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Abstract

We develop the exact WKB analysis of an M2P1T (merging two simple poles
and one simple turning point) Schrodinger equation. Our emphasis is put
on the analysis of the singularity structure of its Borel transformed WKB
solutions near fixed singular points relevant to the two simple poles con-
tained in the potential of the equation. In Part I, we focus our attention on
the construction and analytic properties of a WKB-theoretic transformation
that transforms an M2P1T equation to an algebraic Mathieu equation. That
transformation plays an important role in Part II when we discuss the singu-
larity structure of Borel transformed WKB solutions of an M2P1T equation.
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0. Introduction

The primary aim of this paper is to study the analytic structure of the
Borel transform of a WKB solution ¢ of the Schrodinger equation

2
(0.1) <% — 7]2@) =0 (n:alarge parameter)
when the potential () contains two simple poles. As a simple pole and a
simple turning point give similar effects on the analytic structure of Borel
transformed WKB solutions ([Kol] and [Ko2]), the above problem is, in
its setting, a natural counterpart of the problems discussed in [AKT2| and
[KKKoT], where @) contains two simple turning points (in [AKT2]) and one
simple pole and one simple turning point (in [KKKoT]). But we need much
deeper insight into the structure of the Schodinger equation in question this
time. The difficulty becomes clearly visible if we consider (), below as the
simplest example of such a potential;

1
(0.2) Q. = o (a : a parameter).

For this potential (), we find the following relation

(0.3) / vV Qudx =,

and this indicates that the distance between two singular points of the Borel
transformed WKB solutions whose relative location is independent of z (the
so-called “fixed singularities” (cf. [DP], [KT, p.112], [V])) does not diminish
when two simple poles in the potential (i.e., x = ta) coalesce into the origin.
In the situation studied in [AKT2] and [KKKoT], integrals corresponding
to (0.3) tend to 0 as the relevant turning points (with a simple pole being
regarded as a turning point) coalesce, and this fact played a key role in the
semi-global study of the problem in [AKT2] and [KKKoT]. To overcome this
difficulty we first generalize our target class of Schodinger operators so that
each operator in the class contains in its potential () two simple poles and one
simple turning point which merge as a parameter a contained in () tends to 0.
The addition of a simple turning point abates the geometric rigidity which
we observed above when two and only two simple poles are relevant. For
the sake of brevity and clarity we call such an operator an M2P1T operator,



an operator with merging two poles and one turning point. We note that
an MTP operator (resp., an MPPT operator) in [AKT2] (resp., [KKKoT])
may be called an M2T operator (resp., an M1P1T operator) if we follow this
form of wording. By way of parenthesis we recall that “P” in MTP is the
abbreviation of “point” and that “PP” in MPPT is that of “pair of a pole
and”; that is, “MTP” means “merging turning points”, whereas “MPPT”
means “merging pair of a simple pole and a simple turning point”.

Now, following the reviewer’s kind suggestion, we divide our article into
two parts. In this Part I, we show that a WKB-theoretic canonical form (in
the sense of [KT, Chap.2]) of an M2P1T equation is an algebraic Mathieu
equation (in the sense of [Er, vol.III, p.98]) with a large parameter 7:

(0.4) (ﬁ_nz(aA(a,n)ﬂB(a,n)m2((7+(a) N v—(a)2>>>w:0’

dx? 2?2 —a? r—a)? (x+a)

where

(0.5)  A(a,n) = ZA,(CJ)ajn’k and B(a,n) = ZB,gj)ajn’k with AY) and
J.k 3,k
B,gj ) satisfying appropriate growth order conditions (cf. Proposi-
tion 1.2.1),

(0.6) AY” # B, AVBYY #0,

(0.7)  v+(a) are holomorphic near a = 0.

In what follows, we simply call (0.4) a Mathieu equation. The appearance of
infinite series A and B connotes the necessity of employing microdifferential
operators whose symbols (in the sense of microlocal analysis (e.g. [K?])) are
A(a,n) and B(a,n) in our analysis (Section 4 in Part IT), and the growth order
conditions on A,(cj ) and B,E;j ) are intended to guarantee the existence of such
microdifferential operators. When we want to emphasize the infinite series
character of the constants contained in the Mathieu equation, we call it the
oo-Mathieu equation. This WKB-theoretic reduction of an M2P1T operator
to the co-Mathieu operator is interesting in its own right, as this is the first
example where three turning points (with a simple pole being counted as



a turning point) are simultaneously analyzed. But the Mathieu equation is
notoriously hard to analyze. Hence to attain our original purpose, that is,
to study the analytic structure of Borel transformed WKB solutions near
their fixed singularities relevant to the simple poles at x = +a in Part II, we
further try to separate out the simple turning point of the Mathieu equation
from the simple poles so that we may make use of the results of Koike ([Ko3])
for the Legendre equation. In order to put this idea into practice we further
introduce another parameter p into an M2P1T operator so that the geometric
situation required in Section 1 in Part II may be realized. In a word, the
role of the parameter p in Definition 1.1 is designed to visualize the situation
where two simple poles coalesce into the origin with a simple turning point
being kept away from the origin; such a situation is realized by letting p
tend to 0 with keeping p/a being a non-zero constant. As a goal, we will
obtain the following main theorem (Theorem 4.2 in Part II), which explicitly
describes the alien derivative of Borel transformed WKB solutions of an
M2P1T equation at each fixed singular point relevant to merging two simple
poles:

Theorem 0.1. Let Y. (t,a,p,n) be WKB solutions of a generic (i.e. a # 0,
p # 0) M2P1T equation that is normalized at a simple pole t = a. Then,
for each integer m we can take some positive constants ;1 and 6o so that the
following holds when |p| < §; and 0 < |a| < da|p| are satisfied: The Borel
transform ¥y g(t,a, p,y) of Yi(t,a,p,n) is singular at

(08) Y= :F/er(t,CL, p) —l—mp(a,p)
and its alien derivative there satisfies
(09) (Ay:¢y++mp ¢:E)B (ta a, p, y)
=+(—-1)"=,, (1, y)(exp(—m%Sodddx)wi)B(t, a, p,y),
gl

where Syaq 18 odd part of the solution of the Riccati equation associated with
an M2P1T equation,

1 2 1_ 2
(0.10)  En(p,v)=—4q1+(=1)" —cosh 27rz'm\/u : \/Qﬁ
m




2 _ 1_ 2
— cosh 27rim\/“ p v ,

2
(0.11) p=pla) = \/1+2(7+(a)+7—(a)),
(0.12) v=v(a) =2(vs(a
(0.13) +(t,a,p) / \/ t_aa,;)
and

(0.14) pla, p) = L N %dt

Here v 1s a contour that encircles two simple poles of the M2P1T equation
counterclockwise avoiding its simple turning point.

For details see Section 4 in Part II.
The main results in this article were announced in [KKT].
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1. Reduction of an M2P1T equation to the Mathieu equation

The purpose of this section is to construct a WKB-theoretic transfor-
mation that brings an M2P1T equation to its canonical form, i.e., the oo-
Mathieu equation with a large parameter 7. As our reasoning is highly
intricate, we divide it into several steps to facilitate the understanding of the
reader. To begin with let us present the precise definition of an M2P1T op-
erator, i.e., a Schrodinger operator that contains a triplet of two simple poles
and one simple turning point which merge as the parameter a tends to 0: Let
U (resp., V and O) be a sufficiently small open neighborhood of the origin
{t = 0} (resp., {a = 0} and {p = 0}) and let f(¢,a,p) be a holomorphic
function that has the following form on U x V' x O:

(1.1) f(t,a,p) = tpg(t,p) + > o fO(t, p)

Jj=1



with

(1.2)  g(t,p) and fY9 (¢, p) being holomorphic on U x O,
(1.3) 9(0,p) =1,
(1.4)  f1(0,0) #0,

(1.5)  p*# f1(0, p)? for p in O.

In what follows we use symbols £ (¢, p) and fO(t, p) respectively to denote
tpg(t, p) and py(t, p).

Definition 1.1. Let f(t, a, p) be as above, let g () be holomorphic functions
on U and let ) denote the following potential

(1.6) M+n2<(g+(t) L 9=

2 _ o2 f—a? i+ a)2) (n : a large parameter).

Then the Schodinger operator

d2

(1.7) -

—1°Q(t,a, p)
is called an M2P1T operator.

Remark 1.1. It follows from (1.3) and the implicit function theorem that the
Schodinger operator (1.7) has a simple turning point for a # 0 in V if V' is
sufficiently small, on the condition that p is different from 0.

Remark 1.2. To see how and why the numerator f in the potential () abates
the rigidity of the potential @, in (0.2) we note the following obvious relation:

O +af® _ JO 40 fO
2 — a? 2(t — a) 2(t+a)

(1.8)

Then the condition (1.5) implies in this situation that the numerators in
the right-hand side of (1.8) are different from 0 when evaluated at t = 0.
Thus two simple poles cross in an additive manner as a passes through 0.



1.1. Formal construction of the transformation that brings an M2P1T equa-
tion to the Mathieu equation

Supposing

(1.1.1) p#0

and

(1.1.2) p*# (0, p)%,

we first construct the formal series

(1.1.3) z=alt,a,pn) =Y a5t p)ainy >,
J,k>0

(1.1.4) A= Ala,pim) =Y AG)(p)aln ™
7,k>0

and

(1.1.5) B=B(a,p;n) =Y By (p)aln
J,k>0

so that they satisfy

(1.1.6) Q(t,a, p;n)
_ <ax>2 (aA—l—xB +77_2<(g+(&) n g(—a)2>)

ot 2 — a? r—a)? (x+a)

|-
——n x;t
51 iwst)
where {z;t} designates the Schwarzian derivative, i.e.,

P08 3 (0Px)or\”
dx/ot 2\ Ox/ot )

(1.1.7) {z;t} =

It is known (e.g. [KT, Chap.2]) that appropriate growth order conditions
on {xgj,ﬁ) ,Agj,? ,ng} enables these series to relate Borel transformed WKB
solutions of an M2P1T equation and those of its canonical form, i.e., the
oo-Mathieu equation. The growth order conditions will be studied later in
Section 1.2.



1.1.1 Construction of {Aéj),Béj),xéj)} — the first few terms
Comparing the coefficients of 7" in (1.1.6) we find

f(t,a,p)  (0x9\2 aAy+ 2By

(11.11) 2 —a? ( ot ) a3 —a?
where
(1.1.1.2) o(ta,p) =D x{(t

7>0
(1.1.1.3) Aola,p) =Y AP (p)?

Jj>0
(1.1.1.4) By(a,p) =Y _ B (p)a’

Jj=0

By multiplying (1.1.1.1) by (t* — a?)(x3 — a?), we are to find (A, Bo, 7o) so
that they satisfy

(1.1.1.5) (Zf tpa]><(2x tpa3> —a2>

:(tQ—a2)<‘ 8% > (ZAJ)tp j+1
(S o) (S )

Comparing the coefficients of like powers of a, we find
(1.1.1.5.p) (=[5.p])
DA Z 2 f

jtk+i=p
oz o) -1 025 ozl !
— 2 9o 9o~ ,-1) O%g o 0] B(m)>
, o ot ° +, Z ot ot 00
Jj+k+l=p Jt+k+l4+m=p

8



j k ] k
ot ot ° ot ot 070

jtk-+l=p—2 JHk+l+m=p—2

In what follows we use the symbol [5.p] to denote (1.1.1.5.p) for the brevity of

the notation. We also note that terms whose indices do not meet the require-

ments should be ignored in [5.p]; e.g. forp =1, f®=2), Z xéj)/xék)/Aél_l)
jtk+l=p—2

and Z 29 28 2O BI™ are absent in [5,p] (=[5.1]). Here and also

J+k+l4+m=p—2
in the following, 2’ designates dx/0t. With these conventions we find

5.0] ta? FO) = tzxéo)lzxéo)Béo).
Dividing this by tm(()o), we find
5.0) 20 FO = ta:(()o)/zB(()O).

Hence we find

(1.1.1.6) 20 (t, p) = @(/Ot —Vf(f)fit’p)dtf.

Here we assume that B(()O) can be chosen to be different from 0; we will see
later (cf. (1.1.1.22) below) that this is automatically satisfied thanks to the
assumption (1.1.1). We note that (1.1.1.6) together with (1.2) and (1.3)

entails the existence of holomorphic function 92’(()0) (t,p) that satisfies

(1.1.1.7) 2t p) =tz (t, p)
with
~(0 1Y
(1.1.1.8) #2200, p) = QL
0

Although x(()o) depends on Béo) at this stage, B(()O) will be eventually fixed.
Hence we do not make the dependence of :L'(()O) on B(()O) explicit in the above
notation. The remark of this sort applies to $(()p ) to be studied below. Next
we study

5.1] 20w fO + 2 O

9



= tz(x(()o)l2A(()0) + 2.7:(()0)/:15(()1)/3:80)B60)
+ 2020 BO | (072, 0 pit))
It then follows from (1.1.1.7) that the left-hand side of [5.1] has the form
(1.1.1.9) #2222y fO + 77 FO).
Thus we are to solve
A e BY 4 a0 0B - 20l O
_ _xéO)QAéO) . x[()O)’QxéO)Bél) 4 '%E)O)Qf(l)
In view of (1.1.1.7) and (1.1.1.8) we now introduce a new variable
(1.1.1.10) s =x\"(t, p);

in what follows we use the symbol (s, p) to designate dx/ds. Dividing [5.1]
by x(()o) % and rewriting the equation in s-variable, we use [5.0]" to find

da (s, p)
5.1)" oBW =0 A2 )
[ ] 08 dS

_ —A(()O) _ sB(()l) 1 [(méo)')_zj;éo)Qf(l)] (t(s,p),p),

0 1

where t(s, p) designates the inverse function of s = a:(()o) (t,p). Then we find

that [5.1]” is a differential equation with a regular singularity at s = 0 with

the characteristic index 1/2. Hence it has a holomorphic solution a:(()l)(s, )

near s = 0 for any Aéo) and B(go), which are arbitrary constants at this stage.
Furthermore we find

1

(1.1.1.11) 25(0,) = —g5 (A5 = 1V(0,0))

B 0
and

. 1 _ )
(1L1112) @7(0.0) = — (=" + 2 (20, )0, 0) + V(0. ).
0
where
(1.1.1.13) Zo =2 (0,) (= #"(0.0) = )
B 0



and
(1.1.1.14) 2(t,p) = (28 (t,0)) 20, p)2.
We next consider
[5.2] _ f(()) + (2x62)$(()0) + x(()1)2)f(0) + 2$él)l’éo)f(1) + x((]0)2f(2)
2 [gcgo)'zA((]n n 21:[()0)/1;(()1)/1480) i xéo)/2x82)Béo)
+ Qxéo)/x(()l)/x(()l)Béo) + x(()o)lzw(()l)Bél)
+ (Qxéz)/xéo)/ + x[()l)/2)xéo)Béo) + QxSI)IxBO)/xéO)Bél)

X x(()oyzx(()o)B(()Q)] _ x(()O)’Qx[()O)B(()O).

Here we observe a new feature which we did not encounter in the study of
[5.p] (p=0,1): [5.2] is not divisible by #* as it stands. Thus the existence of a

()

holomorphic solution x; (¢, p) near t = 0 requires that the following function
BW(t, p) given by (1.1.1.15) should vanish at ¢ = 0. Note that tBM (¢, p) is
the sum of terms in [5.2] which contain the factor ¢! only, at least explicitly.

(1.1.1.15)  BO(t, p) = fO — gV fO — 270050 p) _ 5, 0027(0) pl0)

Substituting (1.3), (1.1.1.8) and (1.1.1.11) into BY(¢, p), we find

(L1.1.16)  BY(0,p) = p— p(B") (AT = £1(0,))°

—2p(B) (B (ALY — FY(0,0)) FD(0, p)

— (p(BS) 1)’ B”
= p(B")? (B = (49~ 100, p))’
—2(AY — (0, ) F(0, p) — p2>

= p(B) 2 (B = AP + f0(0,p)* = 7).

11



In view of the assumption (1.1.1) we thus require
(1.1.1.17) B2 — A2 4 M0, — p? = 0.

Assuming (1.1.1.17) , we can divide [5.2] by t%é) (t,p)? to find

d
5.2 B (252 (s0) + 2t (5. )

—2(2” (t.p)) "t p) FO(L p)a (8, p)
= —AY = BYs —2i (s, p) A
— 23" (s, p)ag (5, ) BY — (5, p) B
— i (s, p)?sB — 238" (s, p)sB + 2(t. p) f(L, p)

— 71 (2" (1) BVt p) = BY(0, ).

Here we note one universal (i.e., common to every p) phenomenon, which
was also observed for p = 1 : [5.0]’ entails that the left-hand side of [5.2]" is
equal to
(0) (95 ¢ 2)
(1.1.1.18) B, (2sd— — 1)y (s, p).-
s
This considerably facilitates the computation of x(()Z) (0, p) and igf) (0, p), which

are needed in our reasomng But we post one thelr actual computation until

the stage where (A(()O) ) B ) is fixed; (A(()O , B ) will be fixed without know-
ing the explicit form of x(() )(0 p) and )(O p), whereas their explicit form
becomes substantially simplified when (A(()O), Béo ) is fixed. Here we only note

that (0B /dt)(0, p) etc. should be taken into account in the computation
of :)3(()2)(0, p) etc. To fix (A(()O), Béo)), we consider next stage, i.e., [5.3].

5.3 =W+ Y a0

jHk+1=3
Z % xok)’A(l) + Z x(()])’x(()k) xé)B(m)>
GH+k+l=2 Jtk+i+m=3

- [l,gm AO 4 02,0 p) 4 (Im)z (1) | 9000 (o>> 330)]

12



For the existence of a holomorphic solution xé?’) (t,p) of [5.3] near t = 0,

we clearly need the coincidence of the value of the left-hand side at t = 0
and that of the right-hand side. Although one immediately notices another
condition is necessary for the existence of a:(()3) (t,p), we first concentrate our
attention on this coincidence. Then it follows from (1.1.1.8) and (1.1.1.11)
that we have

1 2
(1.1.1.19) 1000 -1+ (A - 100.0)) ]

0

P \2
= - (w) [Aéo) + AP — f9(, P)]-
By

Then the substitution of
(1.1.1.17) A2 B2 — M0, p)? — p?

into (1.1.1.19) entails
(1.1.120) 0= fD(0,p)(fV(0,p)2 = p* — 24" (0, p)
+ 100, p) + (245" = £0(0, p))
=200, p)*(f1(0,p) — AT) = 20*(£2(0, p) — AF)
=2(fD(0,p)? = ) (f2(0. p) — AY).
Thus the assumption (1.1.2) implies
(1.1.1.21) A = rM(0, p).

Substituting (1.1.1.21) into (1.1.1.17) we obtain

(1.1.1.22) B = 2,
that is,
(1.1.1.22) B = +p.

These results lead to the following important assertions: First (1.1.1.22)
together with (1.1.1.13) implies

(1.1.1.23) 2900, p) = +1,

13



and second, a still more important result follows from (1.1.1.11) and (1.1.1.21):
(1.1.1.24) 270, p) = 0!

This result will repeatedly play a decisively important role in our subsequent
reasoning.

Before proceeding further, we show how these results are used in the ex-
plicit computation of :L‘O (O p), which will later become necessary to compute
(A(() ), B(l)) First, in order to see the explicit form of [t7!(x (() )2 (BW(t, p)
—BM(0, p))] evaluated at t = 0, we calculate (OB" /9¢)(0, p):

oBM

(1.1.1.25) —5(0.0) =pg'(0. p) — 27000, p)x (0, p)

2B (0,) - BV 0,0)

In obtaining this result we used (1.1.1.24) at several spots. Replacing f(V)(0, p)
0)

by A(()O), we encounter one remarkable cancellation of terms containing A(()
in [5.2]" evaluated at s = 0:

(1.1.1.26) —2i6"(0,p) A + 225 (23 A0, p)) = 0.

Cancellation of this sort will play a crucially important role in the construc-
tion of (x(()p ), A(()p ), Bép )) and their estimation in the subsequent sections. Us-
ing (1.1.1.24) again, we thus find

(1.1.1.27) By g (0,p) = A = 190,0) + x5 By,
where X(()O) is a constant fixed by ¢(¢,p) (and Zy = £1). Here we notice no

Bél)—dependen‘c terms remain in the right-hand side of (1.1.1.27).
Now let us return to the study of [5.3]. To find the conditions that guar-

antee the existence of holomorphic xé?’) (t,p), let us introduce the following
functions B, B, BM and BX:

(1.1.1.28) Blt,p)=—fO(t,p)+ > afal’f

J+k+1=3
I xéo)'2A(()0) i I((]O)’Qxéo)B((]l)
+ (a:(()D)IQ:I:[()l) + 2$(()0)'$(()1)'$(()0))B(()0)’

14



(1.1.1.29) BO — _ 1) 4 507240

(1.1.1.30) BO =230,y 4 07270 b

+ (@250 + 202 50 B,

where

(1.1.1.31) #V(t,p) =2, p)Jt,

and

(1.1.1.32) B® =2z + 70 FO + & p®

+ 250z @ 4 02 @)
It is obvious that we have
(1.1.1.33) B=BY +tBY 2B,

One immediately notices that B (0, p) = 0 is equivalent to (1.1.1.19) and

that “another condition” needed for the existence of holomorphic :c(()B) (t,p) is

given by

OBO)
(1.1.1.34) o (0:0) + BY(0,p) = 0.
Thus we obtain
(1.1.1.35) 270 AV 20, p) + ZoBYY

+ (2570, p) + 2287(0, p)) BY
ofm
ot

with the help of (1.1.1.21), (1.1.1.23) and (1.1.1.24). We now substitute
(1.1.1.12) and (1.1.1.27) into (1.1.1.35) to find

(0, p) + 249 Zyz"" (0, p) = 0

AP

B

(1.1.1.36) 27, (A = £2(0,p) + x"By”)

15



—27,B" +32(0, p) A + 2710, p)
+ ZZOx(()O)”(O, p)AéO) = 0.

Dividing (1.1.1.36) by Zy(= 1), we find

E)O) (1) (1)

(1.1.1.37)

A(O) -
= 2255 10(0.0) = 240N = 325720, ) A
0

— 2751 (0, p) — 228" (0, p) AL

Thus “another condition” for the existence of holomorphic xé )(t p) gives a
constraint on (A[() ), B(l))

Now assumptions (1.1.1.19) and (1.1.1.34) enable us to divide [5.3] by
£2(z\”)? to obtain

d
5.3/ B (23£ + 1>x(()3)(s, )

:—A( B(S) [ Z xo Z x(gj)xék)xél)Bém)
jtk+1=2 Jjt+k+l+m=3
<1 7.k, l,m<2

+AY + 5B + (2 + 258M) B

3

- [;%(w)] o
where
(1.1.1.38) g0 = 2(x) 7Y O,
(1.1.1.39) o1 = (o) (222l FO 4 2? fO
+ 295[()0)57(()1)f(1) + 5:(()0)2f(3))
(1.1.1.40) oo = 2(xz) 7 (@D F D)

16



(1.1.1.41) o3 = t72(x)) I [BO(t, p) + tBY(t, p) — BO(0, p)
—t(BY(0, p) + (9B /01)(0, p)) — (28 ) o).

Here we have separated out ¢g (resp., ¢o) from ¢, (resp., ¢3) to call the at-
tention of the reader to the peculiar roles ¢y and ¢ play in our computation,
as has already been noticed when p = 2: First, [5.0] entails ¢, coincides with

23(0)3:83) (t, p); second, we observe ¢o(t(0, p)) coincides with 2:&82 (0, p)A(O)

It 1S clear that [5.3]" has a holomorphic solution 2 (£, p) near t = 0 for
any AO and B0 , on the condition that (A(()O),B(() )) satisfies (1.1.1.21) and
(1.1.1.22) and that (A(l) BO1 ) obeys the constraint (1.1.1.37). Using this
holomorphic solution z{ (¢, p), we can write down [5.4]:

) (k
54 =P > a0
Jk+i=4
S A Y a5
jAk+1=3 Jk+l+m=4
Z :1:0 a:o + Z :17(()]) xé)x(()l)Bém)>.
Jtk+1=1 JHk+i+m=2

Assuming x(() )(t p) is holomorphic near t = 0, we set t = 0 in [5.4] to obtain

(1.1.1.42) — 10, p) + 2"%(0, p) A

+ 205" (0, ) (0, ) AT + 26 (0, p)a” (0, p) B

= 0.
Here we have used (1.1.1.7) and (1.1.1.24) to guarantee that there is no con-
tribution from the sum Z xéj)xék)f(l) and ( Z :v((f) x(()) x(()l)B(gm)>

JkH=4 kH+m=2
—222 B Substituting (1.1.1.12) and (1.1.1.27) into (1.1.1.42), we find
(1.1.1.43)  — f®(0,p) + A
+240 (BY) (= B + 2 (210, 0) A + 1 (0, )

17



+ Ay = £O0,0) + x5 By
=0.

Then the assumption (1.1.2) enables us to solve (1.1.1.37) and (1.1.1.43);
(A(()l), B(()l)) is fixed in terms of (0, p), A(()O), B(()O), 2(0,p), f1(0, p), X(()O), Zy
and 2(9”(0, p). We next calculate the coefficient of ¢! in [5.4] to find a con-
straint on (A(()Q), Béz)) which guarantees the existence of holomorphic :13(()4) (t,p)
near ¢t = 0. In principle, what we are to do now is to repeat this procedure
to find (xép) (t,p), AP Bép)) for every p and then to estimate them. But
the computation becomes more and more complicated as p increases; hence
we first describe the core feature of the induction process in Section 1.1.2
and then brush it up in Section 1.1.3, so that the estimation may become
smoothly performed with the refined version.

1.1.2 Description of the dependence of {.ZE(()p) (t,p) }pzo upon {A(()Q), B((Jq)}qzo

As the concrete computation in the preceding subsection indicates, one
constraint is placed on (A(()q), B(()q)) for the existence of holomorphic 22" (¢, p)
and another constraint on (A(()q), B[()Q)) is added for the existence of holomor-
phic a:(()ﬁg) (t, p); these two conditions combined will fix (A(()q), B(()q)). In order
to confirm that this process runs smoothly by the assumption (1.1.2), we
like to know the concrete structure of x(()p ) (t,p), or at least its “principal

part”. For this purpose let us first prepare some notations related to [5.p]

(=(1.1.1.5.p)).

Definition 1.1.2.1. Assume p > 4. Then B[p] = B[p|(t, p), B[p]¥, B[p]"
and B[p]® are respectively defined by the following:

PCREN)
(L121)  Blpl= Y. (tp) (o)A
i+j+k=p—3

(4) ()
k ox ox 1
Y @ (b))t p) (1) BY
i+j+k+l=p—2

+ 3 a0 (k) Pt ) — FOO(E, p),
i+j+k=p
&U(()j )
ot

(i)
(1122) BpP= ) Oty (t, p) (t, p) AW

ot

i+j+k=p—3

18



(4) ()
k or ox l
> w ()t ) (1) By
it+jtk+l=p—2

k>2

+ Y 2t (o) FE ) - fO(t p)

it+j+k=p
1,j>2,k>1

ax(i) ax(j)
(1.1.2.3) Blp)W =z, p)( > a‘; (t. p) ag (t,p)Bél))

i+j+l=p—2

. oz oz
it Y St (B

o t
i+j+l=p—3

+2i (o) (D (k)P p)

Jjt+k=p
J>2,k>1

w20t ) (Y 2SO p)

jt+k=p—1
J>2,k>1

+ > ) ()l () FOt ),

it+j=p
4,722,

(1124) Bp)® = > &'t 0 f P, p)

i+j+k=p
i,j=0,1; k>1

+2( O, e, p)+:cél)(t,p)xépfl)(t,p)ﬁ(o)(@p)-

Remark 1.1.2.1. In parallel with (1.1.1.33) we have
(11.25) Bl = Bl + B + B[,

To rewrite [5. p] more concretely we further introduce the following symbols.
First, we let E® denote

ax(i) ax(j)
(1.1.2.6) > o) (AT
i+j+k=p—1
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ax(i) 813(j)
D ) (t ) (¢ p) By

i+j+k+l=p

Second, we define t-independent functions C’ép ) and D(()p ) by the following;:

(1.1.2.7) i (p) = Blpl (0, p),
(0)
(11.2.8) D () = Bl 0.0) + PP 0.)

Using C” and DI, we define F® by
(1.1.2.9) Blp) (¢, p) + tBlp (1, p) — (C” + D).

It is then clear that F® is divisible by ¢ and we use the symbol £® to
denote

(1.1.2.10) t2F®),

Having in mind the results in Section 1.1.1, we plan to fix constants (Aéq), Béq))
by equations

(1.1.2.11) c¥ =0 and DI =0,

and construct x(()p ) by solving

[5.p] EWP _glk) _ B[p]@) — 0.

As is observed in the preceding subsection, we can rewrite [5.p] using the
variable

(1.1.2.12) s =z\"(t,p)

and its inverse function #(s, p) as follows:

d
0
5.pl B )<23% - 1) = (s.p)
i+j+k=p—1 i+j+h+l=p

k<p—2 4,4,k 1<p—1

20



| (@ ) (69 + 22t 0Ot ) 22 p)

Y a0l o) )]

i+j+k=p
i,j=0,1; k>1

9
t=t(s,p)

where £®) denotes the sum of functions given by (1.1.2.10).

Remark 1.1.2.2. In parallel with (1.1.1.40) we note that the value at s =0
of 2i"#% VAL coincides with that of [2(95((]0)/)_2 70 @ xép_l),]

t=t(s,p)
which originates from 9B[p])/dt; through the Taylor expansion this term
appears among the terms of £®) evaluated at s=0. A similar relation holds

between 2:1'7(()1) x'ép_g) A(()O) and [Q(x(()o)’)*2 j(()l)f(l) x(()p—2)’]

, which also
t=t(s,p)
originates from AB[p]™") /0t. Furthermore the value at s = 0 of

Z .t(()i);téj)A(()o)
it+j=p—1
i,j>2
is also coincident with that of

[(:c(()O)l)_Q Z xéi)'l.(()j)/f(l)}

i+j=p—1
i,j>2

)
t=t(s,p)

which is a part of the coefficient of ¢? in the Taylor expansion of B[p]® (¢, p).
These coincidences will play important roles in our subsequent reasoning.

In order to facilitate pointing out the core part of our reasoning, we
further prepare the following
Definition 1.1.2.2. Let (ffo[p],go[p’]) stand for (Ago), A[()l), A(()p), B(()O),
Bél), B(()p/)) and let X :X(go[p], Eo[p’]) and YV = Y(ffo[p], éo[p’]) be
their functions. If X —Y depends only on (Ag[g — 1], Bylg — 1]) for some g,
then we say

(1.1.2.13) X=Y.
(@)

Remark 1.1.2.3. In the above definition we concentrate our attention on the
dependence on (Ay[p], Bo[p']) which are newly introduced to our discussions
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as parameters in the canonical form of an M2P1T operator. Hence the in-
fluence of the quantities contained in the starting operator such as f*)(0, p)
are taken into account only through their effects on (Ao[p], Bo[p']).

As a preparation for Proposition 1.1.2.1 below, we present the following
Lemma 1.1.2.1, where we suppose p > 4 for the sake of the uniformity of
expression. (Cf. Remark 1.1.2.4 below.)

Lemma 1.1.2.1. (i) C’(()p+1)(p) has the following structure:
(1L1214)  CPV() = | (o) A

2002 AD 4 (@i B

t=0
where
(1.1.2.15) cr = S i Al
i+j+k=p—2
i,j,k<p—3

+S P By

i+jt+k+l=p—1
2<k<p—2

+ ) 2V 0 — =),

i+j+k=p+1
1,j>2;k>1

ii) D) has the following structure:
( ) o \P g
(1.1.2.16) DY (p) = [23:8 ) =2 B0
+ j(()O)x(()D)’QB(()p—Q) + 2j(()0)]11(1):&()10—1)

)l B

t=0

+D% <xé)xé) (i,i <p—3),2{(j <p—2),
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Y

APk <p-3),BYU<p-3))

t=0
where
(11217 DO =3 (30 Al BY) i (Y ol BY)
it+j+l=p—2 i+j+l=p—3
4,5,l<p—3
+2:i(()°)( 3 x(()j)f(k)) +2ii’(§1)< 3 xéj)f(k))
+k=p Jtk=p—1
G k>2 i>2,k>1
+ Z :BO :)30 042 Z x((f)”x(()j)/A((]k)
it+j=p i+j+k=p—3
i,j>2
FY a I BY 12 S a0l BY
i+j+ktl=p—2 i+j+k+l=p—2
2<k<p-3 E>2
+ 2 Z x(()z) mé])f(k Z xo xo FE =2
i+j+k=p it+j+k=
i,5>2;k>1 i,j22;k21

Remark 1.1.2.4. In our later reasoning We will basically use the pair of equa-
tions C™Y = 0 and D = 0 to fix (A - 2),B(()p72)). Hence for the conve-
nience of the future reference we have listed the concrete form of C’ép ) and
D(()p), not C'(()p) and D(()p). We also note that C**1) and D® will turn out to
be “non-principal parts” in the computation in what follows, in the sense
that only (A(()q), B[()q)) (¢ < p — 3) are relevant to these parts. (See Remark
1.1.2.5 after Proposition 1.1.2.1 below.) From the experience in the previous

subsection one might find the following term in the “principal parts” of D((Jp )
(1.1.2.18) () 22> B

to be somewhat unexpected. As a matter of fact this term originates from

9 .
(1.1.2.19) §< S 2Pl ey) Bé”),
ikt =p=2

and hence

(1.1.2.20) p—2>2 ie,p>4
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is required for the appearance of this term. This is the reason why we did
not encounter this term when p = 3. Thus for the sake of the uniformity
of presentation we assume p > 4 in Proposition 1.1.2.1 below. At the same
time we note that the term

(1.1.2.21) ) ( 3 xg”’xgﬂggl))
i+j+l=p—3

t=0

in the “non-principal part” D® coincides with (1.1.2.18) evaluated at ¢t = 0

when p = 3. Since x((]l)/(O, p) = i(()l)(O, p), the term (1.1.2.21) had better been
regarded as one of the principal terms when p = 3. This coincidence of terms
peculiar to p = 3 explains why the “principal part” of (1.1.1.35) assumes the
same form as that claimed in Ay(p) (vi) (p > 4) in Proposition 1.1.2.1 below;
this fact might, at first, look somewhat puzzling in view of the absence of
(1.1.2.18) in the “principal part” of (1.1.1.35).
Using these notations we now state the following

Proposition 1.1.2.1. Let x(()p)(s, p) be a solution of the equation [5.p|" (listed
below (1.1.2.12)) with subsidiary conditions

(1.1.2.22) clP =p¥ =o.

Then the following set Ao(p) of assertions (Ao(p)(i), Ao(p)(ii), - - -, Ao(p)(vi))
15 valid for every p > 4.

A(p)(i): =
Ao(p) (i) : :v(()p) s, p) depends on (/To[p — 1],go[p])

(AP, AW AP RO B L. o)
Ao(p)(ii) = 2§”(0,p) = AYV/BY,

s, p) is holomorphic near s = 0,

(r—1)
Aolp) L dag ») | 5O
Ao(p)(iv) : ds (0,p) (fﬁ — By /By,
(0)
A (p)(v) . C(p) — 2A(p_3) . 2A0 B(p—3)
0 . 0 (pt3) 0 Béo) 0 )
: (p) ZOA((JO) (r—2) (»—2)
Ao(p)(vi) : Dy (p%2)2 50 Ay = 2ZyB,
\ 0
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Remark 1.1.2.5. The validity of Ag(p)(v) and Ay(p)(vi) justifies calling C?)
and D) “non-principal parts”.

Proof of Proposition 1.1.2.1. [I] Let us first confirm A(4). As the ar-
gument for this case serves as a good specimen of the reasoning for the
general case, we give it in a detailed manner. To begin with we summa-
rize the results obtained in the precedent subsection. First, we know (i) the
explicit form of the equation that z(t, p) satisfies (cf. [5.0]'), (') the con-
crete form of xo (t p) and (ii) x((] (0, p) and x(() (0,p) (cf. (1.1.1.7), (1.1.1.8)
and (1.1.1.23)); second, we know (i) the concrete form of the equation that
x(()l)(s,p) satisfies (cf. [5.1)”) and (ii) ' )(O p) and mo 10, p) (cf. (1.1.1.11),
(1.1.1.12) and (1.1.1.24)); third, we know (i) the explicit form of the equa-
tion that x(()Q)(s,,o) satisfies (cf. [5.2]" and (1.1.1.18)) and (ii) xéZ)(O,p) (cf.
(1.1.1.27)), and fourthly we present the explicit form of the equation that

2 (s, p) satisfies (cf. [5.3]"). These results, among other things, guarantee
the validity of Ay(q)(ii) (¢ < 3). At the same time we notice that we have so

far fixed (Aél), B(()l)) (cf. (1.1.1.37) and (1.1.1.43)) to guarantee the holomor-
phy of x(()q)(s, p) (¢ < 3) near s = 0. One important observation to be made is
that holomorphic x(()g)(s, p) exists for arbitrary constants (A(()2), B(()2), B(()S)) at
this stage; any constraints have not yet been imposed upon these constants
on which xé3)(s, p) depends.

Now, to find a holomorphic solution xé4) of [5.4]" we are to suppose C’(()4) =
D(()4) = 0. To find the explicit constraints on the parameters (A((Jl), Bél)) and
others, we want to have concrete expressions of C[g4) and D[()4) which enable
us to see their implications. The explicit computation of all terms in Cép )

and D(()p ) is a laborious task, but the filtration with respect to p we are
using facilitates our computation substantially. For example, the thorough
computation of x'ém (0, p) is considerably more arduous than that of a:é2) (0, p),
but the confirmation of 4,(2)(iv) is a rather straightforward task; in the

right-hand side of [5.2] all terms except for —Aél) - Béz)s are expressed in
terms of

(1.1.2.23) {x(Q) (¢ = O 1) and their derivatives, FO M) and £
A(()O, 0 ) and Bol)},

and hence, thanks to Ay(¢)(ii) (¢ = 0, 1), we may ignore them in confirm-
ing Ap(2)(iv). Similarly the confirmation of 4, (3)(iii), which we need in
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confirming Ay(4)(vi), is not difficult, if we note the following fact (C):

(C)  If we set s = 0 in the right-hand side of [5.3]’, the remaining

terms are free from B(()Q).

Clearly A (3)(iii) follows from (C), and the fact (C) is a consequence of
the following two facts (C.i) and (C.ii):

(C.i) —2i2(0, p) AL and ¢5(0, p) cancel out (cf. Remark 1.1.2.2),
(C.ii) [ 3 :bgﬂg;«g@xg“BgM]
Jtktltm=3 s=0
3.k, l,m<2
- (9) -(k) m
[ X aPaBg]|
j+kﬁ;i—;m:3 5=0

(5) (k) p(0)=1/ 4(1 0) R(0)\ (m
[ S OB AP~ 00,040 B B
j+k+m=1
which follows from (1.1.1.24) and (1.1.1.27). Since these terms are the only
terms in the right-hand side of [5.3] that may contain B(()Q), (C.i) and (C.ii)

entail (C). The disappearance of Bép Y in the right-hand side of [5.p]' is a
universal phenomenon, as we will see below.

Using Ap(2)(iv) and Ay(3)(iii), which we have just confirmed, together
with the results obtained in the preceding subsection, we can now confirm
Aog(4)(v) and Ay(4)(vi). Let us first compute 064). Then it follows from
(1.1.2.14), (1.1.1.12) and (1.1.1.27) that

’
s=0

(1.1.2.24) i (p) = AW + 2200, p) ALY + 2P (0, p) B

A(O)
=24l — 220 _p)
) 0 Béo) 0
This confirms Ay(4)(v). To compute D(()4) we apply Ao(2)(iv) and Ag(3)(iii)
together with Ay(q)(ii) (¢ < 2) to (1.1.2.16) to find

(2)

B 2
4 0 2
(1.1.2.25) D} )(p)(52)220<— ﬁ)Bﬁ ) 4 Z,B?
0
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4 BO\

+22,A0 (205 ) + 20 (— 5 ) BY
By By

Zy AL

B

=2 AP —27,B%.
This validates Ag(4)(vi).

These concrete expressions of the “top parts” of C’é4) and D(()4) tell us how
the subsidiary conditions given by (1.1.2.22) (with p = 4) put new constraints
on (Aél),Bél),A((f),BéQ)). Now we know (A(()l),B(()l)). obeys the constraint
(1.1.1.37) which may be summarized, in our current context, as follows:

A(O)
(1.1.2.26) 20 A — 2BfY = given data.
BO

Considering this equation simultaneously with 00(4) (p) = 0, we find that these
two constraints are consistent, i.e., admit a simultaneous (unique) solution
(Aé ), B( )) thanks to our assumptlon (1.1.2) (supplemented with (1.1.1.21)
and (1.1.1.22)). Thus Ay(4)(i) is valid, and then Ag(4)(ii), Ag(4)(iii) and
Ao(4)(iv) can be readily confirmed. In order to make our argument as con-
crete as possible, let us write down [5.4]" explicitly:

d
[5.4) Béo) (255 — 1) x(()4)(s,p)

3 4 . (3) - (4 k
AP _BPs— 3 0iAP - Y afaP e Y

i+j+k=3 i+jt+k+l=4
k<2 4,5,k 1<3

+ @ ) 2(6< 4231, 0) FO 2, ) 8. p)

+ > WiV 0))|

itjth=4 =t(s,0)
i,j=0,1k>1

where

(1.1.2.27) 8(4):15‘2[ S ()l (¢, p) AP

itj+k=1
2 0
+x( )(t p)( (0)’ (t, ,0)) B( ) _ f(2)
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- i)’ i) l
w5l o) (D ol o)l (t.0)BY)

i+j+l=2
~(1 i)’ i) l
+til o) (D ol o)l (t.0)BY)
i+j+l=1
~(0 ]
+ 213 )(t,p)( > wé”(tﬂ)f“”(tﬂ))
J+k=4
j=22,k>1

+ 23 (¢, )2 (1, p) f D (2, p)
+ (@8(t.p) F Ot p) — (C5 + thf))]

Since a:(()4) (s, p) is a (unique) holomorphic solution of [5.4]', which has a regular
singularity at s = 0 with its characteristic index 1/2, it suffices to examine
the structure of each term in the right-hand side of [5.4]’ to find how :17(()4) (s,p)
depends on the parameters. Since we have validated Ay(q)(ii) (¢ < 3), the
explicit form of the right-hand side of [5.4]" entails that x(()4)(s, p) depends on
([fo 3], Bo [4]). This means that Ag(4)(ii) is confirmed. To validate Aq(4)(iii),
we need Ag(3)(iv), which we have not yet checked; but its confirmation is a
straightforward one, because all terms except for —B(()B)s in the right-hand
side of [5.3]" are free from B(()?’) (and A((]?’)). Exactly in parallel with the
confirmation of Ay(3)(iii), we then use the cancellation of —2x'é3)(0, p)A(()O)

and 2730, p) £M(0, p) 1363)/(0,/)) (cf. Remark 1.1.2.2) and the relation

11225) [ X afe50)| =] T aaal )]

itj k=4 itjthtl=4
i,5,k,1<3 k=23

5
s=0

which follows from (1.1.1.24). Here we clearly observe that the right-hand
side of (1.1.2.28) is free from 353). Then by checking indices of all terms in the
right-hand side of [5.4]’ (including terms in £€®) we use Ay(q)(ii) (¢ < 3) to
conclude that the right-hand side of [5.4] evaluated at s = 0 is independent
of Bég). Thus we have confirmed Ay(4)(iii). The confirmation of Ay(4)(iv) is

a straightforward one, because all terms except for —384)3 in the right-hand
side of [5.4]" are free from B(()4) (

discussion).

Thus we have confirmed (Ao(4)(i), Ao(4)(ii), -+ Ao(4)(vi) ). In the

and Aé4), which has not yet come into our
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course of the confirmation new parameters (Aé?’), B(()4)) came into our discus-

sion, whereas (Aél), B(()l)) was fixed and one constraint D(()4) = 0 was imposed
on (AE)Q), B((f)). Thus our reasoning enters the next stage with free param-
eters (Aés),Bé3),Bé4)), neither free nor fixed parameters (AE)Q),B(?)) (i.e.,
constants controlled by D(()4) = 0 ) and fixed constants (A(()q), Béq)) (g=0,1).
[IT] Let us now suppose that Ag(p) (4 < p < ¢) has been validated and show
that Ay(q + 1) is valid. To begin with, we note that in part [I] of this proof
we have confirmed the following statements (S1), (S2) and (S3) besides our
real target Ay (4).

(S81) Ao(p)(i) and Agy(p)(ii) are valid for 0 < p < 3 (with the conventional
understanding that A(()_l) =0).

(82) Ap(p)(iii) is valid for p = 2,3, and Ag(p)(iv) is valid for 1 <p <3.
(82) (A", B{) is fixed.

We also note that (A((]O), B(()O)) has been fixed in Section 1.1.1.
It then follows from (S1) that the right-hand side of [5.¢ + 1] depends
on (ffo lq], Bolq + 1]). On the other hand, the conditions C’éqH) = D(()qH) =0

guarantee the unique existence of holomorphic solution x(()q+1)(s, p) of [5.q +
1. Hence Ay(q + 1)(i) and Ay(¢q + 1)(ii) are valid on the condition that
CéqH) = D(()qH) = 0 are consistent with previously imposed constraints on
(ffo[q], Bolg + 1]). In parallel with the reasoning in part [I] it suffices to
confirm Ay(q+ 1)(v) and Ay(q+ 1)(vi); Ao(g+ 1)(v) combined with Ay(g +
1)(vi) shows the existence of constants (A(()q_Q), B((]q_2)) that satisfy D{? =
C’é‘”l) = 0, with the help of the assumption (1.1.2). Parenthetically Ag(q +
1)(vi) describes the constraint upon (Aéq_l), Béq_l)), which will be used to fix
them at the next stage. On the other hand, the confirmation of Ay(q¢+1)(v)
and Ag(q + 1)(vi) is readily done by

(o) applying Ao(p)(ii) (0 < p < q), Ao(p)(iii) (2 < p < ¢) and Ay(p)(iv)
(1<p<qg-—1)to(1.1.2.14), and

(8) applying Ay(p)(ii) (0 < p < q), Ao(p)(iii) (2 < p < ¢) and Ay(p)(iv)
(1<p<q—1)to(1.1.2.16).

By way of parenthesis the counterpart of Ay(p)(iii) (p = 0, 1) (resp., Ao(0)(iv))
is given by xéo)((), p) = x(()l)(O, p) =0 (resp., x'(()o)((), p) = 1), which are used in

the above confirmation.

29



Thus what remains to be confirmed is (Ag(g + 1)(iii), Ao(g + 1)(iv)) .
Using the explicit form of [5.¢ + 1]’ together with Ay(p)(ii) (0 < p < q),
we immediately find Agy(q + )(iv) To validate Ag(g + 1)(iii), we use the
setoff between —2x'(())(0 p) A( and Zxo )(0 p) f1(0,p) (() /(O,p) together
with the relation

(1.1.2.29)
> aaa)| = X s
L 5=0 .y 5=0
i+j+k+l=q+1 i+j+k+i=q+1
4,5,k 1<q 2<k<q

Thus exactly the same reasoning used to confirm .4y (4)(iii) shows that A (g+
1)(iii) is valid. Thus we have confirmed (Ao(q + 1)(i), Ao(q + 1)(ii), ---,
Ao(q+ 1)(vi)), and hence the induction proceeds.

1.1.3 Formal construction of {x%p), AP Br(bp)}
— the case where g4(t) =0

p,n=>0

Although the reasoning in the previous subsection is natural and instruc-
tive, the setting employed there is somewhat clumsy, particularly when we
want to estimate the growth order of {x(()p ), AO , B } 50" The primary pur-
pose of this subsection is to present a more refined 1nduct10n procedure for the
construction of {xép),Aép),Bép)}p>0. We later (in Proposition 1.1.3.2) con-

firm that the procedure works for the construction of {:m(@p ) AP B )}p =0
which are used to transform an M2P1T equation to its canonical form; for
the sake of simplicity of reasoning we assume g+ (¢) = 0 in this subsection. In

what follows, xé )(3 p) denotes the holomorphic function given by (1.1.1.6)

and xé )(s, p) is the holomorphic solution of [5.1]” satisfying the condition

(1.1.1.24) , that is,
(1.1.3.1) (0, p) = 0.

The constants Ao and Béo) are those satisfying (1.1.1.21) and (1.1.1.22),

respectively and (A v Bél)) designates a common solution of (1.1.1.37) and
(1.1.1.43): In this subsection we conventionally understand that the relations

3) ( 4(0) (0 @ 0 (d 1 3)( 4(1) p
=0 respectively mean the relations that (A(() ), B(()O)) and (Aél), Bél)) satisfy.
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We also understand 052) (A((] 2 ,B( 2 ) = 0 to be an empty condition, which
is a reflection of the fact that [5.2] is free from the constant term. By way

of parenthesis we note that D(()3) (A(()l), Bél)) = 0 is well-defined (i.e., without
any extra convention) as is given by (1.1.1.37) despite the seeming ambiguity

in separating out its “principal part” (cf. Remark 1.1.2.4). Similarly Cj (p+1)
with p = 3 given by (1.1.2.14) is coincident with (1.1.1.43).

In order to present the refined induction procedure we prepare some no-
tations and auxiliary results We use the symbol Q[O( ) to mean the assertion

that a triplet of data T = {:c Ay ,B( } is given for 0 < r < p so
that they satisfy the followmg condltlons

(1.1.3.2r)  2(s, p) is a holomorphic solution of [5.r]’ (to be found below
(1.1.2.12)) near s = 0,

(1.1.3.37) 207(s,p) depends on (Ao[r — 1],Bolr]) = (4,4,
' 7A(()T_1)7 B(()O)aBt()l)v' o JB(()T))J

(1.1.3.4.r) Cér+3)(p) and D(TH) (p) depend on (Ag[r], Bolr]), and
(Ao[r], Bo[r]) satisfies the relations C\" ™ (p) = DI (p) = 0,

(0)
(1.1.3.5.r) ¥ (p) =24 2A—B< ),
. . . . O (/r—) 0 B(O)
AW
r+2 T T
(1.1.3.6.7) DI (p) (_)220A )B(O) —22,B{".

0

We will show later in Proposition 1.1.3.1 that y(p) entails 2(p + 1).

Remark 1.1.3.1. A main difference of the contents of Ag(p) and 2o(p) is that
Ao(p) refers to the structure of C{' ™ (p) and DY (p) for r < p—1; in view of
Lemma 1.1.2.1 one might be puzzled with the appearance of m(()pH) (0, p) in the
expression of C¥ (p) and DY (p). As Lemma 1.1.3.3 and Lemma 1.1.3.4

below show, xé (O p) can be written down in terms of {T } 0<r<p A0d

m(()p (0, p) — A(()p / Bo is free from Aop ) and B0 . These facts are implicitly

31



woven into conditions (1.1.3.4.r), (1.1.3.5.r) and (1.1.3.6.r). The reader will
find the mechanism in the proof of Proposition 1.1.3.1, where conditions
(1.1.3.5.r) and (1.1.3.6.r) are confirmed for r = p + 1.

In proving Lemma 1.1.3.1 ~ Lemma 1.1.3.4 below we assume that 2y (p)
(p > 1) has been validated.

Lemma 1.1.3.1. The right-hand side of [5.p 4+ 1] (p > 1) has the following

form:
(1.13.7) —AY = BYVs + By RV (s, p),
where B(()pﬂ) s a complex number and
(1.1.3.8)
BéO)R(()pH Z il a:oj)A Z :v((f)j:[()) (()k)B(()l)
i+j+k=p i+j+k+l=p+1
k<p-—1 0,7,k [<p
@ @) (Y A
itj+k=p—2
+ Z xol /xo )B Dy Z CL‘O xo
i+j+k+l=p—1 Z+J+k p+1
+ 3 ala o — ey
i+j=p+1 t=t(s.p)
i,5>1

Remark 1.1.3.2. The factor Béo) in front of R(()pH) (s, p) is arather conventional
one; it will turn out to be notationally convenient when we estimate the
growth order of xép ) (s, p) etc. with an emphasis on their p-dependence. Recall

that BY”) = +p holds by (1.1.1.22).

Proof of Lemma 1.1.3.1. Since C¥™(p) = DP*V(p) = 0 holds by the as-
sumption, we can read off the above result immediately from (1.1.1.5.p + 1)
in view of the definition of [5.p 4+ 1]. We only note that we have shifted

(1.1.3.9) 2(2g” (t,9)) &, P (1 p) FO (L, )

t=t(s,p)
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to the left-hand side of [5.p 4 1]'; we have left

(1.1.3.10) [(wéo)'(t,ﬂ))_%_z( ) xéi)xéj)f(o)ﬂ

i+j=p+1
1,521

t=t(s,p)

in B(()O)R(()p+1)(s, p) despite the fact that a term similar to (1.1.3.9), i.e

(1.1.3.11) 2(x30>’)-%gl>xgp>f<o>\ ,
t=t(s,p)

is contained in the sum (1.1.3.10); this non-uniformity of treatment is just

due to the convention that the left-hand of [5.p + 1]’ should contain only

the (at this level) unknown function xép +1)(s, p) and that its right-hand side

should consist of given data.

O

Lemma 1.1.3.2. The function R(()pﬂ)(s,p) is determined by
{T }o<r<p and it is free from A

Proof. This is an immediate consequence of the concrete expression (1.1.3.8)
(p+1)
of RO (87 p)

O

Lemma 1.1.3.3. (i) For an arbitrary complex number B((]p+1) we find a

unique holomorphic solution xépﬂ)(s,p) near s = 0 of the following equa-

tion [5.p + 1]

(1.1.3.12) (=[5.p+1])

d
Béo) (2Sd 1)1.(()P+1)(s7p> _ _A(()P) B(P+1) + B( )R(p+1)(8,p).
(i ) The solution z"™ (s, p) depends on (Aq[p), Bolp + 1) .
1i1) For the above solution x; s, p) we fin
For the ab l (p+1) find
(1.1.3.13) Bz (0, p) = AV — B R0, p)
and
(1.1.3.14) BY:% (0, p) = —BPY + BORPT (0, p).
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Proof. (i) Since CP™(p) = D¥™(p) = 0 holds by the assumption, and since
B(()O) is different from 0 by the assumption (1.1.1) together with the relation
(1.1.1.22'), the unique existence of a holomorphic solution of [5.p + 1]’ is
evident.

(ii) This immediately follows from Lemma 1.1.3.2 (on the condition that
Ap(p) is valid).

(iii) By setting s = 0 in (1.1.3.12), we readily obtain (1.1.3.13). By first
differentiating both sides of (1.1.3.12) and then setting s = 0, we obtain
(1.1.3.14).

O

Remark 1.1.3.3. Tt is clear that relations similar to (1.1.3.13) and (1.1.3.14)

hold for any holomorphic solution x(()q)(s, p) of the following equation

d
(1.1.3.15) B (25— —

L 1)afD5.p) = —AG — BYs + BORD (5.,

where AY ™" and B{? are complex numbers and R{”(s, p) is holomorphic
near s = 0; that is, we have

(1.1.3.16) Bz, p) = AU — BORW (0, p)
and
(1.1.3.17) B0, p) = =B + B R(0, p).

Lemma 1.1.3.4. The value BSO)R((JPH)(O,p) is free from Bép).

Proof. When p = 0, [5,1]” together with (1.1.1.21) entails that

B((]O)Rél)((), p) coincides with Aéo); thus it is free from B(()O). Hence we assume
p > 1 in the discussion below. It then follows from (1.1.3.3.r) that xg")(s, p)
(0 <r <p-1)is free from Bép). Hence the terms in R(()p+1)(s,p) whose

relevance we have to check are those containing B(()p ), :c((]p ) or x'ép ). Further-

more, (1.1.3.16) with ¢ = p guarantees that it suffices to concentrate our
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attention on terms containing B(() or xo . Thus the terms to be checked are
the following;:

(1.1.3.18) —( S @000, )25 (0, )20, p))B(p)
i+j+k=1
(1.1.3.19) - (X @0,0i0.0)) "0, p) B
i+J <p+1
_<Z()<OP ><Zxo (0,p)B )
i+j=p k+l=1
(1.1.3.20) ~2i" (0, )i (0, p) A
and terms in the coefficients of the Taylor expansion of
(1.13.21) @) 22 1O+ 20 O ]|
=t(s,p

Here we encounter a situation essentially the same as that observed in the
fact (C) used for the confirmation of Ay(3)(iii) in the proof of Proposition
1.1.2.1. First the important relation (1.1.3.1) together with (1.1.1.7), i.e
(E(()O)(O,p) = 0, entails the vanishing of each term in the sum (1.1.3.18) and
the sum (1.1.3.19); this reasoning corresponds to (C.ii). Second, (1.1.3.20) is
cancelled out by the term

(1.1.3.22)

N —2 o / . .
2(zi) 2P fO —2i7(0,p) FM(0, p) = 2i(0, p) AL,

t=t(0,p)

which originates from
(1.1.3.23) (@) 2 (200 ) | .

t=t(s,p)
This fact corresponds to (C.i). We note that the contribution from
(1.1.3.24) (@) el 1) .

t=t(s,p)
is

' —2

(1.1.3.25) 2(8'(0,p)) 35 (0, ) FO(0, )2 (0, p);

thus this part is irrelevant to Bép ). This completes the proof of Lemma
1.1.3.4.
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O
So far we have constructed a holomorphic solution xép (s, p) of [5.p+1]'
by using the data given in y(p) together with a newly added arbitrary

complex number B(()p ™ Since
(1.1.3.26) i (p)y = DI (p) = 0

is contained in the assertion 24y(p), the equation [5.p 4 2" is given by

d
(1.1.3.27) B (25~ )af (s, p) = =AY = B s+ BYRY™) (s, p),

where AP™ and BP™ are newly added arbitrary complex numbers and
R (s, p) is given by replacing p with p+1 in (1.1.3.8). Note that 27" (s, p)
and Bép 1) are available at this stage. Furthermore, by using exactly the same

reasoning as in the proof of Lemma 1.1.3.4, we find
(1.1.3.28) Rép+2)(0,p) is free from (Aépﬂ) and) Bépﬂ)_

For the sake of the completeness of the reasoning we note that no condition
on AP and B are used in the proof of Lemma 1.1.3.4.

We are now ready to prove the following

Proposition 1.1.3.1. The assertion Ay(p) is valid for every p>1.

Proof. As we have confirmed the validity of (1) in previous subsections,
it suffices to validate 2o(p + 1) supposing that 2y(p) is valid. (It is possible
to start the induction from p = 0, but to avoid the use of conventional

interpretation of the symbol such as D(()2) we have started from p = 1.) As we

have seen above, we have constructed zzzépﬂ) (s, p) that satisfied (1.1.3.2.p+1)
and (1.1.3.3.p + 1) by incorporating an a priori arbitrary complex number

B((]p ™) with the given data. Furthermore the condition (1.1.3.26) contained

in Ao(p) enables us to find the equation (1.1.3.27) for x((]p+2)(s,p), where
APTY and B are a priori arbitrary complex numbers and B and

a:é“”(s,p) are used to define R(()p+2)(s,p). Thus what we have to do for

36



confirming 2Ag(p + 1) is to show (1.1.3.5.p + 1) and (1.1.3.6.p + 1) and to
prove that (A(()p+1), B(()‘DH)) can be chosen so that

(1.1.3.29) i (p) = DI (p) = 0

may be satisfied. Meanwhile, once we confirm (1.1.3.5.p+1) and (1.1.3.6.p+
1), we can readily solve (1.1.3.29) to fix (A(()p+1), BSPH)) thanks to the assump-
tion (1.1.2) combined with (1.1.1.21) and (1.1.1.22). To confirm (1.1.3.5.p+1)
and (1.1.3.6.p+ 1) we substitute (1.1.3.14) and (1.1.3.16) with ¢ = p+ 2 into
(1.1.2.14) and (1.1.2.16) . Then the required results follow from (1.1.3.3.r)
(r < p+ 1) together with (1.1.3.13). As the reasoning is the same for
(1.1.3.5.p+ 1) and (1.1.3.6.p + 1), we show the reasoning for C’[()p+4)(p). By
substituting (1.1.3.14) and (1.1.3.16) (with ¢ = p+2) into (1.1.2.14) we find
the following;:

AP

B

+ (A7 = By Ry (0,0)

(11.3.30)  CP™(p) = AP 4229 (— BFY 1 B RYT(0, p))

+ P (26 < p), 2 (G < p+ 1),

AP (k< p), B (1 < p))

t=0

Then it follows from (1.1.3.28) and the structure of C?*+4| .o Supplemented
by (1.1.3.13) that

is free from Aépﬂ) and B(()p+1); it depends on (/To[p], B%[p]) by (1.1.3.3.r)
(r < p). Thus we find

A(O)
(1.1.3.5.p+ 1) O = 9qlrt) 9 L0 _plt)),

(b 1) BY

As we have noted earlier, we can readily find (AP, BP*Y) that annihilates
CP(p) and D™ (p) by their expressions (1.1.3.5.p + 1) and (1.1.3.6.p+1).
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Thus we obtain the required triplet 7T} (p+1) _ = {; p+1 (s,p), A(()pH), B[()p+1)}.
Therefore 2o(p + 1) is validated, and the induction proceeds.

O

Next we study how the construction of triplets Tl(r) = {xl(r)(s, 0), Al(r),
Bl(r)} (I,7 > 0) are done. In what follows we use the symbol

(1.1.3.32) {z;t})

to denote the coefficient of a?n~" of the expansion of {x;t}, that is,

(1.1.3.33) {z;t} = Z {z;t}PaPy™

p,n=>0

We eventually need more explicit description of {z;¢} in terms of the deriva-

tives of xl(r), but it suffices to use this simplified symbol for the time being.
First we note (1.1.6) with g4 = 0 entails

(1.1.3.34)
(12— a)f = (=) (%) (0d + 2B) — g7 — @) (® — )1},
Since

(1.1.3.35)  xo,41(t,a,p) = Agyri(a, p) = Bapyi(a,p) =0 (v=0,1,2,---)

holds by Proposition A.1 in Appendix A, we then find the following relation
(1.1.3.36) for n > 1 by the comparison of the coefficients of =" of (1.1.3.34)

(1.1.3.36) ( Z 2212, ) |
(t2 ( Z J]21$2JGA2k+ Z IlgixéjI%le>

i+j+k=n i+j+k+l=n
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1
— §(t2 —a?) Z Lo {x; t}g,;)ar
i+j+§3n71

+ - (Z{x t}2n 1@ )

r>0

Expanding (1.1.3.36) in powers of a and comparing the coefficients of a?, we
obtain

(1.1.3.37) S alal) s

g+r+u=p
i+j=n
_ 42 (@), . ()1 4(u) (r),.(u) p(v)
=1 [ § Toy Ty Agy + Izz ng Loy, By
qt+r+u=p—1 qt+r+utv=p
i+j+k=n i+j+k+l=n

1
3 Z 3321 5’72]){5’7 t} + {:c t}2(n 1)}

q+r+u=p
it+j+k=n—1
! (r u ! (r u v
Y A Y e sy
g+r+u=p—3 qt+r+utv=p—2
i+j+k=n i+j+k+l=n
1 r 4
3 Z 3723)37gg {a; t}% {:c t}zpn )1]

gt+r+u=p—2
i+jt+k=n—1

Let us now define c1>§i’3 and \I/g’;) by the following:

(113.38) o = S &l al N a eyl B

q+r+u=p—3 gtr+utv=p—2
i+jt+k=n i+j+k+l=n
(W) _ 9,.00) () £(0)
Z x2z 1’2; f — 2wy @y, f
q+r+u=p
i+j=n

1
o Y A+ S,

gt+r+u=p—2
itjtk=n—1
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(1.1.3.39)
W= Y A Y sy

g+r+u=p—1 qt+r+utv=p
it+jt+k=n i+j+k+l=n

= 1 1
~(0
- 2178 )f(o)xgz;) ) Z x21 x?]){x t} 5{ }2 (n— 1)
q+r+u=p
it+j+hk=n—1
Remark 1.1.3.4. The separation of terms into <I>(p and \Il%) is somewhat
loosely done to make the expression simpler in view of our experience in

Section 1.1.1. Some terms Which evidently contain the factor t? remain in

q>§;} ; a typical example is Z xQZ x2 @) f ©), Since leaving these terms in @é’jj
i+j=n
i,j<n—1

does not cause any problems in our induction procedure described below, we
have not paid much attention to this point. The term 2:13( )ZU(p ) O plays an
exceptional role in our reasoning, and we have separated it from @é’,’} and put
—2t=220 FO2P) ingo WP,

Thus we are to determine T {a:lr A(r (r } (r,1 > 0) so that they
satisfy

(1.1.3.40) oY) — 2y =

for every p,n > 0. Using the variable

(1.1.3.41) s =2\ (t, p),

we can rewrite (1.1.3.40) as

d ) Agp—l) B(P)
1.1.3.42 25— — 1)z = ——== RY
( ) ( Sds )x2n B(()O) B(O)S + 2n (S P)
where
(1.1.3.43) RY) (s, p)
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(@5 ASE .
- a:l T .1
2. 5O ()

atrtu=p—1 0
i+j+k=n
(usk)#(p—1,m)
r _B .o
N 55 a5 G (ov.ii)
g+rtutv=p B,
i+j+k+l=n
(@) (1) AS
D D i (i)
q+r+u=p—3 BO
it+j+k=n
2 @) BS,
+ Z Lai Taj Tor —(0) (au.iv)
q+r+utv=p—2 130
it jt+krl=n
17 dtye @, () ()
T 5O (@) Z_ Lo Ty; f (a.v)
° e
i,jgjnq
207 (dty? (@).(")
_ T) p(u) .
T B(()O) <ds> J;ﬂ: Lon Ty f (a.vi)
qup—;p
t_72 dt 2 ..
aols) L A e
i+j+k:n71
- (p-1)
TR0 23(0) <d3> {z; }2pn 1) (cu.viii)
—1 (dt>2 § : (@),.(r) w) )
Je 171 xz T, t v.1X
2B(()0) dS g+r+u=p ? 2 { }2k ( )
i+j+k=n—1

_28150)( >{ oty (a.x)

with " in (a.ii) meaning the following:
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(1.1.3.44) d = >

qt+r+utv=p qt+r+utv=p
i+itk+i=n i+itk+l=n
(a,0), (1) (usk) (0,1) #(psn)
Here the formula number (a.l) is put to each sum for the later reference. We

note that, as is usual,

2077 (dEN? ) (0) 40
(1.1.3.45) @<£) 2P0 F©

has been shifted to the left-hand side of (1.1.3.42) thanks to [5.0]’; this is the
reason why we encounter somewhat puzzling sums (a.v) and (a.vi). Our task

is to show a generalization of Proposition 1.1.3.1 that is applicable to Tl(r)

= {xl(r), Al(r), Bl(r)} (I 2 0). In order to see how we can, and really do, adjust
the constants contained in Rg;? to find a holomorphic solution xg;) (s,p) of
(1.1.3.42) near s = 0, we first show a generalization of Proposition 1.1.2.1.

To present the generalization we prepare some notations.

Definition 1.1.3.1. (i) The infinite vector (xl(o), xl(l), e a:l(r), +++) (resp.,
(A9, AW AP ) and (B, BY, oo B, ---)) is denoted by
Zjoo] (resp., Aj[oo] and By[oo]).

(ii) @a[p] (vesp., A,[p] and B,[p]) stands for (ZFo[oc], Fi[oc], -+, Fn_i[oo],
x%o), xg), e x%p)) (resp., (A'O[oo], ffl[oo], cee /Yn_l[oo], A?(10)7 AS’, e
AP and (By[oc], Bi[oo], -+, Baaloc], BY, BV, .-, BP)).

(iii) We say j[oc] is holomorphic near s = 0 (or t = 0) if there exists a
neighborhood U (resp., O) of {s € C;s = 0} (resp., {p € C;p = 0}) for
which :El(r)(s, p) is holomorphic on U x (O — {0}) for every r > 0.

(iv) We say Z,[p| is holomorphic near s = 0 (or ¢t = 0) if there exists a
neighborhood U (resp., O) of {s € C;s = 0} (resp., {p € C;p = 0}) for
which the following holds:

(iv.a) xgr)(s, p) is holomorphic on U x (O — {0}) for 0 <1 <n—1
and r > 0,

and
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(iv.b) x,(f)(s,p) is holomorphic on U x (O — {0}) for 0 < r < p.

—

(v) Let X = X (A,[p], B,[p']) and Y = Y(A,[p], B,[p']) be functions of A,[p]
and B,[p/]. If X — Y depends only on (A,[¢ — 1], B,[¢ — 1]), then we say

(1.1.3.46) X =Y.

(n;9)

If there is no fear of confusion, we abbreviate it as

(1.1.3.47) X=).
(@)

Remark 1.1.3.5. As a convention we understand

(1.1.3.48) (A,[-1], B,[-1])
= (Ap[oo], Ay[o0), -+, Ap1]oc], Bo[oo], Bi[oc], -+, Buo1[0)).

Although the following Lemma 1.1.3.5 is an immediate consequence of
(1.1.3.38) (together with (1.1.1.23)), it plays an important role in finding
the concrete description of the conditions which guarantee the existence of
a holomorphic solution 2 (s, p) of (1.1.3.42) with p > r. (Cf. Proposition
1.1.3.2 and Proposition 1.1.3.3 below.)

Lemma 1.1.3.5. If ¥5,[r] is holomorphic near s = 0, then <I>§ZZ (t,p) is holo-
morphic near t = 0.

As mentioned in the above, this is an immediate consequence of the def-
inition of q)éjj The importance of Lemma 1.1.3.5 consists in the fact that

the holomorphy of @é;“)(t, p) near t = 0 is needed to describe the condi-
tions which guarantee the existence of a holomorphic solution acg;rl)(t, p) of
(1.1.3.42) with p = r+1 on the condition that #s,[r] is holomorphic. In what

follows we let [E; 7, [] designate the following equation:

. d o v AT BT
[E;r, ] <23% - 1>xl (s,p) = _W — @s + R, (s, p),
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where

(1.1.3.49) Al(rfl) and Bl(r) are complex numbers,
-1
(1.1.3.50) ATY =,
(1.1.3.51) A =B =Ry, =0forry=0,1,2,--

(1.1.3.52) R is given by (1.1.3.43).

Remark 1.1.3.6. In our subsequent discussion, we arrange our reasoning so
that each quantity in the definition of Rg;) has been given by preceding
arguments.

Let us begin our discussion by showing the following

Lemma 1.1.3.6. Suppose that constants (A;[co], Bj[oo] (I = 0,1, --- , 2n—1)
and holomorphic (near s = 0) Zjfoc] (I = 0,1, -+, 2n — 1) are given with

xl(r) satisfying [E;r,1]. Suppose further

(1.1.3.53) 220,p)=0 (1=0,1,---,2n—1).

Then there exists a holomorphic (in s) solution xg;z(s,p) of [E;r,2n] for
r=0,1 for any (Ag;), Bég), Bél)). Furthermore they satisfy the following:

n

(1.1.3.54) 200, p) = 0,

n

(0) ‘550)
( ) Loy ( ’ ) (2n:0) Bé[)) )

©)

(1.1.3.56) 5)(0,p) = A?S) )
(2m:0) By

B

(1.1.3.57) 5, (0, p) o

(mt) By

44



Proof. We first show the existence of holomorphic xggl)(s, p) and confirm its

properties (1.1.3.54) and (1.1.3.55). Checking each term in (1.1.3.43), we

readily find that the possible singularity of RS:L) arises from the sum (a.v).
On the other hand, (1.1.3.53) and the definition of £ entail

(1.1.3.58) Z D) f ( Z @%g?) = O(#).

Hence the contribution from («.v) is holomorphic near t = 0. Therefore
[E; 0, 2n] has a (unique) holomorphic solution ng)L) (s, p) for any complex num-
ber Bé%). Furthermore the contribution from («.v) depends only on (/To[oo},
Aj[o0], -+, Agn_1]o0], By[oo], Biloo], -- -, égn,l[oo]), and it vanishes at
t = 0. On the other hand it follows from (1.1.3.44) that each term in («.ii)
with p = 0 contains a factor xg,? with £ < n — 1. Hence the value of (a.ii) at
s =01s 0. Clearly (c.ix) with p = 0 also vanishes at s = 0. Thus we obtain

(1.1.3.54) . Since (a.ii) also depends only on ([fdoo], Ayfoo], -+, Agp_y[o0],
Byloo], By[ec], - - -, §2n,1[w]), Rg? (s, p) depends only on these parameters.

Therefore we find

(0)

d (0) By . _
(1.1.3.59) (28ds 1>$2n (s,p) + 380)8(27;0)0’

and, in particular, we obtain (1.1.3.55).

We next investigate the structure of Réil) The contribution from (a.v)
with p =1 is:

(1.1.3.60) ( > xé‘?xgj) 0)+( > al] %)

q+r=1 i+j=n
itj=n 2,j<n—1

Then it follows from (1.1.3.53) that

(1.1.3.61) S a2l = o),

g+r=1

i+j=n
i,j<n—1

(1.1.3.62) S alal) = o).
B
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Hence the contribution from (a.v) with p = 1 is holomorphic near ¢ = 0.
Similarly the contribution from (a.vi) with p = 1 is holomorphic near t = 0,
because

(1.1.3.63) 2 (xM fO 1 2 FO) = 0(#?)

by (1.1.3.54). Other terms in Réz) are evidently holomorphic near s = 0,
and hence [F;1,2n] has a holomorphic solution xé}f(s, p) near s = 0 for any

complex numbers Ag,?, BéSL) and Bé,ll). To confirm its property (1.1.3.56) we
next show

(1.1.3.64) RS0, p) is free from B

The proof of this fact is basically the same as that of Proposition 1.1.2.1; in
parallel with the cancellation (C.i),

2 . .
(1.1.3.65) mfté??(&p)xéo)(07p)f(1)(07p),
0

which originates from the Taylor expansion of the second term in (1.1.3.63),
is cancelled out by the term

0
(1.1.3.66) —2¢(°>¢(°>AL’
.1.0. 0 2n B(()O) =0

in the sum (a.i) evaluated at s = 0, whereas, in parallel with (C.ii), the term

(0) 0)

which contains z,, and Bgn in the sum (o.ii) evaluated at s = 0, that is,

L Bo
(1.1.3.67) —(2555‘33135%30)+2i:§335c§°)x6”+ P R 2")

0) /| 5=
g+r+u=1 BO 0
is equal to
. . ‘ B
(11368) _(gxgegxg%gm+2x§23x50>xg“+(xgl>+2xé”xg”)3%&) L

0

which vanishes by (1.1.1.7) and (1.1.1.24). Thus the evaluation of [E; 1, 2n|
at s = 0 entails

A
(1) _ 2n
( ) [EQn( ; ) (2n:0) B(()O) )
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as is required. Since RSL) (s, p) is clearly free from Bé,ll) (and ASL), which has
not yet appeared in our discussion), the relation (1.1.3.57) is an immediate
consequence of [E;1,2n).

O

An important fact which lies behind the existence of holomorphic xé@? (s,p)

with » = 0, 1 is the validity of the following:

dq)(o) dq)(l)
1.1.3.70 3O [—— TN R Y] e L )
( ) 2n ‘t:O dt li=o0 2n 11=0 dt lt=0
In passing we note
(1.1.3.71) o%) =0

also follows from (1.1.3.53) and (1.1.3.54), although we cannot expect

Ao

1.1.3.72
( ) =

t=0

in general. Actually as we will see below (1.1.3.72) gives a constraint on Aé?l)

and Bg?, which are free parameters in Lemma 1.1.3.6. Now, in parallel with
Proposition 1.1.2.1 we find the following

Proposition 1.1.3.2. Let us suppose the same conditions as in Lemma
1.1.3.6, that is, the existence of constants (A;[oc], Byjoc]) (1=0,1, -+, 2n—
1) and holomorphic Z)[oo] (I = 0,1, -+, 2n—1) that satisfies (1.1.3.53). Then
the following set As,(p) of assertions (Ag,(p)(i), Az (p)(il), - - -, Agn(p)(vi))
is valid for every p > 0 with the proviso that Ay, (p)(v) (p = 0,1,2) and
Ao (p)(vi) (p=0,1) are void statements (i.e., trivially correct statements in
the sense that both sides are O under the convention

(1.1.3.73) AW =BY) =0 forq,¢ = —3,-2 and ¢’ = —1,

which supplements (1.1.3.50).)
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(Asn(p)(i):  We can find constraints on parameters (Ag’,’;”,
BP=H A=), Bé{’;?’)) which are consistent with
the constraints on (/Tgn[p—?)], ggn[p—S]) that have
been given in previous stages (i,e., in Aa,(p')(i)
(0 <p <p-—1)), so that a solution :L“g;)(s,p) of
[E; p, 2n| is holomorphic in s,

Asu(p)(ii) :  The solution z¥) (s, p) found in As,(p)(i) de-
pends on (Azn[p —1], an[p]),

Aon(p) : § Asn(p)(iil) = 25(0, p)(ﬁl)%,
Aonlp)) s #00.0) = - iii
Azn(p)(v) : <I>g’2|t:0 - AP g % B
Ao (p) (i) : dczg’? i (25_2)220% P2 _97,B%?

\

Proof. With the convention (1.1.3.73) we find by Lemma 1.1.3.6 and (1.1.3.70)
that A, (0) and As,(1) are valid. To make the induction run smoothly we
confirm Ay, (2) separately, although one may build it in the induction proce-
dure. We first note that Ay, (2)(vi) follows from Aj, (1)(iii) and As,(0)(iv)

through the explicit computation of each term in d@gi) / dt’ o In the compu-

tation we repeatedly use (1.1.1.24); for example, 2f(0)’x52x(()1) ‘t:O’ which may

depend on Ag,? through a:éln) actually vanishes thanks to the vanishing

(1)

im0

factor x | +—o» and so on. Then, as the constraint on (Aé%), Bég)) required in
A2, (2)(i), we employ
dCI)(Q)
1.1.3.74 2l =0;
( ) dt li=o ’
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the confirmed assertion Aj,(2)(vi) guarantees that this gives a linear rela-
tion of (A;:L), Bég) whose coefficients are determined by (Agn[ 1], égn[—l])
(in the notation of (1.1.3.48)). It is clear from the definition of Réi) that
(1.1.3.74) together with (1.1.3.71) entails the holomorphy of Réi)(s,p) near
s = 0 and hence the existence of a holomorphic solution m;i) (s, p) of [E;2,2n].

Thus we have validated Ay, (2)(i). The assertion Aj,(2)(ii) then immediately
follows from the definition of the equation [E;2,2n]. To confirm Ay, (2)(iii)

it suffices to show that RSB (0, p) is free from Bé;). This fact can be verified
by a reasoning similar to the proof of Lemma 1.1.3.4; the terms we have to
examine are the following:

(1.1.3.75) —2i5,)(0, p)ig” (0, p) A / B,

(1.1.3.76) (X @0, p)el0,0)) B /B,

g+r+u=1
(1.1.3.77) —2i5) 0.0 > (0, 9)2(0, ) B /B
r+ut+v=1
and
(1.1.3.78) 2:i$(0, )2(0, p) fV(0, p) /B,

which originates from the Taylor expansion of

(1.1.3.79) 2 Y a7 f /B,

r4+u=1

Then, as we have often observed (1.1.3.75) and (1.1.3.78) sum up to 0, and
(1.1.3.76) and (1.1.3.77) vanish by (1.1.1.24) together with (1.1.1.7). Thus
we have validated Ay, (2)(iii). The confirmation of As,(2)(iv) is trivial, as
Rgi) (s,p) does not contain Béi). Summing up, we have confirmed Ay, (2).
Let us now begin the induction argument. Suppose that Ay, (p) is valid for
0 <p<py— 1 with pg > 3. Then, as is in the confirmation of A,,(2), we
see that Ay, (po)(v) follows from Ay, (py — 2)(iii) and As,(po — 3)(iv), and
that A, (po)(vi) follows from As,(py — 1)(iii) and Az, (po — 2)(iv). In order
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to guarantee the existence of a holomorphic solution xé’;())(s, p) of [E; po, 2n],
we require

(po) _
(1.1.3.80) o, —o = 0
and
dq)épo)
1.1.3.81 — =
( ) dt lt=0

The condition (1.1.3.81) gives a linear constraint on (Ag’f_m, Béﬁo_z)) whose

coefficients are described by (ffgn [po—3], Bon (Do —3]), whereas (1.1.3.80) sup-

plemented by As,(po)(v), together with the constraint on (A;fffg), Bg’f*?’))

given in the preceding stage, i.e.,

aey V)
dt -

(1.1.3.82)
t=0

fixes (Aéio_?’), Béﬁo_g)) in terms of (ffgn [po — 4], Bon|po — 4]). Here we have
used the assumption (1.1.2) together with (1.1.1.21) and (1.1.1.22). Then
the validity of As,(po)(i) and Ay, (po)(ii) is obvious. The confirmation of
Ao, (po)(iii) requires the validation of the fact that RéﬁO)(O, p) is free from
Béﬁofl); this validation can be done by exactly the same reasoning used when
po = 2. Thus we have confirmed Aj, (po)(iii). The validation of As,(po)(iv)
is trivial, as R¥ (s, p) is free from BP® . Hence the induction proceeds, and

Aa,(p) is seen to be valid for every p > 0.

O

Remark 1.1.3.7. As is clear from the above proof, “constraints on parameters
(Ag:l_z) B2 4 p=9) B(p_B))” to be found in Ay, (p)(i) are (1.1.3.80) and

9 2n ) 2n
(1.1.3.81). These conditions turn out to be consistent with previously im-

posed constraints on (/an [p—3], Ban [p—3]) by Az (p)(v) and Az, (p)(vi), and
hence we have avoided the explicit statement of the conditions in Aj, (p)(i).

In Proposition 1.1.3.2 indices of the fixed quantity at the stage A, (p)
are not uniform; x%ﬁ? is fixed with free parameters (Ag;;l), Béf;l), Béi)) and
parameters (AéZ_Z), Béfl_Q)) constrained by (1.1.3.81), whereas (A, [p — 3],
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Bay[p—3]) is fixed. Hence we rearrange the setting so that T = {a", A",

Bl(r)} (I, > 0), following the way in which Proposition 1.1.3.1 is stated. In
what follows we assume the same conditions as in Lemma 1.1.3.6, that is, the
existence of constants (/Yl (0], By [oo]) (1=0,1,---,2n—1) and holomorphic
Zloo] (I1=10,1, -+, 2n — 1) that satisfies (1.1.3.53). Under this assumption
we use the symbol ngn(p — 1) to mean the assertion that a triplet of data

Tz(;) = {xgn)(s,p), Agn, 2n} is given for 0 < r < p — 1 so that they satisfy
the following conditions:

(1.1.3.83.r) xg;l) (s, p) is a holomorphic solution of [FE;r,2n| near s =0,

(1.1.3.84.r) :z:gl)(s,p) depends on (ffgn[r —1], ggn[r]),

(1.1.3.85.r) 200, p) =0,
oy, - .
(1.1.3.86.7) @ |,_, and ;7; ‘ depend on (A, [r], Ba,[r]), and
=0
" _ 3 dq)(“r?)
(Agn[r], Baylr]) satisfies @y, (r+ | o = ;Z T 0,
(r+3) A o
1.1.3.87. CI)T = 24 220 _plr
( 3.87 7") ’t 0 (2m:r) 2n Bé )y F2n
(1.1.3.88.r) 2n = 27, —A " _27,B".
dt t=0 (2n;r) B(O)

Proposition 1.1.3.3. The assertion 2y, (p) is valid for every p > 0.

As the proof is essentially the same as that of Proposition 1.1.3.1, we
describe its core part only. In the course of the proof of Proposition 1.1.3.2
we have seen that s, (p) (p = 0,1,2) are valid. Let us suppose that 2, (p)
is valid for 0 < p < pg — 1 with pg > 3, and we want to confirm s, (py). By
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adding an arbitrary complex number BY) to the given data 74" (r < po—1)
we can define the equation [F; pg, 2n]. It then follows from (1.1.3.86.(py — 3))
and (1.1.3.86.(po — 2)) that

) dol)
=0 dt li=o

holds. Hence Rgff) is holomorphic near s = 0. Then (1.1.3.83.py) and
(1.1.3.84.py) are immediate consequences of [E; pg, 2n]. As the confirmation

of (1.1.3.87.pg) and (1.1.3.88.pg) requires the description of x pOH)(O, p), we

further consider [E;po + 1,2n]; we add arbitrary constants AP and B

(1.1.3.89) —0

to the given data to write down [F;py + 1,2n| with the aid of q;g’;f)(s,p)
we have just constructed. Then (1.1.3.86.(pp — 2)) and (1.1.3.86.(py — 1))
guarantee

dq)QZ;LO-i-l)

(Po+1) ~T2n
(1.1.3.90) D5, ‘t 0 dt li=o

= 0.

Hence R (s, p) is holomorphic near s = 0. Furthermore, by the same
reasoning as 1n the proof of Lemma 1.1.3.4, we can verify that R(p ot+1) (0, p)
is free from B . Then, evaluating [F;po + 1,2n] at s = 0, we find

(po)

A
1 n 1
(1.1.3.91) 0.0 = B"’éo) — RY(0,p).

Using this relation together with

(p) Bépo)
1.1.3.92 0, p) = — 22
(1.13.92) 200 = =5

we find (1.1.3.87.py) and (1.1.3.88.py). Then we can fix (AQZO), B ) so that
(Azn[po], Banlpo]) annihilates @g’,’f%)‘ ,—, and dP{o+?) Jdt|,_,, as is required
n (1.1.3.86.pg). We note that no constraint is imposed upon the complex

number B;ZOH) introduced for defining [F;pg + 1,2n] at this stage. Hence
the induction proceeds, completing the proof.

1.2. Growth order properties of T = { n),B(p)} (p,n > 0) — the
case where g1 (t) =0

The purpose of this section is to estimate the growth order properties

of {ngp)}p >0 SO that the formal transformation of an M2P1T operator to
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its canonical form (the oo-Mathieu equation) may acquire the microlocal
analytic meaning, as will be explained later in Section 5. For the sake of
simplicity of our reasoning we assume g4 (t) = 0 in this section. The proof
of the corresponding result when g4 # 0 is given in Appendix C. Let us first
prepare some notations and elementary inequalities which will be frequently
used in our computation.

Definition 1.2.1. For [ in Ny = {0,1,2,---} and X = (A,--- , A,) in N2,
we define

(1.2.1) c(l) =

(1.2.2) o) =[x

An important property they enjoy is described by the following

Lemma 1.2.1. When A = (A1, Ay -+, Ay) Tanges over the set of all vectors
that satisfy

(1.2.3) MA A+ A, =1

the sum of C(X) is dominated by C(1), that is,

(1.2.4) Yoo cw e,

A1t+Ag+ A=l

See [KKKoT, Lemma B.3] for the proof.

Lemma 1.2.2. The following inequality (1.2.5) holds for any positive integers
[ and n satisfying | > n:

(1.2.5) > Ml <A (I —n 41!

Al +Xo+ -+ Ap =l
A2, An 21
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See [AKT2, Lemma A.4] for the proof.

In what follows we use the symbol ||h|; for a holomorphic function A(s)
on {s € C; |s| < r} (r > 0) to denote its supremum norm on the disc, that
is,

(1.2.6) 12/l = sup |A(s)].

|s|<r

Using these symbols we now give the precise statement on the growth
order of |fU)(s, p)|:

There exist positive constants o, kg and Ly for which the following in-
equality (1.2.7) holds for every j in Ny and pin {p € C;0 < |p| < 0¢}:

(1.2.7) 1FDC ) ooy < £0C(5) L

Here the auxiliary factor C'(j) is intended for the convenience in performing
the induction procedure in what follows.

We begin our estimation by studying the growth order property of the
triplet Tép = {:v(()p)(s, ), A(()p), B(()p)} (p > 0). For the sake of convenience we
introduce the following notations:

(1258) A = AP /B and B = BB,
(1.2.9) ALY =,

(1.2.10) zép)(s, ) Cifx(()p)(s, p) — zzl(()p_l) + Bép)s.

It then follows from

(1.1.3.1%) (286% - 1>zép)(s,p) = RP(s,p),
(1.1.3.16) and (1.1.3.17) (with ¢ = p) that we find

(1:211) 47(0,p) =2 (0,p) =AY = =R (0,p)
and

(1.2.12) #200,p) = i?(0,p) + B = R (0, p).

We first prepare the following
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Lemma 1.2.3. There exist positive constants (1o, Ry) and sufficiently small
positive constant Cy for which the following estimate |G} p,0] holds for every
p>1andpin{p e C;0<|p| <ro}.

;

(pi) 127700, p) < CoC(p) (Rolpl )"
(pii)  [59(0, p)] < CoC(p) (Rolpl ™)
Giprg) 4 P 125”5 )l < CoC(p) (Rolpl )"
’ (p1v) 112”7 C. )y < CoC'(p) (Rolp| )"
(pv) AP (p)] < CoC(p) (Rolpl )"
(pvi) B (p)] < CoC(p)(Rolpl )"

\

Remark 1.2.1. We may assume that ro and Ry are sufficiently small, and

hence, (R p|’1)71 is also sufficiently small. (In what follows, we consider rg
and R;' as sufficiently small positive constants.) Therefore it is clear that
|G p, 0] entails

(p-iid) 128 (s 2) o) < (1 470+ (Rolp] ™) ™) CoC(p) (Rolp] )"
< 2C,C(p)(Rolpl™)"
and

(piv) 125 9o < 2CoC(p) (Rolp| )"

Furthermore these estimates hold for p = 1 by the concrete computation in
Section 1.1.3. We also note that, as the form of the estimates [G;p, 0] for
p > 1 indicates, we can take Cy > 0 arbitrarily small by taking Ry > 0
sufficiently large.

Proof of Lemma 1.2.3. Before embarking on the induction, we check the
situation concretely when p = 0. When p = 0, B(()O) = 1 and ]Aéo)\ =
]A[()O)\/]p]. Thus (0.v) and (0.vi) are violated. Furthermore a:(()l)(O,p) =0
entails

(1.2.13) %70, p) = Ay,

and hence (0.1) is also violated, whereas (0.ii), (0.iii) and (0.iv) trivially hold

as z(()o)(s, p) = x(()o)(s,p) —Béo)s = 0 holds. Since the results in Section 1.1.3

95



confirm [G;1,0], we assume that [G;p,0] is valid for 1 < p < py — 1 and
validate [G;po,0]. As the reasoning is lengthy, we separate it into several
parts.

[I] Let us first confirm the most delicate statement (po.i). As we will see
later, the confirmation of (pg.ii) can be done in a similar manner (actually
simpler because the relevant index is pp, not pg + 1). To begin with we note
that Proposition 1.1.3.1 guarantees that Tép ) exists for every p > 0 and that
it annihilates 7 |,_y and d® /dt|,_o (cf. (1.1.3.38)) for every p. Hence
R((]p )(5, p) given by (1.1.3.8) is holomorphic in s if taken as a whole, though
each individual term in the sum may be singular at s = 0. Therefore we find

1 ds
1.2.14 RP™(0,p) = —— / RP™ (s, p)—
( ) 0 ( 7p) 27TZ ‘s‘:ro 0 (87p) s
1 (po+1) ds
- R po =
In order to clarify our reasoning we label the terms in R((Jp o1 as follows:
(1.2.15)
RE™ (s, p)
(i . (j Tk .
=— Y i (s (s, 0 A (8.)
i+j+k=pg
k<pg—1
(i . (j k (1 .
= > w50 (s 0 (s, 0) B (.1
it+j+k+l=po+1
i,4,k,1<pg
w203 Wil (s, 0)A) (i)
i+j+k=po—2
— (i . (j k 0 :
2 W0 s, 0,0 BY) (3v)

i+j+k+l=po—1

diy2 i (4) () (k)
(&) @(2 (o) (s, 0) (ts.0).0))  (BV)
k>2
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+ (%)Qi( > ol (s, 0)a (5,00 fV(e(5. ). ) (B.v)

(0)
BO i+j=po

* (ng;_m)f (t(5, ), ’O)<, Z: (s, P)xéj)(s,p)) (B.vid)

d —2
<d2>2;(0 FrD(t(s, p), p). (8.viii)

In what follows we use the symbol (3.7) (j = 1i,ii,--- ,viii) to denote the
sum labeled by the symbol; for example, we denote Cauchy’s integral of the
second sum in R (o) 35 follows:

ds
Y

1.2.1 —_— .
( 6) 271 S

Since ((.ii) is holomorphic near s = 0, this is equal to

i+jtk+l=pg+1
i,5,k,1<pg

In using the induction hypothesis we have to take extra care in dealing with

i'(()o), xéo) and Béo), and we also use

(1.2.18) 270, p) =0

as an excellent substitute of (p.i) with p = 0. Thanks to the constraint
on the indices in (1.2.17), at most two indices among (,7,k,1) may be-
come 0. Furthermore (1.2.18) implies the vanishing of annoying terms such
as ZL‘(() (0, p) :v(() (0, p)B(pO) and m( (0, p) (po)(() p)x (1)(0 p)B(O). Among the
surviving terms let us consider the estimation of the following terms as an
example; this term is one of the terms that give the worst contribution to
the estimates of (/.ii):

(1.2.19) |6 (0, p)i (0, )2 (0, p) BY”|
< 2%(C(0))*C3C(0)C(1)C(po — 1)C(0) (Rolp| )"

Since x'éo)(O,p) = B(()O) = 1, the estimates (1.2.19) follows from (py — 1.i),
(1.ii), (po—1.v) and (1.vi). The unnecessary factor (C(0))~2C'(0)? is inserted
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for the convenience of applying Lemma 1.2.1 to the estimation of the constant
(N.ii) used in (1.2.21) below. In this way, we obtain the following estimates
from the induction hypothesis and Lemma 1.2.1:

(12200 = 3 @l 0.0 0.l (0, ) B

i+j+k+l=po+1
,J,k,1<pg

< (22(C(0)72 + 23(C(0)) "1 Co + 21C2) C2C(po) (Rolp )™

(Actually it suffices to use (22(C(0))2+2%(C(0)) "' Co+2*C¢) Cy as the extra
factor due to the vanishing of x 0 (O p).) Hence we obtain

(1.2.21) ‘% f(ﬁ )ds
where

(1.2.22) N(ii) = (2(C(0)) 2 + 2*(C(0)) ' Co + 2*CF) Co.

< N(ii)CoC (po) (Rolp| ™)™

It is clear that N(ii) has the form vCy with a constant + that is uniformly
bounded for Cy < 1. Otherwise stated, we can choose a sufficiently small
constant N (ii) that is independent of py by choosing Cj sufficiently small.
The choice of N(ii) is made in accordance with the number of sums used to
compute z(p 0H)(O p), that is, 7 at this stage, although we need to make it
smaller to sum up around 20 kinds of such sums in computing (A(p o), B(()p 0)).
This is the reason why we keep an extra constant Ny in (1.2.56) below. Thus,
logically speaking, we should fix N(j) at the very end of the proof of this
lemma. The important point is that we can choose them independent of py,

Since the domination of Cauchy’s integral of (3.i) requires some delicate
treatment as we will see below, we next study the contribution from (3.5)
(j =1iii,iv,v). As these terms may contain singularities at s = 0 through the
factor t72, we estimate the contour integral for ry # 0. When py = 2, (3.iii)
reduces to t_QAéO), and hence we find

ds 1 s ~(0) ds 7(0)
B 2 A 3 def Ao™1

(1.2.23) —]{ B.iil; pg = 2)—

S 27TZ |s|=ro

Therefore we have the following relation (1.2.24) for Ry > 1:

1
(1224) ’ % /II (6 11i: yPo = 2 —‘ < NO 111)000(2) (R0|p|—1)27
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where Ny(iii) is a constant which has the form

(1.2.25) YRy*

with v being given by

(1-2:26) (CoC@) 1A ()| (Rl ™)™

When py > 3, the induction hypothesis entails the following;:

1 d
(1.2.27) ’ — ]{(mii)f

1 82 ~(0 . ) . (7 . (4
“| 5 [ BT e 3 60 60)
s|l=ro

i+j=pg—2
i,j>1
1 (k . —2—k . (7 . (7
+ ) A§)<2xép° s+ Y mé)(s,p)xé”(s,p)>
1<k<po—3 i+i=pg—2—Fk
i,j>1
(o—2)] 48
+ AP 5]

< 1)1 (4(C0)) ol ™A N1+ Co) +4Co(1 + Co) +1)
x CoC(po—2) (Rolo| ™)™
< N(iii)CoC (po) (ROIP’_I)pO,
where
(1.2.28)
N{(iit) = 4|7(r)] (4(C(0)) AP N1 + Co) + 4lp|Co(1 + Co) + ol ) ol g™,

Here the factor 4 dominates C'(py — 2)/C(po) for pg > 3. The estimation of
the integral of (5.5) (j = iv,v) can be done in a similar manner, and we find

(1.2.29) \ f (ﬁ-iV)%] < N(iv)CoC(po — 1) (Rolp| ™)™
and
(1.2.30) ‘f(ﬁ.v)%‘ < N(v)CoC(po — 1)(Rolp|™")"™,
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where
(1.2.31) N(iv), N(v) = 5(Rolp| ")~

with a uniformly bounded constant v for Ry|p|™" > 1. The domination of
the integral of ((.viii) is trivial: by (1.2.7) we have

(1.2.32) ‘ f(@.viii)%‘ < N(viii)CoC(po — 1) (Rolp| ™)™
with
(1.2.33) N(viii) = v(Rolo| ™) ™"

Thus what remain to be examined are ((.i), (8.vi) and (3.vii). Interest-
ingly enough, their estimation is closely related to the fact C observed below
(1.1.2.23) in the proof of Proposition 1.1.2.1.

We first study (f.vii). By the Taylor expansion we find

(1.2.34) S oaf (s, p)

i+j=po+1
4,521

= 2. (0,050, p)

it+j=po+1
4,721

+2 > 200(0,0)25(0,p)s + O(s2).

it+j=pg+1
0,521

Since f(O = pg(t, p) with g(0,p) = 1, the substitution of (1.2.34) into the
integral in the left-hand side of (1.2.35) below entails the following:

1 AR S oo ds
(1.2.35) ‘z_m}'{ <£> @f(m( 3 x(())xg))?

i+j=po+1
i,j>1
1 dt
= | —— 2{ t { () 0 U) 0’
‘2m‘7£<ds> <t> 09(t:p) _+Z+1 (0. p)z (0, p)
T
ds
> 20,0 (0.0) + 06) |5 |
1+i]§01+1
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where Zy = £1 (cf. (1.1.1.13) and (1.1.1.22)). Clearly there is no contribu-
tion to the resulting integral from the third term in the braces (i.e., O(s?)),
whereas [G;p,0] (p < po — 1) is effectively used to estimate the contribution
from the first sum and that from the second one. Let us now recall

(1.2.36) 270, p) = 0.

Hence the indices (4, j) in the first sum and the index 7 in the second sum may
be assumed to be equal to or greater than 2. Hence the induction hypothesis
entails

(1.2.37) | ]4 (5:3i) 2 | < N p0) (Rolol ™)
where
(1.2.38) N(vii) = 7Co((Rolp|™) ™" +2)

with v being a uniformly bounded constant for Cy < 1.

We next study the contribution from (8.i) and (5.vi). At first one might
be puzzled by the term

(1.2.39) - Z a:o s, p)xg (s p)A()

i+j=po

which contains
(1.2.40) —237) 40,

Fortunately the contribution of this term is cancelled by the contribution
from the coefficient of s? in the Taylor expansion of

(1.241) (% )” 2( > D (5.0)) F Ot ). 0)

1+j=po

after the contour integration § ds/s, as we see below. By expanding

(1.2.42) > 2 (s, 02 (s, p)

i+j=po
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in powers of s as

(1.2.43) > (0, p)25(0,p)

i+j=po
+25 Y (0, )i (0, p)
i+j=po
{ > g D0,0)+ > 2(0,p)i (”)(O,p)}
i+j=po i+j=po
+0(s%),
we find
1 ds
(1244) % (B.Vl) B —IO+]1,
where
1 1 s2 rdt\2 ds
1.2.45) Ip= — —— _(_)< () )()t
1209 h=50 o 5 (3 3 000000
and
1 1 52 dt\ 2 () ()
1.2.4 LH=——7+¢ —|—
( 6) "o Béo) ]{ 12 (ds) {szpo (0, p)2(0, p)

4,522

+25( Y ) (0.0)i"(0,))

i+Jj=pQo
i>2

o 5 a0 0)

i+j=pg
1>2

ro) )0 0%

On the other hand (1.1.1.21) and (1.1.1.23) entail
(1.2.47) Io=—g (> @0.0)a(0,0)) AP,
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Hence the puzzling part (1.2.39) of the contribution from (/5.i) is cancelled
out by Iy ! Therefore

1 . yds
(1.2.48) %%{(ﬁl) + (ﬁw)}? =1, + 14,
where
—1 (@ . (5 ~ ds
(1.2.49) I=— ( S xé)(sjp)xéj)(&p)A[()k))_.
T i+j+k=pg S
1<k<pg—1
Since
(1.2.50) > @(s p)ig (s, p)ASY
i+j+k=pg
1<k<pg—1
. s <k
= Zx(()O)(S’ ,0)< Z :E(()])(S,p)A(() ))

Jj+k=pg
Jj>1, pg—1>2k>1

. (2 . (7 ~(k
+ > Wi (s A
i+j+k=pg
i,j>1, pg—1>k>1

holds, the induction hypothesis entails the existence of a constant N (i) which
satisfy the following:

(1.2.51) 12| < N (1) CoC(po) (Rolpl )",

(1.2.52) N(i) = 4Cy(2 + Cp).
To estimate I;, we note that :'x'(()o)(s, p) =0 and

"(j) 1 ‘(]) S
1.2.53 O’ 0)| = ’— % ,0)—=
( ) |.Z'0 ( )’ 2i Lo (S p>82

< 2r52CoC (po) (Rolp| ™)™

holds for j > 1. Using these facts, we find

(1.2.54) || < N(vi)CoC(po) (Rolp ™')™
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with
(1.2.55) N(vi) = 7<CO(R0)_2|p|+ Ry'+ r(;lOORgl),

where 7 is a constant originating from innocent factors in the integrand (i.e.,
irrelevant to Cy, Ry and [p|™! ).

Summing up the estimates of the contributions from 3(j) (5 = i,1ii, - - - , viii)
we find that [G;p,0] (1 < p < po — 1) entails

(1.2.56) 25770(0, p)| < NoCoC(po) (Rolp] ™)™,

where Ny is a constant which is independent of py and can be chosen as small
as we want if we choose Cy and Ry sufficiently small. Note that each N(j)
found in the above contains a factor Cy or Ry' or their sum. We also note
that the estimate (1.2.56) validates, in particular, (po.i).

Let us next confirm (po.i). In view of (1.2.12) we start with (1.2.57)

below, whose counterpart in the confirmation of (py.i) is (1.2.14).
. 1

(1.2.57) §00.0) = B 0.0) = 5 F R0 S
An important difference between (1.2.14) and (1.2.57) is the following point:
the index in question in (1.2.14) was (py + 1), whereas the corresponding
index is po in (1.2.57). Thus the domination is easier this time. Actually,
as we will note below, even the estimation of the contribution from (3.i) (cf.
(1.2.40) and (1.2.60) below) does not require the subtle reasoning related to
the fact C observed in the proof of Proposition 1.1.2.1. Hence we avoid the
detailed reasoning and content ourselves with locating the points which need
some special attention. In what follows we let 1(j) (j = 1,1ii,-- -, viii) denote

ds

52

1
(1.2.58) 50 f [(8.7) with the index (po + 1) being replaced by po]

(i) Concerning the estimation of I(i): Since we have

(1.2.59) > afag AP
it+j+k=pg—1
k<pg—2
= AP (2a 0+ Y aldal))
i+j=po—1
i,5>1
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+ Z A < polk)—l— Z xél)xé)),

1<k<po—2 i+j=pg—1—k
B, =1

we find that the most troublesome term may be

(1.2.60) 2 A 3o,

However, even the contribution from this term is dominated by

(1.2.61) AP 1ol *2C0C(po — 1) (Rolpl ™)™
Clpo—1) ,_ -
= 2|A | 22— Ry CoC (po) (Rolp| )™
AV | =G B CoC o) (Rolol ™)
Hence we can readily find
(1.2.62) 11(3)] < N()CoC(po) (Rolpl )"

with a constant N (i) that can be chosen arbitrarily small independently
of py by choosing R;' sufficiently small. Making a contrast to the earlier
estimation of §(f5.1)ds/s with the index (po+1), the estimation (i) does not
require the cancellatlon among terms in (3.i) and (8.vi).

(ii) Concerning the estimation of I(ii): The integral /(ii) cannot enjoy such
a simple form as (1.2.17), because the double pole s72 is contained in the
integrand. Still, the restriction on indices (i, j, k, 1) again guarantees that at
most two of them are allowed to be 0. Hence the induction hypothesis entails

(1.2.63) |1(i1)] < N(i1)CoC (po) (Rolpl )"

for a constant N(ii) that contains a factor Cy like the constant N(ii) in
(1.2.22).

(iii) Concerning the estimation of I(iii): Since we have (for py > 4)

(1.2.64)
1 52 @)Y 0\ dS
I(iii) = 5 % t_2< Z xé)x((f)A(() )>¥
i+j+k=po—3
L 87 50) (. (p0—3) 7)
=5 t2<A (2 . +Zxo%)
L+i]§01 3
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d
+ Z A ( p03k)+ Z $0$0> A(po 3>S_j’

1<k<po—4 it+j 1’20213 k
we use the induction hypothesis to find
(1.2.65) |1(iii)| < N (i) CoC'(po) (Rolp] =)™~

with a constant N (iii) that can be chosen arbitrarily small independently of
po by choosing Cy and R;! sufficiently small.

(iv), (v) The estimation of /(iv) and I(v) can be done in the same way as in
the estimation of [(iii).

(vi) Concerning the estimation of I(vi): By using the Taylor expansion of
(1.2.66) S 2 (s, p)ai (s, p)

t+j=po—1
in s, we can readily confirm

(1.2.67) [I(vi)| < N(vI)CoC(po) (Rolp| ™)™

with a constant N(vi) that can be chosen arbitrarily small independently of
po by choosing Cy and R;' sufficiently small. We note that the estimation
is uniformly done including the part corresponding to Iy given by (1.2.45),
that is,

2 d d
(1.2.68) %%f%(d{)?(iﬁ; | #59(0, p)ad (0, p))f(l)(t p)

just because the required exponent in the right-hand side of (1.2.67) is py,
not py — 1.

(vii) The estimation of I(vii) can be done similarly as that of I(vi) with the
help of the Taylor expansion of xo)(s p) in s.

(viii) The required estimation of /(viii) is attained by choosing R, sufficiently
large compared with k¢ and Ly in (1.2.7).

Summing up the observations (i), (ii), - - -, (viii) we find that the validity
(G;p,0] (1 <p<py—1)implies that

(1.2.69) 125700, p)| < N1CoC(po) (Rolp] ™)™
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holds for any given small constant N if we choose Cy and Ry sufficiently
small. In particular we have thus confirmed (py.ii).

[IT] Using the results in part [I], together with the induction hypothesis,
we next confirm (pg.v) and (pg.vi). For this purpose let us write down the
conditions q)(()p 0+3)|t:0 and d@ép 0+2) /dt|;—o using s-variable. For the sake of
notational simplicity, in what follows, we keep some t-derivatives as they are;
they are denoted as xék)/ etc. as usual.

dsy\ —2 3
1.2.70 <_> PP+
( ) dt 0 50
i+j+k=po
ds\ —2 0
" (%) < Yoo aa = 2P f(0>>
i+j+k=po+3

+ Z x(()l)x(() )xék) Bél)}
it jtkH=po+1

_ A(()po) + 233[()170)(0”0)14(()0)
+ 2 @00 0,0 A

i+j+k=pg
i,5,k<pg—1

(X 0.0 0.0) 00, 0)

i+j=po+2
i,j>2

+ > w0, )2 (0,0) fP(0, p)

i+j+k=po+3
i,,k>2

+ 2" (0, p) By

> @0, (0,0)2" (0, ) BY

i+j+k+i=po+1
2<k<pg

A(P0)+2< - (Po )(0 p) B(pO))Aé)

+ (Z(()p0+1)(0,p) + A(()PO))BSU)
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+ Y i (0, p) A

i+j+k=pg
i,5,k<pg—1
7 j 0
(X 20,028 0,0)) A
’i+_]..:.§()2+2
2,72

+ Y 200,025 (0,0) £ M (0, p)

i+j+k=py+3
0,5,k>2

> w0, (0,0)x” (0, ) By,

i+jt+k+l=po+1
2<k<pq

_ (po+2)
(&) S

f(5) X arapay
7

i+j+k=po—1
+ (5

Z :L‘o ZEo )f 2x80)x8p0+2)f(0)'>

i+j+k=po+2

ds\ 1 (i i d
(B a0 () 1)
i+j+k=po+2

ds\ 1 i k
ORGP

i+j+k-+l=po

(1.2.71)

s=0

-2

. #030) 0 gl )}
i+j+k+l=po

s=0

=22y Y« (0,0)i) (0. ) A"

i+j+k=po—1

> w002 0.0)p

i+j=po+2
4,522

+ > 250, ) (0, ) F*(0, p)

i+j+k=po+2
i,j>2, k>1
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+ 222 0(0, p) AY)

+22 Y a0 (0,p)g (0, p) A

i+j=po+1
2<j<pg

+2Z0 > i) (0,p)25"(0,p)f®(0, p)

i+j+h=pg+2
Jik>2

+2Z03"" (0, )2 (0, p) B

+2Z0 Y. 1"(0,p)i (0, )0, p) BY

itj+k+l=pg
2<k<pg—1

+3Z x(pO)(O,p)B(()O) + ZOB(()pO)

20 Y i (0.p)ag) (0, p)iy” (0, ) By

i+j+k+l=pg
id k1 <pg—1
=27, ( (p0+1)(07p) —f-Ang))A(()O)
+ 3ZO< (pO)(O,p) B B(()po))B(()O) + ZOB(()I?O)

+2Zy > @y"(0,p)i (0, p) AT

i+j+k=po—1
(Y a0,0)2800.0))
i+j=po+2
6,5 =2

+ > 250, 0)a(0, ) f*(0, p)

i+j+h=pg+2
5>2, k>1

+22 Y & (0,p)g” (0, p) A

i+j=po+1
2<j<pg

+2Zy > #0,p)ag"(0,p) F9(0, p)

i+j+k=pg+2
J,k>2
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+ 2702 (0, p)zi) (0, p) B

7 . (7 k l
+2Z, Y. 2"(0,p)i (0, p)2i? (0, p) BY

i+j+k+l=pg

2<k<pg—1

. (7 . (4 . (k l

+2Zy > @5(0,0)2§(0, p)il? (0, p) BY.
i+j+k+l=pg

4,3,k,l<pg—1
In the above computation we have repeatedly used

(1.2.72) 2 (s, p) =5 (cf.(1.1.1.10)),
(1.2.73) 200,0) =0 (cf. (1.1.1.24)),

(1.2.74) FO, p) = tpg(t, p) with g(0,p) =1 (cf. (1.1) and (1.3)),

(1.2.75) Zo=a3(0,p) = +1 (cf.(1.1.1.13) and (1.1.1.23)),
(1.2.76) FU0,p) = AL (cf. (1.1.1.21)),

(1.2.77) B\ = z7'p  (cf.(1.1.1.13)),

(1.2.78) 2P0, p) = 2870, p) + AP (cf. (1.2.11))
and

(1.2.79) %0, p) = 570, p) — B¥?  (cf. (1.2.12)),

and we have separated out (Aép o) B O)) from other terms. Here we have

used Lemma 1.1.3.4 together with (1.1.3.3.r) that Tér) satisfies.
Thus we have found the following relations which determine (zzlép o) B 0)) :
(1270) = 2(B AP - AP BY)
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(1.2.71)

(0)

2AP0 +2A B(po)
13(0)

= 2540, p) A7
+ 20 (0,) B

. (7 . (7 0) 7(k

+ Y @0,p)2d(0,p) B AP
i+j+k=po
i,j,kgpo—l

+ Z xo (0,p)x (0 p)BO)fl[()O)

i+j=po+2
4,722

+ > 20,028 (0, p) P10, )

i+j+k=po+3
i,4,k>2

+ Y @0, (0, p)as? (0, p)BY BY
z‘+j+kzl:po+1
2<k<pg

_ F(pO)
def

2( AL A _ g© B(gpo))
(0)

Ao (o) (po)
0

= 2:°71(0, p) A
+34™(0, p) B”

+2 > a"(0,p)i (0, ) B AY
i+j+k=po—1

+Zp( Y #(0.028(0,0))

i+j=po+2
4,522

+Z > @50, ) (0, ) f*(0, p)

i+j+k=po+2
,7>2, k>1
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(.ii)
(4.ii)

(0.iv)



+2 Y @ 290, p)AY (8.vi)

i+j=po+1
2<j<pg

+2 Y i (0.0)27(0.)S (0, p) (6.vii)

i+j+k=po+2
J,k>2

+ 226" (0, p)2 (0, p) B (.viii)

+2 3 2"(0.p)ig (0,p)x”(0.p) BBy (8.ix)

i+j+k+i=pg
2<k<pg—1

. (k ~(1l
+ > @00, (0, p)25” (0, ) BY BY (6.x)
i+j+k+1=pg
i,j,k,lfpofl

— APo)
d:f AO .
Then, by using the assumption (1.1.2) together with (1.2.75), (1.2.76)
and (1.2.77), we obtain the following relation (1.2.80) from (1.2.70') and
(1.2.71'):

A (po) (0) (o) 4(0) A (o)
n2s0) [ :(_5(%M—A9ﬂA o Tom = B0 )

B(()po) 2 A(()O)F(()PO) . B(()O) A(()PO)
Hence it suffices to dominate each of terms (v.5) (j = i,ii,--- ,vi) and (d.5)
(j =1i,ii,--- ,x) by a constant of the form

(1.2.81) NCoC(po) (Rolp[7')"™

with a constant /N which can be chosen sufficiently small and independent of
po by letting Cy and Ry sufficiently small. As we have already confirmed the
estimate of this sort for (v.i), (v.ii), (0.1) and (4.ii) it is enough to examine
other terms. The reasoning is basically the same as that used in part [I]. For
example we find the following estimate (1.2.82) for the sum (~.iv), which one
may think to be the most troublesome one in view of the range of indices:

(1.2.82) |(y.iv)|

‘ Z xz+1 (g+1)(0 p)A()

i!+3'=pg
il >1

72



= > 00+ A (0,0 + A5 AP

i!+3'=pg
5/ >1

< 4C2C (po) (Rolp) ™)™ |AL].

Therefore we find

(1.2.83) ()] < N(2.v)CoC (o) (Foll )"

with

(1.2.84) N(y.iv) = 4|AP|Co.

The same technique that makes full use of the estimate of |z[()p OH)(O, p)| also

applies to (v.v), (y.vi), (6.iv), (6.v), (8.vi), (d.vii), (d.viii) and (d.ix), whereas
the rest of terms, i.e., (v.iii), (d.iii) and (4.x) are rather easy to handle. For
example we readily find

(1.2.85) (0.%)] < N(0.x)CoC(po) (Rolp| ™)™
with
(1.2.86) N(b.x) = 4((0(0))*2 +2(0(0)) 710y + 403) 19| Co.

Thus the induction hypothesis together with (1.2.80) entails that

(1.2.87) |z‘~1(()p0)| < N>CoC(po) (Rolpl ™)™
and
(1.2.88) B < NaCoC(po) (Rolp| )"

hold, where N, is a constant which is independent of py and can be chosen
as small as we want if we choose Cy and Ry' sufficiently small. In particular
we have thus confirmed (py.v) and (pg.vi).

[IIT] Next we validate (po.iii) and (pg.iv). We first note that, by the same
reasoning with the estimation (1.2.69) of R%*(0, p) (cf. (1.2.57)), we find

(1.2.89) RS, p)]],, < NaCoC(po) (Rolp| )"
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holds, where N5 is a constant which is independent of py and can be chosen
as small as we want if we choose Cy and R, ' sufficiently small. ( Since

Rép %) is holomorphic at s = 0, the estimates (1.2.89) directly follows from
the maximum modulus principle and the induction hypothesis.) Then, to

obtain (po.iii), we use the following integral representation (1.2.91) of the

holomorphic solution x[()p 0)(5, p) of the equation (1.2.90).

(1.2.90) (=[F; po,0] )
d o -
(2545~ 1)af(s.0) = A0 BPVs + B$(s.p).

(1.291) 2 (s, p) = 27(0, p)

51/2 s ) o 5
L R ) = AP — B 00, )
0

Here we note that the integrand of the integral in the right-hand side of
(1.2.91) is integrable near u = 0, because (1.2.11) entails that it has the form

(1.2.92) a2 ((RY™ () = R0, p))u™ = BY™).

Therefore, combining the results in part [I], [II] and (1.2.89), we obtain the
following estimates:

(1.2.93) fojpo)(-,p)HrO < NoCoC(po) (Rolpl ™)™,

where N is a sufficiently small constant. Then (py.iii) immediately follows
from (1.2.87), (1.2.88) and (1.2.93). Further, to obtain (pg.iv), we rewrite
(1.2.90) as follows:

1 e .
(1290 @ (s.0) = o (2" (s.0) = AV = BPYs + RE (5. ) ).

S
Then the following estimates follow from the maximum modulus principle:
(1.2.95) 1577 )),, < NaCoC(po) (Rolol ™)™

where Nj is a sufficiently small constant. Thus (pg.iv) follows from (1.2.88)
and (1.2.93).

Summing up the results in part [I], [II] and [III], we conclude that the
induction proceeds. This completes the proof of Lemma 1.2.3.
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O

We now embark on the proof of Proposition 1.2.1 below. In order to
facilitate the concrete expression of the Taylor expansion of the Schwarzian
derivative {x;t} we prepare the following notations.

Definition 1.2.2. (i) For multi-indices K = (K1, k2, - - - , K,,) and X = (A1, Ag,
-, Au) in N, we define

7
(1.2.96) =D,
j=1
w
(1.2.97) =Tt
j=1

(i) For (X, 7)-dependent quantities X\ (such as dxf%j ) Jdt) we define

J

. H
(1.2.98) XV =[x
7j=1
and
1 for p =10
(1.2.99) Z_ Z =13 S [[xY forp>1.
Elu=k |X|,=l Flu=k | X =1 I=1
>

For the notational convenience we also introduce the following

Definition 1.2.3. We define Ag’jj and Béi) by the following:

(1.2.100) Ay = A3)/B”, B =B)/B,

(1.2.101) ALY = 0.
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Proposition 1.2.1. There exist positive constants (ro, R, A) and a suffi-
ciently small constant Ny for which the following estimate |G;p,2n] holds for
every p > 0, every n > 1, every p in {p € C;0 < p < 1o} and any positive
constant € that is smaller than ry/3 :

p,2n 11) |A2n(/))|SNoC(p)(Rlpl‘l)p(2n)!6‘2”(A\p\‘l)",

P ()| < NoC(p) (Rlp| )" (2n)le=2"(Alp] )",
<p>< ) liro-a < NoC(p) (Rl )" (2n)le 2" (Alp| 1),
50 (3 0) o) < NoC'(p) (Rlp| )" (2n)!e=2" (Al ~)".

In what follows, for the simplicity of the notation, we use the symbol ||h||p
to denote ||A(-, p)||p even when a holomorphic function h(s, p) contains p as
an auxiliary variables other than s.

Remark 1.2.2. We note that, as the form of the estimates [G; p,2n] for n > 1
indicates, we can take Ny > 0 arbitrarily small by taking A > 0 sufficiently
large.

Remark 1.2.3. As we will see in the proof below, the order of |p| relevant to

n in [G;p,2n] is inductively determined by the contribution from («.ix) in
(1.1.3.43). (Cf. (1.2.179) and (1.2.180).)

Remark 1.2.4. In view of Remark 1.2.1, we see that [G;p,2n| with n = 0
coincides with [G;p,0] in Lemma 1.2.3.

Proof. Aside from the treatment of terms originating from the Schwarzian
derivative, the flow of the reasoning is basically the same as that in the proof
of Lemma 1.2.3. As the proof is lengthy, we separate it into four parts, part
[I] ~ part [IV]. Before beginning the proof we note that the term in the left-
hand side of each (p,2n)(j) (j = (i), (ii), - - - , (v) with (p,n) = (0, 1) vanishes.
This fact is implicitly confirmed in what follows, but, in view of its interest,
we give a detailed proof in Appendix B.

[I] Let us first study how to dominate the contribution from {:E;t}ggl_l).
Using the Taylor expansion we find
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(1.2.102)

{a; t}g&—n

dSI'glkl) k2 . dl’o —v—1\ (I2) * d.T(Ai)
= 2 i 2 1 ((E) > 2. 2 i
Ilcllilkgazl;;; v=min{1,ko} |R|o=k2 ‘X|D:ls
3 d2xglli1 d2$2k2 “ 1 1 dxg\ V=2 (ls)
T2 g g 2 W () )
ki4kot+kg=n—1 v=min{1,k3}

l1+lg+i3+lg=p

|&lv=k3 |X|,=l4

where we use the symbol ((dzo/dt)™ ") “) (resp., ((dxo/dt)™"=2) %) £6 mean
the coefficient of a2 (resp., a'*) of the Taylor expansion of (dxq/dt) ™"~ (resp.,
(dzo/dt)™2) in powers of a. To dominate them we prepare the following

Lemma 1.2.4. Let zy(s,a, p) denote
(1.2.103) ngp)(s,p)ap
p=>0

Then Lemma (1.2.3) entails the existence of some positive constants rq, My
and R for which the following inequality holds:

(1.2.104) H ((dx")'/)(l

Proof. Since we may assume that

< MyC(1)(Rlo|™)"

[ro]

dz dt\ -1
(1.2.105) 7(8,p)—<£> £0

holds on {s;|s| < 7o}, it follows from the estimates (p.iii) of &7 in Remark
1.2.1 that there exist some positive constant M, for which (dxq/dt)™!
holomorphic on Q = {(s, a, p); |s| < 1o, 2Ro|a| < |p|} and

deo -1

1.2.106 =00 <
( ) sup || < Mo
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holds. Hence we find

dxo\ v ~
(1.2.107) sup (ﬂ) < M.
Q dt
This then implies
dzo\ -\ O ~ 1\l
s ()", < e

On the other hand it immediately follows from the definition (1.2.1) of C(l)
that

3
1.2.1 o2 < (1
holds for every [ in Ny. Therefore we obtain
dxgy -\ O v

2. —_— < v
(1.2.110) () )L, = meom@ia)
by setting
(1.2.111) My = EWQMO and R =4R,.

3
This completes the proof of Lemma 1.2.4.

O

We now resume the proof of Proposition 1.2.1. Let us begin our reasoning
by dominating the first sum in the right-hand side of (1.2.102), namely

B k2 dray —v—1x (2)
W=y i (=2
(1.2.112) Sain-1) gt a3 Z (=1) (( dt > )

k1+ko=n—1 v=min{1,ko
11 +lg+13=p {1k2}

|Rl=k2 |X|,=l3

We first note that (pli) Remark 1.2.1 and Cauchy’s integral formula applied
to dz /dt entail
l
d%é)
dt?

(1.2.113) ( <MoC(1)(Rlp|™)'e™,

[ro—e]
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<2AMoC(1)(Rp| ™) e

(1.2.114) H

dt3

[ro—e]

for [ > 0 and some positive constant My. Indeed, (1.2.113) and (1.2.114)
follow from (1.2.105) and the following relations for the differentiation of a
holomorphic function f(s) with respect to the two variables ¢ and s:

A2 f dt(s)\ 2 d2 1d sdt(s)\-2d
2n G =(57) gl agm(Gr) w0

dBf dt(s)\ 3 d3 d dt(s)\—3 d?
(1.2.116) F(s)z( 5 ) ﬁf(s)erS( s ) d52f<)

d
() () e

Remark 1.2.5. Since we can take the constant Cy in (p.iii) in Remark 1.2.1
for p > 1 arbitrarily small by taking R, sufficiently large, we can take M,
in (1.2.113) and (1.2.114) for [ > 1 also arbitrarily small. However this fact
does not hold for [ = 0. Fortunately, our reasoning below does not require
My to be arbitrarily small. Hence, for the simplicity of presentation, we use
the estimates (1.2.113) and (1.2.114) in the form that is applicable to both
cases [ = 0 and [ > 1, that is, we only assert the existence of some positive
constant M, there.

Further, the following lemma follows from the induction hypothesis:

Lemma 1.2.5. For each (I,k) (I >0,k > 1), [G;1,2k](v) entails the follow-
mg:

a2z
(1.2.117) ] ds;’“ N > NoC(1) (Rlp) ™)' (2k + 1)l (Alp|™)",
1.2.11 Panl N (RI k4 22 (A
(12.118) ds3 [T_E]_e 0()( ol )( +2)le (|P| )7

where e = 2.718 - - -

Proof. Let € denote ke/(k + 1). Then [G;1,2k](v) entails

(1.2.119) sup |)(s)]

|s|<r—
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< NoC (1) (R|p| )" (2k)1e~2 (Alp| )"
— NoC(1)(RIp| ™)' (2)! (1 i %) (Al
< ENgC() (RIp| ™) (k)1 (Al| )"

To derive (1.2.117) and (1.2.118), we use (1.2.119) together with the following
representation of dz) /ds’ (j = 2, 3):

G . !
o dsi 21— 5—s)its
2 1 (s )
|5—s|=(k+1)~1e

Since

(1.2.121) 15 <5 —s|+ s
<(k+1)te+r—ce
=r—¢

holds for s in {s;|s| < r—e} and § on the above contour, we obtain (1.2.117)
and (1.2.118).

O

We note that Lemma 1.2.5 together with (1.2.115) and (1.2.116) implies
the following inequalities (1.2.122) and (1.2.123) for some positive constant
Moi

ER0
(1.2.122) H df;’f L SMONC()(2k 4 1)) (Rlpl 1 a2k (A7),
(1.2.123) H df;k oy SMONC )26+ 2)!(Rlp| a2z (4] )"

Let us again return to the proof of Proposition 1.2.1. First we observe
that (1.2.114) and Lemma 1.2.3 (via Lemma 1.2.4) entail the following:

I NG

li+la=p

(1.2.124) [

0 H [ro—e]

[ro—e]
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< 2MZC(p) (Rlp) ") <

To dominate Sé’()i_l) for n > 2 we assume that [G;[,2k] for 0 < [ < p and
1 < k < n —1; this assumption is a part of the induction hypothesis to
be employed in parts [II], [III] and [V]. We then perform its estimation by
separating the situation into the following three cases: (i) ky = 0, (ii) ko =0

and (iii) ky, ko # 0.
(i) k1 = 0 : In this case, applying Lemma 1.2.1 and Lemma 1.2.2, we find

(1.2.125)
Bzl dxg\ —v—1\ (2) dz}
N (CH I D SR S 2“
li+la+l3=p v=1 |&ly=n—1 |X|,=I3 [ro—e]

< > 2M§C<zl>(R\p\1)5162(2M50<zg>(mpr1>”)

li+la+l3=p

x 471 (4MyNo)’C(13)(2(n — 1) — v 4 1)!
“_1\l3 —9o(n— _1\n—1

X (Rlp|™")" e D (Alpl ™)

< 2MyNoC(p) (Rlp| )" (2(n — 1))te™"
-1
- 1 4M2N0)” !
x (Alpl” ; —)

< 2eM8No VAN, C (p) (R|p) )" (2(n — 1) e 2 (Alp| )"

Here M, is taken so that

(1.2.126) sup —‘ < M,
jtl<ro | At
holds.
(ii) k2 = 0 : In this case we find
d3 9 d =1y (l2)

(n—1) Zo
1.2.127 —((—) )
(12127 2w (G

li+lo=p [ro—e]
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< MENoC(p) (@) (Rlp| )" e (Alp] )"

(iii) k1, ko > 1: We first observe

k> dg\ —v—1y () da:%
(1.2.128) S -1y (( ) ) > D
v=min{1,k>} |Rlv=k2 |X|,=l3 [ro—e]
ko
< METO() (Rlpl 1) (MoNo) C (1) 4" (2ks — v+ 1)!
v=1

x (Rlpl ™) e (A]p| )™
< M364M§N0N00(l2)0(l3)(R|p|—1)12+13 (2]{:2)!6—2]{22 (Alpl—l)kz

Hence we obtain (1.2.129) below by (1.2.123) and (1.2.128):

(1.2.129)
dx 2k1 < dxg\ —v—1 (2) dx(/\)
oSy () )T Y e
lfllj_rlkfflg;; v=min{1,k2} |Rlv=k2 |X|,=l3 [ro—é]
k1,ko>1

< MEe™MiNo N2C(p) (o] 1) (20) e (Alp| )"

Thus the following estimate (1.2.130) follows from (1.2.125), (1.2.127)
and (1.2.129) for some positive constant M that is independent of Ny, Cy, R
and A:

(1.2.130)  [|S%)

2 ol < MNCE) (R 2t (Al 1)

The reasoning given so far equally applies to the second sum in the right-hand
side of (1.2.102), i.e

3 L) dal?)
1.2.131 S
( ) > 2 o e

ki+kotkg=n—1
Li+la+lg+la=p

ks dxg\ 2\ (s) d:c(’\)
<Y () )T X
v=min{1,k3} |Rlv=k3 |X|,=l4
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Summing up, we have found

(1.2.132) ||{x;t}gp>||[m_5} < 2IMC(p)(R|p|™)"e72,

by Lemma 1.2.3 via Lemma 1.2.4, and we have also confirmed, for n > 2,
(1.2133)  [[{a; 150, ],y < MNoC(p) (Rlp| ™) (2n) e (Alp| ™))"

for some positive constant M that is independent of Ny, Cy, R and A by
assuming the validity of [G;[,2k] for 0 <[ < pand 1 < k < n — 1, besides
Lemma 1.2.4.

Making use of these results, we now show that the validity of [G; ¢, 2k] (¢:
arbitrary, 1 < k < n — 1) together with the validity of [G;7,2n] (r < py—1)
entails [G; po, 2n]. In what follows we call these assumptions as the induction
hypothesis for short. It is clear that the induction hypothesis is stronger
than the assumptions we have used to confirm (1.2.133) with p = p,. We
also remark that the validity of [G; 0, 2n] is guaranteed by the same reasoning
if we assume the validity of [G;q,2k] (¢: arbitrary, 1 < k < n — 1) besides
Lemma 1.2.3 (i.e., the validity of [G; ¢, 0] for ¢ > 1). Parenthetically we note
that it suffices to use only [G;q,2k] (1 <k <n —1) with ¢ < py to validate
(G; po, 2n]; the situation is the same when py = 0.

pothesis. The reasoning used for the domination is basically the same as

that used in the proof of Lemma 1.2.3 reinforced with the results in part
[I], which are applied to the estimation of terms («.j) (j = vii, viii, ix, x)
in (1.1.3.43). Hence in what follows we focus our attention on the points
which require some special care, and we will try to avoid routine repetitions.
As in the proof of Lemma 1.2.3 we use the concrete expression (1.1.3.43) of

R (s, p) to dominate

1] Let us first dominate 2°7V(0,p) — A% on the above induction hy-

(1.2.134) — a0, p) + Ay = RETTV(0,p)
1 (po+1) ds 1 j{ (po+1) ds
- R po ’ o R Po -
270 |5 =ro—e 2 (5:0) s 2m 2n s

As in (1.2.16) we also use the notation

1 ds
1.2.135 — 1) —
(12.135) e
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to denote Cauchy’s integral of the term labelled by (a.j) (j = i,ii,- - ,x)
n (1.1.3.43). In what follows we use the notation introduced in Definition

1.2.3; A;?/Béo) etc. in (1.1.3.43) are respectively denoted by flg,i) ete.
To begin with, we note that the contribution from the parts

(1.2.136) - > @i (s, 0)AY

q+r=pq
itj=n,i,j<n—1

and

(1.2.137) -2 Z 372n S, p)& (s p)A(O)

q+r=po

in (a.i) are cancelled out respectively by the worst (in estimating) part of
the contribution from (a.v) with v = 1 and by that from (c.vi) with v = 1,
that is,

v dt @00 )0 ds
o) oo PG B X wensen)”

q+r=pQ
i+j=n,i,j<n—1

and

(1.2.139) f () )<3i> t2< > H0.0i0.0) T

2i (0 s
BO q+r=po

The mechanism of the cancellation is the same for both parts; first we con-

sider the Taylor expansion z{” (s, p)xé;)(s, p) and pick up the coefficient of s*

and then we use

dt\2 s>
(1.2.140) FO(t, p) <£) FLZO = AL,

Once (1.2.138) is set aside, other contributions from (a.v) with u =1, i.e.,

(1:2.141) Z_ omi £ B((O )(fl@ 2 (x% (0. )57 0,)

i+j=n,i,j<n—1

o (r ds
+ 252 (0, p)al}) (0, p) + %500, )i (0,)) =
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is seen to be tame. In fact, each integral to be examined contains either

avgz)((), p) (1 <i<mn—1)in its integrand and hence the integral is dominated

by
(1.2.142) M]p[ " NZC(po) (Rlp| )" " (2n)1 =" (Alp| )"
=M R~ NGC(po) (Rlpl =)™ (2n)te ™" (Alp] )",

where M is a constant that originates from the innocent part of the integrand
such as

(3 men)

If we set aside (1.2.139), we use the same reasoning to find the contribution
from (a.vi) with u = 1 is dominated by

(1.2.144) MR™"NoC(po) (R|p| ™)™ (2n) e " (Alp|™")".
Because of the constraint on the indices
(1.2.145) g+r+u=py+1,

contributions from («.vi) with u > 2 and («.v) with u > 2 are dominated by
similar constants, whereas contributions from (a.vi) with v = 0 and (a.v)
with v = 0 require some special care. To fix the notation we discuss the
contribution from (a.vi) with u = 0; the contribution from (a.v) with u =0
is handled in the same manner. We first note that f(©) has the form ptg(t, p)
with ¢(0, p) = 1. Hence we find

1 2t72 /dt\?2 ds
(= (0) (@) (T))_
(1.2.146) QWij{B(O)(dS)f ( 2 Tanto " )~
0 g+r=pg+1
a<pg
1
o f2r et () (X )
q+r=po+1
a<pg

Thus we observe that the annoying factor 1/ B ) has disappeared and that

it suffices to study the Taylor expansion (in powers of s) of Zx2n x(()) up

to the degree 1 part; each term in the Taylor expansion to be estimated
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contains .T (0 p) or xo (0 p) as its factor. Since xo ) does not appear in
the sum, [G, p,0] (p > 1) and the induction hypothesis guarantee that each
contribution is dominated by

(1.2.147) MCoNoC(po) (Rlpl ™) (2n)l " (Alp| )"

with some positive constant M that is independent of Cy, Ny, R and A. (In
what follows, M stands for such a constant.)

Returning to the estimation of («.i), we find by [G;p,0] (p > 1) and
the induction hypothesis that each term in (a.i) except for (1.2.137) and
(1.2.136) is dominated by a constant of the form

(1.2.148) M(Cy + No)NoC(po) (R|p| ™) (2n)l e (Alp|™")".

Next let us study the contribution from (cv.ii). This term is basically
handled by the application of the induction hypothesis. Since % )(0 p) and

B((]O) are not covered by [G;p,0] (p > 1), we have to pay attention to them.
However, all the terms in (a.ii) contain two factors; one of them has a suffix
(2k1, (q1)) with k; > 1 and the other has a suffix (2ks, (¢2)) with ¢ > 1.
Thus we can dominate the contribution from («.ii) by

(1.2.149) MCyNoC(po) (R|p|™")™ (2n)l e~ (Alp| )"

The succeeding target is («.iii). In view of the structure of the induction
hypotheses, we rewrite

(1.2.150) > sy A
q+r+u=pg—2
i+j+k=n

(0 0 2 u
:Ag>( ST D ) S A

qt+r+u=pg—2

i+j=n i+j+k=n
(,1),(r,5)#(0,0) (u,k)#(0,0)
2) 100 —2 0)2
= 24030 3 po= —l—Aé)( E xéz)x%)—i-ApO )30
q+r=pg—2
i+j=n
(¢,%),(r,3)#(0,0)
U) (0) 7‘) Aw) -(q) - (r)
+2 E Aj + g Ay Toy' T -
7‘+u pO 2 q+7”+U:kP0—2
i+j+h=n
(u, ) (T J)#(O 0) (u,k),(q,%),(r,3)#(0,0)
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Thus the worst contribution from (cv.iii) is dominated as follows:

2 0 70 302 ds

(1.2.151) — ]{ = (245 S|
< M|p| "' NoC(po) (Rlpl ™)™ (2n)! e (Alp| )"
< MR NoC(po) (Rlp| ™)™ " (2n)1 e~ (Al p| ™).

Parenthetically we note that the contribution from A%~ (= Alr—2))
is weaker than (1.2.151) by the factor |p|.

In parallel with the study of (a.iii) we can readily find that the worst
contribution from (a.iv) is

1 s? ds
(1.2.152) %%72 (D B )33
which is dominated by
(1.2.153) MNOC’(pO)(R\p\*l)m_l@n)!5*2”(A|p|’1)n.

The domination of contributions from («.vii) ~ (a.x) can be done in
a similar manner. Since the domination of contributions from («.viii) and
(a.x) are straightforward, we concentrate our attention on (a.vii) and (a.ix).
Among the contributions from («.vii) the worst ones are

t72 ot L2 (po—1)
1.2.154 7 2
( 54) 2%2]{23 (ds) {z: }2" D
and
1 t=2 /dt\2 (0) ( 1

which are respectively dominated by

(1.2.156) [ M NC (po) (Rlp| )" (2n) e (Alp| )"
=MR™'NoC(po) (Rlp| ™)™ (2n)1 =" (Alp| )"

and

(1.2.157) MR NoC(po) (Rlp| )" (2n)! e (Alp| )"
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Concerning the contributions of (a.ix) we discuss the case n = 1 and the case
n > 2 separately. When n = 1, («.ix) evaluated at s = 0 is given by

1 u
(1.2.158) —w > w0 0.0 p){my”|
2B0 q+r+u§go+1 5=0

which is dominated by
(1.2.159) o] MC2C (po) (Rlp) =)™ &2
= MC3(NoRA) " NoC(po) (R|p| )" e 2A.

When n > 2, it follows from the results in part [I] together with the induction
hypotheses that the sum (a.ix) evaluated at s = 0 is dominated by

(1.2.160) MCoNolp| ™" C(po) (Rlp| )" (2n)1e~2" (Alp| )"
— MCyR™ NoC(po) (Rlp| ™)™ (2n) ™" (A]p| )"

Summing up the results obtained in this part, we find

(1.2.161) |20, p) — ALY | = |RETV(0, )

< NzNOC(Po)(R|P|_1)pO(2”)! e 2 (Alpl™h)",
where
(1.2.162) Ny = M (Co+ No+ R+ Co(NoRA) ™).

By using the same reasoning as above, we also find

(1.2.163) 290, p) + BE| = |RE(0, p)|
< N2NOC(P0)(R\P\_1)pO(2n)!5_ "(Alpl™)"

Actually the domination is easier than the confirmation of (1.2.161), because
this time we do not need to seek for the cancellation of annoying terms such
as (1.2.136), (1.2.137), (1.2.138) and (1.2.139). Hence we omit the proof of
(1.2.163).
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Remark 1.2.6. By taking Cy and N, sufficiently small and then letting R
and A sufficiently large, we may consider the factor N, is sufficiently small.
Here we note that the factor A is not used essentially in the estimation in
part [II] (and also part [III] below), that is, we can obtain (1.2.161) and
(1.2.163) with N, sufficiently small from the induction hypothesis without
taking A sufficiently large. The factor A plays an essential role in part [IV]
to make the constant M(NoA) !Ny (resp., MA™'Ny) in (1.2.179) (resp.,
(1.2.180)) sufficiently small. Parenthetically we also note that this stage of
the reasoning is not an appropriate place to detect the proper order of |p|
relevant to n; for example the order in question is 0 in (1.2.160), whereas it
is —1 in the estimate (1.2.179) of the corresponding term in part [IV]. Since
(1.2.179) is a consequence of Lemma 1.2.3 as we will see later, that is the
spot where we find the appropriate order.

[I11] Using the results in part [II] we dominate A% and B by the induc-
tion on pg. The reasoning is basically the same as the reasoning in part [II]
of the proof of Lemma 1.2.3 except for the estimation of terms involving the
effect of the Schwarzian derivative. By concretely writing down the condi-
tions (ds/dt) 2P o = (ds/dt)=? (d@éﬁow)/dt” = 0, we obtain the

om (po)(s, p) stands for

2P (s, p) — APTD 4 BP)g (. (1.2.70), (1.2.70'), (1.2.71) and (1.2.71).)

following relatlons which determine ([l(p 0) B’éff)) where z

(1.2.164) _2<B(<)0>;1§p0> A0 po))

= 2:(0, p) A} (7.9)
+ 270, p) B (7.ii)
r 0) 5(u JUR
+ ST a0, p)i) (0, ) B AL (7.ii)
q+T+u j200)
+j+k=n
(q,%), (TJ) (u,k)#(pg,n)
+2 > a0, p)25)(0,p) (0, p) (7.iv)
gt+r+u=pgo+3
q>2,r,u>1
+ ST 28(0,0)25(0,0) £, p) (3.v)

gt+r+u=pg+3, q,r,u>1
itj=n,d,j>1
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. . (r U 0) (v ~ .

+ Y @000,0)i5) (0, p)al (0,p) BB (Fuvi)
q+r+utv=pg+1
i+j+k+l=n
(u,k)#(pg+1,n)

+ {93 eV, (3.vii)
1 ..
-5 > a0 0,0, (3.vili)
q+r+v=pg+1
itjtk=n—1
__ 1(po0)
:fF2n ’

(1:2.165)  —2(AP ALY - BB
o 2A 22204‘1) (0’ p) (Sl)
+ 33(0)221;0)(0’ p) (6.ii)

Y A A a
g+r+u=pp—1
i+jt+k=n

+ D> @(0,p)af) (0, p) (f “”’!tzo) (5.iv)

q+r=po+2
i+j=n

Y W00 0.0 (5, ,) (5.v)

q+r+u=pg+2,u>1
i+j=n

+ Yoo @2(0,0)a5(0,0) £7(0,p) (5.vi)
qg+r=pg+1
i+j=n,(r,j)#(Po+1,n)

+ Y @200,0)25(0,0) £(0, ) (6.vid)

q+r+u=pg+2,u>2
i+j=n

2 > (o)) el By (5.vii)

q+r+utv=pg
i+j+k+i=n
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+ > #0(0,0)i5)(0, )iy (0. p)BY  (8.1x)
q+r+utv=pg
i+j+k+l=n
(@:0),(r.3),(w.k), (v,1) #(pg )

rs(Sgmnm )| (5

1 ( d .
— 5\ 7 xQz x2 {x t}Qk) (6.xi)
2 \dt q+T+Z;_pO J =0
i+j+k=n—1
_ Alpo)
def 2"

Thus, as in part [II] of the proof of Lemma 1.2.3, it suffices to confirm
that

(1.2.166)  [T8) AP | < NyNoC(po) (Rlp| )™ (2n) e~ 2" (Alp| )"
holds, where Nj is a sufficiently small constant given by (1.2.162).

Using the induction hypothesis, we readily find that |(7.7)| (7 = i, ii, iii)
is dominated by a constant of the form

(1.2.167) NaNoC(po) (Rlp| ™)™ (2n)! =" (Alp[~1)"
with

(1.2.168) N3 = MN, for (5.i)

(1.2.169) N = |p| Ny for (7.

(1.2.170) N3 = MC, for (7.i).

In view of the wideness of the range of indices we are to pay some attention
to (4.iv) with w = 1. This term is seen to be dominated by a constant of the
form (1.2.167) with (1.2.170) if we set

(1.2.171) G=q—1, F=r—1

and use [G;q,0] ((¢i) and (¢.v)) and [G;7,2n] ((7,2n)(i)). Parenthetically,
here we observe that ¢,7 < pg, as we have noted before beginning the dis-
cussion of part [II]; this is consistent with our delicate way of constructing

mgjl)(s, p). (Cf. Proposition 1.1.3.3.) The same reasoning also applies to (7.v)
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and (4.vi). We find they are dominated by a constant of the form (1.2.167)
with

(1.2.172) Ny = MN,

and (1.2.170) respectively. It immediately follows from (1.2.132) and (1.2.133)
that |(9.vii)| is dominated by a constant of the form (1.2.167) with

(1.2.173) N3 = M|p|*(NgRA) ™" forn =1
and
(1.2.174) Ny = M|p?(RA)™" forn>2.

To dominate (7.viii) we use (1.2.132) and (1.2.133) together with the tech-
nique employed in dominating |(5.iv)|. Then we find (7.viii) satisfies the
estimates of the form (1.2.167) with

(1.2.175) N3 = M|p[?Co(RA) ",

Thus we have seen that |I'%”)| satisfies (1.2.166). The domination of |A%"|
can be done in the same manner. We only note that, using Cauchy’s inequal-
ity, the domination of xé‘f)” in (4.iii) and the differentiated terms (4.x) and
(5 xi) can be done without any trouble, because their value are considered
at s = 0; the order of ¢ is not affected by differentiation as in Lemma 1.2.5.
Thus by rewriting (1.2.164) and (1.2.165) in the form of (1.2.80) we conclude

that [A%”| and |BY”| are dominated by
(1.2.176) N2NoC'(po) (Rlpl ™)™ (2n)! ™" (Alp|™")",

where Nj is a sufficiently small constant of the form (1.2.162).

[IV] Finally let us dominate Hxéi())H[m—a] and Hiféi())H[ro_s]. We first note that,
by a straightforward calculation, we find

(12.077) (1B g < NaNoCl(po) (Rlpl ™)™ (2n) ™" (Alp| )"
with
(1.2.178) Ny = M(Co+ No+ R7'+ (NgA)™).
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(We can not expect the cancellation of terms in Rj (v 0)( p) which is similar
to that observed between (1.2.136) and (1.2.138). However, without the
cancellation, we can still confirm (1.2.177), although N, contains a term
(NoA)~™!; to make this term small we take A sufficiently large.) Here we only
mention the estimation of (.ix), whose contribution determines the order of
|p| relevant to n in [G;p, 2n]. It follows from (1.2.132) and (1.2.133) that

L oodt (@), (Mg, ()
(1.2.179) H <d5> S afal) ()

2B g+r+u=po

< M|p| ™' C(po) (Rlp|™1)™2te™

[ro—e]

< M(NoA)™"NoClpo) (Rlp| ™)™ 212 Alp| ™

for n =1 and

1 /dt
1.2.180 H (5 ) 292 (¢
( ) 2B ds q+1;u=po 2 2j { }2k’ ro—el
itjrk=n—1

< M|p|™ NoC(po) (Rlp| ™)™ (2n)! ™" (Alp| )"

< MA™ NoC(po) (Rlp| )" 2n)! e (A]pl )"

for n > 2.

Then the domination of H:L’ H ro—e] and Hx H ro—e] can be readily done
by the same reasoning as part [III] in the proof of Lemma 1.2.3. Thus the
induction proceeds. This completes the proof of Proposition 1.2.1.

O

1.3.  Correspondence between a WKB solution of an M2P1T equation and
that of the Mathieu equation

The purpose of this section is to show how we can relate a WKB solution
of an M2P1T equation to an appropriate WKB solution of an co-Mathieu
equation. To begin with we summarize the results in Section 1.1, Section 1.2
and Appendix C in the form of Theorem 1.3.1 below. To avoid the notational
confusions which we will later explain in Remark 1.3.1, we now assume

(1.3.1) B = .
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Theorem 1.3.1. Let Q(t,a, p) be a potential of an M2P1T operator given in
Definition 1.1. Then there exist positive constants r and Ry, and holomorphic
functions

(1.3.2) Agn(a, p) ZA% 7,

(1.3.3) Bon(a, p) ZB

and

(1.3.4) Ton(t, a, p) ZLE% (t,p)a

(n>0) on

(1.3.5) Ep gy ={(t,a,p) € C*: |t < 7,0 < |p| <7, Rolal < |pl}

for which the following conditions are satisfied there:

(1.3.6) A(a, p,n), B(a,p,n) and z(t,a, p,n) satisfy (1.1.6),
(1.3.7) A0(0,p) = f(0, p),

(1.3.8) By (0, p) = p,

(1.3.9) 8@:1:0 0,0,p) = 1,

(1.3.10) the function xo(t,a,p) of t is injective for each fized a and p on
r, g

(1.3.11) zo(t,a,p)|,_., = *a.
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Furthermore there exists a positive constant Ry for which the following esti-
mates hold for n > 1:

(1.3.12) | Aan(a, p)| < |p](20)! R} (o™,

(1.3.13) |Bon(a, p)| < |pl(2n)!RY ||,

(1.3.14) (@an(t, a, p)| < (20)!R}|p| ",
dzay,

(1.3.15) S (1,a,p)| < (20)!RE |

Remark 1.3.1. Using this occasion we make a correction in our announcement
paper [KKT, (1.105) and (1.106)]; the exponent of |p| should be —n, not
—n + 1. We note that the exponent of |p| in [KKT, (1.103) and (1.104)]
should be kept intact, i.e., —n + 1.

Proof. 1t suffices to show (1.3.10) and (1.3.11), as the other relations have
been explicitly stated in Section 1.1 and Section 1.2. In what follows, by
taking r sufficiently small, we assume

(1.3.16) f(%a,a,p) #0,

which the assumptions (1.3), (1.4) and (1.5) guarantee. Since Ay, By and z
satisfy

(1.3.17) (x5 —a®) f = (* — a®)(x})*(a A + 20Bo),
by letting ¢ = +a in (1.3.17), we find that
(1.3.18) v3(+a, a, p) = a®

holds. Since méj)(O, p) =0 (j =0,1), it follows from (1.1.1.13) that

N 04 © |
(1.3.19) To(£a,a.p) _ % (*a,p) + 2" (+a, p) +aZa:(()])(ia,p)a]_2
a a s

0
_>i5$é) p

20 8t (O,p) = i—B(()O) .

Hence (1.3.1) and (1.3.18) entail (1.3.11).
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To confirm (1.3.10) we use s = xéo) (t,p) as a coordinate. Take r; and ¢
be sufficiently small so that x¢(s, a, p) is holomorphic on

(1.3.20)
E7}1+25,R0 = {(s,a,p) € (C3 : ‘S’ S (&1 +2€,0 < |p| S T1>R0’a‘ S ‘p‘}

Then, by taking R, sufficiently large, we can assume that
(1.3.21) |zo(s,a,p) —s| <e

holds on E711+26,Ro' Therefore, for any § in xo(Eﬂl,RO), we find |s — §] > ¢
holds on {s € C : |s| = r + 2¢}. Appealing to Rouché’s theorem, we find
that xo(s, a, p) is injective on {s € C : |s| < r;}. By taking r so that x(()o) (t, p)
is injective and satisfies |x(()0) (t,p)] <71 on E} g, we obtain (1.3.10).

[l

Remark 1.3.2. When Béo) = —p, some minor adjustments of signs etc. are
needed at several points in Theorem 1.3.1. For the sake of the reader’s
convenience, we list up the formulas that require the adjustments below; each
formula is appropriately modified and endowed with a new label obtained
by adding ’ to the original number of formulas. In accordance with the
adjustments, (1.1.6) is also changed to

(1.1.6') Q(t, a, p;n)
- (50) (md e (s )
- %77_2{95;75}-
(1.3.3) Ala, p,n), B(a, p,n) and z(t, a, p,n) satisty (1.1.6').
(1.3.5) Bo(0,p) = —p.
(1.3.6) %(0, 0,p) = —1.
(1.3.8) zo(t,a,p)|,_., = Fa.
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As is shown in [KT], Theorem 1.3.1 entails the following
Theorem 1.3.2. Let S and S be a solution of

(1.3.22) S*+ — =n"Q(t,a,p,n)

and

(1.3.23) 52 4 g_i — 2 (M 42 ((g+(a) n g-(—a ))

respectively, and suppose that

2 0
(1.3.24) argS_4(t,a,p) = arg (%Sl(xo(t, a,p),a, Ao(a, p), Bo(a, p))>

holds. Then they satisfy

A

(1.3.25) Soada(t, a, p, 1)

Ox
— (57 ) Suaatatt asp s A o). BGas o)),

where S’Odd and S’Odd respectively be the odd part ofsY and S.
We also have the following theorem (cf. [AKT1]):

Theorem 1.3.3. Let . (t,a, p,n) be WKB solutions of a generic (i.c., ap #
0) M2P1T equation (1.7) that are normalized at a simple pole t = a as

. 1 t
(1326) wi(t, a, P, 77) = — exp (:l:/ Sodddt> y
V Sodd a

and let ’(Z)i(.’ﬂ, a, A, B,n) denote WKB solutions of the Mathieu equation

oam (o (S0 e (0 )

which are normalized at a simple pole x = a as

~ 1 z
(1.3.28) ae(z,a, A, Bn) = ———exp (i/ Soddd$> .

Sodd
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Then @Z;i and Yy satisfy the following relation on the set EARO given by
(1.3.5):

~

(1.3.29) Vi(t, a,p,m)

dx\ ? -
- <E) wi('r(t7aapu n)7a?A<a7p’n)’B(a’p’ 7])7”)7

where x(t,a,p,n), Ala, p,n) and B(a,p,n) are the series given in Theorem
1.5.1.
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A. The vanishing of the odd degree (in n~!) part of the transfor-
mation x(t,a,n)

The purpose of this section is to prove Proposition A.1 below. From the
logical viewpoint this result should be placed in Section 1.1.3. But in order
not to divert the reader’s attention from the main stream of the reasoning
we separately show this result here. We also note that one can bypass this
reasoning by first constructing z(¢, a, n) that consists of even degree part and
then proving its convergence. We hope the proof of Proposition A.1 will give
some insight into the structure of z(¢,a,n). For the sake of simplicity we
assume

in this section.

Proposition A.1. The transformation x and constants A and B respectively
have the form (1.1.3), (1.1.4) and (1.1.5), that is, their odd degree parts in

n~! vanish.

Proof. Let us begin our discussion by studying the structure of

(A.2) i(ta,p) =Y 2 (t p)a’
p=>0
and
(A.3) Ai(a) = ZA(lp)ap and Bi(a) = Z BWar.
p=>0 p>0

It then follows from (1.1.6) that we have

(A4) 2$0$1f: (tz— a2) [(136)2(&A1+ .ToBl—i‘ JilBo)—i‘ 21’6%’1 ((IA() + l’oBo)} s

where
(A.5) Ty = Z x(()p) (t,p)a?
p=>0
and
(A.6) Ay = ZAép)ap and By = Z Bép)ap.
p=0 p=0
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Comparing the coefficients of a” in (A.4), we find
(A?) 21:(()0)1:50)./:(0) — t2 [(xE)O)/)Z (.T(()O)B§O) + xg()) B(SO)) + 2$80),$§0)/ZL'80)B(()0)] '
Then we obtain

(A.8) 2627 OV

d
= ¢? (m(()o)/)Q [(sB%O) + B(()O)xgo)(s, p) + 23(()%%1-&0)(5, p))]

s=a (t.p)

Dividing both sides of (A.8) by t2(z"")2, we use [5.0]' divided by ¢, i.e.,

~(0) 7 2
to find
d
(A.10) B(()O) (28% - 1>x§0)(s, p) = —SB?).

Therefore we obtain

5O
0
(A.11) xg)(s,p) = —@s.
In particular, we have
(A.12) 2900, p) = 0,
(0)
0 - _ D
(A.13) 2y7(0,p) = — 30
0

Similarly comparison of the coefficients of a' in (A.4) entails

(A1) 220 + 2f0) FO 4 2000 0
— 2@ (A0 + 2B + o B + o0 B + o )

+ 23:(()0)/95[()1)/ (a:(()o) Bfo) + x&O)BSO)) + ngo)'xgo)/A(()o)
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+ 20O BY + 900V B
+ QJZE)O)IISO)/ZEE)I)B(()O) n Qxéo)/xgoyxéo)Bén] .

It then follows from (1.1.1.7), (1.1.1.24) and (A.12) that the left-hand side
of (A.14) has the form

(A.15) 262 (22 + 42507 0) O 4 222070 f O,
where
(A.16) 0 =120,

Hence by dividing both sides of (A.14) by #? (:E(()O),)Z, we readily find

d
(A.17) Béo) (ZSE - 1) xgl)(s,p)
=AY —sBM 42« 22 PE O — 260 A0 v,
where
(A.18) v=2(ef”) a0 F)

— (2"BY + VBV + 22{VsB” + 22V l” B
+2iM# Vs B + 262V BY + 27 sBY).

Here we note that V' vanishes at s = 0, and furthermore (1.1.1.21) entails

(A19) 20z 3w fO| =22360(0,p) AP = 240(0, p),

t=0

where Z, stands for 2 (0, p) = £1 (cf.(1.1.1.13) and (1.1.1.23)). Therefore
we obtain

(A.20) 2100, p) = 21

Next, by comparing the coefficients of a? in (A.4), we encounter terms
which do not have factor ¢? explicitly, that is,

(A.21) 2f<1)x§)°)a:§”
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in the left-hand side of (A.4) and
(A.22) [(xéo) ) (xéO)Bf)) + xﬁO)BéO)) + 2x60)/x§0),x80)360)

in the right-hand side. It is clear that each term in (A.21) and (A.22) is di-
visible by ¢!. Hence the existence of a holomorphic solution a:'( )(s p) requires

(A.23)

=0.

2f0&0al!) + (a”) (2" B + 2" BY) + 202" B |

Then by using (A.12), (A.13) and (A.20) we find that

(0) (0) (0)
0, A (0) Bi7N 0 s( Bi'\ L0
(A21) 2407+ 2B + Z( - W> B +273( - W)BO
0 0 0

AY 0 _ o
:220<WA1 ~ B! ) —0
BO

should hold. Similar computation of constant terms in the coefficients of a®

in (A.4) shows the vanishing of the following sum is required for the existence

of :)353):

(A.25) [( Z .730 xl f(l>

J+k+1=3
+ (I(()O)/)z (Ago) + xéO)BF) + Z‘(()l)Bio) + IgO)B(()l) + xgl)Bé()))
422 (2@ BO 4 40 Oy
22O (4O | O BM |, B0

(22 4 200 B(()m]

t=0
=AY + 20, p) B + 222 (0, p) A

(0)
940 _gZ0_po)
B

B
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The vanishing of (A.25) together with (A.24) entails the vanishing of (Ago),

B\ by the assumption (1.1.2) combined with (1.1.1.21) and (1.1.1.22).
Then it follows from (A.11) that

(A.26) 2\V(s,p) = 0.

Thus we can define

(A.27) &1(t,a,p) = a twi(t, a, p)
and
(A28) 1211 = ailAl and Bl = CLilBl.

On the other hand, dividing both sides of (A.4) by a, we find
(A.29) 2x0i1f = (t* — a?) [(wh)*(ads + w0 By + &1 By) + 2, (a Ao +20Bo)].

Hence by repeating the reasoning which guaranteed the vanishing of (xgo) (s,p),

~

Ago), Bfo)), we find the vanishing of (i’go)(s, ), 12150), B%O)) = (xgl)(s, ), Agl),
BF)). By repeating this reasoning we find

(A.30) z1(s,a,p) =0
and
(A.31) Ai(a,p) = Bi(a,p) = 0.

To prove the required result we use the induction: let us assume

(A.32.v) xon_1(s,a,p) =0 and Ay, 1(a,p) = Ba,—1(a, p) = 0 hold
for n < v,

and show (A.32.v + 1) is valid. First we multiply (1.1.6) (with g+ = 0) by
(22 — a?) (t* — a?) to find

1
(A.33) (22— a?)f= (2)*(aA+ zB)(t*— a*) — §n_2(m2— a®)(t*— a®){z;t}.

Comparing the coefficients of n72*~1 in (A.33) we find

(A.34) 200T9,11f = (t*— a®)[(#)* (@ Asut1 + ToBays1 + Toys1B)
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+ 2225, 1 (Ao + 9 Bo)].

This has the same form as (A.4); only the suffix 1 in (A.4) is replaced by
v + 1. Hence the same reasoning used to show x; = A; = By = 0 applies to
(A.34). Then we find (A.32.v+1) is valid. Therefore the induction proceeds,
completing the proof of Proposition A.1.

O

B. The vanishing of acg,b)(O,p), A;‘Q and Bé‘,,? for n > 1 when
g+(t) =0

In Section 1.1 and Section 1.2, the vanishing of 1:81) (0, p) repeatedly played
an important role in our reasoning. Hence it is reasonable for the reader to
wonder how is the situation for the higher order terms. The answer is that a
similar vanishing is observed if g+ (¢) = 0 but that it does not hold in general
when g4 (t) # 0. Hence we content ourselves with a rather weak statement
given in Lemma 1.1.3 so that the reasoning in Section 1.1.3 may be applicable
to the case where g4 (t) # 0. (See the reasoning in Appendix C.) It may be,
however, of some interest to see how the actual situation is when g4+ = 0.
Accordingly, we show the following

Proposition B.1. Assume g+(t) = 0. Then we find the following properties
for the triplet T = {ngl), AP Bg,z)} constructed in Section 1.1.3:

(B.1) xé}j(o,p) =0 for n>0,
(B.2) i00,p) =0 for n>1,
(B.3) AS:L) = Bé?} =0 for n>1.

Proof. Let us first recall
(B.4) 22(0,p) =0 for j=0,1,2,--- .

J
(Cf. (1.1.3.54).) Then, by using (B.4), we validate by the induction on k the
following statement V(k) (k > 1):

i) @0, =0, i=12-k
(i) AY =BY =0, =12k
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Let us first prove V(1). To begin with, we note

(0) ]_ dt 2
(B.6) R (s,p) = QFQQQ s 1

other terms in Réo) (s, p) do not exist because of the constraints on the indices.
Since Aé_l) = 0 by the assumption (1.1.3.50), (B.6) entails

(B.7) v¥(s,p) = —BY"s + O(s?).

We also note that zéo)(s, p), which is, by definition, xé )( p) — A( Dy B(O)
satisfies

(B.8) #7(0,p) =0.
We next show
(B.9) R$Y(0,p) = 0.

In what follows (untill (B.18)), we use the symbol (a.j) (j = i,ii, -+ ,x)
to denote the term labelled by (a.j) in (1.1.3.43) with (p,n) = (1,1); for
example, (.i)|s—o means

(B.10) — 3 @(0,p)a8) (0, p) AS.
q+r+u=0
i+jt+k=1
(u,k)#(0,1)

Using this expression together with (B.7), we find

(B.11) (i) |smo = —24:3(0, p)ir (0, p) A
= 2BV AW

Seemingly the p-dependence of this term is wilder than that one might expect
at this stage. But fortunately, as we will see below (cf. (B.16)), it is cancelled
out by (a.vi)|s=o, which is equal to

(B.12) 2t_ 23" 20(s, p)al (s, p) @, p)

=0
r+u=1 5

Since we have
(B.13) 25 (s, p)zg (s, p) fO(t, p) = O(s%)
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thanks to the relation

(B.14) (0, p) = 0,

it suffices to study the contribution from 23 (s, p)z{” (s, p) fV(t, p). Then it
follows from (B.7) and the relation (ds/dt| t:0)2 =1 that

22
(B.15) =5y (s, )" (5, 0) S (2, p)
BO s=0
2 N
- (- BOYAL = _9 B0 4O
BO
Thus we find
(B.16) (ai)]s—o + (@.vi)]s—p = 0.

In view of the constraint on the indices, we find that («.j) (j = iii, iv, v, vii,
viii, x) contains no term. It is clear that («.ix)|;—¢ vanishes. Thus the re-
maining term to be studied is only («.ii)|s—o; because of the constraint on
the indices, we find either (i) ¢ +7 4+ v =1 or (ii) ¢+ + v = 0. In case (i)
w is 0, and hence :ng)(o, p) vanishes by (B.4). In case (ii), u should be 1 and
hence the constraint (u, k) # (1, 1) entails £ = 0, leading to the vanishing of
this term by (B.14).
Summing up all these, we thus find

(B.17) RV(0,p) = 0.
This implies
(B.18) 20(0,p) = 0.

By using this and (B.8), we next show F(O) A( ) =0 by examlnlng each
term in (1.2.164) and (1.2.165). We use symbols (5.5) and (d.k) to mean
terms labelled by them there.

The vanishing of (%.) and (7.ii) immediately follows from (B.8) and
(B.18). For (pg,n) = (0,1), one of (7,4, k) in (7.iii) should be 1, which is
forbidden in (4.iii). Thus (7.iii) contains no term.

Concerning (5.iv), we first consider the case where u = 1, i.e., ¢ +r = 2.

If ¢ = 2, then r = 0; thus 257(0,p) = 0 by (B.4). If ¢ = 0 or 1 z{”(0, p)
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vanishes by (B.4) or (B.14). Thus every term with v = 1 in (5.iv) is 0. The
same reasoning applies to terms with v = 2. Thus (5.iv) is 0. It is clear
that (5.v) contains no term when n = 1. To study (7.vi), we first consider
the case where ¢ + 7+ v = 1. Then u = 0, and hence xg,?((), p) vanishes by
(B.4). When ¢+ r+v =0, u = 1; then the constraint (u, k) # (1, 1) forces
k to be 0. Hence xg,?(o,p) is 0 by (B.14). Thus (7.vi) is 0. The term (7.vii)
does not exist for (pg,n) = (0,1). The vanishing of (7.viii) is an immediate
consequence of (B.4) (with j = 0). Thus we have confirmed

(B.19) T = 0.

We next study A Again by (B.18) and (B.8) we find that (é.i) and (4.ii)
are 0. When (pg,n) = (0,1), (0.iii) contains no term. To study (4.iv), we
may assume (7, j) = (0, 1) without loss of generality. Then xé‘?(o, p) vanishes
for ¢ =0or 1 by (B.4) or (B.14), whereas xg)((), p) vanishes for ¢ = 2 (and
hence 7 = 0). Thus (.iv) is 0 in our case. The vanishing of (4.v) can be
confirmed in the same manner. Concerning (4.vi), :Bg;-)((), p) =0 for r =0 by
(B.4). On the other hand, » = 1 forces j to be 0, and hence the vanishing of
mg;-)((), p) follows from (B.14). Thus (§.vi) is also 0. The vanishing of (4.vii)
is clear for (py,n) = (0,1). For each term in (4.viii), u = 0 in our case, and
hence the vanishing of (4.viii) follows from (B.4). When (po,n) = (0,1), (§.x)
contains no term because of the constraint on the indices, and (5 x) does not
exist. Finally in (§.xi) we find

(B.20) a:(;f)xg? = (xéo))Q =57
Hence
d (@), (r) (u)
(B.21) E( Z Toi Tof {7ty ) ‘ = 0.
q+r+u=0 t=0
i+j+k=0

Thus we have confirmed
(B.22) AP = 0.
Therefore (B.19) and (B.22) imply

(B.23) AP = BO — 0.
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Then

(B.24) 20, p) =0

follows from (B.7) and (B.23), and

(B.25) 7(0,p) = A +27(0,p) = 0

follows from (B.18) and (B.23). Thus we have validated V(1).
Let us now validate V(n) (n > 2) by assuming that V(k) (1 <k <n-—1)
have been validated. To validate V(n) we first prove

0
(B.26) Ry (s, p) = O(s%).
From this point to (B.34), (a.j) (j =1i,1ii,--- ,x) means the term labelled by
(c.j) in (1.1.3.43) with (p,n) = (0,n). As (a.j) (j = i,iii,iv, vi, vii, viii, x)
contains no term, we concentrate our attention on other terms.

To study (av.ii), p = 0 implies ¢ = r = u = v = 0. Then the convention
(1.1.3.44) entails

(B.27) i gkl <n—1.

Hence at most two of (7,7, k,l) are allowed to be 0; otherwise stated, at
least two of them are equal to or greater than 1. Therefore it follows from

V(n —1)(i), (iii) that
(B.28) (i) = O(s?)

(including the possibility of its vanishing).
Concerning (a.v) with n > 2, the constraint on the indices entails

(B.29) ij>1.

Hence V(n — 1)(i) implies

(B.30) zh ) [ = O(s°),
that is,
(B.31) (a.v) = O(s%).



As to (a.ix) we divide the situation into two cases: (i) k < n—2, (ii) k = n—1.
In case (i), i+ j =n—1—k > 1 and hence (B.4) and V(n — 1)(i) entail

(B.32) )2l {wi )y = O(s?),
whereas in case (ii) we find ¢ = j = 0 and thus
(B.33) x(()o ) {; t}2 (n—1) = O(s?).
In any event, we obtain

(B.34) (auix) = O(s?).
Summing up all these, we find

(B.35) Ry (s, p) = O(s).

Next we study RSL)(O, p). From this point to (B.44), («.j) stands for the
term labelled by it in (1.1.3.43) with (p,n) = (1,n), where n > 2.
Let us first examine (ov.i)|s—o. It follows from the definition that

. 0 0 1(0
(B36)  (ailmo=— > @al) AP~ > @A)

i+j=n itj+k=n
1<k<n—1

s=0 ’

Then the second sum vanishes by V(n —1)(iii). On the other hand, all terms
except —(:i:éo):i:gg + :i:'g,)gj:éo))flgo) in the first sum vanish by V(n — 1)(i).
s=0

Thus we find

(B.37) (d)|smo = =25 (0, p) AL

As one expects, this term is cancelled out by (a.vi); let us confirm it first, by
setting aside the study of other terms. Since (B.4) and V(n—1)(ii) guarantee

xé?b)x(()l)f(o) = O(s®), what we have to worry about in (a.vi) is the term

(B.38) a (%) sfO(t, p)

B s=0’

which cancels (a.i)|s=¢ by (B.4). Let us now return to the study of («.ii)|s=o,

following the numbering. To study (a.ii)|s—p, we first note that mg,i)((),p)
with w = 0 vanishes by (B.4), and hence we suppose v = 1. But then, the
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condition (u, k) # (1,n) forces k < n — 1. This means that one of (i, j,[) is
equal to or greater than 1. Hence V(n — 1)(i), (iii) guarantees

(B.39) iy s BY| = 0.
Thus we find
(B.40) (vii)|s=0 = 0.

It is clear that («v.iii) and (c.iv) contain no term when p = 1. As to (a.v) we
rewrite

(B.41) Z xéczl')xg;)f(u): Z %z $2])f(0 + Z xé?)%g

q+r+u=1 g+r=1 i+j=n
itj=n itj=n i,j<n—1
4,j<n—1 i,j<n—1

Then, in the first sum either ¢ or r is 0 and both ¢ and j is equal to or greater
than 1. Hence V(n — 1)(i), (ii) implies

(B.42) 372@ xQJ)f O(s*).

It is also clear from V(n —1)(i) that each term in the second sum is of O(s*).
Thus we obtain

(B.43) (@.¥)]se0 = 0.

Since (a.vii), (a.viii) and (a.x) contain no term and since (a.vi) has already
been examined, what remains to be studied is (a.ix). But, either ¢ or r is
equal to 0 in each term in («.ix). Hence (B.4) guarantees

(B.44) (avix)|s=0 = 0.

Thus we have confirmed

(B.45) R$Y(0, p) = 0.
We now show

(B.46) rY = Al =g

To begin with we note

(B.A7) 5(0,p) = 2,)(0,p) = 0
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follows from (B.35) and (B.45). Then, using the symbol (7.i) etc. to denote
the corresponding term in (1.2.164) and (1.2.165) with py = 0, we find by
(B.47) that

(B.48) (7.1) = (7.ii) = 0.
Concerning (7.iii), we first note

(B.49) g=r=u=0
and hence the constraint on the indices entails
(B.50) i, J,k <n—1.

Therefore at least one of (i, j, k) is equal to or greater than 1. Then V(n —
1)(i), (iii) guarantees

(B.51) (7.iii) = 0.

It is clear that (7.iv) contains no term when py = 0. As to (7.v) each term
in the sum has the form

(B.52) 730, p)3; (0, )£V 0, )
with 4,7 > 1. Hence V(n — 1)(ii) implies it vanishes, and thus we have
(B.53) (3.v) = 0.

Regarding (.vi) we divide the situation into two cases: (i) u = 1 and (ii)
u=0. In case (i), (u, k) # (1,n) entails £ < n — 1, and hence at least one of
(i,7,1) is equal to or greater than 1. Therefore V(n — 1)(i), (iii) implies that
the term in question is 0. In case (ii), (B.4) applies to the term. Thus

(B.54) (5.vi) = 0.

Clearly (7.vii) does not exist. Concerning the sum (7.viii) either ¢ or r is
equal to 0 in each summand and hence (B.4) entails its vanishing. Thus we
find

(B.55) r =o.
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As to Ag,)l), (0.i) and (4.ii) vanish by (B.47), and (4.iii) contains no term
for po = 0. Concerning (4.iv), we rewrite Z xgg)(o,p)a:g;-)(O, p) as follows:

afr=2
1+j=n

(B56) 2 Y @y (0,p)ay) (0,p) + D @5 (0,02} (0.p).
i+j=n i+j=n

Then (B.4) implies the vanishing of each term in the first sum. On the other
hand, if one of (7, j) is n then the other is 0 in each term in the second sum.
Hence V(n — 1)(ii) entails the vanishing of the second sum. Thus we find

(B.57) (8.iv) = 0.
Similarly (B.4) guarantees
(B.58) (0.v) =0,

and we can readily confirm the vanishing of (5 .vi) in the same way as that
used for the confirmation of (B.57). The vanishing of (0.vii) and (.viii)
is an immediate consequence of (B.4). Concerning (4.ix) with py = 0, the
constraints on the indices entail

(B.59) i gkl <n—1,

and hence at least two of (7,7, k,[) are equal to or greater than 1. Hence
V(n — 1)(i), (iil) guarantees that every term in (4.ix) should be 0. As (4.x)
does not exist for pg = 0, the last term to be examined for the confirmation
of the vanishing of Ag;) is (4.xi): each term in (0.x) for pp = 0 contains the

factor :Cg;):cgj)-). Thus we find

(B.60) (6.xi) = 0.

Summing up all these we have confirmed

(B.61) RY)(s,p) = O(s?),
and
(B.62) R3,)(0,p) =0
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together with
(B.63) ) =AY =0,
which implies
(B.64) AY = BO — .

Therefore we find

(B.65) a3 (0,p) = —BY + RY(0,p) = 0,
(B.66) 25)(0,p) = AY) + RS (0, p) = 0.

As (B.64), (B.65) and (B.66), together with V(n — 1), imply that V(n) is
validated. Thus the induction proceeds, and the proof of the proposition is
completed.

Remark B.1. By followmg the reasoning in A;)pendlx C, one can confirm
that, if g1 (¢) # 0, mz (0 p), together with ( B(O) ), is different from 0 in
general.

]

C. Construction and estimation of the transformation series that
brings an M2P1T equation to the Mathieu equation when g (t)
is not 0

The purpose of this appendix is to confirm the results in Section 1.1.3

and Section 1.2 without assuming g4 (¢) = 0. For the sake of definiteness of

the description we assume B(() V= (and hence xé ) (0,p) =1).

-p
For the sake of computation of terms of the form (Z zi(t n’l> (p=
1>0
1,2) we first prepare the following Lemma C.1. The computation of the
above series with p = 2 is not used in this appendix but used in Section 1.3.
As the reasoning for the case p = 2 is basically the same as that for the case
p =1 we bring them together here.
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Lemma C.1. Let wi(t) (k = 0,1,2,---,n) be holomorphic functions at
t =ty and satisfy

dwg
(C.1) W(tO) # 0
and
(C.2) wi(to) =0 (k=0,1,2,---).

Then f,(t) and g,(t) (n=1,2,---) defined by

B dwy, dwy, ks * p Wiy Wi,

k1+ka+ks=n p=min{1,k3} |, =ks

dwy, dwy, 5 * Wy * " W,
(Ca) gat) = D = Y D (Dt )

k1+ko+ks=n p=min{1,k3}R|.=ks 0

satisfy the following relations:

_dwp dwy,
(C.5) fulto) = I dl L
(C.6) gn(to) = 0.

In particuler, wy g, (t) is holomorphic at t = to.

Proof. Using the assumption (C.2) we define oy by

w dwo\ 1 dw
(€1 o= w_]; =ty (d_to> d_tk t=to
In order to obtain (C.5), it suffices to show
k3
(C.8) ap = Z Oy Ol Z (_1)“5;:/;)
ki+ka+ks=n p=min{1,ks}

for n > 1, where ﬁli“ ) is a constant defined by

(C9) ﬁ]i‘u) e Z* alﬁ oo Oé,w.



Since o = @go) =1, @(f) =0for k>n+1 and

(C.10) Z g, B = LD,
ki+ko=n
we find
k3
(C'll) Z gy Ak, Z (_1)#5}&’;)
k1+ka+ks=n p=min{1,k3}
= 204050 oy, + 50 Z g, Oy + g Z “ﬂ(“
k:1+k2 n
k3
+200 Y a, Z D Y o, Y (<16
ki1+ka=n k1+k2+k3 n M_l
—204n+5 _|_Z uﬁ +QZ “ﬂ“H)—i-Z u6u+2
pn=1
= 2, — B,
Since ﬁ,(cl) = oy, we obtain (C.8).
Next, we show
ks
k1+ko+ks=n p=min{1,ks}

By using the same result as above, we can rewrite the left-hand side of
(C.12) as follows:

(C.13) Z Qg g, + O Z “u+1)BW
ki+ko=n
+ 20(0 Z Oy Z ﬁk
ki+ko=n
* ks
Y amak Y (—1)M (DB
k1+ka+ks=n p=1
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Z ak1ak2+z M+1 ()

ki+ko=n
n—2

+2 Z (e DAY Y (1 (e DB
pn=1

= 20én 57(12) - 671 - 67(12)

Since 81" = a,,, we obtain (C.12); thus we have confirmed (C.6).
O]

Let us now confirm Proposition 1.1.3.2 together with the estimate [G’;p,
2n] given in Proposition C.1 below, which is totally the same estimates with
|G; p, 2n] in Proposition 1.2.1, when the lower order term

Lo 9+(t) 9-(t)

C.14 2( + )

(C.14) T\t=ap2 " (t+ap

is not assumed to be 0. In what follows we sometimes refer to this lower or-
der term as the additional term so that the background of our reasoning
may become apparent. The main reason why we perform the construc-
tion and the estimation simultaneously is that we want to use the ana-
lyticity of {xgk(t,a, p)}OSKW1 on a sufficiently large set, say on EiRO in

constructing zox(t, a, p); the analyticity of {$2k}0<k<n_1 enables us to find
Lemma C.2. The relation (C.18) leads us to introduce the auxiliary functions
{yi ok(t,a, p } 0<k<n—17 which facilitates the manipulation of the singularities
at t = £a contained in the additional terms, as we will see below.

Proposition C.1. There exist positive constants (ro, R, A) and a sufficiently
small constant Ny for which the following estimate [G';p,2n] holds for every
p >0, everyn > 1, every p in {p € C;0 < |p| < ro} and any positive
constant € that is smaller than /3 :

[G";p,2n] =

(p.20)()) 270, p)| < NoC(p) (Rlp| )" (2n)1e=2"(Alp| 1)1,
(p,2n)(ii) |AS)| < NoC(p)(Rlpl~1)" (2n)le=2"(Alp| )",

(p, 2n)(iii) | BY)| < NoC(p)(Rlp|")" (2n)le=2"(Alp| )",
(p. 2n)(
(p. 2n)(

DO

3

P 20)(iv) |29 |jro-e) < NoC'(p) (Rlp| )" (2n)le=2" (Al p| 1),

< )
)

)
2n)
,2n)
2n)
)

p,20)(v) (45! [y < NoC () (Rlp| ™!

< "(2n)le=2 (Alp| )"

\
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To confirm Proposition 1.1.3.2 and Proposition C.1 when the potential
() contains the additional terms, we first note that (1.1.6) requires z =

D onso Lan(t,a, )" A =37 oo Agn(a, p)n~>", and B = 37 - Ban(a, p)n~>",
should satisfy

(©15) (@ —a){f+ 072 (g () + g () }

t t+a
— (t2 — cﬂ)(%)z{azﬁl +xB + n_2<i 1— Zg+(a) + ilzg—(—a”}
_ %nz(t2 _ a2)(x2 _ a2){x;t}.

Since the additional terms do not affect the relation that Ag(a, p), Bo(a, p)
and xo(t, a, p) should satisfy, Proposition 1.1.2.1 and Lemma 1.2.3 apply to
the case where () contains the additional terms.

In parallel with (1.1.3.36), the comparison of the coefficients of 2" (n =
1,2,---) of (C.15) leads us to the following relation:

(C.16) < Z x2k1x2k2>

ki+ko=n
t+a t—a
) (04 1500
+ ( Z Toky T2k, 107\ g+( )+ i ad (t)
ki+ko=n—1
= (t* - a2)< Z T, Topoy W A2py + Z x§k1x§k2x2k332k4)
k1+ko+kz=n ki+-+ka=n

2 2 / /
+ (t° —a”) E Tog, Tog, T2ks
ki+- +k4 n—1
(B0 S e,
Ty — (xg —a)H
p=min{1, k4}|f€|ufk4
X g-(—a) Z Z xzm' 'Izm>
To+a x +a)t
0 p=min{1,k4}R|,=ks 0 )
2 2
+ (" —a)a E Ty Ty
k‘1+k2+k3 n—1
(B0 $ e,
To — (xg — a)*

p=min{1,k3}|R|.=k3
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g_(_a) k3 " “x2li1 T,
2o +a Z Z (=1) (2o + a) )

p=min{1,k3}|K|,=k3

1
- §(t2 - CL2) Z Lok L2k, {ZL’; t}2k3
k1+ko+kz=n—1
1
+ 5(152 —a®)a*{z; t}om-1),

where d,,1 is the Kronecker delta and {z;t}ox is the coefficient of n2k of
{z;t}.

Let us now confirm that Ajg,(p) (p > 0) hold under the assumption that
Aor(p) and [G';p,2k] hold for 0 < k < n —1 and p > 0. It follows from
|G";p, 2k] (p > 0) that xox(s, a, p) is holomorphic on

(CAT)  Epon = {(s,a,p) € C*:|s| < 70,0 < [p| < 70, la] < (2R)7"|pl}.
Using this analyticity we first show the following

Lemma C.2.

(C.18) Tok(t, a, p)|t=ta = 0
holds for 1 <k <n —1.

Proof. It follows from (C.16) with n = 1 that x5 satisfies the following rela-
tion:

t+a t—a
t
t—ag+()+t—|—a

(C.19) 2xoxaf + (22 — a2)< g (t))

_ 2 2 / / / /
=(t"—a )( E Top, Top, A A2k, + E x2k1$2k21’2k332k4)

ki1+ko+ks=1 k14-+ks=1

+ (£ — a2)(x6)2<i2 i Zg+(a) + iz _T_ Zg_(—a)>
1 2 2 2 2 .
L - e

Since x, satisfies (1.3.11), by setting ¢t = +a in (C.19), we obtain
(C.20) 2ax5(t,a, p)f(t,a,p)li=ta = 0.
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Hence (C.18) for k = 1 follows from (1.3.16). Next we show (C.18) for k =1
(2 <1< n—1) under the assumption that (C.18) holds for 1 < k <[ — 1.
By setting ¢ = a in (C.16) with n = [, we obtain

(C21) (2azxf +4ag zhy )|,

To+ a
(42 2 0
= (" —a”)g+(a)
Top— a
/ / 132/41 c Lok,
X kalekQ I _a)#
k1+ko+ka=1—1 p=min{1, k4}|/~;|u—k4 0 t=a

Since wy = zp — a and wy, = x9 satisfy (C.1) and (C.2) at ¢ty = a, (C.5)
implies that the right-hand side of (C.21) is equal to 4a2g+:c’2(l_1)\t:a. Hence
we obtain

(C.22) 2az f|,_, =0

We then see that x9|i—, = 0. Using the same reasoning as above, we find
Zoy|t=—a = 0 holds. Hence we obtain (C.18) for k = [.
O

Let us now define yy o (t,a, p) (k=0,1,2,---) by

ToF a
C.23 =
(C.23) Yo = T
Lok
C.24 = .
(C.24) Yaok = 70

Then, from Theorem 1.3.1 and (C.18), we find that (y+o)~" and yeop (k =
0,1,2,---) are holomorphic on E! 2R We denote the coefficients of a? of

(Yy+0) ™" (p=1,2,--+) and y4 o5 by w’ ) and yi% respectively as follows:

(C.25) (y+0) " (t, a, p) Zwi p)a®,
(C.26) Y2k(t, @, p) ny)zk t,p)a
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We also denote the coefficients of t of g4 by gg’ ), ie

(C.27) gu(t) = 3 g
p=0

In parallel with (1.1.3.37), comparison of the coefficients of a? in (C.16) leads
us to the following relation:

(C.28) S el e+ Y
11 +ly+1l3=p
k1+ko=n
_ L) (12)7 4 (1s) ()1, (2), (Is) p(la)
= tQ[ Z Top, Topy Aoy + Z Loy Topy Topy Bogs
l1+ig+lg=p—1 l1+-+lg=p
k1+ko+kz=n ki+-4kg=n
1 w) 1
D) Z x2/i1932k2{x t}2k3 5{ }z(n 1}
l1+lg+l3=p
kq+koFhz=n—1
(), (13) (L1)r, (l2)r_ (I3) p(la)
- [ Z 3721; 2k2 A2]§3 Z Top, Tony Topy Bojs
l1+lg+l3=p—3 1+ +lg=p—2
k1+ko+kz=n ki+--+kg=n
1 () 1 )
D) Z Lok, 932k2 {37 t}2k3 + 5{ t}Z(n |+ G

11 +lg+i3=p—2
ki+kotkz=n—1

where .7:27’ ) and g are functions that depend only on xgl,g, yﬁ?zk 0<k<
n—1,1>0) and g. The concrete forms of F and G’ are given as follows:
) (
(C.29) FP =tge(t) > 2y gty Y aly
ll+l2—p l1+lo=p—1

—1 2
+ tg+(t)y(f70 )+ g+(t)yﬁf0 )

+tg_( Z :)le l2 —g_(t) Z (ll)yg2)

li+lo=p l1+le=p—1
—1 2
—tg_(t)y®s" + gty ?
(C.30) F) =2tg (t) > xiy 8,
li+la=p
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* l l
+tg.(t) Z Z x(Qlil)y—(i-z)kz

ki+ko=n—11l1+l2=p

l l
+20.() D> a2y
li+1l2=p—1

+ g4 (t Z Z 2/;1 +22k:2

k1+ko=n—111+l2=p—1

l1) (I2)
+ 2tg_( E x( ' (—22(n 1)
l1+l2=p

+tg_( Z Z gl]; —122)1@

k1tke=n—11l1+la=p

!
—20.(0) > aly ™,
l1+1l2=p—1

Z Z 2k1 y(l22k2

ki+ko=n—111+lo=p—1

for n > 2 and

l l l
(C.31) §Z)=<t Yo by alalel
ki+-tkg=n—1
l1+‘“+16:p

() ()1, (Is) (L)

+ Z 'IQI; x2l§2 2k3:3-g+ )
ki+-+kg=n—1
I+ +lg=p—1

ka
Z u+1 (I5) o (Aut1)
X y+ 2K1
p=min{1,ks} |&u=ka |/\|,u:l6

l 1) (1 l

U G DA A
k14 +kg=n—1
ly+-+lg=p

1) (1 l l
S el )
k1+-+kg=n—1
ly+-+lg=p—1
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k4

x 3wt NT (O O

p=min{1,ka} |Rlu=F1 |X| . =lo

l l l
S D D A

k1+...+k4:n 1
ll+m+15:p71

(), (12)r (I3)

+ E : Topy Loy 9+
ki+-+kg=n—1
Iy ++lg=p—2

k4
lH-l (14) w, (Aut1) (A2p)
x D ST o)
p=min{1,ks} |5l =k |X| =I5

l l l
S DD e A Caari

k1+»-»+k4:n 1
ll_‘_m+l5:p_1

l l 3 (1
- A e)
kq+-+kg=n—1
l1++lg=p—2

ka
§ : M+1,(l4)§ :* § ’ oy (Aur1) (A2p)
X w_ <_ y 2K1 Y 264
ﬂ:min{l’k4} |E|H:k4 |X|M=l5

for n > 1. . .
Now, we define q)éi? and Rg,? by

(C.32) oW — ol 4 F0) _ gl
dt
(C.33) RY) = RY) + w(g) (7 - G,

where CIDSZL) and Rg;) are respectively given by (1.1.3.38) and (1.1.3.43). It is
evident from (C.28) that, if we want to construct {x, A, B} when g+ # 0, ég”)

(resp., Rg;)) is the required substitute of @g;) (resp., Rg;) ) used in Section
1.1.3. Since .7-"2(? = 0 and géﬁ) = )O for any p > 0 and ¢ > 0, by the same

2n;q) (239
reasoning as that in Section 1.1.3, we find Ay, (p) (p > 0) is also valid in this
case.
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Next we estimate the constructed series as Proposition C.1 requires. For
this purpose we prepare the following

Lemma C.3. The series }"Q(Z) and ggf} (p > 0) satisfy the following esti-
mates for some positive constant My under the assumption that [G;p,0] and
G p,2k) (1<k<n-—1,p>0) hold:

(C.34)  |FE| | < MoA" NoC(p) (Rp| )" (20 — 2)le™2+2 (Al p| ™))",

-

(C.35) | Fa ™| | < MoAT NoC(p) (Rlp| )" (20 = 2)le™>"+* (Ao )",

-
(C.36)  [[F]],, oy < MoNoC(p) (Rlp|™")" (20 — 2)le "2 (Alp| )",
(C37) |G ™| < MoA NoC(p) (Rlp|™")" (20 = 2)le™>"+* (A]p| )",
(C38)  [G5™| | < MoA™ NoC(p) (Rlp|™")" (20 — 2)le™>"2(Alp| )",
(C:39)  |G8],0_ < MoNoC(p) (Rlp| )" (21 — 2)le™>" 2 (A]p| )"

Proof To begin with, we derive the estimates of y Y Qk and wf ) from those

of ' i % as follows:

Lemma C.4. The functions yi)% and WP (0 <k <n-—1,p>0,pu >
1) satisfy the following estimates for some positive constant M under the
assumption that [G;p,0] and [G';p,2k] (1 <k <n-—1,p>0) hold:

(C.40) 95l < MC ) (Rlpl )",
(C.41) [ ™| < MHC ) (Rlpl )",
©42) [Pl S MNCE) (R @R (Al )

Proof. Since (y+)*" are holomorphic on E} »or and bounded by some positive
constant M there, we find that, by taking R sufficiently large if necessary,

yg)o and wi® (p >0, > 1) satisfy (C.40) and (C.41). Further, it follows

from the definition of y4 9 that yf’)% satisfy the following relation:

-1
(C.43) yf)zk =t (xék) + yipzk))a
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where we conventionally regard yi_;,z as 0. It is then evident that we can

estimate Hy i 2kH[r in an inductive manner with the help of [G’;p, 2k].

—e]

Actually, with an appropriate choice of constants M and R that is specified
below, the maximum modulus principle enables to find the following:

(C.44) loaillpyg <5 Ul + N2 )

(1+ MR p|C(p—1)C(p)™")

Nli | S

x NoC(p)(Rlp|™")" (2k)le 2 (Alp| )"
<MNoC(p) (Rlpl )" (2k)le=2* (Alp| )",
Here we take M > 0 so that

(C.45) sup |t7( |<M/2

|s|=ro—e
holds for 0 < € < r7/3 and assume that, by taking R sufficiently large,
(C.46) MR p|C(p-1)C(p)~' <1

holds.
O

Remark C.1. As the recursive relation (C.43) for yf)% (k > 1) implies, if we

write yﬁf)% in terms of xg,?, it looks as if it had a pole at ¢ = 0 whose order

became higher and higher with increasing p. However (C.18) guarantees that

the pole actually does not appear. This is also the case for yE_L o and w’ (P),

Now let us return to the proof of Lemma C.3. Suppose g+ is bounded by
some positive constant M as follows:

(C.47) lgel|, , < M.

[ro] —

Then, for example, the second term of F, P9 e, g+ Z a:éll)ygfg is

l1+l2=p+2
estimated as follows for ¢t = 0:

(048) Hg-i-H[TO} Z ’lﬂl) 0, P H|y H[ro]

l1+lo=p+2
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< M2CoC(p + 2)(Rlp| )",

In this way, we can readily confirm that the following estimate holds for
p > 0:

_ 1
(C.49) ||, < AMPCoC(p+2) (Rlpl ™)™
Therefore, by taking M, sufficiently large so that 4M?2CyR < MyN, holds,

we obtain (C.34) for n = 1. In the same way, we easily find that F,, (p+3) | —o

(n=2,3,---) satisfy (C.34). The estimation of .7-"2p+2)"t , required in (C.35)
can be also done in a similar manner; by using Cauchy’s mequahty we can
estimate, for example, the derivative of the third term of f;f evaluated

/
at t =0, i.e., (29+(t) Z ZL‘(() )ysnz)(n_l)) ‘t:O as follows:

=0

l1+l2=p+1
!/
cs0) (o0 S )]
li+l2=p+1 N
2
< €H9+H[r0] Z H H[TO]”y+2n 1 H[ro—a]
li+la=p+1
2
< 200 4+ ) (RIol ) (20 — 2)1e 2 (Al )

In this way, we find the estimation (C.35). The estimate (C.36) is an imme-
diate consequence of the induction hypothesis.
Next, we confirm (C.37). Since

(051) |ZL’ l)/ ‘ H ||['r0 —e]

O]

holds for some positive constant M and since we may assume that g}’ satisfy

(C.52) ‘gi)| < MC(l)rg!,

the first term of g(p +3) 1o Can be estimated as follows:

(C.53)

S 0,025 0, )] [25:(0, p) |94

k1+-+kg=n—1
I+ +lg=p+2
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k4

x> ek

S s e

p=min{1,ks} |R|=F4 ‘X|#:l6
M3 +1 n—1
< R —1\P —2n+2 A —1
< o Bl (A1)

<Y CHICEIC) e k) k) (1)

kq
x Y MEFRNIC()OU) Y (2m)! - (26,)!

p=min{1,ks} |R|p=ka
< 9T_2M364M2N00(p +2) (R|p|_1)p+1(2n — 2)!5’2’”2 (A\p\_l)nfl.

Similar estimation is validated for other terms in QQ ‘ .o Hence, by taking
My so that 36r52M3e*™*No R < Ny M, holds, we obtain (C.37). We can con-
firm (C.38) in a similar manner. The validation of (C.39) is a straightforward
task.

O

Finally let us discuss how to deduce [G'; pg, 2n] from Lemma C.3. Since
the estimates (1.2.161) still holds, we can deduce the following estimates for

R0, p) from (C.34) and (C.37) with p = py — 2:

(C.54) | RED(0, p)| <NINoC(po) (Rlol )" (20)! e (Alp| )",
where
(C.55) Ny =M(Co+ No+ R+ (NoA)™)

with a positive constant M that is independent of Cy, Ny, R and A. Since
(1.2.163) and (1.2.177) also hold, we obtain the following estimates from
(C.36) and (C.39) with p = py:

(C.56) [RE2(0, p)| <NINoC(po) (RIp ™)™ @n)l e (Alo| )",
(C.57) | R ||[T <N NoC(po) (R|p| ™)™ (2n)1 e ™" (Alp|™)".
Now let us define I'{") and Ag’j by

(C.58) o) =19 + (F™ = a8
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(C.59) AP = AP+ (FEH — G| .

(Here we note that I'?) and A%®) are obtained from & |,_, and <I>§T2)'| —0
respectively.) Hence, in view of (C.32), we find that what plays the role of
Fg’;) (resp., Agﬁ?) in this case is fé’; (resp., Aé’;)) Then, combining (1.2.166),

we obtain the following estimates from (C.34), (C.35), (C.37) and (C.38)
with p = po:

(C.60) D500, JASR ) <Ny NoC(po) (Rp| )™ (2n)! e (Alp| ™)™,

Thus, by the same reasoning with part [III] and [IV] in the proof of Propo-
sition 1.2.1, we find that [G’;p,2n] follows from (C.54), (C.56), (C.57) and
(C.60). Therefore, the induction proceeds, and hence, we obtain Proposition

C.1.
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