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Abstract 

A method is described to infer a layered structure from the amplitude ratio of the vertical 

to the horizontal component of SV waves together with the phase difference between them, 

and also from the corresponding relations between SH waves and the horizontal component 

of SV waves. The behaviors of these frequency-dependent functions for various models 

with different layer parameters are investigated, and their applicability to inference of the 

structure is discussed. 

It is shown that the S wave spectra will be useful to test the appropriateness of probable 

models derived from P wave spectra and other information, if good records from deep-focus 

shocks with appropriate epicentral distances are analyzed.

•˜1

. Introduction 

In previous papers (KURITA, 1969a, b, 1970), 

a method was shown to infer a layered st-

ructure from the amplitude and phase spectra 

of long-period P waves, and the crustal and 

upper mantle structure in some regions of 

Japan was determined by this method. In 

the present paper, the corresponding method 

for the case of S waves is proposed and will 

be applied to test the appropriateness of the 

layered models derived from the P wave spe-

ctra. Theoretical studies on the crustal re-

sponse of plane SV and SH waves was made 

by HASKELL (1960, 1962), and a method to 

estimate the crustal thickness has been shown 

by IBRAHIM (1969), using the minima in the 

amplitude spectrum and the zero phase in the 

phase spectrum of SH waves, and applied to 

several stations.

In Part I of this paper, the method is de-

scribed to infer a layered structure from the 

amplitude ratio of the vertical to the horizon-

tal component of long-period SV waves to-

gether with the phase difference between them, 

and the corresponding relation between SH 

waves and the horizontal component of SV 

waves. Thereafter, the theoretical amplitude 

ratio and phase difference for SV and SH 

waves are computed for various models to 

examine their behavior and applicability to 

inference of the layered structure. 

•˜2. Method of Analysis 

On the assumption that the crustal and sub-

crustal structure is composed of homogeneous 

isotropic parallel layers, we consider plane SV 

and SH waves incident at the base of the 

stratified layers. 

The amplitude and phase spectra, ASV(w,u)(ƒÖ) 

and PSV(w,u)(ƒÖ), of the vertical and horizontal 

components of the SV waves observed at any 

station may be written in the forms,
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(1)

(2)

where AS-SV(ƒÖ), PS-SV(ƒÖ); ASC-sSV(w,u)(ƒÖ), PSC- 

SV(w,u)(ƒÖ); AM-SV(ƒÖ), PM-SV(ƒÖ); AC-SV(w,u)(ƒÖ), 

PC-SV(w,u)(ƒÖ); and AI(ƒÖ), PI(ƒÖ) are the amplitude 

and phase responses of the source function, 

source crust-upper mantle transfer function, 

mantle transfer function mainly due to an-

elasticity in the mantle, the crust-upper mantle 

transfer function at the station, and the in-

strumental response, respectively. The fourth 

amplitude and phase responses are associated 

with the layered structure now considered. 

From the above relations, we have

(3)

and

(4)

(n is an integer), if we assume that the effect 
of the crust-upper mantle structure around 
the source can be neglected for deep-focus 
earthquakes. 

For SH (horizontally polarized shear) waves, 
we have similar relations,

(5)

(6)

Each of the source amplitude spectra AS-SV(ƒÖ) 

and AS-SH(ƒÖ) includes a frequency-dependent 

part and a spatial coefficient depending on 

the source mechanism. Since the former part 

is common to both types of waves, AS-SH(ƒÖ)/ 

AS-SV(ƒÖ) may be reduced to a frequency-in-

dependent constant, and generally connected 

with the polarization angle ƒÃ (STAUDER, 1960; 

NUTTLI, 1964). The source phases of SV and 

SH waves may be regarded as the same. We 

may also assume that the effects of anelasticity 

on the passing SV and SH waves are the same. 

Therefore, if we take the amplitude ratio and 

phase difference between SH waves and the 

horizontal component of SV waves, using eqs.

(1), (5), (2) and (6), the following two relations 
hold:

(7)

(8)

Thus we obtain two pairs of expressions in-
dependent on the spectrum of incident S waves, 
and these may be used to infer a layered 
structure beneath the station. Eqs. (7) and (8) 
can also be derived from equation 7 of NUTTLI 

(1964). 
The left-hand sides of eqs. (3), (4), (7) and 

(8) can be obtained in the following way from 
the Fourier analysis of long-period S waves 
recorded on three component seismograms. 
The horizontal component of SV waves, fSVu(t), 
and SH waves, fSH(t), are derived from the 
two horizontal components, the NS record 

fN(t) and the EW record fE(t), simply by the 
rotation of axes,

where ƒÓ is the azimuth measured from the 

north seen from the station to the event. 

fSVu(t) is taken positive away from the epicent-

er, and fSH(t) is taken positive for clockwise 

motion as seen from the epicenter. The tech-

nique employed in obtaining Fourier trans-

forms of the resolved records is similar to 

that used for P waves (KURITA, 1969a). 

The right-hand sides of the corresponding 

expressions, which are termed hereafter as 

theoretical functions, can be calculated by 

using the Haskell-Thomson matrix method 

(HASKELL, 1960, 1962) for variously assumed 

models and for the angle of incidence at the 

base of the strata, ins. This angle is related 

to the horizontal phase velocity c with c=ƒÀn/ 

sin ins (ƒÀn being the shear velocity just under 

the strata), and will be specified by the epi-

central distance and depth of the earthquake 

analyzed and the velocity distribution in the 

mantle. Fig. 1 (a) and (b) give two examples 

of the transfer functions of SV and SH waves,
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Fig. 1. Crustal response of SV and SH waves for an incident angle of 30•‹. Upper; phase delay in parts of circle, lower; amplitude, (a) Unilayered model of Haskell, (b) modified Anderson-Kovach model. 
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AC-SVw(ƒÖ), AC-SVu(ƒÖ), AC-SH(ƒÖ), PC-SVw(ƒÖ), 

PC-SVu(ƒÖ), and PC-SH(ƒÖ), for the Unilayered 

model of HASKELL (1960) and a model modified 

from those of BRUNE and DORMAN (1963) and 

ANDERSON and KOVACH (1969). The phase re-

sponses shown in the upper part of the figures 

are indicated as delay in parts of circle. In 

order to determine the layered structure from 

comparison between the observations of body 

waves and the theoretical functions, there 

could be an inversion fitting technique of us-

ing the partial derivatives of the transfer func-

tions with respect to the layer parameters as 

in the case of surface-wave phase velocities 

(ANDERSON, 1964). FERNANDEZ (1965) showed, 

however, that for the transfer function the 

inversion process based on the assumption 

that the partial derivatives remain constant 

for reasonable changes of the layer parameters 

is not possible. 

Therefore, an alternative to be taken is to 

compute the theoretical functions by assum-

ing various layer parameters and to compare 

with the observational functions. If the both 

functions agree to a certain extent, the model 

may be an approximation to the structure 

beneath the station. 

•˜3. Behavior of Theoretical Functions for 

SV Waves 

In this section, the behaviors of the the-

oretical amplitude ratio and the phase differ-

ence for SV waves are discussed for the models 

shown in Tables 1 and 2. They include all 

the models for which the corresponding the-

oretical functions for P waves have been tested 

(KURITA, 1969a, 1970). The discussion is con-

fined to the frequency range between 0 and 

0.2 cps, since for higher frequencies local 

geological structure gives serious effects on 

the wave spectrum. 

Fig. 2 illustrates general features of the 

theoretical functions for the upper four models 

in Table 1, in the case of an incident angle 

of 30•‹. The curves for model 6EJ are similar 

with those for model 6E, as was the case of 

P waves, probably due to the layer parameters 

simply reduced by 5% from those of the latter 

model. Similarity of these curves with those

for the Unilayered model, at lower frequencies, 

may come from the same total thickness of 

the strata. The curves for both the amplitude 

ratio and the phase difference have only one 

or two peaks, while there are generally three 

peaks for the curves of P waves in this fre-

quency range. The amplitude ratio ranges 

from 0 to about 1.0, varying very smoothly 

with frequency. These are common features 

in the theoretical curves of SV waves for 

most of the models mentioned here. 

The general tendency described above does. 

not change greatly with variations in incident 

angle within the range that c>ƒ¿n, where ƒ¿n 

is the compressional velocity under the strata. 

However, for incident angles such that c ap-

proaches ƒ¿n, variation in the amplitude ratio 

with frequency becomes rather large, and for 

c<ƒ¿n it is erratic and the phase difference is 

always either plus or minus 90•‹ (HASKELL, 

1962). Fortunately, the teleseismic S waves. 

with which we are primarily concerned are 

incident at angles such that c>ƒ¿n. Some ex-

amples of the theoretical curves of SV waves 

for the Unilayered model are given in Fig. 

3, for incident angles from 33•‹ to 38•‹. It is. 

to be noted that the amplitude ratio curve 

shows large variation with a slight change 

of incident angles over this range, while the 

phase difference curves are similar for angles 

less than 36•‹ (for in=35•‹ and 36•‹, c=8.02 and 

7.83 km/sec respectively, while ƒ¿n=7.96 km/ 

sec). These features are not recognized for 

P waves. It is clear from Haskell's calcula-

tions (1962) and the above considerations that 

the seismograms with incident angles such 

that c<ƒ¿n cannot be used to infer the layered 

structure from SV waves. Referring also to 

another example shown in Figure 3 in KURITA 

(1970), it might be possible to superpose the 

observational phase differences from a number 

of shocks with a considerable range of epi-

central distances, although the peak positions 

for SV waves are more sensitive to the change 

of incident angles even for the case of c>ƒ¿n 

than for P waves. 

In the following, various effects on the 

theoretical functions are examined, taking an . 

incident angle of 30•‹ as an example.
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(a) Effect due to total crustal thickness 

Theoretical curves for the Unilayered model 
with various crustal thicknesses are compared 
in Fig. 4. The thickness is taken from 27 
to 57 km with an increase of every 10 km. 
The peak positions shift to lower frequencies 
as the crust becomes thicker, while the peak 
amplitudes are preserved. For multilayered 
models as well as for the Unilayered one, the 

position of the lowest-frequency peak general-
ly depends on the depth to the lowest sharp 
discontinuity. This is the same as in the case 
of P waves.

(b) Effect due to gradual change of layer para-
meters 

The effects of the existence of a transitional 
layer at the layer interface are next examined . 
The theoretical curves shown in Fig. 5 are 
for the case in which all layer parameters 
vary linearly with depth between 5 km above 
and below the boundary. The differences be-
tween the case and the Unilayered model are 
too small to be detected from observations, 
as in the case of P waves. 

(c) Effect due to a thin surface layer 
Thoeretical curves for the Unilayered model

Table 1. List of layered models (1).
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Table 2. List of layered models (2).
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Fig. 2. Theoretical amplitude ratio (upper) and phase difference (lower) for the four models in Table 1.Fig. 3. Theoretical amplitude ratio (upper) and phase difference (lower) for Unilayered model in the case of incident angles from 33•‹ to 38•‹.
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Fig. 4. Theoretical amplitude ratio (upper) and phase difference (lower) for Unilayered models with crustal thicknesses from 27 to 57 km.Fig. 5. Theoretical amplitude ratio (upper) and phase difference (lower) for Unilayered model and a model with a transitional layer at the crust-mantle boundary.
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Fig. 6. Theoretical amplitude ratio (upper) and phase difference (lower) for Unilayered models with a thin surface layer; SV waves.Fig. 7. Theoretical amplitude ratio (upper) and phase difference (lower) for model 6E with Poisson's ratio of 0.25 and modified 6E models with Poisson's ratios of 0.27 and 0.30 in the mantle; SV waves.
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overlain by such a thin surface layer as in-
dicated in Table 2 are given in Fig. 6 for 
SV waves. It may be inferred from a com-
parison among these curves that the effects 
of the surface layer become noticeable in 
higher frequencies if its thickness with a 
shear velocity lower than about 2 km/sec is 
over 3 km, and seems to be rather serious for 
SV waves than for P waves. 

(d) Effect due to high Poisson's ratio in the 
upper mantle 

Fig. 7 shows a comparison among the 
theoretical curves for SV waves of model 6E 
with Poisson's ratio of 0.25, and its modifica-
tions with the ratios of 0.27 and 0.30 in the 
upper mantle. The comparison indicates that 
for P waves an increase of the ratio from 
0.25 to 0.30 does not give much effects on 
the peak position, but for SV waves it has 
considerable effects on the curves. 

(e) Effect due to the low velocity layer 
Fig. 8 depicts the theoretical curves for a 

model including the low velocity layer in the 
upper mantle, 6EG, in comparison with those 
of a model without that layer, 6E. In the 
former model there clearly appears short-period 
undulations particularly in the phase difference 
curves. The undulations in the case of P 
waves were not so remarkable as for SV waves 
(KURITA, 1969a). There is a possibility, there-
fore, that the existence of the low velocity 
layer in the upper mantle could be confirmed 
from observed S wave spectra. 

(f) Effect due to anisotropy or laminations 
It has been stated (BACKUS, 1961; AKI, 1968) 

that for low frequencies a transversely iso-
tropic model can be approximated by laminated 
mantle models with alternating layers of hard 
and soft materials. The difference between 
these models in the transfer function of body 
waves over the frequency range under con-
sideration will be examined in Part 3. Fig. 
9 shows comparison between laminated mantle 
models (L1 and L2) and unlaminated models 
(UL0, UL1 and UL2) shown in Table 2, which 
are the same as those in a previous paper 
(KURITA, 1970). It appears from these figures 
that it would be difficult to discriminate models

UL1 and L1, in which a shear velocity in the 

soft layer interleaved between the crust and 

the uppermost mantle is 2.70 km/sec, from 

the model without the layer (UL0). However, 

if the shear velocity is as low as 1.10 km/sec, 

the theoretical curves for models UL2 and L2 

show some departure from those for UL0. 

For models with the velocity between 1.10 

and 2.70 km/sec, the curves fall between the 

two cases. Moreover, the general features 

of the curves are not lost, even if the thick-

ness of the soft layer or their interleaved 

depths change slightly. From the above con-

siderations, it follows that the existence of 

interleaved soft layers could be identified only 

when the shear velocity is of the order of 

1 km/sec. 

(g) Effect due to dissipation 

We can estimate the effect of dissipation 

on the body wave transfer characteristics by 

introducing complex velocities as HASKELL 

(1953) suggested. CLOWES and KANASEWICH 

(1970) computed the transfer function for ver-

tical incidence of P waves in dissipative media. 

Following PRESS and HEALY (1957) we intro-

duce dissipation by transforming from real 

to complex velocities. Denoting by ƒ¿m and 

ƒÀm the complex compressional and shear velo-

cities in the mth layer, and by c the complex 

phase velocity, for large Q values we may 

set with a good approximation in the matrix 

formulation in deriving the transfer function

(m=1, 2, ..., n)

(m=1, 2, ..., n)

where c=ƒÀn/sin ins. The theoretical curves 

for dissipative and non-dissipative models are 

compared in Fig. 10, in the case of incident 

angles of 30•‹ and 40•‹. In the dissipative 

models, the layer parameters are taken as the 

same as for the Unilayered model, and Q 

values are tentatively given as in Table 2. 

It can be seen that for an incident angle of 

30•‹, both the amplitude and phase difference
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Fig. 8. Theoretical amplitude ratio (upper) and phase difference (lower) for model 6EG with the low velocity layer in the upper mantle and model 6E without it.Fig. 9. Theoretical amplitude ratio (upper) and phase difference (lower) for laminated mantle medels and unlaminated models with soft layers.
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Fig. 10. Theoretical amplitude ratio (upper) and phase difference 

(lower) for dissipative and non-dissipative unilayered models.

curves for the dissipative models do not show 

a marked difference from those of the non-

dissipative model. For the angle of 40•‹ for 

which c (=7.16 km/sec) is smaller than an ƒ¿n 

(=7.96 km/sec), the difference becomes ap-

parently remarkable particularly in the phase 

difference curve, as Q values become smaller. 

More detailed discussions on the effects of 

dissipation will be made elsewhere. 

ISHII and ELLIS (1970) calculated the am-

plitude response for single layered models 

with an inclined interface of various dip angles, 

for the incidence of P and SV waves from

various directions. Although the effect of 

dipping interface is not large for P waves 

over the frequency range now in considera-

tion, this cannot necessarily be ignored for 

SV waves, as shown in Fig. 3-7 and 3-9 in 

their paper. 

•˜4. Behavior of Theoretical Functions for 

SH Waves 

In this section, the behaviors of theoretical 

functions including SH waves are discussed, 

since SH waves contain independent informa-

tion on the layered structure to that from SV
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waves. Although an attempt has been made 

by IBRAHIM (1969) to use the spectra of SH 

waves to estimate the crustal thickness, the 

observed spectra involve various effects as 

expressed in eqs. (5) and (6). To extract only 

the structure information from observations, 

we take the amplitude ratio and phase dif-

ference between SH waves and the horizontal 

component of SV waves as given in eqs. (7) 

and (8). 

The discussion here is made for the same 

layered models as in the case of SV waves 

for the sake of comparison, within the fre-

quency range between 0.005 to 0.25 cps. It 

has been shown (HASKELL, 1960) that the am-

plitude and phase responses of SH waves, as 

shown in Figs. 1-(a) and (b) as examples, show 

similar shape of undulations even for large 

incident angles such that c<ƒ¿n. For this range 

of incident angles, particularly that for ƒ¿1< 

c<ƒ¿n, however, the spectra of the horizontal 

component of SV waves show rapid fluctua-

tions with frequency (HASKELL, 1962), so that 

the theoretical functions composed of SH and 

SV waves also vary too rapidly to compare 

with observations. For this reason, we confine 

ourselves in this section to the case for which 

c>ƒ¿n. 

Theoretical considerations for the cases cor-

responding to (b) and (g) in the foregoing 

section have been omitted, since the effects 

in the cases have proved insignificant. 

Fig. 11 shows the amplitude ratios and 

phase differences between SH waves and the 

horizontal component of SV waves for the 

unilayered model, models 6E and 6EG, in the 

case of an incident angle of 30•‹ with tan ƒÃ= 

1. The general features particularly of peak 

positions for frequencies lower than 0.2 cps 

do not differ greatly for the models, although 

they have somewhat different layer composi-

tions. This is attributable to the same crustal 

thickness. 

(a) Fig. 12 gives an illustration of the the-

oretical functions for the unilayered model 

with varying thickness. We see that the low-

est and the second-lowest frequency peaks 

move to the lower frequency side, or that the 

number of peaks for frequencies lower than

0.2 cps increases from three to six, as the 
crustal thickness changes from 27 to 57 km. 
This situation contrasts sharply with one or 
two peaks in the corresponding functions for 
SV waves as described in the preceding sec-
tion, and will make it with higher precision 
to estimate the crustal thickness from obser-
vations. 

(b) The effects of the existence of a thin 
surface layer over the unilayered model are 
next examined. The theoretical curves for 
three cases are given in Fig. 13. The curves 
for models US1 and US3 are not shown here 
because of their slight departure from that 
for US0. It is noticed that if the thickness 
with a shear velocity lower than 2 km/sec 
exceeds the order of 3 km, the effects become 
serious for frequencies higher than 0.15 cps. 

(c) Fig. 14 shows the theoretical func-
tions for model 6E with varying Poisson's 
ratio from 0.25 to 0.29 in the upper mantle. 
It is seen that the change in the ratio over 
this range does not give much effects on the 

peak positions. 

(d) In Fig. 15 are illustrated the theoretical 
curves for three models involving a low velo- 
city layer in the upper mantle. A comparison 
between the curves for model 6EG with the 
layer and model 6E without it does not indi-
cate large effects of the low velocity layer, 
as seen from Fig. 11. However, three models. 
6EG, A-K (a model modified from BRUNE and 
DORMAN (1963) and ANDERSON and KOVACH 

(1969)), and A-K' (a more simplified model of 
A-K, by replacing the 5-, 6- and 7-th layers 
by the 4-th layer with a thickness of 140 km) 
show characteristic differences in the curves. 
We notice that both the amplitude ratio and, 
the phase difference are more superposed by 
short-period fluctuations as the shear velocity 
contrast between the low velocity layer and 
the upper and lower media becomes pronounc-
ed. This property would be useful for iden-
tification of the low velocity layer. 

(e) The behaviors of the theoretical func-
tions are tested for the effects of interleaved 
soft layers. Fig. 16 gives two unlaminated 
models UL1 and UL2 and a laminated model 
L2, together with their original model. Model,



106 Tuneto KURITA and Takeshi MIKUMO

Fig. 11. Theoretical amplitude ratio (upper) and phase difference (lower) between SH and SV waves for the three models in Table 1.Fig. 12. Theoretical amplitude ratio (upper) and phase difference (lower) between SH and SV waves for Unilayered models with a crustal thickness from 27 to 57 km.
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Fig. 13. Theoretical amplitude ratio (upper) and phase difference (lower) between SH and SV waves for the unilayered models with a thin surface layer.Fig. 14. Theoretical amplitude ratio (upper) and phase difference (lower) between SH waves and SV waves for model 6E with varying Poisson's ratio from 0.25 to 0.29.
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Fig. 15. Theoretical amplitude ratio (upper) and phase difference (lower) between SH and SV waves for three models including the low velocity layer.Fig. 16. Theoretical amplitude ratio (upper) and phase difference (lower) between SH and SV waves for laminated mantle models and unlaminated models with soft layers.



Inferences of a Layered Structure from S Wave Spectra 109

L1, a laminated model with a shear velocity 

of 2.7 km/sec, does not yield much difference 

from the curves for UL0, as in the case of 

UL1. However, it is noticed that if there are 

interleaved layers with a total of 1 km thick-

ness having a shear velocity as low as 1.0 

km/sec, the theoretical curves lose their ori-

ginal features. It would therefore be possible 

to infer from observations whether this kind 

of layers exist in the upper mantle. 

•˜5. Summary 

We have examined theoretically the be-

haviors of the frequency-dependent amplitude 

ratio and phase difference between the ver-

tical to the horizontal component of SV waves, 

and between SH waves and the horizontal 

component of SV waves, for variations of 

layer compositions. For incident angles such 

that c<ƒ¿n, the amplitude ratios are too sensi-

tive to variations in the incident angle, while 

the phase differences are kept constant to be 

•}90•‹, as seen in Section 3. The character-

istics of the theoretical functions in the case 

of c>ƒ¿n may be summarized as follows: 

i) The theoretical functions for SV waves 

show gentle variations with frequency, having 

only one or two peaks, whereas those includ-

ing SH waves have more peaks within the 

frequency range under consideration as in the 

case of P waves. ii) The latter functions are 

more sensitive than the former to variations 

in the crustal thickness. iii) Both functions 

are rather sensitive for S wave velocities in 

the upper mantle particularly for the case 

including a low velocity layer. iv) On the 

other hand, the theoretical functions for both 

SV and SH waves are not sensitive to the 

existence of transitional layers and thin sur-

face layers and to dissipation in the medium, 

within the frequency range from 0 to 0.2 cps, 

as have been shown for P waves. 

On the observational side, it is necessary 

to satisfy the conditions that direct S waves 

are not contaminated by preceding and later 

phases and have incident angles such that c> ƒ¿n

. These conditions may be satisfied if we 

select S wave records from deep-focus earth-

quakes with epicentral distances between 40•‹

and 60•‹. 

It may be concluded that the amplitude and 

phase spectra of S waves will be useful to 

infer the crustal and upper mantle structure 

by testing the appropriateness of a number 

of models derived from P wave spectra and 

some other information and selecting probable 

models among them. 

Experimental studies along this line will be 

made in Part 2 (KURITA, 1971) and Part 3 

(MIKUMO and KUKITA, 1971). 
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