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[1] We show that the anomalous cyclotron resonance between relativistic electrons and
electromagnetic ion cyclotron (EMIC) triggered emissions takes place very effectively
near the magnetic equator because of the variation of the ambient magnetic field. Efficient
precipitations are caused by nonlinear trapping of relativistic electrons by
electromagnetic wave potentials formed by EMIC triggered emissions. We derive the
necessary conditions of the wave amplitude, kinetic energies, and pitch angles that must
be satisfied for the nonlinear wave trapping. We have conducted test particle simulations
with a large number of relativistic electrons trapped by a parabolic magnetic field near the
magnetic equator. In the presence of coherent EMIC-triggered emissions with increasing
frequencies, a substantial amount of relativistic electrons is trapped by the wave, and the
relativistic electrons at high pitch angles are guided to lower pitch angles within a short
time scale much less than a second, resulting in rapid precipitation of relativistic electrons
or relativistic electron microbursts.
Citation: Omura, Y., and Q. Zhao (2013), Relativistic electron microbursts due to nonlinear pitch angle scattering by EMIC
triggered emissions, J. Geophys. Res. Space Physics, 118, 5008–5020, doi:10.1002/jgra.50477.

1. Introduction
[2] Coherent emissions of electromagnetic ion cyclotron

(EMIC) waves have been found in observations by the
Cluster spacecraft in the magnetosphere [Pickett et al., 2010;
Grison et al., 2013]. Most of the emissions show dynamic
spectra with rising-tone frequencies triggered by constant
frequency EMIC waves, and they are called EMIC trig-
gered emissions. Since the characteristics of the emissions
are very similar to those of whistler-mode chorus emis-
sions [e.g., Tsurutani and Smith, 1974; Anderson and Kurth,
1989; Lauben et al., 1998, 2002; Santolik et al., 2003;
Kasahara et al., 2009], a nonlinear theory, which is essen-
tially the same as the nonlinear wave growth theory for
whistler-mode chorus emissions [Omura et al., 2008, 2009],
has been developed based on formation of electromagnetic
proton holes in the velocity phase space [Omura et al.,
2010]. The theory has been tested with the observations
and simulations [Shoji and Omura, 2011, 2012; Shoji et al.,
2011], finding good agreements in the nonlinear growth rates
and the amplitude thresholds for the wave growth. These
EMIC triggered emissions consisting of a series of rising
tones are excited near the magnetic equator by energetic pro-
tons from several keV to a few hundred keV injected into
the inner magnetosphere.
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[3] In the generation process of EMIC triggered emis-
sions, a substantial amount of the energetic protons are
scattered into the loss cone [Shoji and Omura, 2011]. It has
also been recognized well that EMIC waves can interact with
relativistic electrons through the anomalous cyclotron reso-
nance, and quantitative evaluation of the relativistic electron
precipitation (REP) has been made based on the quasi-
linear diffusion model [e.g., Summers et al., 2007a, 2007b;
Jordanova et al., 2008]. Ground and satellite observations
show that EMIC waves cause precipitation of ions with ener-
gies of tens of keV and precipitation of relativistic electrons
into an isolated proton aurora at the same time [Miyoshi et
al., 2008; Spasojevic et al., 2011]. The Finnish pulsation
magnetometer chain and riometer chain also confirmed the
link between the EMIC waves and intense REP [Rodger
et al., 2008]. Large losses of relativistic electrons due to
EMIC waves are also observed at the recovery phases of
geomagnetic storms [Sandanger et al., 2009]. A statistical
study on EMIC-driven REP has been made by Carson et al.
[2013], and they found that majority of proton precipitation
associated REP occurred outside the plasmasphere.

[4] A theoretical and numerical analysis of nonlinear
interaction between an EMIC wave and relativistic electrons
was performed by Albert and Bortnik [2009] and Liu et al.
[2012]. The study has been extended for a coherent EMIC
wave with a variable frequency for application to EMIC
triggered emissions by Omura and Zhao [2012] (hereinafter
OZ12). In OZ12, the nonlinear trapping of resonant elec-
trons results in very efficient pitch angle scattering due to
combination of the rising frequency and the inhomogeneous
magnetic field near the magnetic equator. The untrapped res-
onant electrons are scattered to higher pitch angles, while
the trapped resonant electrons are transported to much lower
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pitch angles. Some of the electrons are scattered into the
loss cone within a short time scale much less than a sec-
ond. The rapid precipitations could be related to observa-
tions of relativistic electron microbursts at low altitudes
[Lorentzen et al., 2001; Johnston and Anderson, 2010].

[5] We study the nonlinear resonant interaction to evalu-
ate the efficiency of precipitation into the loss cone by the
EMIC triggered emissions. The anomalous cyclotron res-
onance condition for different energies of electrons with
different wave frequencies, which was not studied suffi-
ciently in OZ12, is further analyzed in section 2. We make
use of the second-order resonance condition derived by
OZ12 to find the amplitude threshold for the nonlinear trap-
ping of electrons. In section 3, we examine the resonance
conditions by test particle simulations assuming a simplified
model of a wave packet used in OZ12. Implementing the
frequency variation of an EMIC triggered emission based
on the EMIC chorus equations [Omura et al., 2010], we
perform test particle simulations with a large number of par-
ticles to find out rates of REP in section 4. We present the
summary and discussion in section 5.

2. Nonlinear Resonant Trapping of Relativistic
Electrons by EMIC Triggered Emissions

[6] An L-mode EMIC wave with a frequency ! and
a wave number k can interact with a relativistic electron
satisfying the anomalous cyclotron resonance condition

! – kvk = –
�e

�
, (1)

where � is the Lorentz factor of the electron. The electron
cyclotron frequency is given by

�e =
eB0

me
, (2)

where e (> 0), me, and B0 are the electron charge, rest
mass, and the magnitude of the magnetic field, respectively.
Based on the resonance condition, we define the resonance
velocity as

VR =
1
k

�
! +

�e

�

�
. (3)

The frequency of the L-mode EMIC wave is below the pro-
ton cyclotron frequency �H. Since ! < �H << �e, we can
approximate VR as

VR =
�e

�k
. (4)

The linear dispersion relation of the EMIC wave [Omura
et al., 2010] yields

k =
p
!…c

c
, (5)

where c is the speed of light, and …c is given by (OZ12)

…c = !
X

s

!2
ps

�s(�s – !)
. (6)

The variables �s and !ps are the cyclotron frequency and
the plasma frequency of ion species “s”, respectively. In the
present study, we assume presence of proton H+, helium
He+, and oxygen O+ ions. We assume the variation of

Figure 1. Schematic illustration of frequency variation of
the EMIC wave packet at the initial time t0 and a later time
t1 (> t0) in red and blue, respectively. A resonant electron
passes through the wave packet with vk much greater than
the group velocities of the wave front (Vgf) and tail (Vgt). The
position z = 0 refers to the magnetic equator. (After OZ12).

the magnetic field near the equator is approximated by a
parabolic function expressed by

B0(z) = BEQ(1 + az2) , (7)

where BEQ is the magnetic field at the equator, and a =
4.5/(LRE)2. In the present study, we assume a = 3 � 10–7

�2
e0/c2, which is the typical value at L = 4.27. We normal-

ize a time t and a distance z by �–1
e0 and c/�e0, respectively,

where �e0 is the electron cyclotron frequency at the mag-
netic equator. We also assume that the densities of ions vary
proportionally with the intensity of the ambient magnetic
field, i.e., !2

ps / B0(z).
[7] The wave frequency varies as a function of a time

t and a position z. When a resonant electron interacts with
a wave packet of an EMIC rising-tone emission, it goes
through the wave packet with a parallel velocity vk much
faster than the group velocity (vk >> Vg) of the packet.
As schematically illustrated in Figure 1, the wave frequency
! seen by an electron moving away from the equator
decreases, while the cyclotron frequency�s increases as the
magnitude of the magnetic field increases. Because of these
variations, the wave number k and the resonance velocity VR
take wide ranges of values.

[8] As demonstrated by OZ12, the kinetic energy of a
resonant electron hardly changes through interaction with
EMIC waves (see OZ12, Figure 8). For simplicity, we
assume the magnitude of the electron velocity is constant as
v0, which is expressed in terms of the Lorentz factor � as

v0 = c

s
1 –

1
�2 . (8)

Using the pitch angle ˛ of the velocity, we can express the
parallel velocity of the electron as

vk =
c
�

p
�2 – 1 cos˛ . (9)
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(a)

(b)

Figure 2. (a) Minimum resonance energy Kmin as a
function of the wave frequency ! at the magnetic equator
(z = 0). The right edge of the ! axis is�H (3.7 Hz). Since we
have oxygen and helium, ions in addition to protons, there
exist three L-mode EMIC wave bands, i.e., oxygen, helium,
and proton bands. The lower and upper limit of the wave fre-
quency of the EMIC triggered emission is indicated by blue
dashed lines. (b) Inhomogeneity factors S at the equator for
electrons of 1 MeV (black), 2 MeV (blue), 3 MeV (cyan),
4 MeV (green), 5 MeV (yellow), and 6 MeV (red).

Assuming the cyclotron resonance condition vk = VR, we
obtain from (4), (5), and (9)

cos˛ =
�ep

!…c(�2 – 1)
. (10)

This equation is equivalent to the cyclotron resonance
condition (1). Since electrons are scattered to low pitch
angles close to 0ı through the resonance, cos˛ approaches
to unity. Substituting (10) into cos˛ < 1, we have

� >

s
1 +

�2
e

!…c
. (11)

Noting that � gives the kinetic energy K = mec2(� – 1), we
can obtain an expression for the minimum resonance energy
Kmin as

Kmin = mec2

0
@
s

1 +
�2

e
!…c

– 1

1
A , (12)

which is plotted in Figure 2a for the physical parameters
listed in Table 1. We note that equations (42)–(46) of OZ12
concerning the derivation of the minimum kinetic energy
are not exact because of the inappropriate assumption of
an independent v?, which is actually determined from the
resonance condition vk = VR. From (4), (5), and (8), we
can obtain

v? =
c
�

s
�2 – 1 –

�2
e

!…c
, (13)

where � should satisfy (11). We make use of (13) in deriv-
ing conditions of nonlinear trapping of resonant electrons,
and the evaluation of the inhomogeneity factor S is given
in Figure 2b for comparison with Figure 2a. The frequency
ranges of S > –1 correspond to the ranges of nonlinear
trapping, which is described later.

[9] Assuming the parabolic variation of the ambient
magnetic field, we plot pitch angles ˛ given by (10) for five
equi-spaced frequencies from 1.7 Hz (! = 2.51 � 10–4 �e0,
0.46�H0), where �H0 is the proton cyclotron frequency at
the equator, to 2.8 Hz (! = 4.25 � 10–4 �e0, 0.76�H0) as
functions of z in blue, cyan, green yellow, and red, respec-
tively in each panel of Figure 3. These curves represent
the cyclotron resonance condition for different frequencies.

Table 1. Input Parameters

Parameter Normalized Value Real Value

time step �t 0.2/�e0 4.7� 10–6 s
grid spacing �z 1.0c/�e0 7.0 km
electron cyclotron frequency at equator fce 6.8 kHz
proton cyclotron frequency at equator fcH 3.7 Hz
electron plasma frequency at equator fpe 18 fce 120 kHz
electron density at equator ne 178 /cc
proton density at equator nH 0.81 ne 144 /cc
helium density at equator nHe 0.095 ne 17 /cc
oxygen density at equator nO 0.095 ne 17 /cc
electron plasma frequency at equator !pe 18�e0 7.5� 105 rad/s
coefficient of parabolic magnetic field a 3.0� 10–7 �2

e0/c2

wave frequency f 0.46 – 0.76 fcH 1.7–2.8 Hz
wave amplitude Bw 0.009BEQ 2.2 nT
perpendicular velocity of energetic protons V?0 0.0027c 800 km/s
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(a) (b)

(c) (d)

1.1MeV 2.1MeV

3.1MeV 4.1MeV

(e) 5.1MeV (f) 6.1MeV

Figure 3. Pitch angles of relativistic electrons satisfying the anomalous cyclotron resonance condition
with EMIC waves with different frequencies indicated by red, yellow, green, cyan, and blue solid lines
corresponding to wave frequencies 2.80, 2.53, 2.25, 1.96, and 1.70 Hz, respectively. The waves propagate
along the parabolic magnetic field specified by the coefficient a = 3.0 � 10–7 �2

e0/c2. The black dashed
lines represent the adiabatic trajectories of electrons for the equatorial pitch angles 10, 20, 40, 50, 70, 80ı,
while the adiabatic trajectories for 30 and 60ı are plotted in blue and magenta dashed lines, respectively.
The resonance conditions are plotted for different energies of electrons: (a) 1.1, (b) 2.1, (c) 3.1, (d) 4.1,
(e) 5.1, and (f) 6.1 MeV.

Since the resonance condition is also determined by energies
of electrons, the resonance curves are plotted for different
energies (a) 1.1 MeV, (b) 2.1 MeV, (c) 3.1 MeV, (d) 4.1 MeV,
(e) 5.1 MeV, and (f) 6.1 MeV in each panel of Figure 3. We
assume a wave packet as illustrated in Figure 1. The wave
packet of the EMIC triggered emission has the wave front
with the frequency 1.7 Hz and the wave tail with the fre-
quency 2.8 Hz. Namely, the red line refers to the wave tail
of 2.8 Hz, while the blue line refers to the wave front of 1.7
Hz in Figure 3. The green line corresponds to the middle
part of the wave packet. The resonant electrons pass through
the wave packet from the tail to the front, seeing the wave
frequency decreasing from 2.8 to 1.7 Hz.

[10] When electrons are out of resonance, they follow
adiabatic bounce motions with pitch angle variations given
by

sin˛ =

s
B0(z)
BEQ

sin˛EQ , (14)

In Figure 3, the adiabatic orbits are also plotted in black
dashed lines for ˛EQ = 10, 20, 40, 50, 70, and 80ı and blue
and magenta dashed lines for 30 and 60ı, respectively.

[11] Nonlinear wave trapping of resonant electrons takes
place in the velocity phase space (�, � ), where � is an angle
between a perpendicular velocity v? of an electron and the
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wave magnetic field, and � represents a difference between a
parallel velocity vk and the resonance velocity VR converted
to the unit of frequency, i.e., � = k(vk – VR). The dynamics
of the trapped electrons is described by the following set of
equations derived by OZ12.

d�
dt

= –� , (15)

and
d�
dt

= !2
tr(sin � + S) , (16)

where S is the inhomogeneity factor given by

S = –
1
!2

tr

�
s1
@!

@t
+ s2Vp

@�e

@z

�
, (17)

and !tr is the trapping frequency given by

!tr =

s
kv?�w

�
, (18)

where �w = eBw/me.
[12] Setting the second-order derivative of the phase

angle � as zero, i.e., d� /dt = –d2�/dt2 = 0 in (16), we obtain
the second-order resonance condition

sin � + S = 0 , (19)

whereas � = 0 in (15), i.e., vk = VR is called the first-order
resonance condition. When |S| < 1, we can find two phase
angles satisfying the condition. One is a stable equilibrium
point, around which trapped electrons oscillate. The other is
an unstable equilibrium point or a saddle point.

[13] The parameters s1 and s2 are given by

s1 =
�

VR

Vg
– 1
�2

, (20)

s2 =
!

�e

 
v2
?

– V 2
R

2V 2
p

+
V 2

R
VgVp

!
+

VR

�Vp
, (21)

and Vp = !/k. The group velocity is derived by OZ12 as

Vg =
2c2k
!�

, (22)

where

� =
X

s

!2
ps(2�s – !)
�s(�s – !)2 . (23)

Since the velocity of a resonant electron is much greater
than the group velocity of the wave packet, we can assume
VR >> Vg, and we have

s1 =
V 2

R
Vg

=
(!�e� )2

4�2k 4c4 . (24)

We consider the necessary condition for nonlinear wave
trapping near the magnetic equator neglecting the spatial
gradient of the magnetic field in the inhomogeneity factor,
which is rewritten as

S = –
s1

!2
tr

@!

@t
. (25)

To satisfy the second-order resonance condition, we need
the condition |S| < 1. Setting S = –1 in (17), substituting
(13), (18), and (24) into (25), and solving for �w, we obtain
the threshold amplitude �th for the nonlinear trapping of
relativistic electrons by an EMIC triggered emission as

Q�th =
�2�3

e0
4�…5/2

c !1/2

�
1 –

1
�2

�
1 +

�2
e0

!…c

��–1/2
@ Q!

@ Qt
, (26)

where Q�th = �th/�e0, Q! = !/�e0, and Qt = t�e0. The nonlin-
ear wave trapping of resonant electrons becomes possible at
the equator, when S > –1, which is rewritten as a condition
of the wave amplitude Bw for the nonlinear trapping as

Bw > Q�thBEQ . (27)

[14] Resonant electrons trapped by a wave packet are
guided along the resonance velocity which increases as they
move away from the equator. Trapped electrons are grad-
ually detrapped because the gradient of the magnetic field
as expressed by the second term in (17) increases to make
|S| greater. Once |S| > 1, all electrons are detrapped. The
changes of the wave amplitude �w and the wave number
k in (18) also contribute to the variation of |S|. The wave
can grow through propagation from the equator to higher
latitudes. Both Bw and the gradient of the magnetic field
increases, making the frequency sweep rate less important in
controlling the inhomogeneity factor S. It is also noted that
the threshold amplitude becomes smaller for higher-energy
electrons because of the dependency on � in (26). Highly
energetic electrons with appropriate ranges of pitch angles
shown in Figures 3c–3f, can easily be trapped near the equa-
tor by EMIC triggered emissions even with relatively small
wave amplitudes.

3. Test Particle Simulations With a Simplified
Wave Packet

[15] With the simple wave packet model defined by the
wave front and tail assumed in OZ12, we perform test
particle simulations with different energies (a) 1.1, (b) 2.1,
(c) 3.1, (d) 4.1, (e) 5.1, and (f) 6.1 MeV, corresponding to the
six cases presented in Figure 3. We assume the wave front
with a wave frequency 1.7 Hz (0.46�H0 or 2.51 � 10–4�e0)
at z = 1000c/�e0 and the wave tail with a wave frequency
2.8 Hz (0.76�H0 or 4.25�10–4 �e0) at z = 0c/�e0. The wave
frequencies between the wave front and tail are linearly
interpolated in space, while the wave amplitude is assumed
constant at Bw = 0.009BEQ, which corresponds to 2.2 nT for
L = 4.27. In Figure 4, we plot time histories of pitch angles
˛, the distribution F of the resonant electrons as a function
of an equatorial pitch angle ˛EQ, and D = (vk–VR)/Vtr, where
Vtr is the trapping velocity given by

Vtr = 2
!tr

k
= 2

s
v?�w

�k
, (28)

which is derived by OZ12. The wave model and other
conditions are the same as assumed in the simulation shown
in Figure 5e of OZ12, and the physical parameters are listed
in Table 1.
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Figure 4. Trajectories of resonant electrons in (left) pitch angles ˛ interacting with an EMIC wave
packet with a rising frequency from 1.7 to 2.8 Hz, (middle) distributions F of electrons as functions
of the equatorial pitch angle ˛EQ and the initial distributions in dotted lines, and (right) trajectories in
D = (vk – VR)/Vtr. The energies of resonant electrons are (a) 1.1, (b) 2.1, (c) 3.1, (d) 4.1, (e) 5.1, and
(f) 6.1 MeV.

[16] We inject electrons at z = –10c/�e0 with positive par-
allel velocities. In the left and right columns of Figure 4,
we plot trajectories of specific electrons showing the most
significant changes of pitch angles at different initial pitch
angles from 30 to 60ı with an interval of 1ı. At each pitch

angle, we trace 360 particles with different gyrophases with
an interval of 1ı. If the maximum decrease in pitch angle is
5ı or more, it is plotted in red. If the maximum increase in
pitch angle is 1ı or more, it is plotted in blue. When elec-
trons satisfy –1 < D < 1, it means that the electrons can be
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Figure 5. Trajectories of resonant electrons (left) in pitch angle ˛, (middle) in the phase space (� , �),
and (right) distributions F similar to Figure 4 (middle) for the initial pitch angles from 61 to 89ı.

trapped by the EMIC waves. We plot D = ˙1 with black
dashed lines for reference. As shown in Figure 4a, electrons
with energy of 1.1 MeV satisfy –1 < D < 1 soon after they
move into the tail of the wave packet from the equator. The
frequency at the wave tail is 2.80 Hz and that of the wave
front is 1.70 Hz. Some of the electrons are trapped by the

wave potential and guided to pitch angles close to zero, as
shown by the red trajectories in Figure 4a. The wave fre-
quency seen from the trapped resonant electrons decreases
from 2.80 Hz (red curve in Figure 3a) to lower frequen-
cies, resulting in faster pitch angle scattering into the loss
cone in short distances. With regard to 2.1 MeV electrons,
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however, it takes a little time for D to satisfy the trapping
condition; the electrons are still trapped by the waves and
scattered to about 20ı pitch angle. This is because the res-
onance curves are located farther away from the equator.
For 3.1 and 4.1 MeV electrons, it takes more time for D to
satisfy –1 < D < 1, and the electrons are only scattered
to about 25ı. For those 5.1 and 6.1 MeV energy electrons,
almost no trapping takes place. These changes of the trap-
ping time can be explained by the change of S value given by
(17). When the energy becomes large, the � also increases.
Thus !tr becomes small, making |S| larger. It is also noted
that the resonance condition is satisfied by the higher-energy
electrons only at some distance away from the equator as
shown in Figures 3e and 3f. Therefore, we find the longer
adiabatic motions before the resonance for the higher-energy
electrons. When the resonance points are located away from
the equator, the inhomogeneity factor |S| increases because
of the gradient of the magnetic field. The trapping condi-
tion |S| < 1 only holds for a short period of time. Therefore,
higher-energy electrons are trapped only for a shorter time
than lower-energy electrons.

[17] We now study dynamics of relativistic electrons with
high pitch angles at the magnetic equator. Figure 3 shows
that relativistic electrons with high pitch angles (> 60ı) can
interact with EMIC waves at higher frequencies. Especially
highly energetic electrons (>4 MeV) can interact with a wide
range of frequencies. We have conducted another test par-
ticle simulation with higher equatorial pitch angles (> 60ı)
using the same wave packet model presented above. We
show the simulation results in Figure 5. The energies of the
electrons are set as (a) 1.1, (b) 2.1, (c) 3.1, (d) 4.1, (e) 5.1,
and (f) 6.1 MeV, and the pitch angles are from 61 to 89ı, with
an interval of 1ı. For all the cases, the trapping of the reso-
nant electrons takes place, as we can confirm in the middle
column of Figure 5 showing the phase plots in the �–� plane.
For 1.1 MeV electrons, although they can be scattered down
to almost 0ı, the trapping is not so efficient. Electrons at
2.1 and 3.1 MeV are very effectively scattered to about 30ı.
These electrons from 30 to 60ı can interact with wave packet
again near the equator and scattered to much lower pitch
angles by the nonlinear trapping as we have seen in Figure 4.
The electrons at 4.1, 5.1, and 6.1 MeV in Figures 5d, 5e, and
5f are scattered to about 60ı. Theses electrons can also be
scattered to lower pitch angles through repeated resonances
with the wave packet through the bounce motion between
the mirror points. As we can confirm from Figure 5, elec-
trons with higher energies and higher pitch angles can also
be trapped by the EMIC triggered emissions. Noting that
1000 �–1

e0 corresponds to 23 ms, we find that the time scales
of the precipitations are much less than a second.

4. Simulations of Relativistic
Electron Precipitation

[18] As demonstrated in Figures 3, 4, and 5, most of the
relativistic electrons can get into resonance with the wave
packet of an EMIC triggered emission because of the rising-
tone frequency and the increasing magnetic field as they
move away from the magnetic equator. We perform test
particle simulations with a large number of relativistic elec-
trons trapped in the magnetic field (7). In contrast to the
simple model with injection of relativistic electrons from the

equator for a single passage through the wave packet pre-
sented in the previous section, we inject electrons at different
positions and follow their motions for a much longer time
period of many bounce motions between the mirror points,
while the wave packets of the EMIC triggered emissions are
generated based on a more realistic physical model described
below. To distribute trapped electrons in space as the initial
condition, we calculate the position of the mirror points˙zm
for an electron with pitch angle�6ı which is assumed as the
loss cone angle for L = 4.27 [Ebihara and Ejiri, 2003]. The
distance of the mirror points zm is given by

zm =
1

p
a tan˛EQ

. (29)

With the parabolic coefficient a = 3.0 � 10–7 �2
e0/c2 and

˛EQ = 6ı, we have zm = 1.7371 � 104 c/�e0. According
to this result, we assume the boundary of the simulation
field as 2 � 104 c/�e0. We compute the wave amplitude
Bw, wave frequency !, wave number k, and wave phase  
of EMIC waves at each grid point. We assume the EMIC
triggered emissions are generated at the equator and prop-
agate to the higher-latitude regions according to the wave
equations [Omura et al., 2010]:

@Bw

@t
+ Vg

@Bw

@z
= –

�0Vg

2
JE, (30)

where �0 and JE are the magnetic permeability in vacuum
and a component of the resonant current parallel to the wave
electric field Ew, respectively.

@!

@t
+ Vg

@!

@z
= 0. (31)

We solve the wave equations for the wave amplitude and
frequency to reproduce the EMIC wave packet which prop-
agates from the equator to the higher-latitude region.

[19] Time evolution of the wave amplitude and frequency
of the EMIC triggered emissions at the equator is described
by a set of equations called EMIC chorus equations [Omura
et al., 2010]. For simplicity, however, we assume that the
wave amplitude is constant throughout the wave generation
process at the equator and propagation away from the equa-
tor. We use only one of the chorus equations to find the
evolution of the wave frequency at the equator. Namely, the
frequency variation is reproduced by integrating

@!

@t
=

2V?0

5Vp

�
1 –

VRH

Vg

�–2

!�H0
Bw

BEQ
, (32)

where VRH = (! – �H0)/k is the resonance velocity of
a proton at the equator. We assume that the EMIC trig-
gered emission is generated by the energetic protons whose
average velocity is V?0. While the frequency is increasing,
the wave amplitude is assumed constant. Once the frequency
reaches the maximum frequency of the rising-tone emission,
the emission is terminated by setting the wave amplitude
Bw = 0.

[20] Since the frequency sweep rate @!/@t is determined
by the wave amplitude at the equator, we can calculate the
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inhomogeneity factor S for the resonant relativistic electrons
to check if the nonlinear trapping of them are possible or not.
Substituting (32) into (25), we obtain

S = –
V?0

10�c

�
1 –

1
�2

�
1 +

�2
e0

!…c

��–1/2 �
��e0

…c

�2

�

�
1 +

� (�H0 – !)
2…c

�–2 me

mH
, (33)

where mH is the proton rest mass. When |S| < 1, nonlin-
ear trapping of electrons becomes possible at the equator,
and the pitch angles of trapped resonant electrons change
according to the following equation derived by OZ12.

d˛
dt

=
�w

�
S +

v?
2�e

@�e

@z
, (34)

where the first term on the right-hand side dominates near
the equator.

[21] It is noted that the dependency of S on the wave
amplitude disappears, and the controlling parameters are
V?0 of the energetic protons and the energy of a resonant
electron specified by � . We have plotted S as functions of
the frequency ! for different energies 1–6 MeV in different
colors in Figure 2b. The limit of nonlinear trapping S = –1 is
indicated by a black dashed line. Although the first-order res-
onance condition gives the minimum resonance energy for
the frequency ranges of the EMIC wave dispersion relation
as shown in Figure 2a, the second-order resonance condition
with |S| < 1 gives limitations of the frequency ranges for the
nonlinear trapping, i.e., the effective pitch angle scattering
of resonant electrons.

[22] We assume a constant wave amplitude Bw =
0.009BEQ at the equator z = 0 while the EMIC wave is being
generated with the varying frequency according to one of the
EMIC chorus equations (32) with the initial wave frequency
! = 2.51 � 10–4 �e0 (1.7 Hz). When the rising frequency
reaches to ! = 4.25 � 10–4 �e0 (2.8Hz), the wave ampli-
tude is set to zero, corresponding to the end of the wave
packet. The variations of the frequency and the wave ampli-
tude are used as the boundary conditions in solving the wave
equations (30) and (31), where we assume JE = 0. We list
the input parameters in Table 1. Figures 6a and 6b show the
evolutions of the wave amplitude and frequency in space
and time, respectively. As we can see from the figures, the
wave frequency increases from the ! = 2.51 � 10–4 �e0
(1.7 Hz) to ! = 4.25 � 10–4 �e0 (2.8 Hz) with the con-
stant amplitude Bw = 9� 10–3 BEQ (2.2 nT). We also assume
that the EMIC triggered emissions propagate to both north-
ern and southern hemispheres. The frequency sweep rate
observed at some distance away from the equator decreases
because of the wave dispersion effect. Namely, the group
velocity decreases substantially as the frequency increases
from 2.51 � 10–4 �e0 to 4.25 � 10–4 �e0 as indicated by the
gradient of the color contours in Figure 6b. By comparing
the time scales of the frequency variations from 3.2 � 10–4

�e0 to 4.2 � 10–4 �e0 at the equator and z = 200c/�e0, we
can understand that the frequency sweep rate at the higher-
frequency part is much decreased over the short distance
from the equator. The sweep rate decreases through prop-
agation, and the magnitude of the inhomogeneity factor |S|
decreases, making it possible for the lower-energy electrons

(a)

(b)

Figure 6. Variations of (a) the model wave amplitude Bw
and (b) frequency ! of the EMIC wave packets in space
and time.

to be trapped. Although Figure 2b shows that S < –1 for
1 MeV electrons at the equator, we have S > –1 at higher
latitudes. Since the higher-frequency part of the wave packet
can resonate with 1 MeV electrons at z = 200c/�e0 as shown
in Figure 3a, trapping of 1 MeV electrons is possible in the
region away from the equator.

[23] If the wave frequency approaches to the cutoff fre-
quency of the EMIC wave dispersion relation, the wave
is either to be reflected or converted to the R-mode in
the oblique propagation. In this simulation, 8,000,000 time
steps are followed, and the wave front spreads to about
845c/�e0, which is still before the wave front reaches the
cutoff point. Similarly, we assume a backward wave packet,
which propagates in the negative z direction symmetrically
with the forward wave packet propagating in the positive
z direction.

[24] As the initial condition, we distribute electrons at
different positions between the mirror points ˙zm along
the field line by using the uniform random numbers. When
the equatorial pitch angle ˛EQ and a position z of an
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electron is determined, we calculate the pitch angle ˛ at z
by (7) and (14). Then, we can set vk and v? with different
gyrophases.

4.1. Case 1: ˛EQ =30–60ı

[25] We perform test particle simulations of interaction
between EMIC triggered emissions and relativistic electrons
with various pitch angles, phase angles, energies, positions,
as well as directions. The pitch angles are from 30 to 60ı
and phase angles of the perpendicular velocities are from
0 to 360ı with an interval of 1ı. We set the initial ener-
gies of electrons from 300 keV to 3.1 MeV with an interval
of 100 keV and distribute them to both positive and nega-
tive z directions for interaction with the pair of EMIC wave
packets. The total number of relativistic electrons we used in
simulation is 668,160. Other input parameters are based on
the Cluster observation [Pickett et al., 2010; Omura et al.,
2010] as listed in Table 1.

[26] We show simulation results in Figure 7. Figure 7a
shows distributions F of the resonant electrons of different
energy ranges as functions of an equatorial pitch angle ˛EQ
which is calculated by (14). The dashed lines show the initial
distribution, and solid lines show the distribution of the rela-
tivistic electrons after the interaction with the pair of EMIC
triggered emissions. Electrons which have been scattered
into the loss cone are excluded from the distribution. While
some of the electrons are scattered to higher pitch angles,
a substantial amount of electrons are transported to lower
pitch angles by the nonlinear wave trapping. We count the
number of electrons which fall into the loss cone during each
time interval of �T = 40�–1

e0 and plot its time variation in
Figure 7b. We classified the energy ranges 0.3–0.9, 0.9–1.5,
1.5–2.1, 2.1–2.7, and 2.7–3.3 MeV by blue, green, magenta,
black, and cyan, respectively. The numbers attached to the
lines in Figure 7b also indicate the energy ranges in MeV.
We also show total number and percentage of electrons that
are scattered into the loss cone after the interaction with the
EMIC triggered emissions in Figure 7b.

[27] We call the pair of EMIC wave packets used in this
simulation as Emission 1. We can understand from this
Figure 7b that a substantial amount of electrons are scat-
tered into the loss cone efficiently in a short time. Just with
a single emission, Emission 1, 51.7% of the initial electrons
are scattered into the loss cone.

[28] The interaction between the resonant electrons and
the EMIC waves takes place at the tail of the wave packet,
and the electrons come out of the wave packet from the front
with velocities much greater than the group velocity of the
wave. At first, the packet of the wave is short, and since the
frequency is growing up at the equator, the time variation of
the frequency is not large. Therefore, some time is needed
until the nonlinear trapping takes place, and there are few
numbers of electrons that fall into the loss cone. The fre-
quency at the tail of the wave packet grows and becomes
large as time goes on, as well as the frequency sweep rate.
Moreover, the wave also spreads away from the equator,
and the wave packet becomes longer. Therefore, the trap-
ping of the electrons becomes efficient. The trapped resonant
electrons are scattered to lower pitch angles and effectively
guided into the loss cone.

[29] Checking for the numbers of electrons falling into
the loss cone in different energy ranges, we find that the

(a)

(b)

Figure 7. (a) Distribution functions F of the resonant
electrons of different energy ranges in the equatorial pitch
angle ˛EQ for the initial values of ˛EQ =30––60ı. The dashed
lines indicate the initial distribution functions. (b) Numbers
of test electrons falling into the loss cone over every time
interval �T = 40�–1

e0 due to the interaction with the first
pair of the wave packets of EMIC triggered emissions. The
functions F and precipitation counts of electrons in energy
ranges of 0.3–0.9, 0.9–1.5, 1.5–2.1, 2.1–2.7, and 2.7–3.3
MeV are plotted by blue, green, magenta, black, and cyan,
respectively.

electrons of 0.3–0.9 MeV are less scattered relatively. We
refer to minimum resonance energy plotted in Figure 2a. The
highest frequency of the triggered emission is 4.25 � 10–4

�e0 (2.8 Hz), which is indicated by the blue dashed line in
Figure 2a. The lowest resonance energy is 0.5 MeV. The
electrons in 0.3–0.5 MeV cannot interact with the waves,
and they remain in the distribution functions plotted in
Figures 7a. Electrons in the range of 0.5–0.9 MeV can be
in resonance with the wave, but they cannot satisfy the
second-order resonance condition at the equator as shown
in Figure 2b. Only at some distance away from the equa-
tor, where the wave frequency sweep rate is much decreased
because of the dispersion effect, the second-order reso-
nance may take place, but it is only a short period of time
because of increasing inhomogeneity of the magnetic field.
The lower-energy electrons also interact with the higher-
frequency part of the wave packet that appears later in time.
Figure 2b also shows that electrons less than 2 MeV can-
not be trapped at the equator. Trapping of the lower-energy
electrons becomes possible at some distance away from the
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(a)

(b)

Figure 8. The same plots as Figure 7 for the interaction
with the second pair of the wave packets of EMIC triggered
emissions. Dashed lines in Figure 8a indicate the distribu-
tion functions after Emission 1 as plotted in solid lines in
Figure 7(a).

equator with smaller frequency sweep rates due to the dis-
persion effect. Thus the precipitation of 0.3–0.9 MeV only
takes place much later in time at 8 � 105 �–1

e0 after the
higher-frequency part of the emissions appears at the equa-
tor and propagates away from it. It is noted from Figure 6
that the rising frequency at the equator becomes higher than
0.33 � 10–3 �e0 only after 6.0 � 105 �–1

e0 .
[30] Electrons of 2.1–2.7 MeV are trapped very effec-

tively, because they can be in resonance with the wave
packet near the equator as shown in Figure 3. They can also
be trapped at the equator, since S > –1 as shown in Figure 2b.
The highly relativistic electrons greater than 2.7 MeV is
slightly delayed because the resonance points are located
increasingly away from the equator for higher energies as
shown in Figure 3. It takes time for the wave packet to
propagate from the equator to the resonance points.

[31] After resonating with the wave packet, the electrons
are bounced at the mirror points, and this time, they interact
with the other wave packet in the opposite direction. Thus,
bounce motions at the mirror points are repeated by the rela-
tivistic electrons that resonate with the EMIC wave packets
several times near the equator. When the nonlinear trapping
by the wave packets takes place, the electrons are scattered
to lower pitch angles effectively.

[32] We set another emission that is generated at the
equator and propagate away from the equator, interacting
with the remaining electrons after Emission 1. We call the

second pair of EMIC wave packets as Emission 2. The vari-
ation of the distribution functions and the precipitation are
plotted in Figures 8a and 8b, respectively. The dashed lines
in Figure 8a indicate distribution functions after interaction
with Emission 1 as plotted in solid lines in Figure 7a. As a
result of the second interaction, 44.1% of the remaining elec-
trons are scattered into the loss cone. With Emissions 1 and
2, the total 72.9% of the initial relativistic electrons are scat-
tered into the loss cone. The relativistic electrons are trapped
by the EMIC waves causing the relativistic microbursts. The
time scale of REP corresponds to the time scales of the wave
packet generation at the equator and propagation from it,
namely 8–16 �105 �–1

e0 corresponding to 20–40 s.

4.2. Case 2: ˛EQ =61–89ı

[33] Since we have obtained the result that the electrons
with higher pitch angles can be trapped by EMIC triggered
emissions as shown in Figure 5, we perform the simulation
runs with the same wave packets and parameters as assumed
in Case 1 except for pitch angle of electrons ranging from
61 to 89ı. The simulation results are shown in Figures 9
and 10. We trace total 605,520 relativistic electrons.

(a)

(b)

Figure 9. (a) Distribution functions F of the resonant elec-
trons in equatorial pitch angle ˛EQ for the initial values of
˛EQ =61–89ı. (b) Numbers of test electrons falling into
the loss cone over every time interval �T = 40�–1

e0 during
the interaction with the first pair of the wave packets of
EMIC triggered emissions. The functions F and precipita-
tion counts of electrons in energy ranges of 0.3–0.9, 0.9–1.5,
1.5–2.1, 2.1–2.7, and 2.7–3.3 MeV are plotted by blue,
green, magenta, black, and cyan, respectively.
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(a)

(b)

Figure 10. The same plots as Figure 9 for the interaction
with the second pair of the wave packets of EMIC triggered
emissions. Dashed lines in Figure 10a indicate the distribu-
tion functions after Emission 1 as plotted in solid lines in
Figure 9(a).

We show the percentage of precipitated electrons in
Figure 9b. In Figure 9, after interacting with Emission 1,
17.4% of the electrons are scattered into the loss cone. In
Figure 10, after the interaction with Emission 2, 20.5% of
the remaining electrons are scattered into the loss cone. With
these two emissions, the total 32.8% of the resonant elec-
trons are scattered into the loss cone. Although this number
is relatively small compared with the results from Figures 7
and 8, we find that even the high pitch angle electrons can
be scattered in pitch angles and precipitated into the loss
cone through interaction with the EMIC triggered emissions
repeated several times. From the simulation results from
Figures 7, 8, 9, and 10, we can conclude that the EMIC
triggered emissions have a high possibility of causing the
relativistic electron microbursts.

5. Summary and Discussion
[34] We have studied the resonance condition between

EMIC triggered emissions and relativistic electrons in an
inhomogeneous magnetic field near the magnetic equator.
Because of the variation of the wavelength (2	 /k) of the
EMIC wave packet, the resonance velocity �e/(�k) changes
substantially. We have shown that most of the relativistic
electrons get into the resonance, and some of them are
trapped by the wave potential if the wave amplitude is
greater than the threshold amplitude Q�th given by (26).

[35] Based on the nonlinear wave growth mechanism of
EMIC triggered emissions, we have derived the formula (33)
of the inhomogeneity factor S, by which we can judge the
possibility of nonlinear trapping of relativistic electrons by
the emissions at the equator. The formula indicates the direct
relation between the perpendicular velocity of energetic pro-
tons generating EMIC triggered emissions and the energies
and pitch angles of precipitated relativistic electrons.

[36] We performed test particle simulations to reproduce
the relativistic microbursts. The model of the EMIC waves
was developed based on the generation mechanism of the
EMIC triggered emissions. We distributed a large number
of electrons with different pitch angles, gyrophase angles,
energies, and positions along the Earth’s magnetic field.
The electrons with wide ranges of energies and pitch angles
can resonate with the EMIC triggered emission. The result
shows that the EMIC wave causes effective pitch angle
scattering and induces relativistic electron microbursts.

[37] We counted the precipitating electrons by checking
the equatorial pitch angles at every time interval of 40�–1

e0 .
As we can find in the trajectories of trapped resonant elec-
trons guided to lower pitch angles shown in Figures 4 and 5,
the electrons increase pitch angles by a few degrees at the
moment of detrapping from the wave potential after reach-
ing the lowest pitch angles. Therefore, some of the electrons
may have bounced back from the loss cone. More accurate
counting of precipitating electrons could have been made
by checking the pitch angles at mirror points or at the
boundaries of the simulation system.

[38] As shown in Figure 5, electrons at high pitch angles
can get into the resonance with the wave packet, because
the resonance velocity of the high frequency part with the
large k becomes small. Electrons satisfying VR – Vtr < vk <
VR + Vtr near the equator can be trapped and guided to higher
vk, i.e., lower pitch angles (OZ12). Noting that the trapping
velocity Vtr is given by (28), we find that both large wave
amplitude�w and large v? make Vtr large, and that the lower
limit of the trapping velocity range VR – Vtr reaches zero.
Since electrons near 90ı of pitch angle have vk � 0, they can
be trapped by the nonlinear wave potential. The nonlinear
trapping scatters the electrons to lower pitch angles as we
find in Figures 9 and 10, which cannot be described by the
quasi-linear theory, in which the diffusion rate for electrons
at 90ı of pitch angle is typically the smallest due to lack of
the cyclotron resonance.

[39] The present study can also provide a possible
mechanism for runaway electrons found in a laboratory
experiment of magnetic mirror trapped relativistic electrons,
when shear Alfven waves are injected into the plasma [Wang
et al., 2012].

[40] In this paper, we assumed wave packets with a
constant amplitude. However, in the observations [Pickett
et al., 2010; Omura et al., 2010] and the simulation [Shoji
and Omura, 2011, 2012], the wave packets show modu-
lation of the amplitudes. The amplitude modulations may
cause detrapping of the trapped resonant electrons, making
the pitch angle scattering less effective. On the other hand,
the untrapped electrons can be trapped by a wave packet
with an increasing wave amplitude as it moves away from
the equator. EMIC triggered emissions in the proton band
can also excite another EMIC wave in the helium band as
reported by Shoji et al. [2011]. While the proton branch
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triggered emissions interact with a few keV protons, the
helium branch triggered emissions interact with more ener-
getic protons of a few hundred keV [Shoji and Omura,
2012]. As we can find in Figure 2, both first-order and
second-order resonance conditions are satisfied by the
helium branch triggered emissions. Test particle simulations
on coherent pitch angle scattering by the helium band waves
are left as a future study.

[41] In the present analysis, we assumed coherent waves
in the parallel propagation, while the observed trigged emis-
sions contain some frequency spread and they also propagate
at oblique angles to the ambient magnetic field, making the
polarization elliptic. The nonlinear trapping can be disrupted
by the incoherent phase variation and the elliptical polariza-
tion. Finally the occurrences of EMIC triggered emissions
have not been reported much. The overall contribution of
the triggered emissions to the variation of the radiation belts
should be evaluated quantitatively based on more cases of
spacecraft observations near the magnetic equator.
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