0oooo0O0oooo
0 18140 20120 130-141 130
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Abstract

The authors have studied bitter chocolate problems, and they have published their results in [6], (7]
and [8]. These chocolate problems are equivalent to the variants of games of nim conditioned by the
inequalities such as y < L%’-‘EJ and y < = + z, where non-negative integers z,y, z stand for the numbers
of stones in piles. In this article the authors are going to study a variant of nim conditioned by the
inequalities y < LM";_:EZJ The authors have presented this problem in [5], but here we are going to
use a new method of proof that is very different from the one used in [5]. This method is very simple
and easier to understand. The authors have used Mathematica when they discovered the formula for
P-positions of this chocolate problem.

The authors are also going to introduce some predictions on chocolate problems. These predictions
have been made by Mathematica, too. Almost all the ideas used in the research has been proposed by
high school students and freshmen in a university. The authors present a list of the previous results of
their research in the references to show the possibility of the research project by high school students.

1 The game that satisfies the inequality 2y < min(z, 2)

In this article we are going to study combinatorial games. Let Z* be the set of non-negative integers.
There is a brief introduction of chocolate problems in [8]. Therefore please consult {8], if you are not
familiar with these combinatorial games.
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In a combinatorial game there are two kinds of positions. One kind is a P-position, a previous-player-
winning position. The other is an N-position, a next-player-winning position. One of the most important
topics of combinatorial games is to find all the P-positions of a game.

First we are going to define the game of Nim.

Definition 1
There are 3 piles. Two players alternate by taking all or some of the counters in a single heap. The
player taking the last counter or stack of counters is the winner.

Remark 1.1
This definition is a special case of the definition of the game of Nim in [1].

We are going to define the nim-sum that is very important for the theory of combinatorial games.

Definition 2
Let z,y be non-negative integers, and write them in base 2, so v = Y i (%;2' and y = 3 1 1;2* with
z;,4; € {0,1}. We define the nim-sum x &y by

n
x@ysziQi, (1)
=0

where w; = x; + y; (mod 2).

Definition 3
Let A={{z,y,2};2,y,2 € Z>0,2 ®y® 2 =0} and B = {{z,y,2};2,y,2 € Z50,c Dy D 2 # 0}.

Theorem 4
The lists A and B are the list of P-positions and the list of N-positions of the game of Definition 1
respectively.

Proof For a proof see [2] and [3]. 1
Here we are going to study bitter chocolate problems that are variants of the game of Nim.

Definition 5

Given a pieces of chocolate, where the light gray parts are sweet and the dark gray part is very bitter.
This game is played by two players in turn. Each player breaks the chocolate (in a straight line along the
grooves) and eats the piece he breaks off. The player to leave his opponent with the single bitter part is

the winner.

Remark 1.2
Note that in Definition 5 we are not considering misere play, since the player who breaks off the last
groove wins. This is a very important point in understanding chocolate problems.

‘We can make many kinds of chocolate problems.

Example 1

Here we have 3 types of chocolate problems. The problem in Graph 1.1 has been introduced in [3]. It is
easy to see that it is equivalent to the game of Nim with 3 piles. Other problems have been proposed by
the authors. You can see the interesting facts of problems of Graph 1.2 and Graph 1.3 in [31] and [7].

131



132

BEGERE A
EnELan AR
aREREE F N
ERRERE
EREEEN
aRREnE
Graph 1.1 Graph 1.2 Graph 1.3

In this article we are going to study other types of chocolate problems.

Example 2

Here we have the chocolate problem in Graph 1.4.

The light gray parts are sweet, and the dark gray part is very bitter. We do not have anything in the
white parts. We can cut this chocolate in 3 ways. Therefore it is proper to represent this chocolate with

3 non-negative integers {5, 2, 5}.

Graph 1.4

Example 3

Here we have three examples of positions of the chocolates that appear in the game of chocolate of Graph
1.4.

{4, 1, 5} {5, 0, 3} {3,1,4} {3,1,2}

Graph 1.5 Graph 1.6 Graph 1.7 Graph 1.8

It is clear that the chocolate problem of Graph 1.4 satisfies the inequality 2y < min(z, z), and this is

equivalent to the inequality
Ii )
y < L—-——( )

< | 7R, (2)

where | | is the floor function.

We can define the problem in Graph 1.4 without a chocolate.
This is a variant of the game of Nim conditioned by an inequality.

Definition 6
We are going to define a variant of the game of Nim. In this game there are 3 piles and the numbers of
each piles can be represented by 3 non-negative integers {z,y, z}.



These numbers {z,y, z} satisfy Inequality (2), and hence the reduction of numbers satisfies the following
conditions.

(a). You can reduce y to any non-negative number v < y.

(b). You can reduce x to any non-negative number w < z, and then the second coordinate will be
Min(y, ’.Mmzu’z D

(c). You can reduce z to any non-negative number w < z, and then the second coordinate will be
Min(y, [ #7522 ).

Note that these conditions look quite natural when you look at the structure of the chocolate in Graphl.4.

Remark 1.3

Some people may think that the shapes of the chocolates in Graph 1.4 is not natural. It might be good to
tell about how the authors came up with these chocolates. After they studied some chocolate problems
in Example 1, they began to study chocolate problem conditioned by other types of inequalities. They
chose Inequality (2), and by calculation of Mathematica they found out that the chocolate problem with
this inequality produces a simple formula for the list of P-positions. When they looked for the chocolate
that satisfies the inequality, they discovered the chocolate of Graph 1.4.

Next we are going to define the function movel({z,y, z}) for a position {z,y, z}. movel({z,y,z}) is
the list of all positions that can be reached from the position {z,y, z} in one step (directly).

Definition 7

For z,y,z € Z* we define movel({z,y, 2})

= {{z', Min(y, LWJ),Z};W <z}

U {{z, Min(y, | 22220)) 21} 2 < 2}0{{z, v/, 21/ <y}

Example 4
In Example 3 {3,1,2} € movel({3,1,4}). and {5,0,3} ¢ movel({4,1,5}). Note that {3,1,4} ¢
movel({4,1,5}), since it will take 2 steps to reach {3,1,4} from {4,1,5}.

Definition 8
Let Ay = {{z,y,2};2,y,2 € Z%,y < |22 | and z @y @ 2 = 0}, B = {{z,y,2};2,9,2 € Z*,y <
| 2222) | and z @ y @ 2 # 0}

We are going to show that A; and B; are the lists of P-positions and N-positions of the game of
Definition 6 respectively. We have to prove the following (a) and (b).
(a). If you start with a P-position (an element of A;), then any move leads to an N-position (an element
of By).
(b). If you start with an N-position (an element of B;), then there is a proper move that leads to a
P-position (an element of A;).
Therefore we are going to prove the following (3) and (4).

movel({z,y,2}) C By (3)

for any {z,y,2} € 4;.
movel({z,y,z}) N A; # 0 (4)

for any {z,y, 2} € Bx.
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Lemma 9
Let a,b be non-negative integers such that 2a < b, and write them in base 2, so a = ;:01 a;2* and
b= Z?:O b,;2i with a;,b; € {0, 1}.
Then for any non-negative integer k we have 23—, a;2' < ¥, bi2%.

Proof Suppose that there exists k such that 237 a;28 > Y7, b:2". Then it is clear that
21 < 22;:1: ;2" — YT oy Di2'
Then 2a > 237} @2t > k1 4 S°7 520 > Y7 (52" = b, which contradicts to the hypothesis of

this lemma. [ ]

Theorem 10
For any {z,y,2} € A1 we have movel({z,y,2}) C Bi.

Proof Let {z,y,z2} € A;, then we have

THYyD2z=0 (5)
and .
y< | 2, )

Suppose that we move from {z,y, 2z} to {p,q,7}, and we are going to prove that {p,q, T} € By.
Let n = |logaz]. Then by (5) and (6) we have
n = |logaz] > |logay].
We can write x, y and z in base 2, so

n n—1 n
x=Zx,~2i,y=Zy,-2i , z=Zz,~2i, (M
i=0 i=0

=0

where x;,y;, 2; € {0,1}. We can also write p, q and r in base 2, so

n n—1 n
p=Y p2,q=>) a2, r=) n2, (8)

i=0 i=0 i=0
where p;, ¢;,7; € {0,1}.
[1). We are going to reduce y to q. Then we are not going to affect the value of y. Let k be the largest
integer such that g = 0 < 1 = y,. By (5) we have zx + yx + zx = 0, and hence by the fact that gx < yx
we have xx + qx + 2 # 0 (mod 2).
This shows that p® ¢® 7 = ® ¢ ® z # 0, and hence we have {p,q,7} = {z,9,2} € B:.
[2]. We are going to reduce z to r. By (6) we have
x

3 2y )

Let k be the largest integer such that 7, = 0 < 1 = 2.
Then we have
T = Z§ (10)

for i=k+1,k+2,...,n. By (6) we have 2y < z, and hence by Lemma 9 we have

n—1 n
2 w2 < Y a2t (11)
i=k

i=k+1



By (10) and (11) we have r > 377 ., 22' > ZZz_k ¥:2*, and hence by (9) and (c) of Definition 6
q = Min(y, LMJ) > Zz_k :2*, which shows that g = yx. By (5) we have 1 + yx + 2 = 0, and
hence by the fact that gx = yx and rx < zx we have px + g + T = Tk, + Yk + 7% 7 0 (mod 2).

This shows that p@® @7 =z @ g @ r # 0, and hence we have {p,q,7} = {z,q,7} € By.

[3]. When we reduce x to p, then we can use a method that is very similar to the one used in [2] to prove

this theorem. I

Lemma 11
Suppose that

n—1 n k
2Y a2 < Y b2t Y (12)

=0 1=k+1 =0

n—1 n k—1
2 Z a;2" > Zbﬂi + Zzi (13)

,with a;,b; € {0,1}. Then we have by =0, ax_1 = 1 and 230 ! ;28 = Z?=k+1 b;2¢.

and

Proof If we compare (12) and (13), it is easy to see that by = 0. By Lemma 9 we have
20 a2 < T, bi2%, and hence

n—1 k-2 n k-1 n k—1
2Y a2 +2Y 2 < Z b21+2Z2’ Yon2 4y 2 =3"b20+ Y 2 (14)
i=k =0

i=k+1 i=k+1 =0 i=k =0

where the last equation is deprived from the fact that b, = 0.
If a1 = 0, then
22‘/1,2'<2Za,21+222z (15)
i=k
(14) and (15) contradict to (13). Therefore ag_; = 1.
We suppose that 2 Zrk a;2" < 37,1 b:2¢, then we have

2Za21+2k+1< Z b; 2% (16)
i=k+1
Since 237 a;2¢ < 2300 a;2' 4+ 25+1 (16) contradicts to (13). Therefore we have 2y 0l a2 =
Ditkyr b2 '
Theorem 12

Let {z,y, 2} € By, then movel({z,y, z}) N A; # 0.
Proof Let {z,y,2} € B;. Then we have
TOYDz#£0 (17)

and
min(z, z)

y< L—2—"J- (18)
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We are going to reduce {z,y, 2} to {p,q,7} € movel({z,y, z}) N A;. Let

m m m
:L'=Za:i2i,y=2yi2i 2=y %2, (19)

=0 =0 =0
where x;, ¥, zi € {0,1}.
Suppose that z; + y; + 2; = 0 (mod 2) for i = n+1, n+2, ...,.m and

Zn + Yn + 2n # 0 (mod 2) (20)

for some n € Zt.
[1]. We assume that y, = 1, then we let ¢ = 0, ¢ = zi + 2z (mod 2) for i = 1,2,3,...,n — 1 and
gi=yifori=n+1.,m Letq=3Yi,¢2, p=xzandr =z Then we have ¢ < y, and hence
{p,q,7} = {z,q, 2} € movel({z,y,z}). By the definition of ¢ it is easy to see that p®qdr = zHqdz =0,
and hence {p,q,7} € A;.
[2]. We assume that y, = 0, then we have z, =1 or 2, = 1.
[2.1] We can assume without any loss of generality that 2, = 1, and we are going to reduce 2 to r. First
we let 7, = T + Yn, then by yn = 0, 2z, = 1 and (20) we have r, = 0 < 1 = 2,. Clearly we have
ZTn + Yn +Tn = 0 (mod 2).
By (18) we have

22;,,2’ < Zz,w < Z 224 + Zz’ (21)

=0 i=n+1

Therefore we have the following [2.1.1] or [2.1.2] or [2.1.3].
[2.1.1]. Suppose that we define r; = z;+y; (mod2)fori =0,1,2,...,n—1,r; =2z fori=n+1,n+2,..,m

and we get
2 Zy,2' < Z 22 + Zr,z' (22)

i=n+1 i=0
Letp=z,q=yandr =) irg r;2%. Since rp, =0 < 1 = 2,,, 7 < z. By (22) we can reduce z to r without
affecting y, and hence we have {p,q,7} = {z,y,7} € movel({z,y,7}). Clearly p®q@®r=r0yOr = 0,
and hence {p,q,7} = {z,y,7} € A1.
[2.1.2]. Suppose that there exists k such that we can define

T =% +Yi (23)

for i =k,k+1,..n — 1 so that we have

2Zyz21< Z z2' + Z r2’+22’ (24)

i=n+1 i=k+1 =0

and
2Zy,2'> Z z,2’+2'r 21+22' (25)
i=n+l =0
By (24), (25) and Lemma 11 we have rx = 0 and yg—1 = 1.
We are going to define the values of ¢; and r;. Let qx—1 = rx and 76—1 = Tp—1 + qx-1 (mod 2).
After that we let ¢i = 7341 and 7; = zi + gi (mod 2) for i = 0,1,2,3,....,k — 2. Welet r; = 2 for



i=n+1n+2,.,mandr=>3 7" 72" By Lemma 11, (24) and (25) we have

m m n m
2) w2 = > w2+ Y r2i= ) 2l (26)

i=k i=n+1 i=k+1 i=k+1
Let g; = y; for i = k,k+1,...,m and ¢ = > ;- ¢;2". Since gx—1 = 7% = 0 < k-1, ¢ < y. By (26)
and the fact that ¢; = i1 for ¢ = 0,1,2,3,...,k — 1 we have ¢ = | 5], and hence by ¢ < y, p = z and
r < z we have {p,q,r} = {z,q,7} € movel({z,y,2}). By the definition of g, it is easy to see that
POIOTr=x®q¢Pr =0, and hence {p,q,7} € A;.
[2.1.3]. Suppose that we have

m m n—1
2) w2 > Y a2ty 2 (27)

=0 i=n+1 =0

By (21)

m . m . m . n .

2Zyi2’ < ZziZ’ < Z 22" + Z?‘. (28)

i=0 =0 i=n+t1 i=0
Then by (27), (28) and Lemma 11 we have y,_; = 1. We let ¢; = r;41 and r; = x; + ¢; (mod 2) for i =
0,1,2,3,...,n—1. Let ¢ =y; fori =mn,n+1,....,mand q = Z;":Oqﬂi. Since g1 =1, =0<1=1yp_1,
g<y Welet r; = z fori = n+1, n+2,..,m and r = 3" ;7*2*. Since r, =0 <1 = z,, r < 2. By
Lemma 11, (28) and (27) we have

m m
2) w2= Y z%, (29)
i=n i=n-+1

and hence by the fact that g; = r;y; fori=0,1,2,3,...,n—1we have ¢ = | ], and henceby ¢ < y,p==x
and r < z we have {p,q,7} = {z,q,r} € movel({z,y,2}). By the definition of ¢, it is easy to see that
PDePr=2®q¢dr =0, and hence {p,q,7} € A;. )

Theorem 13
A is the list of P-positions and B is the list of N-positions of the game of Definition 6.

Proof If we start the game with a position {z,y, 2} € A;, then by Theorem 10 any option leads to
a position in B;. From this position by Theorem 12 a proper option leads to a position in A;. Note that
any option reduces some of the numbers in the coordinates. In this way a previous player can always
reach a position in A;, and finally reaches {0, 0,0} € 4;.
If we start the game with a position {z,y,2} € B;, then by Theorem 12 a proper option leads to a
position in A;. In this way the next player can always reach {0,0,0}. [

2 Some Unsolved Chocolate Problems

It is not difficult to calculate the list of P-positions for a chocolate game with an inequality by computer
programs if the size of the chocolate is small enough for the computer that is used in calculation.

Example 5
The chocolate problem with the inequality y < Round(x + z)  has a very interesting property.
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Graph 2.1

This is the Mathematica program to present all the P-positions of the game for {{z,y, z}z,z < 200 and
y < 20}.
k=1; 88 =20; al =
Flatten[Table[{a, b, c}, {a, 0, 10 ss}, {b, 0, ss}, {c,
0, 10 ss}], 2];
allcases =
Select[al, (1/k) #[[2]] <= Round{Sqrt[#[[11] + #[(3]11]] &l;
move[z_] := Block[{p}, p = z;
Union[Table[{t1, Min[Floor [Round[Sqrt{(t1 + p[[3]1)11]1, p([2]1],
pl[311}, {1, o, p[[1]] - 1},
Table[{p[[1]1, t2, p[[3]1]}, {t2, 0, p(f2]] - 1}],
Table [{p[[1]1], Min[Floor[Round([Sqrt[(t3 + p[[111)1]], p[[2]1],
t3}, {t3, 0, pl[[3]1] - 1}]
]
1; Mex[L_] := Min[Complement [Range[0, Length[L]], L]];
Grlpos_] := Gr[pos] = Mex([Map(Gr, move([posl]l;
pposition = Select[allcases, Gri{#] == 0 &];

By the above Mathematica program we could make a prediction. It seems to be very difficult to prove
this prediction.

Prediction 2.1
The list of P-positions of this game is {{x — 3,3,z — 3};z®y® 2z =0 and y < Round(z + 2)}

Example 6
The chocolate problem with the inequality y < [%—ﬂj has a very interesting property.

We omit the Mathematica program to present all the P-positions of the game. By the above Mathematica
program we could make a prediction. It seems to be very difficult to prove this prediction.

Prediction 2.2
The list of P-positions of this game is {x + 3,y,2+3};z®y®2=0 and y < L”!—“gy—!J}

Example 7
2
The chocolate problem with the inequality y < [Sfik’lj has a very interesting property.

This is the Mathematica program to look for an integer k and h such that the list of P-positions of

the game with inequality y < [MJ is{z+hy,z+hl;z®y®2=0 and y < |_£x—+y-)—_|} Then the
3D graph made by the list of P-positions produces the Sierpinski sieve. See [7].

Dol[Clear(ss, al, allcases, move, Mex, Gr, pposition, gggl;

8s = 10;

al = Flatten[Table[{a, b, c}, {a, 0, ss}, {b, 0, 5 ss}, {c, O, ss}],
2];



allcases = Select[al, Floor[(#[[1]] + #[[311)~2/k] >= #[[2]] &I1;
Print [k];
Print [allcases // Length]
Clear[move, Gr, Mex]; movel[z_] := Block[{p}, p = z;
Union[Table[{t1, Min[Floor[(t1 + p[[311)~2/k], p[[21]],
pl(3]11}, {t1, o, p[[1]] - 1}],
Table({p[[1]1], t2, p[[3]1]1}, {t2, 0, p{[2]1] - 1}],
Table[{p[[1]], Min[Floor[(p[[1]] + t3)~2/k], p([211]1, t3}, {t3, O,
pl31]1 - 1}]
11;
Mex[L_] := Min[Complement [Range[0, Length[L]1], L]I;
Grpos.] := Gr[pos] = Mex[Map[Gr, move[pos]]l;
pposition = Select[allcases, Gri#] == 0 &];
If [Complement [Map[{#[[2]1], #[[1]] - #[[3]1} &, pposition],
sierpin] == {}, Print["Sierpinski"]l; k = 0;
While[k <
10 && ! (Union[
Map [nimsum,
Map[{#[[1]] + k, #[[2]], #[[31] + k} &, pposition]]] == {0}),
k=k+1); If[k < 9, Print(k],
kk = 0;
While[kk <
10 && ! (Union[
Map [nimsum,
Map [{#[[1]] - kk, #[[2]], #[[3]] - kk} &,
pposition]]] == {0}), kk = kk + 1];
If[kk < 9, Print[-kk],]], Print["No"]];
Print [ListPointPlot3D [pposition, Background -> Black,
ColorFunction -> "Rainbow", PlotStyle -> PointSize[0.01]1]];
geg = Map[{#[[2]1], #[[31] - #[[1]1]} &, pposition];
Print [ListPlot [ggg, Background -> Black]], {k, 1, 10}]

By the above Mathematica program we could make a prediction. It seems to be very difficult to prove

this prediction.

Prediction 2.3

2
For k = 1,2,3,4 the list of P-positions of this game is {z+1,y,z+1};2®y®2 =0 and y < [@%LJ}, and
for k = 5,6,7,8,9,10 the list of P-positions of this game is {z+2,y,2+2};z®y®z =0 and y < H”—kyﬁj}

Remark 2.1

As to other results of the research by high school students of the group see [5], ...,[31]. Almost all of these
results are based on the ideas of high school students, and some ideas have been proposed by university
students. After a good idea was proposed by students, a mathematician who was their teacher helped
students to formulate theories. The authors presented this long list of articles in the references to show
that high school students can discover many kinds of facts and theorems when they can use computer

algebra systems properly.
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