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Upper bounds for solutions of exponential Diophantine
equations with applications to Fibonacci numbers
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(Tokyo Metropolitan University)
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1 Introduction

BBEF1AT7 O NABER
(%) a®+bt¥=c*

EEXD. LT, z,y,z BEBRY, 0, b,c FEDZ>EEVWLEABBEEE NI 1 &
WAOERKRETD. FAATPU NARLOBRICK>T, 5BR () ORO—K
MNEERER/SD & FHKSD. Thue-Siegel DFED p RN ZE%E A LT, Mahler
8] BT (x) FELERBEOMULIBFLZEVIEEEALTVWS. FER (»)
&, BEARBRRO—DOTHHILAEED. BEPHBAOBRIEL T, ABRA (») D
BOMBEY (N = N(a,b,c) £BL) DLEREBDI N HRD. K, 2] 0FER%E
AVhiE, 83 7ERONM:
N < 236

EBBCEFERD. LAL, REE, N GHECATVEEXISATVS. £,
N>3EBRBESBZDHEA (a,b,c) ERIISITHEST, TLT N=3 X
BHEEE—D2MShTVT, Thid

3+5=23 34+5=25 3+5 =27

T, RBO—XFRICETS Baker DB ZAVKE, TBX () O 2,v,2
NDRETOLR (HETRESEEH ) EZBDIEHFHEKD. 5 C&hiE, (a,b,c D
BEIRBOEET) (x) DIXTORE (2,y,2) CRHULT, ROFAZBD X
*%:

max{z,y, 2z} < 2288 Vabc log(abc).

Baker DERICL > TBShD (LREOER) TR, 1 BX (x) ORERETS
CELRBEYRICULLEZWV. EU abe FRERETIE, XOFMERD N

HXS
logc

SCTpkabc DIRTOREBEDLESD. K, [[,p < abe &V),

= O (log max{a, b, c})
logc




8% Ch&it), z,y OFME

= O log max{a, b, c} Cy=0 log max{a, b, c}
loga logb

BB NhA. LU, AR (x) NEHC ZENEEY > 1 CHERADELE (2 26

EFTHEWVSEEAU), FRR (x) & Pillai OABRKREFENDS (ZTlR y,2
HFEBERD). Pillai OFBRICHTIARRBEZ<HS. &5, Bennett [1] FF
B0 Pillai OFBARE L= 20BULABLEEVCEEZAALTVLS. HEE, W<
DPHADEREO=Z28H a,b,c EBRVELE BOBREZ<EE—DOTHHEF
BLTWS.

—FT, BN (x) DROREBICHTIWMRR, LUYBERTHS. bedtlE B
BX (x) REEEThZ=2#4 (a,b,c) KDVWTEBREThTVWE. FIEBERO
B2 BFEERAVT, a,b,c DENFNEVEEIC, FER () OMHFREThTE
It BEOS<HER, B2 B=2#4k (a,b,c) DEICRTZENOTHD. 512, 8
R p,q,r>2 /LT, P+ =c BRETEDTHSD. Jedmanowicz [6] i,
p=g=r=2 OFEI, AR (x) BEE—DORF (z,y,2) = (2,2,2) DL
FHELTVA. Chid, ERISARCHT 2 ARRAETHS. T3 [10] I, —
BOpqgr icHLTEEOBEZRERZLTVS.

COMTRE, 2,y FRBEBDIRSBFEN (x) OB 7,9,z DEREZEXS. &
J=, ® application £EUL T, a,b,c K71 RFTYTFRTEZShDESICHER
(*) Z#<. {F.}n>0 2741*\*#/%;5@1&?6 Thabs Fy=0, F1 =1,Fphio=
Fopi+ F, 714K+ ?ﬂﬂ;x@ﬁﬁ’&"‘t’&ﬁﬁ

F2+Fn2+l = Foppa-

CZTn2>0 (7 p79 Corollary 5.4] 288). LEROBRBELANE, ORFER
ATHASARVCEICEBLTHL o & RAEN 55, 2002 FOEBKEES
#F D short communication ICBWT, FH [11] &, (a,b,¢) = (Fn, Fat1, Fant1) ®
BEC, BEn>3 CRLTHER () REE—DOO#E (z,y,2) = (2,2,1) DD
ESH, EVSHEEZREBLE. COBMBEZUTORICBS CENfH%kS.

Theorem F1. & n >3 LWL T, AN
Fr+Fl=Fhn
FLEE—DOBRBE (2,y,2) = (2,2,1) EHD.

2 Upper bounds for solutions
¥ p EBE m (#0) WML T, ordy(m) B m & p FEIZBAOOBKETS.
FEh,mOp BOERATEDD:

ordy(m) )

M) =P
BT, b FERDOBEEERS.
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Theorem 1. (z,y,z) & (x) DEETS. 2,y,2 ZIXNTBBERETS. 2 =
2X,y=2Y,2=27 LB (CCT X,Y,Z FEAK). cOL&RD (i), (i) &
RV,

2Y logb — log 4

2Y logb — log 2

() X< loga 2% logc
i) L Y >1 55K,
Y < logmin{a +1, 2v/c—1}

log b(2)
AV L.

Theorem 1 M EERY

{a*X,bY, %} BRIBE RS ABABE DT,
o =k?-12, b =2k, Z=kK+1°

STkl BREYT, REHLET:

k>1>0, ged(k,l)=1, k#! (mod2).
k+Dk-)=aX D gedk+Lk-1)=1B0DT,

k+l=u¥, k—1=12%,
EBITD. CCTu,v BEBET, RER/RLET:
u>v>0, ged(u,v)=1, wuwv=a.
&R

a® < k* =02 /(41?), o <2k =b*/(20%),
&V, (i) BI<SEDAB.

i) CCAHAS Y >1 ZRETD. CchHSZHEBYO 2EMNEOHHZITV,Y ©
;ig)u.a) Y OLASONMIE%EBD. TOLHIIROBBEAEMES (REBRAWE, [3,4] I
Lemma. BRE N >2 LWL T, AR

XN L yt=22 (X,Y,ZeZ\{0}, ged(X,Y) =1)
BREERLAZV.

Lemma. BRAM N > 2 CHLT, 5BR
XN 1yv?=2% (X,Y,ZeZ\{0}, ged(X,Y)=1, X =0 (mod 2))
BRERFLEL.



CNLY, X, Z BHAAFFETHAIEN HID. e, TENEOHEZTI -
HIDROEEZRWVS (9, p.11; P1.2] 28).
Lemma U &t VB US>V ZHLEIBY, c ZERRETS. CnLZE
ordy(U% — V) = ordg(U + V) + orda(e) + 1
A, BYUEHFB (ULV =0 (mod 4) &BDHE ) THYILD.

T,
akl = (k+1)2 = (k — )2 = u2X — 2X
BOT, fHELY),
ordy(b) Y = ordy(b¥)
= orda(2kl)
w2X — 2X
= ordsy (—2——)
= ordg(u?* —v?¥) -1
= orda(u % v).
ES5(C
vtv<ut+v=a/v+v<a+l,
DT
y _ orda (u+ (-1)"F0) - log(a/p(a) + (-1)% p(a))
orda(b) - log b(a)
%185.

—FTC, k2 +12=cZ H/EMAT,
(k+1vV=—1)(k—1v-1)=c"
cHERTHHOEAS, BLO=ETE Z[V"I] TEVLREDT,
k+1v=1=(a; +bv/—1)%

EBDBY a),b) FFEL, a2 +b2 =c FRYILD. a1 # b (mod 2) ICEET
3. 7 BBEBEOT

Z _ Z _ _
k—a1< Z-1 (Z—2)a1z Sblz—i—---:I:(S)alzblZ S+ 7b7 1),
VA
l= b (Zalz—l - (Z_3)alz—3bf+---i (i)afblz‘3ib1z_l> :

t’k% BE‘.‘B/J‘L: ai ‘3 k ’E%‘HH;UU, bl ‘; { &E‘JU%“’&L\ ﬁ[, al,bl ‘;EU
CRETHD. kjay & /b FEBTHDIEEXDORBLIAEY. &2 T

Ordg(b) Y = 01‘d2 (by) = 0rd2(2kl) = ord2(2a1b1).
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a1 # b (mod 2) Ao max{lall, Ibll} <+c—-1%DT,

__ordz(2a3b1) < log(2v/c—1)
~ orda(b) T loghy

%82 (IHRK).

EROFELCKY, RO EHRAETNSD.

Theorem 2. (z,y,2) & (x) DRETD. z,y Z2BY, - EFYERETS. z =
2X,y=2Y t%( (CCT XY BERE). 3L

< log(c—1)

- 210gb(2)

ARGV MO,
TS, c- 1 BFEFHTEV, £l c—1 G b Z2HSHLVRRABZRD, &
=&
logb < log(c - 1)
orda(b) ~ orda(ec—1)

FRYAD, Elik
orda(c — 1)
2 ordz(b)
FRYUYMDETD. COLE,RD (i) TR (i) O—FLEFHFEYILD :

- -1 1
i) X< log(c — 4) 4), z < min log(c— 1) M+ T , Ve—4p,
log ap) logc (c—1)M-mlogc
() X < 2log 2 z 2M 2 2> el

" logagp)’ logz < logc + (c —1)M-m Jogc log(c— 1)’
CCT,pkay FERPEBRD o DRERTHS.

F, X
flogc 1
log(c —1)  (c—1)M-mlog(c—1)
FRUTDEEG, (i) FRYILD.

3 Applications

n>3&EFD. Fy Fui,Fony) REDZODEBEVILEBR 1KY KOBARABTSH
BLEIEETS. (v,y,2) %, FERX

(3.1) Fr+F),=Fg



DIEETD. ZCTx,y,z BEAK S, SEREAVT, 2 & y OBELE
BEXED. 50,2,y DENOERARNEES.

Lemma. JX® (i) & (ii) AR ILD.
i) z & y BB
(i) X =2 (mod Fopy) #2 Y =2 (mod F,), 2&T X =12/2, Y = y/2.

Proof. A1 n=3 NBEEERAD. cOLE, 6 FREKX 3.1 &
(3.2) 9% 4 3V = 13°.

(3.2) BE3THBDE, (-1)*=1 (mod 3) £BDDT, z FBHTHS. [/l 2 >2
THD. T5& SER 32) 2EF 4 THDE, (-1)V=1 (mod4) £BXBNDT,y
BERBTHD. BREIC 32) BZE 5 THDE, 37 =+£2 (mod 5) &R, 2h&kl)
2z BEWHERD. §BHE Theorem 2 &), z2=1 %85, &>2Tz=y=2 WX
CHBRE n=30LERUTS. ABICLT n=4 OREIEAET LD LIEHNF-
Tn>5ZRELTERL.

FEO M4 IRV, Fpy1 —Fn=Fpn 1 >FB=2>182F,>1 &»
T Fn # %1 (mod Frpy1). BIC, ROGRARXA K LD

F,# 41 (mod F4+1), Fpy1=F,1#Z £l (mod F).
2X + 1 BL. CCT X FIBEK 2, € {0,1} THB. Cassini OF

)18
&8
oyl

Fn2 =4+ Fn_an-l-l =0- FnFn+1 (mOd F712+1)'
CTo= (- &2T
Fn2X —_ Fnzx Fn.’L'l
= (6 - FnFn-i-l)Xanl
= (X - 6*1F,FE, )FE® (mod F2,),

]

Py =(F + Fl)”
= Fnzz
=(0 - F,Fp )
=6 — 52_1FnFn+1z (mod F,f+1).
LENT (31) #5
(6% = 6% 'F,F, )FP + FY | =6~ 6" 'F,F, 12 (mod F2).
ChERE Foy ThdE,
| §XFET =6 (mod F,,,).

EL 21 =188, F, =21 (mod F.p1) EBBHFhBEFE. &K2T 21 =0,
TROE, 2z =2X. T5& 68 = 6% (mod Fryy). COERARE, § = +1 A0
Foi1 >3 &Y, RBEIEETHZEHNDIBDT X =6 &2 T

—6*E, X +FY] =-6*"'F,z (mod F,,,).
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FARICLT (3.1) % F2 TERTBLEL LT (RRR F2, = -0+ F,F,,,

(mod F2), Froy1 # %1 (mod F,) ZAWVS), y RBHTHZ L, AAK

FFl 4 (=6)Y 'Y = (=6)Y'F, 1z (mod F,),

%83 ZCTY=y/2 o,y E2RERELS, RLVARER (i) 285. O

LOBED (1) &V, z=2X, y=2Y £BFS. ST XY BHRETHS.

Fony1 BEHBTHDEREL TRV, R, o1 BBBTHIBE, F, & Forr
BEBTHY, KO TFL,, =F2X +F2Y, =2 (mod 4) £8%. Th&t) z=1

THhY, X=Y=1%8B%.

BT, Fopy1 BBYTHDIBEEEXSD. Theorem 2 ZAHVDLHIC, ROKHE

ZRY.
Lemma. Fo, —1 &, F,, Froyy ThENEEBSHVKARER.

Proof. *)Jb‘:, Fn & Ln ﬁ! Fn+1 t‘*i?&%:t, TLT Fn+1 & Ln+1 ‘;
F, ERTHHEERTD. Fy, = F2+F2%, #2 Ly = Fpy1 + Ft

(m > 1), &), Cassini DERXH S

F,L,.; ifniseven,

Fony1 — 1=
ntl {LnFn+1 if n is odd.

FoAd ChEgEEZRLTVWS. O

EEOIHENHICE,
max{X,Y} <z

ERBELVCERBECOLHLS. BB, £ ULOFERNFrRY L TE
(F2+ F2,)* = Ffy = F2X + FE < (F2% + (F2,)*

£V, 2=1EBB0T, X =Y = 1.
Theorem 1, 2 ZFHWd &

10g(F2n+1 - 1)
log 3

28D T X-2&Y -2z OLHSOMMEE,

2log F),
log Fon 1
— 1(-.’g(-F‘2‘n+l/F"nz) X
log Fon+1
— log(l + (Fn+1/Fn)2) X < log(l + (Fn+1/Fn)2)
log Fop 41 log 3

max(X,Y) <

X—-2<X-~—

<2,
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2log Frnt1
—Y
log Fop11

_ log(Fony1/F2)

log Font1
log(1 + (Fn/Fn+1)?) v log(1 + (Fn/Fnt1)?)
= <
log Fopt1 log3

UENT, (i) &), X2 <0AD Y —2 <0 ERBLEFDABDOT,
X=Y=2=1%18% fIHAR).

Y-2<Y -

Y

< 1.

Remark. t OBERI {f,(t)}nxo &, folt) =0, fu(t) =1, frra(t) =t farr(t) +
fu(t) TEETD. BSHIC f,(1) = F,. [7, Ch.37,38] L& niE, AF

fn(t)2 + fat1 (t)Q = font1 (t)

HARAITS (n>0). £, Cassini DZEREFBBEOEDHF KV L D. Theorem F1
DEAERZRICLT, RO L ZRIATES .

Theorem P1. § n>3 EERAW ¢t XL T, FER
Ja®)® + far1(8)? = fonta(2)°

BEE—DOBREE (z,y,2) = (2,2,1) £E .

< hiE Theorem F1 O —#{LT&H>.

Remark. 7 /4Ry FHICE, ROLAKEHAShTVS.
Fn2+F2n-|—2:Fn2+2'

&K DT, Theorem F1 THRO LB LEAROENEZRETESD. B ADeN
ABATCED.

Theorem F2. & n >3 WL T, FER
FrP+Fy.o=Fl,
BREE—DOERBE (z,v,2) = (2,1,2) &,

t DBFAF {B,(t)}n>0 & Bo(t) =0, Bi(t) = 1, Bpia(t) = t Bpi1(t) — By(t)
TEETSD. B.(3) = Fo, EBBZERTICDAB. [7, Chdl] KEhiE, 2%

B'n,(t)2 + B2n+1(t) = Bn—{—l(t)z

ABYID (n>0). £, Cassini OZFREFENE DK K ILD. Theorem F2
DAAEFRIELT, KO L EZFAATE S .

Theorem P2. & n>2 EBAAEK ¢t >3 LWL T, FER
By (t)* + Ban41(t)Y = Bnt1(t)®
REEE—D2OBERBME (z,v,2) = (2,1,2) EE-.
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ZhiE Theorem F2 QP9 —MILTHS. Theorem F2, P2 OFEHG EMTS.

REFERENCES

[1] M. A. Bennett, On some exponential equations of S. S. Pillai, Canad. J. Math. 53 (2001),
897-922.

[2] F. Beukers and H. P. Schlickewei, The equation x + y = [ in finitely generated groups,
Acta Arith. 78 (1996), 189-199.

[3] Z. F. Cao and X. L. Dong, On the Terai-Jedmanowicz conjecture, Publ. Math. Debrecen
22 (2002), 1-13.

[4) Z. F. Cao and X. L. Dong, An application of a lower bound for linear forms in two
logarithms to the Terai-JeSmanowicz conjecture, Acta Arith. 110 (2003), 153-164.

[5] N. Hirata-Kohno, S-unit equations and integer solutions to exponential Diophantine equa-
tions, Analytic Number Theory and Surrounding Areas. RIMS Kokyuroku 1511 (2006),
92-97.

[6] L. Jeémanowicz, Several remarks on Pythagorean numbers, Wiadom. Mat. 1 (1955/56),
196-202 (in Polish).

[7] T. Koshy, Fibonacci Numbers and Lucas Numbers with Applications (Pure and Applied
Mathematics, Wiley, 2001).

[8] K. Mahler, Zur Approximation algebraischer Zahlen I: Uber den grossten Primteiler
bindrer Formen, Math. Ann. 107 (1933), 691-730.

[9] P. Ribenboim, Catalan’s Conjecture: Are 8 and 9 the only Consecutive Powers ? (Boston,
MA: Academic Press, 1994).

[10] N. Terai, Applications of a lower bound for linear forms in two logarithms to exponential
Diophantine equations, Acta Arith. 90 (1999), 17-35.

[11] N. Terai, On an exponential Diophantine equation concerning Fibonacci numbers, Ab-
stracts of short communications and poster sessions: Beijing 2002 August 20 - 28, Inter-
national Congress of Mathematicians (Higher Education Press, 2002).

DEPARTMENT OF MATHEMATICS AND INFORMATION SCIENCES, TOKYO METROPOLITAN UNI-
VERSITY, 1-1, MINAMI-OHSAWA, HACHIOJI, TOoKYO 192-0397, JAPAN
E-mail address: miyazaki-takafumi@ed.tmu.ac.jp



