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Abstract— In this technical note, a method of solv-
ing finite-horizon optimal control problems involving
discrete-time rational systems is proposed. Sequences
of algebraic equations for the control input and costate
at each time are constructed backward, starting from
the terminal condition, by the recursive elimination of
variables in the optimality conditions. This recursive
elimination can be viewed as a generalization of the
classical backward sweep method to obtain the discrete-
time Riccati equation for finite-horizon linear quadratic
control. Sufficient conditions are given for the existence
and uniqueness of locally optimal state feedback laws
in the form of algebraic functions of the state.

Index Terms— optimal control, nonlinear systems,
discrete-time systems, Euler-Lagrange equations

I. INTRODUCTION

Optimal control has been one of the most important
problems in systems and control theory. Classical and suc-
cessful results in optimal control include linear quadratic
(LQ) control [1], which can be solved by means of the
Riccati equation. In general, optimal control problems for
nonlinear systems cannot be solved explicitly, and various
numerical methods have been proposed for solving them
in the literature.

In this technical note, as an alternative to the conven-
tional numerical methods, an algebraic method is pro-
posed for solving finite-horizon optimal control problems
(FHOCPs) of discrete-time rational systems by extending
preliminary results for polynomial systems [2]. First, the
discrete-time Euler-Lagrange equations (ELE), which es-
sentially correspond to the Karush-Kuhn-Tucker (KKT)
conditions [3], are recast as a set of algebraic equations
consisting of only polynomials. Then, a systematic method
of constructing a sequence of algebraic equations with
smaller sizes is proposed so that the unknowns (the costate
and control input) at each time can be obtained by solving
an algebraic equation involving only the variables at that
time. Since the sequence of algebraic equations for the
costate is obtained recursively starting from the terminal
condition in the ELE, the proposed method can be re-
garded as a generalization of the classical backward sweep
method [4], in which the discrete-time Riccati equation is
solved backward to obtain the costate as a function of the
state.

Once the algebraic equations are obtained so as to
determine the unknowns as implicit functions of the state
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at each time, they can be solved by any numerical method
such as by using Newton’s method pointwise for each
state. Therefore, the solutions need not be stored over a
domain in the state space. In particular, only the algebraic
equation for the control input at each time needs to be
solved to realize state feedback control.

In contrast to related approaches [5]-[10] in the lit-
erature, the present approach deals with FHOCPs for
discrete-time rational systems. Moreover, the proposed
method is not a direct application of algebraic tools such
as Grobner bases because the particular structure of the
optimal control problem is exploited to recursively con-
struct the algebraic equations for the costates and control
inputs (for applications of Grébuner bases in control design,
see, for example, [11]). Sufficient conditions are also given
for the existence and uniqueness of locally optimal state
feedback laws in the form of algebraic functions of the
state.

Notation: A suffix k denotes the time in discrete-time
systems throughout this technical note, while ¢ and j de-
note the components of a vector. For example, x; denotes
a vector at time k, while z; denotes the ¢th component
of a vector z. Similarly, xj; denotes the ith component
of a vector z;. To avoid confusion in suffixes, x; is also
denoted by x ; when necessary. For a field K and vectors
X =Xy X,JT and Y = [1; Y%, K[X,Y]
and K(X,Y) denote the ring of polynomials and field
of rational functions, respectively, in the components of
X and Y over K. The same symbols are often used to
denote an indeterminate as well as an element of a certain
set. An ideal generated by ¢1,...,9¢ € K[X] is denoted
by (g1,...,9¢). That is, (g1,...,g¢) := {8191+ + 8090 :
$1,...,8¢ € K[X]}. An ideal generated by the components
of vectors G; € K[X]" (i = 1,...,4v; € N) is also
simply denoted by (G4, ...,G,) for brevity. For a field K,
K denotes the algebraic closure of K. For an ideal I of a
polynomial ring K[X] with X = [X; --- X,,]7, the affine
variety defined by I is the set of elements (points) in K"
where all elements of I vanish and is denoted by V(I). For
I={g1,...,9¢) C K[X], V(I) is the set of common zeros
of g1,...,ge. The restriction of V(I) into K™ is denoted
by Vi (I), i.e., Vk(I) := V(I) N K™. For a scalar-valued
function V(x), we denote a row vector consisting of the
partial derivatives of V' with respect to z; (i = 1,...,n)
as OV /0z, and the column vector (9V/dz)T, which is the
transpose of 9V /dx, as V, V. For simple notation, a suffix
k is often omitted, such as in the use of V,V(z) to denote

II. PROBLEM FORMULATION

We consider the discrete-time system

Tpp1 = fr(@r, ur), (1)

where x;, € R™ and u; € R™ respectively denote the state
and input for the system, and the initial state x¢ is given.
The vector-valued function fj is assumed to be a rational
function of x, and uy for all k =0,--- ,N — 1 with N a



positive integer. The performance index to be minimized
is given as

N-1

T =p(en) + Y Li(ww, up),
k=0

where ¢ and Ly are scalar-valued functions. In this tech-
nical note, we assume that V ¢ consists of algebraic
functions and VL, and V, Ly are assumed to be rational
functions. The notion of algebraic functions is formally
defined as follows.

Definition 1: An analytic function p : U — R defined
on an open set U C R is said to be an algebraic function
if there exists a nonzero polynomial ®(z, X) € R(x)[X]
such that ®(z, p(z)) = 0 holds for all z € U.

Remark 1: By multiplying by some polynomial in R[z],
®(x,X) can always be chosen from R[x, X]. For simple
notation, we regard an algebraic function p as an element
of R(x), the algebraic closure of R(x), and write p € R(x)
irrespective of its domain of definition.

It is readily shown that the set of equality constraints
given by (1) for k =0, ..., N—1 satisfy the linear indepen-
dence constraint qualification [3] for any feasible sequence
of states and inputs. Then, there exist Lagrange multi-
pliers satisfying the KKT conditions, i.e., the necessary
conditions for optimality, at an optimal solution. Owing
to the particular structure of the optimal control problem,
the KKT conditions lead to the following discrete-time

ELE for k=0,...,N — 1:
Trr1 = fu(on, uk), (2)
Pk = Vo Hp (g, Uk, Pet1), (3)
PN = VmQD(I'N), (4)
VuHi (g, Uk, pr+1) = 0, (5)

where py, is the Lagrange multiplier, called the costate (or
adjoint variable), and Hy, denotes the Hamiltonian defined
as

Hyp (g, why Prt1) = Li (g, us) + Py fro(Tho, ug).-

The ELE (2) — (5) can be viewed as a two-point boundary-
value problem for sequences of states and costates, because
the initial state xq is specified while the terminal condition
is imposed on py.

In the present setting, V.¢(xy) consists of algebraic
functions, and all other functions are rational functions in
the ELE. Therefore, the ELE can be rewritten as a set
of polynomial equations as described below. First, since
each component of V,p(zy) is an algebraic function, there
exists Fiy € R[zy,pn]™ such that

Fn(zn,Vep(zy)) =0

holds for all zx in an open subset of R™ where V p(xy)
is defined. Next, other rational functions are expressed as

fractions of polynomials as

(@i ue) = Do (e, wi)nek (Tr, ur),
Dy = diagldyr] € Rlwg, ug]™ ™",
ngr € Rlzg,ur]”,

Vol (kg pre1) = Dyl (@, wr)np (2, upe, P ),
Dy, = diag[dpki] € Rz, ug]™™",
npr € Rlag, uk, prs1]”,

VoH (ko ue, pes1) = Dok, wr)nuk (Th, Wk Prt1)
Dy, = diag[dyki] € Rlag, ugp]™*™,
nuk € Rlzg, ur, prga]™,

where all pairs consisting of a numerator and denominator
are chosen to be coprime to each other. Then, the ELE are
rewritten as

Dor(zr, ur)Tpp1 — Nak (@, ur) = 0,
Dop(@h, ur )P — Nk (ke Upes Pret1) = 0,
Fn(zn,pN) =0,

nuk(xkaukvkarl) =0,

Hdackz T, U Hdpkz Tk, Uk)

X H duki(Tr, ur) # 0,

i=1

xkauk

(10)

where the last condition (10) is imposed so that no denomi-
nator polynomial in the ELE vanishes. Repeated factors in
dj can be omitted as long as the zeros of dj, are unchanged.
Moreover, the last condition (10) can also be expressed as
an equality by introducing a new scalar variable y; as

(11)

which can be satisfied by some y; € R if and only
if dy(zg,ur) # 0. Now all functions in (6)-(11) are
polynomials, to which tools in commutative algebra and
algebraic geometry are applicable. The initial state zo will
be regarded as a parameter hereafter so as to characterize
a family of solutions, rather than a particular solution, of
the ELE.

1 — ypdi(zg, ug) =0,

III. ELIMINATION METHOD

If the ELE (2) — (5), or equivalently (6)—(11), are
decomposed into a set of independent algebraic equations
for the state, costate, and control input at each time,
then each set of algebraic equations may determine the
costate and control input as implicit functions of the state
at each time. The decomposition of the ELE into a set
of independent algebraic equations can be viewed as the
elimination of variables. For the systematic elimination
of variables in the ELE, some tools from commutative
algebra and algebraic geometry [12], [13] are introduced.

For an ideal I = (g1,...,9¢) C R[X,Y] with X =
[X; - XpPand Y =[Y; - Y,.]T, vr(I) C R* x R™
represents the set of real-valued solutions to the algebraic
equations ¢1(X,Y) =0,...,9,(X,Y) = 0. Note that every



polynomial in I vanishes at any (X,Y) € Vr(I). If a poly- ideals with fewer generators than to construct the Grobner
nomial h € R[Y] also belongs to I, then h(Y) = 0 holds basis for all the polynomials in the ELE.

for any (X,Y) € Vr(I). That is, I NR[Y] gives the set of
polynomials that vanish at the Y-coordinates of points in
Vr(I). More precisely, the affine variety containing all the
Y-coordinates of points in Vr(I) is characterized by the

following lemma [13]_' . optimal state feedback laws is obtained by recursively
Lemma 1: For anideal I € R[X, Y], the following holds: solving the discrete-time Riccati equation backward, which
vy (Wr(I)) C V(I NR[Y)), motivates the following algorithm for constructing alge-
braic equations for the costate and input recursively.
where my (Vr(I)) denotes the projection of Vr(I) on the Algorithm 2 (Recursive Elimination Method):

Y- ie.
SPace, 1.6, 1) Let Iy := (Fn) C R[zn,pn], and let k:= N — 1.
my(Vr(I)) :={Y e R™: (X,Y) € Vr(I) for some X € R"}. 2) Do while £ >0

IV. RECURSIVE ELIMINATION METHOD

In the case of the LQ control problem, a sequence of

It is readily shown that I NR[Y] is an ideal, and I NR[Y] a) Define an ideal Iy C R[Zji1, Pty Thy Uk Py
is called the elimination ideal of I with respect to Y. Y] as

A basis (a set of generators) of an elimination ideal can
be computed by using a Grobner basis [12], [13], which is Iy = (Fit1, Dak®hi1 — Nak, DpkPr — Npk,
a set of generators with some nice properties and whose Nais 1 — yudy).
computation algorithm is implemented in various symbolic
computation systems. The following lemma [13] gives a b) Define ideals I, C Rlzg,pp] and K C
computation method for an elimination ideal. Rz, uy] as

Lemma 2 (Elimination Theorem): Let Gp be a
Grobner basis of an ideal I C R[X,Y] with respect to Iy = (Fy) =I; NRlzg,pr,
a lexicographic order such that X7 > --- > X,, > Y7 > K, = (Gp)= I, ARz, wil,
.-+ >Yy,. Then, GgNR[Y] is a Grobner basis of INR[Y].

Note that any ideal of a polynomial ring over a field has where F}, and Gy are vectors of the generators
a Grobner basis consisting of a finite number of generators of I NR[xk, pi] and Iy NR[zy, ug], respectively.
[12], [13]. It should also be noted that the number of ¢) ki=k—1
generators can be specified for a particular class of ideals Theorem 1: Suppose sequences of the states (Ik)kN:m
(see Lemma 4 in Section V). costates (px)i_o, and control inputs (uy)y_, satisfy the

By a simple application of Lemma 1 and Lemma 2, gLE. Then, for I = (F},) (k=0,...,N) and K = (G
algebraic equations can be obtained for the state, costate, (k =0,...,N — 1) obtained by Algorithm 2, (z,pi) €

and con‘Frol input at ea'ch tingLE . Ve(Ip) (k = 0,...,N) and (z,ux) € Va(Kp) (k =
Algogg’;m 1: Define ideals I™%, """ (k=0,...,N), 0, ... N —1) hold. That is, Fi(zs,pr) =0 (k=0,...,N)
and K% (k=0,...,N —1) as and Gy (zg,ux) =0 (k=0,...,N —1) hold.
jELE = <D101'1 — Nzx0, Dpop() — Npo, o, 1- yOJ()v R P?”OOf.' guppose Sequenc.es of the ]S\;'tftlzes (.l‘k){cv:(y
D D costates (pr)i—q, and control inputs (uy),_, satisfy the
o N=1EN = M, N =1, Zp, N-1PN-1 = p,N=1: = B and, equivalently, (6)-(11). First, let k& = N. Since
Ny, N-1,1 —yn—1dn-1, FN) Fn(zn,pn) = 0 holds, (zn,pn) € Vr(In) holds as
C R0, P0, %0, Y05 -+ - y TN -1, PN—1, UN 1, claimed. Next, suppose (z,pr) € Vr (k) holds for some
YN_1, TN PN ], k (0 < k < N), then, from the definition of I;_1,
ELE ._ 7ELE _
L o I_ N Rlze, pel, (Th, P> Th—15 Uk—1, Pk—1, Yu—1) € VR(Ix—1)
KFLE = TPLENR[zy, ugl.

If sequences of the states (wy)i_,, costates (pg)i_,, holds with yy1 = 1/dx_1(zr—1,ur—1). By taking the
and control inputs (uy)p_, satisfy the ELE, Lemma 1 projections of Vr(/—1) and by applying Lemma 1 to I} 1,
implies that (vx,pr) € VRUIEFLF) (k = 0,...,N) and we have
(wg,ur) € VR(KELE) (k=0,...,N — 1) hold. Therefore, -
the generators of an ideal constructed by Algorithm 1 (Te-1,P6-1) € T(apype) VRUE-1)) C VR(TE-1),
define an algebraic equation satisfied by any solution to (xp—1,uk—1) € W(mk,l,uk,l)(VR(I_k—l)) CVr(Kk-1),
the ELE, and this equation can be used to determine
the costate or control input as an implicit function of the which completes the proof by induction. O
state. However, the maximal degree and cardinality of the Remark 2: Although Algorithm 2 does not essentially
generators of a Grobner basis are known to be double- resolve the double-exponential complexity in the compu-
exponential to the number of generators of a given ideal tation of Grobner bases, it can be more efficient than
in the worst case [14]. Therefore, it is computationally —Algorithm 1 in practice, as shown in the example in

preferable to compute a sequence of Grobner bases of Section VI



V. EXISTENCE OF ALGEBRAIC STATE FEEDBACK LAWS

Note that a state feedback law consisting of algebraic
functions is regarded as a point in R(xz) . Therefore, a
set of algebraic state feedback laws defined by a set of
polynomials in z and u can be regarded as an affine variety
defined by an ideal of R(x)[u] instead of Rz, u] in the
previous section. To characterize affine varieties in R(x)m,
additional notions of commutative algebra and algebraic
geometry are introduced for the polynomial ring R(x)[u].
The same argument also applies to R(z)[p]. The argument
x is often omitted for elements of R(z)[u] and R(z)[p]
hereafter.

For an ideal K C Rz, u], the extension of K to R(x)[u]
is the ideal generated by K over R(xz)[u] and is denoted
by K¢, i.e.,

K¢ =

{81G1+-~-+85G51817...,
Gi,...,Gy € K;£ € N}.

An ideal J € R(z)[u] is called zero-dimensional if
V(J) C mm is a finite set. Zero-dimensional ideals are
characterized by the following lemma [15], [16].

Lemma 8: Ideal J C R(x)[u] is zero-dimensional if and
only if there exists a nonzero polynomial ¢; € R(x)[u;] for
each ¢ = 1,...,m such that JNR(z)[u;] = (y).

The polynomial 1; € R(x)[u;] in Lemma 3 is called the
minimal polynomial of w; with respect to J. Note that
J N R(z)[u;] = (¢;) is an elimination ideal of J and its
generator v; can be computed by using a Grobner basis.

If a¥ € J for some integer v always implies a € J, then
ideal J is called radical. For an ideal I C R(z)[u], the set

VT ={a e R(x)[u] : a” € I for some v € N}

s¢ € R(x)[ul;

is a radical ideal and is called the radical of I. Obviously,
V(I) = V(VI) holds. There is an algorithm for obtaining
the radical of a zero-dimensional ideal [15], [16].

If a zero-dimensional ideal J is also a radical ideal, the
following lemma [17] gives the exact number of its gener-
ators and guarantees the nonsingularity of the Jacobian
matrix defined by them, which is useful for further char-
acterization of the elements of V(J) as implicit functions.

Lemma 4: If J C R(z)[u] is a zero-dimensional radical
ideal, it has exactly m generators Gi,...,Gp, € R(z)[u],
and det[0G;(u*)/0u;] # 0 for every u* € V(J).

This lemma is a straightforward extension of a similar
lemma in [10] for a maximal ideal, using a characterization
of zero-dimensional radical ideals [16], [18]. Finally, the
Grobner basis of a zero-dimensional radical ideal has a
particular structure under a mild assumption [12], [15],
which is useful for computing the generators in Lemma 4.

Now, the existence and uniqueness of costates and state
feedback laws consisting of algebraic functions of the state
are characterized under the following assumption.

Assumption 1: There exist sequences of states (:fk),]gvzo,
costates (py)i_,, and inputs ()5, such that the ELE
hold and

T
82Hk n (&fk) S Afy (12)

oz T\ oz Bz

holds for k = 0,..., N — 1, where (Sj)I_; is the solution
to the following discrete-time Riccati equation:

§ = P (0 ofi
k O 150
82Hk f T 8fk
<8x8u + 6) Sk“@u)
afk T Of
( -+ Ou ) Sk“@u)
_|_ % ' S %
ou 1o
(k = -1), (13)
P
Sno = 55N (14)

In (12) and (13), the arguments are (Zy, Uk, Pr+1) for par-
tial derivatives of Hy and (Zy,uy) for partial derivatives
of fk.

The ELE (2)—(5) together with (12) are the second-order
sufficient conditions for local optimality [4].

Theorem 2: Suppose Assumption 1 holds and all I} C
R(zr)pe) (K = 0,...,N) and K] C R(xg)us
(k = 0,...,N — 1) obtained by Algorithm 2 are zero-
dimensional. Then, there exists a unique sequence of alge-
braic state feedback laws u} € V(K§) (k=0,...,N — 1)
that are defined on some neighborhoods of z; = T} and
satisfy uj(Zr) = Gy, and there exists a unique sequence
of algebraic costates p;, € V(If) (k = 0,...,N) that are
defined on neighborhoods of zy, = Z;, and satisfy p}(Zx) =
Dk Moreover, for any initial state in some neighborhood of
To, the closed-loop trajectory (z{'L)N_, given by uj(z{'L)
gives a local optimal solution satisfying the ELE and (12)
with the costates given by pj (z CL).

Proof: For each ¢ = 0,. — 1, Assumption 1 im-
plies that the sequences of states (ik){g\’:e, costates (P )h_,,
and inputs (ﬂk)g:}l satisfy the second-order sufficient con-
ditions for local optimality for the optimal control problem
with a horizon for £k = /¢,...,N. Then, by a classical
result of sensitivity analysis [3], [19], there exists a unique
set of differentiable functions (zf(z¢))N_,, (pk(z))_,,
and (uf(w¢))p_, satisfying @f(Z,) = Zx, ph(Ze) = pPr,
uy(T¢) = Uy, and the second-order sufficient conditions
for local optimality for any x; in some neighborhood of .
The uniqueness of a local optimal solution implies that

@y (af, (x0) = wf? (¢4, (ze)) (k=¢,....N), (15)
i (g, (z0) = pi (2, (20))  (k=1¢,...,N), (16)
i (ag, (20) = w (ap,(w0)) (k=¢,...,N—=1), (17)

hold for any ¢1,¢5 € {¢,...,k} and for any z, in some
neighborhood of Z,. It is also obvious that xﬁ(xg) = 12y

and p§(z¢) = pe hold.
ub(zy) and fET(xr) =

Now, define uj(zy) :=
Si(@e, uj(ze)) for k = 0,...,N — 1. Then, 2}, (zx) =
N — 1 and for any x; in

CL(xy) holds for k = 0,...,
some neighborhood of Zj. This expression, together with



(15) and 3 (o) = o, leads to

zp(zo) = ap lo---oxl(w)
= fk71o OCL(xO) (k=0,...,N).

That is, (29 (z0))I_, is the closed- 1oop trajectory given by

the state feedback laws (uf(zx))r g, and z{" = 29 (z0)
holds. Similarly, we have

up(zo) = ui(zR(z0)) = up(af™) (k=0,...,N 1),
p%(xo) = pk(xk(xo)) pZ(kaL) (k:O77N)a
where p; is defined as pi(xx) := pi(xx). Therefore,

the closed-loop traJectory (BN o and corresponding

inputs (uj(x{")) N -," and costates (pi(z§ 7)) 0 are iden-
tical to the local optimal solution given by (29 (z0)) .,
(P9 (w0)) A, and (ud(z0))r_y, which satisfy the second-
order sufficient conditions for local optimality, namely, the
ELE and (12).

Finally, it remains to show that the state feedback law
uj(xx) and the costate p}(zy) are algebraic functions and
belong to V(K}) and V(If), respectively. For any zj in
some neighborhood of Ty, xx, pj(xk), and uj(zx) belong
to a local optimal solution satisfying the ELE. Therefore,
Theorem 1 implies that (z,pi(zx)) € Va(lx) (K =
0,...,N) and (zg,uj(zx)) € Vr(Ky) (k=0,...,N —1)
hold. Since I; and K} are zero-dimensional, Lemma 3
implies the existence of the minimal polynomial of each
ug; and pg; with respect to K and If, respectively. Let
¥r; be the minimal polynomial of uy; (i =1,---,m) with
respect to K. By Remark 1, vy; can be chosen from
R[zk, u;] so that ¥y, € Kj also holds. Then, for any x
in the neighborhood of Z, (zx, uj(zx)) € Vr(K})) implies
that ¢ (zk, ui,;(xr)) = 0. That is, every component uj, is
a root of a polynomial ¢y; € Rz, ur;], and, equivalently,
is an algebraic function. Moreover, (zx, uf(zx)) € Vr(Kk)
also implies that u} is an element of R(xk)m such that
every polynomial in K} vanishes at uj and, therefore,
every polynomial in K} also vanishes at u}, which means
up € V(KF). The same argument also applies to show
i, € V). O

If the assumptions in Theorem 2 are satisfied, Lemma
4 guarantees that /K¢ € R(x)ux] (K = 0,...,N —
1) have exactly m generators as \/Kf = (Gf), where
G5 € R(zg)[ur]™. Lemma 4 also guarantees that
OGS (wy,u})/Ou € R(xk)mxm is nonsingular at each uj}, €
V(K;) = V(y/K§). Then, for 2, in an open and dense sub-
set of R"™, OGS, (xy, uj(zr))/0u € R™ ™ is nonsingular.
Therefore, Newton’s method or the continuation method
is applicable to G§(xk,u;) = 0 to find u}(zx) € R™ for
z, € R™. The same argument also applies to \/E and pg.

Alternatively, one can also use minimal polynomials
of ug; (¢ = 1,...,m) to calculate uj(xy). For example,
if Ki is zero-dimensional, its radical \/ITz is also zero-
dimensional and, by Lemma 3, contains minimal poly-
nomials vy; € R( )[uki] of up; (i = 1,...,m) such
that /K¢ N R(z)[uks] = (¥r;) holds. Therefore, the ith
component of uj € V(K}) is a root of ¢;, and the value of
uy,; (xr) € R for some z;, € R™ can be found by solving the

univariate algebraic equation ¢y, (ug;) = 0. In particular,
the continuation method can also be used. Note that each
component uj,(zx) can be computed independently of
other components.

VI. EXAMPLE

Consider the following single-input two-dimensional sys-

tem:
Tk2
—Tp1 + ’

1+91k1

Tk41 = [

together with the performance index
3
1 5 1
= gl + 3 50

for which the recursive elimination method (Algorithm
2) in Section IV is applied. It is obvious that the trivial
solution to the ELE, uy =0 (k=0,...,N—1), (z,px) =
(0,0) (k =0,...,N), satisfies the second-order sufficient
conditions for local optimality because the linearization
around (xp,ur) = (0,0) gives a standard LQ control
problem with positive definite weights for the state and
input. Consequently, Assumption 1 in Theorem 2 holds.

Algorithm 2 yields a sequence of ideals I, C Rz, pk]
as follows:

k]l + llu 1),

I, = (p41 — T41,P42 — I42>,

Is = ((a3; + 423, + 8x3; + 831 + 4)ps1 — 225,
— 83, — 1623, — 1523, — 6231, p3o — 232),

I, = ((x3, +4a3, + 1022, 4+ 1229, + 9poy — - -,
(23, + 423y + 822, 4 8Ty + 4)pag — -+ ).

Ideals Iy and I are omitted here due to the limitation of
space. Ideal I is generated by two polynomials: one is fifth
degree in p1; and the other is first degree in pq5. Ideal I
is also generated by two polynomials: one is fifth degree
in pg; and the other is fifth degree in pgo. In this example,
every ideal [j is generated by two polynomials, one in
Rz, pr1] and the other in Rz, pre]. Therefore, Lemma
3 implies that every If C R(xy)[px] is zero-dimensional
and is generated by the same polynomials as ;. All I
are also radical because their generators are square-free
[12]. Then, the costate pj can be obtained explicitly by
Theorem 2 for k = 2,3,4.

Algorithm 2 also yields a sequence of ideals Kj C
R[zk, ux] as follows:

Ks ((9631 + 231 + 2)uz — x3; — T31),
Ky = ((a3 21 + 2291 + 3)ugy — 222, — 2x91),
K1 = ((@}) + 2z +4)ui + ),

Ko = ((x3, +2z01 +5)ug; +---).

In this case, every ideal K} is generated by a single
polynomial in R[zg,u]. Therefore, Kf C R(zg)[ux] is
also generated by the same polynomial and, according to
Lemma 3, is zero-dimensional. Moreover, every generator
of K}, is square-free, which implies that K} is also radical.



Then, the optimal state feedback laws uj(xy) for k =
2,3 can be obtained explicitly as roots of K5 and K,
respectively. For & = 0,1,2, since the degrees of the
generators of K| are greater than or equal to 5, the
optimal state feedback laws cannot be obtained explicitly.
However, these generators give exact algebraic equations
that determine u} (), which can be solved by the method
described in the previous section. For example, the func-
tion ug(xo) is shown in Fig. 1.

In this example, Algorithm 2 and Newton’s method
are implemented for the symbolic computation of the
ideals and for the numerical computation of the state
feedback law, respectively, using Mathematica on a PC
(CPU: Intel Core i7-3520M 2.90 GHz, RAM: 7.88 GB).
The computational time for Algorithm 2 to obtain the
sequences of ideals I, and Ky is 1.0 s. On the other hand,
the computational time for obtaining the corresponding
ideals IELE and K,fLE in Algorithm 1 is 77.9 s. Therefore,
Algorithm 2 is computationally more efficient than the
simple application of the elimination method to all the
ELE.

The maximum computational time required to numer-
ically obtain each control input in Fig. 1 is 0.73 ms
with an average time of 0.67 ms. On the other hand,
when Newton’s method is used to solve all the ELE, the
maximum computational time required to obtain the same
control input is 2.5 ms and the average time is 1.8 ms.
Therefore, the proposed method is computationally more
efficient than solving all the ELE numerically when real-
time computation of the state feedback law is necessary at
each time.

Fig. 1. Optimal state feedback law ug(zo).

VII. CONCLUSION

In this technical note, a recursive elimination method
has been proposed for solving the ELE in FHOCPs of
discrete-time rational systems. At the expense of restrict-
ing the system to consist of rational functions, some tools
from commutative algebra and algebraic geometry are
applied. Instead of the numerical solution or symbolic
manipulation of all the ELE as a whole, sequences of

algebraic equations for the control input and costate at
each time are constructed backward, starting from the
terminal condition in the ELE. There is no approximation
involved in the construction of the algebraic equations,
in contrast to most conventional approaches to nonlinear
optimal control problems. Sufficient conditions were given
for the existence and uniqueness of locally optimal state
feedback laws in the form of algebraic functions. It was
shown in the example that the proposed method can be
computationally more efficient than dealing with all the
ELE as a whole.
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