metallicity becomes Zcr,dust ' 10−4 Z�,

which makes the constraint on metal pollution less severe. In any case, to predict

whether the isothermal collapse continues in spite of metal enrichment, we need more

accurate knowledge of the depletion factor fdep.

In this chapter, we consider the hot and dense central regions owing to shocks

by the cold accretion flows in the forming first galaxies. Likewise, a galaxy merging

event drives inflows, creating a similar environment around the galaxy center (e.g.,

Mayer et al. 2010). If the shocked region satisfies our post-shock criterion for the H2

collisional dissociation, the SMS formation is expected also in this case. In merging

galaxies, however, star formation and also metal enrichment are expected to have

already proceeded significantly. Therefore, in the case of the inflows by galaxy merger,

SMS formation is probably prohibited by the metal-cooling effect. The cold accretion

shocks in the first galaxy formation would provide more easily the suitable conditions

for SMS formation. Recently, assuming seed BHs with ∼ 105 M�, Di Matteo et al.

(2012) and Khandai et al. (2012) discussed their growth by the cold accretion flows

in the process of the first galaxy formation. Their results demonstrate that the cold
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flows are less susceptible to feedbacks from the growing BHs and high accretion rate

is maintained until mass of the galaxy reaches & 1012 M�, where the cold mode of

accretion turns the usual hot virialization mode. As a result, the BH is able to grow

to & 109 M� by z ∼ 6. Our scenario for the SMS formation provides a mechanism for

seeding BHs of ∼ 105 M� in forming galaxies, which has been assumed in studies of

Di Matteo et al. (2012) and Khandai et al. (2012), while their results complementary

demonstrated those seed BHs can in fact grow to SMBHs.

Finally, we remark remaining issues to be explored. In our scenario, the physical

condition in the post-shock gas (especially, its density) is crucial for the SMS formation.

We have considered a range of density (102 − 107cm−3) and temperature (3000 − 105

K) as the post-shock conditions. Currently, we only know the typical values of those

parameters (Greif et al. 2008; Wise et al. 2008), but are still lacking knowledge of the

relationship between the post-shock conditions and formation conditions (i.e., mass,

virialization epoch, etc.) of first galaxies. In addition, our assumption that the enough

mass supply for Jeans instability is available through the streaming flow is need further

investigation. Safranek-Shrader et al. (2010) evaluated the amount of accreted gas to

be ∼ 105 M�, which is inhomogeneously organized by turbulence (e.g., Wise and Abel

2007; Greif et al. 2008). Therefore, the outcome of the shocked material in most of

halos could be numerous small sub-regions, rather than a massive layer envisaged in this

chapter. On the other hand, even if the turbulent motion dominates, a gravitational

unstable cloud with ∼ 105 M� could form in the center and collapse subsequently

(Wise et al. 2008). As a future project, we need to study in what halos the SMS

forming conditions are satisfied by way of realistic cosmological simulations, including

e.g., molecular cooling and the radiative and chemical feedbacks, for evaluating more

quantitatively the feasibility of SMS formation in the first galaxies.

In this chapter, we have supposed that, for the SMS formation, massive clouds

must collapse isothermally without fragmentation. In fact, three-dimensional hydro-

dynamical simulations by Bromm and Loeb (2003) confirmed in some cases that the

cloud collapsing isothermally by the atomic cooling does not experience fragmentation

at least in the range . 109 cm−3 and, consequently, a supermassive clump forms at the

center. Even with some angular momentum, fragmentation resulted at most in a binary

system in their calculation. However, depending on such initial conditions as degrees

of rotation or turbulence, the clouds would fragment into less massive clumps during

the isothermal collapse. As a future study, it is awaited to clarify the conditions un-

der which the clouds elude fragmentation by way of three-dimensional hydrodynamical

calculation.



Chapter 5

Formation of supermassive stars via

direct collapse

As seen in the previous chapters, a supermassive cloud without H2 molecules collapses

almost isothermally (∼ 8000 K) by the H atomic cooling (e.g., Lyα emissions) and

continuum cooling (Omukai 2001). Some three-dimensional simulations (Bromm and

Loeb 2003; Wise et al. 2008) suggest that the cloud can avoid efficient fragmentation

and continues to collapse monotonically until the protostar forms at the center. After

the protostellar formation, the protostar rapidly grows via accretion from the hot

envelope at Ṁacc & 0.1 M� yr−1. Under such high accretion rate, the protostar evolves

stably without experiencing the radiative feedback (Hosokawa et al. 2012a) and mass-

loss driven by the stellar pulsations (Inayoshi et al. 2013).

We here perform the three-dimensional hydrodynamical simulations for the collapse

of a supermassive cloud until a protostar forms at the center. Most previous simulations
∗ assume that the Lyα cooling is optically thin and the H2 cooling never works during

the collapse. However, the Lyα emissions becomes optically thick and the continuum

radiative cooling instead dominates at high density regime (> 106 cm−3). Therefore,

the resultant gas temperature decreases compared to the previous ones. Furthermore,

the H2 fraction rapidly increases through three-body reactions at n > 1010 cm−3.

Then, the H2 cooling can be effective and rapidly decrease the gas temperature (i.e.,

thermal instability) if the turbulent motions delay the gravitational collapse. When

the thermal instability is driven, the supermassive cloud could strongly fragments into

many clumps with a small jeans mass (∼ a few M�) instead of forming a supermassive

star. Therefore, we here investigate the fate of a supermassive cloud with turbulent

motions considering the continuum and H2 line cooling and non-equilibrium chemical

networks consistently.

∗Shang et al. (2010) considers the H2 line cooling in the collapse stage at low density regime < 1010

cm−3.

59
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5.1 Methods

We perform the three-dimensional hydrodynamical simulations of a collapse of a super-

massive cloud using a public code Enzo, which is an Eulerian adaptive mesh refinement

(AMR) code (The Enzo Collaboration et al. 2013). The basic equations are given by

∂ρ

∂t
+ ∇ · (ρv) = 0, (5.1)

∂ρv

∂t
+ ∇ · (ρvv + pI) = −ρ∇φ, (5.2)

∂E

∂t
+ ∇ · [(E + p)v] = −ρv · ∇φ − Λ + Γ, (5.3)

and
∂ni

∂t
+ ∇ · (niv) =

∑
j

kijninj +
∑

jl

kijlninjnl + · · ·, (5.4)

where ρ, v, E, p, φ are the gas density, velocity, total fluid energy, pressure, and

gravitational potential. Λ and Γ are the cooling/heating rate (in unit of erg s−1 cm−3),

respectively. The chemical abundance of i-th species ni evolves following the rate

equation, where kij (kijl) is the reaction rate coefficient of the two (three)-body reaction

including the creation and dissociation of i-th species.

Our main aim is to investigate of the gas dynamics over the wide range of the

density (10−21 . ρ . 10−6 g cm−3). As the initial condition of the cloud, we use the

spherical density profile increased by a factor f (= 1.6) from the critical Bonnor-Ebert

(BE) sphere, which is the isothermal sphere with hydrostatic equilibrium supported by

the external pressure. For the critical BE sphere, the central density is nc = 104 cm−3,

the temperature T = 104 K, and the radius is Rc = 6.46cs(4πGρc)
−1/2 = 10.8 pc, where

cs is the isothermal speed of sound, G the gravitational constant, ρc the central mass

density. The total mass of the cloud is M = fMBE = 1.17 × 105 M�. Then, we set a

simulation box with (50 pc)3 and the maximum refinement level to 23 (the maximum

spatial resolution is . 0.1 AU). In order to prevent the artificial fragmentation, we

impose the refinement criterion that one jeans length is resolved by at least 16 grids

(Truelove et al. 1997).

Furthermore, some simulations for the first galaxy formation (e.g., Wise and Abel

2007; Greif et al. 2008) suggest highly turbulent gas could develops at the central region

during the structure formation. To consider the density and velocity perturbations due

to turbulent motions, we initially impose a subsonic velocity field (vrms = 0.1 cs) with

power spectrum P (k) ∝ k−4, which corresponds to the expected spectrum for giant

molecular clouds (Larson 1981; Mac Low 1999). To ensure the turbulence modes were

adequately resolved, we selected a maximum k-mode value of 1/10th of the number of

cells across the cloud.

To investigate the SMS formation, the chemical networks and cooling/heating in

the gas are the most important processes. We must treat the non-equilibrium pri-

mordial chemistry including 6 species (H, H2, e, H+, H+
2 , and H−) and 14 reactions
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required to estimate the cooling/ heating rate on the atomic cooling path. Our main

aim is to follow the evolution of a supermassive cloud until the protostars are formed.

So, we need solve the chemical networks at high density enough to reach the chemical

equilibrium. We here use the “piecewise exact solution method” to simulate the chem-

ical evolution stably (Inoue and Inutsuka 2008) instead of the original Enzo solver,

so-called the differential backward method (red). Moreover, we consider all radiative

cooling processes to follow the thermal evolution: atomic cooling (Lyα, two photon

emissions, H− free-bound, and free-free emissions; Omukai 2001) and H2 cooling (line

and collision-induced emissions). To study the formed protostars, we evaluate the sup-

pression of the cooling rate estimating the optical depth (= ρκRL) consistently with the

chemical evolution, where κR is the Rosseland mean opacity (H2 rayleigh scattering,

H2 collision-induced absorption, and the self-absorption of the H− free-free emissions)

and L the local jeans length.

5.2 Results

5.2.1 thermal and chemical evolution

Figure 5.1 and 5.1 show the temperature and H2 fraction of a collapsing supermassive

cloud as a function of the gas density just after a protostar forms at the center. Since

the center of the cloud collapses runaway and the density profile follows the self-similar

solution (e.g., Penston 1969; Larson 1969), this diagram also roughly means the thermal

evolution of the central region.

Figure 5.1 shows that the collapsing gas has two thermal phase. First, we discuss

the hot component, which finally becomes a protostar. The hot component collapses

almost isothermally until ρ ∼ 10−7 g cm−3 keeping the temperature 3000 < T < 8000

K. At low density regime (ρ < 10−16 g cm−3), the main coolants are the Lyα (2p →
1s) and two photon (2s → 1s) emissions. At high density regime (ρ > 10−16 g cm−3),

the dominant cooling shifts to the H− bound-free emission (H + e → H− + γ). When

the cloud collapse until ρ > 10−9 cm−3, the H− free-bound emissions are self-absorbed

and scattered by the H2 molecules (Rayleigh scattering). After that, the cloud cools

until ρ & 10−8 g cm−3 by the H− free-free emissions (H + e → H + e + γ). Finally,

all continuum cooling processes become optically thick and a hydrostatic core (i.e.,

protostar) is formed at the central region. The gas is heated up through the accretion

shock and the temperature increases adiabatically in the protostar.

Next, figure 5.2 presents the H2 fraction as a function of the gas density. The H2

fraction initially decreases and approaches the equilibrium value (∼ 10−8) between the

formation through H− ion (H− + H → H2 + H) and the collisional dissociation (H2

+ H → 3H). Here, we do not consider the H2 photodissociation by FUV radiations,

which is required to suppress the H2 cooling. However, even for strong FUV radiation

(J21 & 103), the self-shielding effect becomes effective at the H2 column density higher
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Figure 5.1: Density-temperature diagram of a collapsing supermassive cloud just after

a protostar forms at the center. The color bar indicates the sum of the cell mass for the

grids. The gas has two thermal phase: (1) hot component which collapses and form a

protostar and (2) cold component which appears owing to the thermal instability.

than 1022 cm−2 (ρ & 10−20 g cm−3), where the collisional dissociation dominates instead

of the photo-dissociation. At high density regime (ρ > 10−13 g cm−3), the three-body

reaction (3H → H2 + H) rapidly enhances the H2 fraction. The central region of the

cloud approaches a full H2 molecules, but both the H2 line and CIE cooling never play

a significant role for the thermal evolution at ρ & 10−8 g cm−3. The interior of the

protostar is so hot that the H2 molecules are strongly dissociated.

On the other hand, some cold components exist at the density region lower than

10−10 g cm−3. This component appears because of the adiabatic cooling induced by the

turbulent expansion and H2 molecular cooling. Once the gas temperature decreases

by the adiabatic cooling, the dissociation of H2 molecules becomes inefficient, which

promotes the H2 formation (H− process and three-body reaction) and its line cooling.

This abrupt cooling proceeds with the temperature decreasing, which is a kind of the

thermal instability associated with the chemical reactions. Since the cold component



Chapter 5 Formation of supermassive stars via direct collapse 63

H
2
I 

F
ra

ct
io

n

10
-2

10
-4

10
-6

10
-8

10
-10

10
-12

1

3

10
-20

10
-18 10

-16
10

-14
10

-12
10

-10
10

-8
10

-6

C
el

lM
as

s 
(M

su
n
)

1.0e+4

1.0e+2

1.0e+0

1.0e-2

1.0e-4

1.0e-6

Density (g/cm  )

Figure 5.2: Density-H2 fraction diagram of a collapsing supermassive cloud just after

a protostar forms at the center. In the cold parts, the H2 fraction increases to & 10−2.

The color bar indicates the sum of the cell mass for the grids.

is so less massive that the gas does not collapse until higher density and have any

influences on the evolution of the central collapsing region.

5.2.2 Hydrodynamics

Figure 5.3 and 5.4 show the slice plots of the density and temperature distribution

at the end of this simulation. The density distributions are shown within the box of

L = 2 pc and 0.2 pc for the z = 0 plane, respectively. See from Figure 5.3, the central

region of the cloud collapses runaway to higher density. Owing to turbulent motions,

the filamentary structures are formed and accrete on to the center. Similar structures

continue to be formed within 0.05 pc. The temperature distribution are presented

within the box of L = 1 pc for the x = 0 (left) and z = 0 (right) plane, respectively.

This figure shows that the gas cloud is divided into the hot and cold components (see

Figure 5.1). Most of the gas are hot keeping T ∼ 8000 K, which have the complex

structures associated with the gas filaments. The cold gas are mainly formed outside
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Figure 5.3: Slice plot of the density distribution (z = 0) of the collapsing cloud at the

large scale: (left panel) L = 2 pc and (right panel) L = 0.2 pc, respectively.
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Figure 5.4: Slice plot of the temperature distribution of the collapsing cloud at the

large scale (L = 1 pc): (left panel) x = 0 and (right panel) z = 0 plane, respectively.
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Figure 5.5: Slice plot of the density distribution (z = 0) of the collapsing cloud at the

large scale: (left panel) L = 200 AU and (right panel) L = 20 AU, respectively.

the central collapsing region (& 0.1 pc) and the typical size is as large as ∼ 0.1 pc.

These cold clumps are expected to fall on to the central protostar.

Figure 5.5 shows the density distribution at the central region within 100 AU and

10 AU, respectively. The filamentary gas inflows hierarchically continue to the central

protostar (ρ ∼ 10−8 g cm−3), and rapidly feed the protostar. Right panel shows the

density distribution of the central protostar. The yellow contour roughly presents the

radius of the hydrostatic core (i.e., protostellar radius). The radius is as large as ∼ 2

AU, which is well resolved in this simulation. In this simulation, the protostar grows

via accretion to ∼ 3 M�.

Figure 5.6 presents the profile of the accretion rate defined by Ṁacc = −4πρr2vrad

for each epoch, where vrad is the radial velocity. The dashed lines show the parts where

vrad > 0 (i.e., expansion). When the protostar is formed (green and red lines), the

radial velocity rapidly decreases at ∼ 1 AU because of the accretion shock. Typical

accretion rate is as high as ∼ 3 M� yr−1, which is somewhat higher than that of the

self-similar solution ∼ a few × 10−1 M�. The protostar is expected to grow via such

rapid accretion up to a supermassive star with & 105 M� within its lifetime. In this

result, when the protostellar grows rapidly and its mass reaches a few × M�, its radius

is as large as ∼ 2 AU. This value is consistent with that obtained by the calculations

of the stellar-structure evolution (Hosokawa et al. 2012), which is obtained under the

assumption of the spherical accretion.



66 Chapter 5 Formation of supermassive stars via direct collapse

Radius (cm)

10 10 10 10 10 10 10 10 10 1011 12 13 14 15 16 17 18 19 20

10

10

10

1

10

10

2

-1

-2

-3

A
cc

re
ti

o
n
 r

at
e 

(M
su

n
/y

r)

Figure 5.6: The profile of the accretion rate (Ṁacc = −4πρr2vrad) for each epoch. The

dashed lines show the parts where vrad > 0 (i.e., expansion). For comparison, the

horizontal line (Ṁacc = 1.0 M� yr−1) is shown.

5.3 Conclusion and Discussion

We perform the numerical simulation of a supermassive cloud with mass of & 105 M�.

To investigate the hydrodynamical and thermal evolution over the wide spacial range,

we use an Eulerian adaptive mesh refinement (AMR) code. The most crucial problem

for the supermassive star formation is whether the cloud fragments into many clumps

or not. The efficiency of the fragmentation is determined by the thermal state (i.e.,

equation of state). Although the thermal state strongly depends on the radiative

cooling processes, the previous studies have considered only the most simple cooling

(Lyα emission). So, we here consider all processes necessary to study the evolution of a

supermassive cloud. Among them, the H2 line cooling is the most significant because its

cooling could promote the thermal instability and efficient fragmentation. Moreover,

recent numerical simulations suggest that the gas is highly turbulent in the galaxy

formation. We here consider that the density perturbations due to the turbulence

following the power spectrum P (k) ∝ k−4, which is the spectrum well-known form the

observations of the interstellar medium.

Even in cases with turbulence, a supermassive cloud can collapse runaway almost

following the self-similar density profile (ρ ∝ r−2) without efficient fragmentation.

When the density increases to > 10−13 g cm−3, the H2 fractions are rapidly enhanced
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by the three-body reaction (3H → H2 + H). Then, the central region of the cloud ap-

proaches a full H2 molecules, but the H2 cooling (both of line and continuum emission)

never play a significant role for the thermal evolution at such dense region. Finally,

just when the all radiative cooling becomes optically thick (ρ & 10−7 g cm−3), a hydro-

static core (i.e., protostar) is formed. On the other hand, many cold clumps are formed

surrounding the central protostar (low density regime) by the thermal instability due

to efficient H2 line cooling.

The formed protostar grows via rapid accretion fed the dense filamentary flows.

The accretion rate is so high (Ṁacc ∼ 3 M� yr−1) that the protostar is expected to

evolve up to a supermassive star with & 105 M� within its lifetime. At the end of this

simulation, the radius of the protostar is as large as ∼ 2 AU, which is well resolved

in this simulation, and the mass grows up to ∼ 3 M�. The properties of the central

protostar are consistent with the result of the stellar-structure evolution by Hosokawa

et al. (2012), who assumes the spherical accretion.

In this chapter, we discuss the evolution of a supermassive cloud assuming the ini-

tial condition as a Bonnor-Ebert sphere with turbulence. Although a protostar forms

without efficient fragmentation in our case, there might be the case that gas frag-

mentation efficiently occurs for other initial conditions. Thus, we need investigate the

dependence of the fate of the supermassive cloud on the choices of the initial conditions

(e.g., the enhanced factor of the density f , cloud rotation, Mach number of turbulence,

and so on). Finally, it is strongly required to conclude whether supermassive stars are

formed in the early universe, performing the cosmological simulations, which provide

more proper initial condition of the collapsing cloud.



Chapter 6

Pulsational instability of supergiant

protostars

This monolithic contraction of the cloud leads to a formation of a small protostar

(∼ 0.01 M�) at its center. The embryo protostar subsequently grows to a SMS via rapid

accretion of the surrounding envelope. In the H atomic cooling case, the accretion rate

onto the protostar is ∼ 0.1 M� yr−1. This is due to the high temperature in the atomic

cooling cloud (' 104 K) because the accretion rate is set by the temperature in the star-

forming cloud as Ṁacc ∼ 7 × 10−2 M� yr−1(T/104 K)1.5 (e.g., Shu 1977; Stahler et al.

1986). This rapid accretion with ∼ 0.1 M� yr−1 drastically changes the protostellar

evolution. Figure 6.1 shows the evolution of the radii of accreting protostars at different

accretion rates. In the ordinary Pop III protostar case (Ṁacc ' 10−3 M� yr−1), after

the so-called adiabatic-accretion phase, where adiabatic heat input expands the star

gradually with mass and the protostar starts to contract by losing its entropy via

radiative diffusion (the Kelvin-Helmholtz contraction) until the nuclear ignition occurs

at the center. The protostar reaches the zero-age main sequence (ZAMS) stage at this

point (Stahler et al. 1986; Omukai and Palla 2001, 2003). On the other hand, with

the accretion rate as high as Ṁacc & 0.1 M� yr−1, the protostar continues expanding

without the KH contraction as recently found by Hosokawa et al. (2012a) (hereafter

HOY12) (see Figure 6.1). In such a star, while most of the interior material contracts,

the outermost layer significantly swells up like a red-giant star (”supergiant protostar”

phase). This is because the outer layer absorbs a part of the outward heat flux and

obtains a very high specific entropy. Also in this case the contraction at the center

ceases with the hydrogen ignition, but the envelope continuously expands with the

increase of stellar mass.

If rapid accretion at Ṁacc & 0.1 M� yr−1 is maintained, the stellar mass exceeds

105 M� within its lifetime. Such SMSs are general-relativistically unstable (e.g., Zel-

dovich and Novikov 1971; Shapiro and Teukolsky 1983) and collapse as a whole to a BH

(Shibata and Shapiro 2002), which can be a seed for the SMBHs residing in the early

universe (z & 7). With the stellar mass increasing, however, the stars become more

68
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10−3, 0.03, 0.1, 0.3, and 1.0 M� yr−1. In this paper, we analyze the pulsational stability

of the stars located in the shaded zones; accreting ZAMS stars for Ṁacc = 10−3 M� yr−1,

and supergiant protostars for Ṁacc > 10−3 M� yr−1. This figures is taken from Inayoshi

et al. (2013).

radiation-pressure dominated and approach a marginally stable state. This may induce

pulsational instability of the massive stars and result in mass-loss from the surface. If

this mass loss surpasses the accretion onto the star, the stellar growth will be termi-

nated at that point. To see whether the SMS formations are indeed possible in spite

of such mass loss, we examine the pulsational stability of the supergiant protostars in

this chapter.

Pulsational stability of non-accreting Pop III stars has been studied by Baraffe

et al. (2001) and Sonoi and Umeda (2012) in the range 120 M� ≤ M∗ ≤ 3 × 103 M�.

They showed that those stars are unstable against pulsation caused by the nuclear

burning (the so-called ε mechanism), and that the resulting mass-loss rate is Ṁloss &
10−5 M� yr−1. Gamgami (2007) studied this mass-loss process from the Pop III stars

using spherically symmetric hydrodynamical simulations, and showed that pulsation

accelerates the surface material to the escape velocity and causes eruptive mass-loss for

M∗ & 500 M�. On the other hand, the Pop I red-giant stars are known to be pulsation-

ally unstable by the opacity-driven mechanism (the so-called κ mechanism, e.g., Li and

Gong 1994; Heger et al. 1997, and the typical mass-loss rate is ∼ 10−5 M� yr−1 (Yoon

and Cantiello 2010). With the Pop III composition while having similar structure to

the Pop I red-giants, the supergiant protostars can also be pulsationally unstable.
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We here study their stability by performing the linear stability analysis for the

mass range M∗ . 103 M�, which has been calculated by HOY12. By estimating the

mass-loss rate, we discuss whether supergiant protostars grow via accretion despite

the pulsation-driven mass loss. In section 5.2, we introduce the method for the linear

stability analysis against the pulsation and for the estimation of the mass-loss rates

for unstable stars. In section 5.3, we present our results and explain how the stability

changes with the different stellar masses and accretion rates. Finally, in section 5.4,

we summarize our study and present our discussions. In Appendix A, we describe the

details (the basic equations and boundary conditions) of the linear stability analysis.

6.1 Stability analysis

We study the pulsational stability of protostars growing at constant accretion rates

Ṁacc = 10−3, 0.03, 0.1, 0.3, and 1.0 M� yr−1, whose structures have been numerically

calculated in HOY12. Figure 6.1 presents the evolution of the stellar radii for these

rates. We apply the linear stability analysis (see Appendix for the details) to stellar

models either in the ZAMS (for Ṁacc = 10−3 M� yr−1) or supergiant protostar (for

higher accretion rates), indicated by the shaded areas in Figure 6.1. We consider

the perturbations proportional to eiσt, where σ = σR + iσI is the eigen frequency, σR

the frequency of the pulsation, and |σI| the growing or damping rate of the pulsation

depending on its sign; the stars are stable (respectively unstable) if σI > 0 (respectively

σI < 0). According to previous studies, massive main-sequence Pop III stars are

unstable only under the radial perturbations (Baraffe et al. 2001; Sonoi and Umeda

2012). We thus consider only the radial mode, hereafter, at which the supergiant

protostars are also expected to be the most unstable.

A useful quantity in the stability diagnosis is the work integral W (Cox 1980; Unno

et al. 1989),

W (Mr) =
π

σR

∫ Mr

0

<
[
δT ∗

T

(
δε − d

dMr

δLrad

)]
dMr, (6.1)

where Mr is the enclosed mass, T is the temperature, ε is the nuclear energy generation

rate per unit mass, Lrad is the radiative luminosity, and the symbols with δ represent

the Lagrange perturbations, where symbol < denotes the real part of the quantity

indicated in the bracket. The work integral has the physical meaning of the pulsation

energy gained inside Mr in a single period. If the sign of the work integral is positive

at the stellar surface, i.e., W (M∗) > 0, the stars gain kinetic energy in each period

and are unstable. The pulsation amplitude increases during the growth timescale of

the instability σ−1
I . If W (M∗) < 0, on the other hand, the pulsation damps inside the

stars and are stable. The first term in the bracket on the right-hand side of equation

(6.1), proportional to δε, represents the driving of instability by the nuclear burning

(i.e., the ε mechanism). The second term is related to the radiative energy transport.

In most cases, the radiative diffusion damps the pulsation, and thus the second term
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contributes to the stabilization. However, in the surface layer where the opacity changes

remarkably, the energy flux transported via radiation can be absorbed and be converted

into the pulsation energy by the κ mechanism. The growth (or damping) rate of the

pulsation per single period η ≡ −σI/σR is written as

η ≡ − σI

σR

=
W (M∗)

4πEW

, (6.2)

(see Cox 1980; Unno et al. 1989), where

EW =
σ2

R

2

∫ M∗

0

|ξr|2dMr (6.3)

is the pulsation energy, and ξr is the radial displacement of fluid elements from their

equilibrium positions.

In stars which are unstable under linear perturbations, the pulsation amplitude will

grow to the non-linear regime. Such a strong pulsation is expected to cause a mass

loss from the stellar surface (Appenzeller 1970a,b; Papaloizou 1973a,b). Appenzeller

(1970a,b) studied the non-linear growth of the radial-pulsation instability for Pop I

massive stars of M∗ = 130 and 270 Ṁacc using one-dimensional hydrodynamical calcu-

lations. He showed that after the pulsation enters the non-linear regime, the surface

velocity reaches the speed of sound and weak shocks emerge just inside the photosphere.

The shocks recurrently propagate outward and accelerate the gas in the surface layer

(e.g., Lamers and Cassinelli 1999), generating mass shells exceeding the escape velocity

which is then lost from the star.

In this paper, we evaluate the mass-loss rate following Baraffe et al. (2001) and

Sonoi and Umeda (2012). As shown by Appenzeller (1970a,b), outflows are launched

when the pulsation velocity at the surface reaches the speed of sound cs. At this

moment, the pulsation amplitude at the surface is

ξr,surf =
cs

σR

. (6.4)

Using this, we can estimate the pulsation energy EW as well as the work integral W .

Assuming that all the pulsation energy is converted into the kinetic energy of the

outflows, the mass-loss rate Ṁloss can be obtained from the energy conservation:

Ṁloss

2
v2

esc =
σR

2π
W (M∗) = −2σIEW, (6.5)

where vesc = (2GM∗/R∗)
1/2 is the escape velocity.

Note that the assumption of energy conservation above is not always valid be-

cause some pulsation energy can be lost by radiative dissipation. In fact, (Papaloizou

1973a,b) obtains a mass-loss rate lower than that of Appenzeller (1970a,b) by one order

of magnitude by including this effect. The mass-loss rate derived below can thus be

regarded as a conservative upper limit.
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6.2 Results

In this section, we describe the results for two different regimes of the accretion rate sep-

arately: (a) high accretion-rate cases (Ṁacc ≥ 0.03 M� yr−1), where the accreting stars

become supergiant protostars, and (b) a low accretion-rate case (Ṁacc = 10−3 M� yr−1),

where it reaches the ordinary ZAMS. The high-rate regime corresponds to the cases of

the SMS formations, while the lower rates are expected in the ordinary Pop III star

formation. The latter results are presented for comparison with the previous studies

(Baraffe et al. 2001; Sonoi and Umeda 2012). Since we have found that accreting pro-

tostars are unstable only for the radial mode without nodes (fundamental mode or

“F-mode”), we present the results for the F-mode below.

6.2.1 High accretion-rate cases: supergiant protostars

We see here the high accretion-rate cases Ṁacc ≥ 0.03 M� yr−1, where the protostars

grow in mass through the supergiant-protostar phase (Figure 6.1). We first explain the

case with the highest accretion rate Ṁacc = 1.0 M� yr−1 and then the cases with the

lower rates.

Highest Accretion-Rate Case (Ṁacc = 1.0 M� yr−1)

Figure 6.2 shows the stellar interior structure when the stellar mass reaches 103 M� with

Ṁacc = 1.0 M� yr−1. No convective core develops in the interior since the hydrogen

burning has not yet started. The star instead consists of a radiative core and an outer

convective layer. Although the convective layer only constitutes 10% of the stellar

mass, and the remaining 90% is the radiative core, it covers a large portion of the

radius. This structure consisting of the central core and bloated envelope is similar to

that of red-giant stars. With Ṁacc = 1.0 M� yr−1, the protostar reaches this structure

at M∗ > 200 M�. In this evolutionary stage, the stellar luminosity is close to the

Eddington value (L∗ ' LEdd ∝ M∗), and the effective temperature remains almost

constant at Teff ' 5000 K due to the strong temperature-dependence of the H− bound-

free opacity. With these two conditions, the mass-radius relationship of the supergiant

protostars is analytically written as

R∗ ' 8.2 × 103 R�

(
M∗

103 M�

)1/2

, (6.6)

which well agrees with the numerical results (HOY12).

Figure 6.3 shows the spatial distributions of the work integral for the radial F-

mode at the stellar masses of 300, 500, and 103 M�. The work integral W changes

remarkably near the surface (< 3 × 105 K), in particular, around 4 × 104 K, due to

a opacity bump by the He+ ionization. At 300 and 500 M�, the work integrals are

negative at the surface and the stars are stable. At M∗ = 103 M�, on the other hand,
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Figure 6.2: The interior structure of the accreting 103 M� protostar with Ṁacc =

1.0 M� yr−1 as a function of the relative radius r/R∗. The lines present the radial

profiles of the enclosed mass (solid), density (dashed), and temperature (dotted), re-

spectively. The enclosed mass is normalized by the stellar mass and others are normal-

ized by their central values; ρc = 0.2 g cm−3 and Tc = 2.1 × 107 K. The vertical line

at r/R∗ ' 0.25 denotes the inner boundary of the convective envelope. This figures is

taken from Inayoshi et al. (2013).

the work integral at the stellar surface is positive, i.e., the protostar is pulsationally

unstable by the κ mechanism excited in the He+ ionization layer.

All the work integrals shown in Figure 6.3 are constant in the outer H0 and He0

ionization layers since the radiative energy transport is efficient enough there. The

κ mechanism neither excite nor damp the pulsation. This can be seen by comparing

the following two timescales, the cooling time in the layer outside a radius r in the

unperturbed state (thermal timescale; e.g., Sonoi and Shibahashi 2011)

tth ≡
∫ R∗

r
4πcP Tρr2dr

L
, (6.7)

and the period of the pulsation

tdyn ≡ 2π

σR

. (6.8)

The open circles in the Figure 6.3 indicate the transition points where the two timescales

equal each other (tth = tdyn). Outside this point, tth is shorter than tdyn as the density

and the specific heat decrease outward. We call this region where tth < tdyn as the

non-adiabatic zone. The variation of the work integral is almost zero there because

the entropy is rapidly dissipated during a pulsation period. Thus, the surface value of
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the work integral, which determines the pulsational stability of the star, is fixed at the

transition point to the non-adiabatic zone, where tth = tdyn.

As seen in Figure 6.3, the surface value of the work integral W (M∗) increases with

the stellar mass and eventually becomes positive for > 500 M�: the protostar becomes

pulsationally unstable. Since the work integral grows in the He+ ionization layer inside

the transition point but remains constant outside. This increase of the surface value

W (M∗) with the stellar mass can be understood by the concomitant outward-shift of

the transition point, which in turn can be explained by comparing the two timescales;

tth ∝ R3
∗

L∗
, (6.9)

and

tdyn ∝

√
R3

∗
M∗

(6.10)

near the surface. In deriving the equation (6.9), we used the fact that the term cP Tρ

in equation (6.7) changes only slightly for T < 4× 105 K in the range 102 M� < M∗ <

103 M�. Note that the dynamical timescale (equation 6.10) has the same dependence
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as the free-fall timescale of the star. Eliminating R∗ and L∗ in equations (6.9) and

(6.10) with equation (6.6) and L∗ ' LEdd, we obtain:

tdyn

tth
∝ M−1/4

∗ , (6.11)

the thermal timescale becomes longer with respect to the dynamical timescale near

the surface with increasing stellar mass. In other words, the surface layer becomes

more adiabatic: the non-adiabatic zone on the surface layer becomes thinner and the

transition point moves outward as seen in Figure 6.3. As a result, the surface value

of the work integral increases and the stars become more unstable as the stellar mass

increase.

The growth rate of the pulsation η and the resulting mass-loss rate Ṁloss are shown

in Figure 6.4 as a function of the stellar mass. At M∗ ' 600 M�, the star becomes

pulsationally unstable and the mass loss rate increases with the stellar mass thereafter.

At M∗ ' 103 M�, the mass-loss rate reaches 2×10−3 M� yr−1, two orders of magnitude

higher than that in the ZAMS case with accretion rate Ṁacc = 10−3 M� yr−1 (see

section 6.2.2 below). This is, however, still lower than the accretion rate by a factor

of 500. In the case with spherical symmetry, therefore, pulsation-driven outflow would

be completely quenched by the rapid accretion. With some angular momentum, the

accretion onto the star proceeds mostly through a circumstellar disk. In this case,

the outflow escapes unhindered in the polar directions where the stellar surface is not

covered by the accreting flow. We thus expect that the supergiant protostar loses some

material via bipolar pulsation-driven outflows, while simultaneously growing in mass

due to a more rapid accretion from the disk.

Variation with different accretion rates

Next we see the cases with lower accretion rate 0.03−0.3 M� yr−1. Figure 6.5 presents

the growth rate η for the radial F-mode in these cases as functions of the stellar

mass. Roughly speaking, at a given stellar mass, the growth rate η is higher for higher

accretion rates. In our analysis, stars are unstable (i.e. η > 0) only in the two highest

accretion rate cases,: those with 1.0 M� yr−1 for M∗ > 600 M� and with 0.3 M� yr−1

for M∗ > 900 M�.

This tendency of instability toward higher accretion rates can be understood again

from the outward-shift of the transition point between the adiabatic and non-adiabatic

zones inside the He+ ionization layer, which makes the surface value of the work inte-

gral W (M∗) higher (see section 6.2.1). The behavior of work integral W is shown in

Figure 6.6 for three accretion rates of 0.1, 0.3, and 1.0 M� yr−1 at M∗ = 103 M�. The

ratio of the timescales tdyn/tth depends on the accretion rate Ṁacc only through the

stellar surface luminosity L∗ (see equations 6.6, 6.7, and 6.8 and note that the stellar

radius is independent of Ṁacc). As shown in Figure 6.7 (a) the surface luminosity L∗

and the ratio tdyn/tth is lower for higher Ṁacc. In other words, the surface region be-
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Ṁacc = 1.0 (solid), 0.3 (long-dashed), 0.1 (short-dashed), 0.03 M� yr−1 (dash-dotted),

respectively. In the shaded area the star is stable against the radial pulsation (η < 0).

The symbols on the lines show the models for which we analyze the stability. Large

open triangles on the cases with 0.1 and 0.03 M� yr−1 indicate the onset of the hydrogen

burning. This figures is taken from Inayoshi et al. (2013).



Chapter 6 Pulsational instability of supergiant protostars 77

temperature (K)

10 3×10 10 4×105 4 4 33×10 5

w
o

rk
 i
n

te
g

ra
l 
  
W 0

-1

-2

1

2

-3

1.0 Msun/yr

0.3 Msun/yr

0.1 Msun/yr

HHeHe
+

1000 Msun

Figure 6.6: The same as Figure 6.3, but for the stellar models at 103 M� with three
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0.1 M� yr−1 (dotted). This figures is taken from Inayoshi et al. (2013).

comes more adiabatic and the transition point moves closer to the surface at higher

Ṁacc, which makes the surface value of work integral higher as well.

The above relation of L∗ and Ṁacc can be understood in the following way. With

lower Ṁacc, the central part of the star has longer time to lose its entropy and the star

takes a more centrally concentrated structure at a given stellar mass maintaining the

same stellar radius (see Figure 6.7 b). As the radiative energy transport is efficient in

the inner hot and dense part, such a star has larger radiative core. Since the luminosity

grows proportionally to the enclosed mass Mr inside the radiative core but remains

roughly constant outside (see Figure 6.7 a), the large radiative core at low Ṁacc results

in high value of surface luminosity L∗.

Although the overall behavior of the growth rate η shown in Figure 6.5 can be

understood with the above considerations, η evolves in a somewhat complicated way

at Ṁacc = 0.03 and 0.1 M� yr−1; i.e., η decreases with mass early in the evolution.

The reason is as follows. As seen above, a supergiant protostar becomes more centrally

concentrated and thus more stable (i.e., lower η) with the increasing mass. At the

same time, however, there is also a destabilization effect with mass which is due to

the shrinking of the non-adiabatic layer of the surface, as discussed in section 6.2.1.

These two effects compete each other. With the highest accretion rates of Ṁacc = 0.3

and 1.0 M� yr−1, the destabilization is more important, while in the cases with low

accretion rate of Ṁacc = 0.03 and 0.1 M� yr−1, the stabilization first dominates until
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Figure 6.7: Comparison of the interior structure of 103 M� protostars with different

accretion rates. The panels (a) and (b) present the radial distributions of the luminos-

ity and enclosed mass, respectively. In the both panels, the red portions denote the

convective zones. This figures is taken from Inayoshi et al. (2013).

the onset of hydrogen burning, after which the central concentration remains almost

constant and the stabilizing effect no longer operates. Thus, at this point η begins to

increase as seen in Figure 6.5.

6.2.2 Lowest accretion-rate case: Accreting ZAMS stars

Next, we will see the lowest accretion-rate case in our calculation with Ṁacc = 10−3 M� yr−1,

where the protostar reaches the ZAMS at M∗ ' 50 M� after the KH contraction (e.g.,

Omukai and Palla 2003).

Figure 6.8 presents the interior structure of the protostar M∗ = 103 M�: the radial

profiles of the mass, the temperature, the density, and the nuclear energy production
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Figure 6.8: The same as Figure 2, but for the 103 M� protostar with Ṁacc =

10−3 M� yr−1. The energy production rate due to the nuclear burning is also shown

(dotted). The enclosed mass is normalized by the stellar mass, and others are by their

central values: ρc = 11 g cm−3, Tc = 1.3 × 108 K, and εc = 6.9 × 105 erg s−1 g−1. The

vertical line at r/R∗ ' 0.6 denotes the outer boundary of the convective core. This

figures is taken from Inayoshi et al. (2013).

rate. The central hydrogen burning via CN-cycle renders the 95% of the stellar mass

(covering 60% in radius) to be convective. The vertical line (dot-dashed) in Figure 6.8

indicates the boundary between the convective core and the outer radiative envelope.

Figure 6.9 shows the radial distributions of the work integral W , its derivative

dW/dMr, its nuclear-energy production rate ε, and its opacity κ within this star. The

ε-mechanism drives the pulsational instability and thus the work integral W increases

inside the convective core. On the other hand, the pulsation is slightly damped (i.e.

dW/dMr < 0) in the radiative layer because of the energy dissipation. The κ mecha-

nism does not work as the opacity is almost constant in the envelope due to high surface

temperature (∼ 105K). The small mass inside the surface region cannot totally damp

the pulsation excited by the ε mechanism. The star is thus unstable, i.e., W (M∗) > 0.

Figure 6.10 presents the growth rate of the pulsation η and the resulting mass-loss

rate Ṁloss as a function of the stellar mass. After hydrogen ignition at M∗ ' 50 M�, the

star remains stable until 140 M� when the stabilization by radiative damping overcomes

the pulsation by the ε mechanism. As the stellar mass increases, however, the star

becomes more radiation-pressure dominated and the average adiabatic exponent of the

star Γ1 ≡ (∂ ln p/∂ ln ρ)S approaches the marginal gravitational stability value of 4/3.

Consequently, the pulsation becomes increasingly strong in the central convective core

and exceeds the radiative damping effect (Cox 1980; Shapiro and Teukolsky 1983).
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Ṁacc = 10−3 M� yr−1. The work integral W (solid line) and its derivative dW/dMr

(long-dashed line) are presented in arbitrary units. The nuclear energy production rate

ε (normalized by the central value) and the opacity κ (in cm2 g−1) are plotted with the

short-dashed and dotted lines, respectively. This figures is taken from Inayoshi et al.

(2013).

The star becomes unstable at 140 M� and the growth rate of the pulsation increases

thereafter. The mass-loss rate is typically Ṁloss ' 10−6 − 10−5 M� yr−1 (the dotted

line in Figure 6.10). Since this mass-loss rate is lower than the accretion rate Ṁacc =

10−3 M� yr−1, the stellar growth via accretion would not be prevented by the pulsation-

driven mass-loss as in the supergiant protostar cases.

Baraffe et al. (2001) and Sonoi and Umeda (2012) also studied the pulsational

instability of non-accreting massive Pop III stars. For example, Sonoi and Umeda

(2012) estimate the growth rate of the pulsation and mass-loss rate for a 500 M� star

as η = 3.02 × 10−8 and Ṁloss = 2.0 × 10−5 M� yr−1, respectively. Although their

growth rate agrees well with our results, their mass-loss rate is higher than ours by

a factor of four. This difference in mass-loss rates comes from the different values of

the surface density between the accreting and non-accreting stars. With accretion, the

surface density is higher than that without accretion. In this case, the gas pressure is

relatively higher than the radiation pressure, i.e., higher β ≡ pgas/ptot. This results in

a lower sound velocity cs =
√

Γ1p/ρ (∝ β−1/2) at the surface and a lower pulsation

amplitude at the onset of the mass loss, which is proportional to the speed of sound

(equation 6.4). Therefore, the pulsation energy EW and the mass-loss rate become

lower in the accreting case than in the non-accreting case.
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6.3 Conclusion and Discussion

In this paper, we have studied the pulsational stability of primordial protostars growing

via very rapid accretion, (Ṁacc ∼ 0.1 M� yr−1), through the method of the linear

perturbation analysis, which is expected in the case of supermassive star formation in

the early universe. We have evaluated mass-loss rate if the protostar is pulsationally

unstable and examined whether the mass loss is strong enough to prevent the stellar

growth via the accretion. We focused on early stellar evolution of M∗ < 103 M�, which

has been studied in our recent work (HOY12). Our results are summarized as follows.

First, we have studied the high accretion-rate cases with Ṁacc > 0.03 M� yr−1,

where the protostar has the a contracting core and a bloated envelope similar to a giant

star (supergiant protostar; HOY12). With low effective temperature Teff ' 5000 K, the

supergiant protostar has the H and He ionization layers within its envelope. We have

found that although pulsation is driven due to blocking of radiative flux at the opacity

bump from the He+ ionization (the so-called κ mechanism), the supergiant protostars

are pulsationally unstable only with the highest accretion rate ' 1.0 M� yr−1 we

studied. In the lower accretion-rate cases, the protostars are stable at least until

M∗ ' 103 M�. Even in the most unstable cases, the mass-loss rates are typically
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∼ 10−3 M� yr−1, which are lower than their accretion rates by more than two orders of

magnitude. We thus conclude that the mass loss driven by pulsation does not prevent

the growth of the supergiant protostar via rapid accretion.

Next, for comparison with the previous studies, we have analyzed a lower accretion-

rate case with Ṁacc = 10−3 M� yr−1, which is expected in the ordinary Pop III star

formation. In this case, the protostar reaches the ZAMS at M∗ ' 50 M� after the

KH contraction stage (e.g., Omukai and Palla 2001, 2003). We have found that the

protostars are unstable by the ε mechanism in the range M∗ > 140 M�, where a large

part of the stellar interior is radiation-pressure dominated. Estimated mass-loss rate

10−6 − 10−5 M� yr−1 is roughly consistent with the previous results for non-accreting

stars (Baraffe et al. 2001; Sonoi and Umeda 2012) although smaller by few factors

because of the difference in the surface density due to the accretion.

In this paper, we have limited our analysis to the mass range M∗ < 103 M� due

to the lack of stellar data in the higher mass range. We here speculate the later

evolution based on the current results. Further studies on the protostellar evolution

for M∗ > 103 M� as well as on its pulsational stability are thus awaited. If we linearly

extrapolate the mass-loss rate in the case of Ṁacc = 1.0 M� yr−1 shown in Figure 6.4

to higher mass range,

Ṁloss ∼ 5.0 × 10−4

(
M∗

100 M�
− 6

)
M� yr−1; (6.12)

the mass loss catches up with the accretion at M∗ ' 2 × 105 M�. At this point, the

growth of the protostar via accretion possibly halts and the final mass is set. However,

because of our assumption that all the pulsation energy is converted to the kinetic

energy of the outflows, the mass-loss rate by equation (6.12) should be regarded as an

upper limit (e.g., Papaloizou 1973a,b). Furthermore, the mass loss of the Pop I red-

giant stars are usually driven by the radiation pressure exerted on dust grains formed

in the cool envelope (e.g., Willson 2000). Without the dust as in our case, acceleration

of the outflows could be more inefficient. We expect that, with such rapid accretion,

the final stellar mass can exceed ∼ 105 M� despite the pulsation-driven mass loss.

Although mass-loss rate is much lower than the accretion rate until M∗ = 103 M�

as studied in this paper, these values could be comparable to M∗ > 105 M�. Since the

accretion of gas with some angular momentum onto the star proceeds via a circumstellar

disk, the outflows would escape most easily in the polar regions, where the density is

relatively low. The dynamical interaction between the inflows and outflows needs to

be studied in detail to determine the exact value of the stellar final mass.

Our estimate of the mass-loss rate is based on the previous works (e.g., Appen-

zeller 1970a,b; Papaloizou 1973a,b), in which the non-linear development of pulsation

for non-accreting main-sequence stars is studied numerically. For the accreting stars,

however, we have a very limited knowledge on the non-linear behavior of pulsation

(e.g., Gamgami 2007). More detailed studies on this issue by radiative hydrodynami-

cal simulations is awaited.
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So far, we have only considered stars forming from the metal-free (Z = 0) gas.

However, SMSs could potentially be formed from the gas slightly polluted with heavy

elements, if that is below the critical amount Zcr, i.e., ∼ 10−3 Z� without dust grains,

or ∼ 10−5 Z� with dust grains (Omukai et al. 2008; Inayoshi and Omukai 2012).

Metal enrichment lowers the central temperature of a star by enhancing the energy

production efficiency by nuclear fusion and also creates another opacity bump near the

surface which make the pulsation stronger via the ε and κ mechanisms, respectively.

However, for the κ mechanism, for which the supergiant protostars are unstable, this

effects becomes important only with metallicity higher than 2 × 10−3 Z� in the case

of non-accreting stars (Baraffe et al. 2001), which is higher than the critical value

Zcr. We thus speculate that even if small amount of metals below Zcr are present, the

pulsational stability of supergiant protostars should be similar to the zero-metallicity

case studied above.

Finally, we discuss the validity of the frozen-in approximation of convective energy

flux used in our analysis (see Appendix A), where perturbations of the convective flux

is neglected. At the present time, this is a widely-used approximation due to our

limited knowledge on the interaction between the convective and pulsational motions.

Although some other models including this effect have been proposed (e.g., Unno 1967;

Gough 1977; Dupret et al. 2005), they rely on the still-developing time-dependent con-

vection theories, which require different assumptions depending on modeling, beyond

the classical mixing-length theory (Böhm-Vitense 1958). Recent results by Penev et al.

(2009) and Shiode et al. (2012), who studied this interaction numerically, showed that

the convective damping weakens the pulsation by the ε mechanism, but does not in-

fluence through the κ mechanism. Therefore, protostars with modest accretion rate

Ṁacc ' 10−3 M� yr−1, which are unstable by the ε mechanism (section 6.2.2), can

be somewhat stabilized by this convective damping. On the other hand, we speculate

that this would not significantly affect the pulsation in supergiant protostars, which is

driven by the κ mechanism.



Chapter 7

Evolution of supermassive stars by

rapid mass accretion

In the previous studies of the stellar evolution (Hosokawa et al. 2012a, hereafter

HYO12), the protostellar radius is found to expand monolithically with mass as R∗ ∝
M

1/2
∗ for M∗ & 100 M� (see equation 6.6). The bloated envelope has the low effective

temperature ∼ 5000 K during the expansion phase and thus the resulting stellar UV

luminosity is very low. The pulsational instability of the accreting protostar is also

studied (Inayoshi et al. 2013, hereafter IHO13). For Ṁacc & 10−1 M�, the protostar

becomes unstable against the pulsations but drives outflows at the rate lower than the

accretion rate. From these results, we expect that the protostar is not prevented the

rapid growth. However, these studies only focused on the early evolution up to stellar

masses of 103 M�. Therefore, it is required to investigate the subsequent evolutionary

stage until the protostar evolves to a supermassive star with ∼ 105 M�. Here, we

extend the previous work of HOY12 and discuss the evolution up to stellar masses

105 M� and effect of pulsational instability at the high mass range.

7.1 Evolution of stellar radius

We performed the calculations of the structure evolution for the accreting protostar

as HYO12 did. We here use the numerical code developed by Yorke and Bodenheimer

(2008), where the Henyey method (Henyey et al. 1964) is employed to solve the stellar

interior structure. Figure 7.1 presents the evolution of the stellar radius and effective

temperature with high accretion rates (Ṁacc = 0.1 and 1.0 M� yr−1). We see that the

evolution of the stellar radii agrees well with the previous results in an early stage for

M∗ . 103 M� (HOY12). The small deviations for M∗ . 100 M� are mostly due to the

difference of the boundary conditions imposed at the stellar surface, which does not

affect the stellar structure for M∗ . 103 M�. The stellar radii monolithically expand

with mass according to the analytic relation (equation 6.6) for 100 M� . M∗ . 104 M�.

For M∗ & 3 × 104 M�, the protostar begins to shrink and the effective temperature

84
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Figure 7.1: Protostellar evolution over ∼ 105 years with accretion rates (Ṁacc =

0.1 M� yr−1 and 1.0 M� yr−1). Upper panel: evolution of the stellar radius (solid

lines). The open circles represent our previous results taken from Hosokawa et al.

(2012a) for M∗ . 103 M� with Ṁacc = 0.1 and 1.0 M� yr−1. The thin green line shows

the analytic mass-radius relation given by equation (6.6). The evolution of the stellar

effective temperature is also overlaid on the above plots (dashed lines), using the same

scale as for the stellar radius. This figures is taken from Hosokawa et al. (2013).

simultaneously increases. When the stellar mass reaches ∼ 105 M�, the stellar radius

remains very large at R∗ ' 2 × 104 R� ' 100 AU. On the other hand, through the

stellar evolution for M∗ & 100 M�, the interior continues to contract and thus the

whole structure becomes highly inhomogeneously.

To understand why the radius begins to decrease for M∗ & 104 M�, we note that

the constant effective temperature (Teff ' 5000 K) is assumed to derive the analytic

relation (equation 6.6) from

L∗ = 4πR2
∗T

4
eff ' LEdd ∝ M∗. (7.1)

This is because H− bound-free opacity, which dominates near the stellar surface, has the

strong temperature-dependence and thus the effective temperature is locked at several

× 103 K (Hayashi 1961). However, when the stellar mass exceeds M∗ > 104 M�, the

density of the outermost layer decrease to . 10−11 g cm−3. In such low-density surface,

the opacity value drops to the floor given by the Thomson scattering because the H−
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function of the interior temperature. The shaded backgrounds represent the ionization

layers of He+, He, and H. The outermost part is the non-adiabatic layer, where the

pulsation instability is not excited because of radiative diffusion. This figures is taken

from Hosokawa et al. (2013).

opacity is proportional to the density squared (∼ nHne). At the point when H− ions no

longer dominate the opacity in surface layers, these surface layers no longer efficiently

absorb the heat flux coming from the contracting interior. In this case, the effective

temperature does not keep to the constant value and increases as the protostar grows

(see Figure 7.1). We thus predict that the stellar radius will continue to decrease as

R∗ ∝ M
1/2
∗ T−2

eff after the stellar mass exceeds 105 M�,

7.2 Negative feedback effects

7.2.1 Stability against the stellar pulsations

We study the pulsation stability of accreting SMSs and estimate the resulting mass-loss

rates for unstable cases. Following our previous work (IHO13), we apply linear stability

analysis to the stellar models with different masses. IHO13 show that an SMS is more

unstable with higher accretion rates and at higher stellar masses. We thus focus on the

case with the highest accretion rate Ṁacc = 1.0 M� yr−1 for examining whether the
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mass loss caused by the stellar pulsation can limit stellar growth via mass accretion.

Since accreting SMSs are most unstable against radial perturbations for M∗ . 103 M�

(IHO13), we also analyze the stability against radial perturbations. Our current results

allow us to extend the analysis to the high mass range of 103 M� ≤ M∗ ≤ 105 M�.

The basic procedure of our linear stability analysis is briefly summarized in Appendix

A.

In agreement with our previous analysis we find that the instability is excited by the

κ mechanism due to the opacity bump in the He+ ionization layer. The accreting SMS

is always unstable, except within the narrow mass range 104 M� . M∗ . 3× 104 M�.

The growth rate of the instability reaches the maximum value at M∗ . 6×103 M�. The

maximum mass-loss rate is estimated as 5 × 10−3 M� yr−1. At the second unstable

phase (& 3 × 104 M�), the mass-loss rate hardly rises in spite of the growth rate

increasing with stellar mass. This is primarily because the escape velocity increases

with stellar mass (see eq. 6.5), as the stellar expansion slows down for M∗ & 104 M�

(see Fig. 7.1). Since the mass-loss rates are much lower than the assumed accretion

rate, we conclude that the pulsation instability does not prevent the formation of an

SMS via rapid mass accretion.

When the stellar mass exceeds 6 × 103 M�, the pulsation is stabilized and the

pulsation-driven outflows are also suppressed. Figure 7.2 shows the radial profile of

the work integral near the surface of a 3× 104 M� star. We see that the work integral

increases outward within the He+ ionization layer, but decreases beyond it because of

radiative diffusion. In the outermost layers with T . 1.8 × 104 K, where the radiative

cooling time is shorter than the pulsation period, the work integral remains constant

without excitation or damping (the non-adiabatic region; tth < tdyn). In this case, the

work integral at the stellar surface is negative and the protostar is stable. In the most

unstable case when M∗ = 6 × 103 M�, on the other hand, radiative cooling in the

outermost part is more efficient and the non-adiabatic region extends further inward.

The transition point to the non-adiabatic region is located just outside of the He+

ionization layer. Therefore, the stellar pulsation excited in the He+ ionization layer

does not suffer from damping via radiative diffusion outside the ionization layer. Such

a profile of the work integral is displayed in Figure 6.3, where by simply extrapolating

the available results for M∗ < 103 M� without considering the damping effect outside

the He+ ionization layer, we had speculated that the mass-loss rates would increase

with stellar mass for M∗ > 103 M�. By contrast, our current results show that the

pulsation instability is strongly suppressed for M∗ � 103 M� and mass-loss is much

lower than predicted by IHO13 (equation 6.12).

7.2.2 UV feedback

As seen in Figure 6.1, for cases of usual Pop III star formation (Ṁacc ' 10−3 M� yr−1),

the stellar radius shrinks with increasing the mass (i.e., KH contraction) and reaches the
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ZAMS stage. The effective temperature of the metal-free ZAMS star is higher than

that of metal-enriched Pop II/I stars, which results in stronger emission of ionizing

photons exceeding ∼ 1050 s−1 for M∗ > 102 M� (see Figure 7.3). In this case, stellar

UV feedback becomes so strong that the gas supply onto the star is rapidly prevented

by the heating due to ionization (McKee and Tan 2008; Hosokawa et al. 2011; Stacy

et al. 2012; Hosokawa et al. 2012a). On the other hand, in the case when SMSs forms

via rapid mass accretion, the emissivity of the ionizing photons from the stellar surface

remains very low even after the stellar mass exceeds 104 M�. Figure 7.3 also shows

that the luminosity of the ionizing photons for Ṁacc = 1.0 M� yr−1 at M∗ ' 105 M�

is still comparable to that of ZAMS stars with M∗ . 100 M� . This is because the

protostar has the stellar envelope with low effective temperature resulting from the
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large stellar radius. For Ṁacc = 1.0 M� yr−1, the accretion rate of hydrogen atoms is

' 3 × 1049 sec−1. If the stellar ionizing photon emissivity is lower than this hydrogen

accretion rate, a HII region cannot grow. Thus, the temporal increase of the ionizing

luminosity in an early stage when M∗ < 100 M� (visible as a spike in Figure 7.3) ∗,

could affect the accreting flows. Even if this “flash” of ionizing radiation would occur,

however, its duration of < 100 years is too short to significantly disturb the accretion

flow. It is thus unlikely that the mass accretion onto rapidly accreting SMSs is hindered

by stellar UV feedback, at least for M∗ . 105 M�.

After the stellar mass exceeds 105 M�, however, the stellar ionizing flux will continue

to increase, so that an HII region might finally emerge. The UV feedback caused by the

dynamical expansion of the HII region would shut off the mass accretion as expected

in the ordinary cases of the primordial star formation. The maximum stellar mass by

the UV feedback would be higher with more rapid mass accretion, as suggested in our

radiation hydrodynamic numerical simulations (Hosokawa et al. 2011, 2012b).

7.3 Conclusion and Discussion

In this chapter, we study the evolution of an accreting protostar at the high rate

(Ṁacc > 0.1 M� yr−1). We have solved the stellar structure numerically and found

that such a protostar can grow up to a supermassive star with mass ∼ 105 M�, which

is expected to become a seed of SMBHs observed at z & 6. Under rapid accretion,

the stellar radius continues to increases monolithically with the stellar mass following

R∗ ∝ M
1/2
∗ . The stellar interior inhomogeneously contracts by losing the thermal

energy. These characteristics are consistent with that obtained by the previous study

(Hosokawa et al. 2012a). The expansion phase ends and begins to contract when the

mass exceeds 104 M�. This is because the surface density decreases and thus the

opacity of H− ions drops to the Thomson scattering opacity. The maximum of the

stellar radius is R∗ ' 4 × 104 R� ∼ 102 AU for M∗ & 104 M�.

Our results suggest that SMSs form as very bloated supergiant stars as long as the

rapid accretion continues. With this very large radius, the stellar effective temperature

is less than 104 K even after the protostar becomes supermassive. Stellar UV radi-

ation is much weaker than for non-accreting ZAMS stars. For instance, the ionizing

luminosity of a rapidly accreting 105 M� star should be less than that of a 100 M�

ZAMS star. Strong UV feedback, which could limit the mass accretion onto the star,

is thus unlikely to operate in this case. We have also studied the pulsation stability of

accreting SMSs with our calculated stellar models. Our analyses show that accreting

SMSs become pulsation unstable due to the κ-mechanism (IHO13), but the resulting

∗We investigated the stellar structure for various boundary conditions at the stellar surface relating
to the energy input from accreting matter to the envelope. Depending on the choice of the boundary
conditions, the evolution of the stellar radius somewhat different only in an early stage when M∗ <

100 M�. Figure 7.3 shows the case that the emissivity of the ionizing photons is largest.
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mass-loss rates are still much lower than the accretion rates for M∗ & 103 M�. We

here note that our results of chapter 5 strongly support the rapid growth of the pro-

tostar at the rate as high as ∼ 3 M� yr−1, which is larger than the threshold value to

form the bloated supermassive star (∼ 0.1 M� yr−1). Therefore, we conclude that the

SMSs formed via very rapid mass accretion are not significantly affected by stellar UV

feedback or pulsational mass loss.



Chapter 8

Summary and conclusion

In this thesis, we have been discussed the origin and formation process of supermassive

black holes (SMBHs; & 109 M�) in the early universe through the direct collapse of

supermassive stars (SMSs; & 105 M�). We have investigated the formation of SMSs in

the following three parts; (i) formation of supermassive clouds in the first galaxies, (ii)

collapse phase of the supermassive cloud, (iii) evolution of the protostar up to a SMS.

Below, we briefly summarize the results for each topics.

8.1 Formation of supermassive clouds

In chapter 3, we have reconsidered the conditions required to form SMSs in the early

universe. In the previous studies, a strong far-ultraviolet (FUV) radiation field, which

photodissociates H2 and quenches its cooling, is expected to be a necessary condition

for the SMS formation. However, candidates of FUV sources, including star-forming

galaxies, are probably sources of strong CRs and X-rays too. We here have investigated

the effects of external ionization by cosmic rays (CRs) and X-rays on the thermal

evolution of primordial clouds under strong FUV radiation, and we have found the

followings.

• An external ionization promotes H2 production and elevates the threshold FUV

intensity Jcrit needed for SMBH formation for CR energy density UCR & 10−14

erg cm−3 or X-ray intensity JX & 10−24 erg s−1 cm−2 sr−1 Hz−1 at 1 keV. The

critical FUV flux increases as Jcrit ∝ U
1/2
CR (∝ J

1/2
X ) in the high CR (respectively

X-ray) limit.

• With the same value of FUV intensity at the Lyman limit (13.6 eV), the H− pho-

todissociation rate, with a threshold of 0.755 eV, increases and the H2 abundance

decreases with decreasing effective temperature of the FUV sources T∗. A lower

value of T∗ thus results in a lower critical FUV flux Jcrit at the Lyman limit.

• Using an empirical relation between the intensities of FUV and CRs/X-rays from
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nearby star-forming galaxies, we find that the external ionization effect remark-

ably enhances the critical FUV flux for sources with T∗ as high as 105 K and

composed of stars with mass . 100 M� to a level that is not realized in any halo.

Base on the above results, we conclude that to induce SMBH formation the FUV

sources must be either Population II/I galaxies with low brightness temperature (T∗ ∼
104 K), Population III galaxies (T∗ ∼ 105 K) with a very top-heavy initial mass function

or Population III galaxies too young to harbor sources of CRs/X-rays, for example

supernova remnants or high-mass X-ray binaries.

In chapter 4, we proposed a new scenario for SMS formation without assuming the

strong FUV radiations, which are required in the previous studies. Recent numerical

simulations indicate that assembly of a typical first galaxy with virial temperature

Tvir & 104 K proceeds via cold and dense flows penetrating deep to the centre, where

supersonic streams collide with each other to develop a hot (∼ 104 K) and dense (∼ 103

cm−3) shocked gas. We have investigated the thermal evolution of the post-shock gas

and found the followings.

• The post-shock layer first cools by efficient Lyα emission and contracts isobar-

ically until ' 8000 K. If the density is high enough to excite H2 rovibrational

levels collisionally (& 104 cm−3), enhanced H2 collisional dissociation suppresses

the gas from cooling further.

• The range of post-shock conditions for SMS formation can be expressed as T &
6000 K (nH/104 cm−3)−1 for nH . 104 cm−3 and T & 5000−6000 K for nH & 104

cm−3, depending somewhat on the initial ionization degree.

• Metal enrichment does not affect the above condition for metallicity below ∼
10−3 Z� if metals are in the gas phase, while condensation of several per cent

of metals into dust decreases this critical value of metallicity by an order of

magnitude.

Unlike the previously proposed scenario for SMS formation, which postulates ex-

tremely strong ultraviolet radiation to quench H2 cooling, our scenario here naturally

explains SMBH seed formation in the assembly process of the first galaxies, even with-

out such strong radiation.

8.2 Collapse phase of the supermassive cloud

In chapter 5, we investigated the collapse phase of a supermassive cloud. Most previous

studies simply have supposed that a massive primordial cloud without H2 molecules

can collapse monolithically avoiding strong fragmentation and form a supermassive

star. Moreover, the H2 cooling, which is the most important process to determine
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the efficiency of gas fragmentation, has been neglected in the previous hydrodynamical

simulations. Then, we have investigated the fate of a supermassive cloud performing the

three-dimensional hydrodynamical simulations and considering the all cooling processes

which does work on the gas evolutionary track. We have found the following results.

• A supermassive cloud with turbulence can collapse runaway by various radiative

cooling processes (Lyα, two-photon, H− free-bound, free-free emissions) without

efficient fragmentation. Though the H2 fractions are rapidly enhanced by the

three-body reaction (3H → H2 + H), the H2 cooling (both of line and continuum

emission) never play a significant role for the thermal evolution at the central

region. Finally, single protostar is formed when the central region becomes opti-

cally thick.

• The H2 cooling does work at somewhat low temperature region due to the tur-

bulent motions (i.e., adiabatic cooling) because the H2 dissociation rate rapidly

decreases at such region. Then, many cold clumps are formed in the low-density

envelope by the thermal instability due to the H2 cooling.

• The formed protostar grows via rapid accretion fed the dense filamentary flows.

The accretion rate is so high (Ṁacc ∼ 3 M� yr−1) that the protostar is expected

to evolve up to a supermassive star (& 105 M�) within its lifetime.

• At the end our simulation, the protostar rapidly grows to ∼ 3 M�, whose radius

is as large as ∼ 2 AU. The properties of the central protostar are consistent

with the result of the stellar-structure evolution by Hosokawa et al. (2012), who

assumes the spherical accretion.

8.3 Evolution of the protostar up to a SMS

In chapter 6, we have investigated the stability against the stellar pulsations of an

protostar which rapidly grows to a SMS via gas accretion at the rate of & 0.01 M� yr−1.

Like massive stars as well as giant stars, both of which are known to be pulsationally

unstable, rapidly accreting protostars may also be unstable to launch strong pulsation-

driven outflows. If this is the case, the stellar growth via accretion will be hindered

by the mass-loss. We have applied the linear stability analysis to the proto-stellar

structures at the early stage (M∗ . 103 M�) and found the followings.

• Massive protostars with M∗ & 600 M� and very high accretion rate Ṁacc &
1.0 M� yr−1 are unstable due to the κ mechanism. The pulsation is excited in

the He+ ionization layer in the envelope.

• Even under a conservative assumption that all the pulsation energy is converted

into the kinetic energy of the outflows, the mass-loss rate is 10−3 M� yr−1, which

is lower than the accretion rate by more than two orders of magnitude.
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From these results, we concluded that rapidly accreting protostars should grow sta-

bly at least in the mass range we studied. As long as the rapid accretion is maintained

in the later stage, protostars will become SMSs, which eventually produce seeds for the

high-z SMBHs.

In chapter 7, we have solved the structures of the protostars growing via rapid gas

accretion for M∗ & 105 M�. We also investigated the pulsational stability of the SMSs

for higher mass range than that discussed in chapter 6, and found the followings.

• Under rapid accretion, the stellar radius continues to increases monolithically

with the stellar mass following R∗ ∝ M
1/2
∗ . The stellar interior inhomogeneously

contracts by losing the thermal energy. The expansion phase ends and begins to

contract when the mass exceeds 104 M�. The maximum of the stellar radius is

R∗ ' 4 × 104 R� ∼ 102 AU for M∗ ∼ 104 M�.

• Accreting SMSs become pulsation unstable due to the κ-mechanism as in seen

chapter6, but the resulting mass-loss rates are still much lower than the accretion

rates for M∗ > 103 M�.

• With this very large radius, the stellar effective temperature is less than 104 K

even after the protostar becomes supermassive. Stellar UV radiation is much

weaker than for non-accreting ZAMS stars. Strong UV feedback, which could

limit the mass accretion onto the star, is thus unlikely to operate in this case.

Therefore, we have concluded that the SMSs formed via very rapid mass accretion

are not significantly affected by stellar UV feedback or pulsational mass loss.
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Appendix A

Linear stability analysis against

stellar pulsations

In this appendix, we describe our method of the linear perturbation analysis of the

stellar pulsation stability (e.g., Cox 1980; Unno et al. 1989). The basic equations

governing the stellar structure are

∂ρ

∂t
+ ∇ · (ρv) = 0, (A.1)

∂v

∂t
+ (v · ∇)v = −1

ρ
∇p −∇Φ, (A.2)

∇2Φ = 4πGρ, (A.3)

T

[
∂S

∂t
+ (v · ∇)S

]
= ε − 1

ρ
∇ · F, (A.4)

Frad = − 4ac

3κρ
T 3∇T, (A.5)

where ρ is the density, v the velocity, p the pressure, Φ the gravitational potential, T

the temperature, S the specific entropy, ε the nuclear-energy generation rate per unit

mass, κ the opacity, F the total energy flux, which is the sum of the radiative flux Frad

and convective flux Fconv, G the gravitational constant, c the speed of light, and a the

radiation constant. The radial mode, i.e., perturbations which radially oscillate with

an eigen frequency σ, is studied.

We consider the radial displacement of fluid elements from the equilibrium positions

in the form ξr(r, t) ≡ ξr(r)e
iσt. We define the resulting Euler perturbation of a physical

quantity Q as Q′ ≡ Q(r, t) − Q0(r, t), where Q0 is the value in the unperturbed state.

We also use the Lagrange perturbation δQ ≡ Q(r + ξr, t) − Q0(r, t) for some physical

quantities. The linearized equations (A.1)-(A.5) with the perturbations Q′(r, t) =

Q′(r)eiσt and δQ(r, t) = δQ(r)eiσt are written as

1

r2

d

dr
(r2ξr) −

g

c2
s

ξr +
p′

ρc2
s

= vT
δS

cP

, (A.6)
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1

ρ

dp′

dr
+

g

ρc2
s

p′ + (N2 − σ2)ξr +
dΦ′

dr
= gvT

δS

cP

, (A.7)

1

r2

d

dr

(
r2dΦ′

dr

)
− 4πGρ

(
p′

ρc2
s

+
N2

g
ξr

)
= −4πGρvT

δS

cP

, (A.8)

iσTδS = δε − dδLrad

dMr

, (A.9)

δLrad

Lrad

= −δκ

κ
+ 4

δT

T
+ 4

ξr

r
+

d( δT
T

)/d ln r

d ln T/d ln r
, (A.10)

where cs (=
√

Γ1p/ρ) is the sound velocity, Γ1 = (∂ ln p/∂ ln ρ)S the adiabatic exponent,

r the radius, g the gravitational acceleration, Lrad the radiative luminosity, Mr the

enclosed mass, cP = T (∂S/∂T )p the isobaric specific heat, vT ≡ −(∂ ln ρ/∂ ln T )p, and

N2 ≡ −g(d ln ρ/dr + g/c2
s ) the Brunt-Väisärä frequency. In the above equations, for

simplicity, a physical quantity “Q” indicates its value in the unperturbed state instead

of Q0.

Note that, in equations (A.9) and (A.10), we ignore the perturbation of the con-

vective energy flux, i.e., δFconv = 0. This so-called “frozen-in” approximation has been

widely used in analyzing the pulsational stability of stars (Baraffe et al. 2001 and Sonoi

& Umeda 2012). To facilitate the comparison between their results, we also adopt this

assumption here (see Section 6.3 for more discussions).

From equations (A.6) and (A.8) and the regularity of Φ′ at the center,

dΦ′

dr
+ 4πGρξr = 0. (A.11)

Eliminating the term dΦ′/dr in equations (A.7)-(A.10) with this relation, we obtain

four linear ordinary first-order differential equations for four variables ξr, p′, δS, and

δLrad. Here, we impose the following boundary conditions:

d

dr

(
ξr

r

)
= 0,

d

dr

(
δLrad

Lrad

)
= 0 (r = 0), (A.12)

d

dr

(
δp

p

)
= 0 (r = R∗), (A.13)

from the regularity of the perturbations at the center and surface, and

δFrad,r

Frad,r

= 4
δT

T
(r = R∗), (A.14)

which guarantees outward propagation of the energy flux at the surface (e.g., Cox

1980; Saio, Winget & Robinson 1983). In this system of the differential equations and

boundary conditions, the normalization of the variables ξr, p′, δS, δLrad still remains

as a degree of freedom. We solve the system as an eigenvalue problem by formally

introducing a differential equation for the eigenvalue σ,

dσ

dr
= 0. (A.15)
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The whole system here is the five first-order differential equations for ξr, p′, δS, δLrad,

and σ with the four boundary conditions and one normalization condition. We set

the arbitrary normalization condition at the surface, ξr(r = R∗) = R∗. We obtain

numerical solutions of the eigen functions and eigenvalue using the relaxation method

(e.g., Unno et al. 1989).
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