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Abstract

In this paper, we solve a problem of Goldberg that determine the num-
ber of equivalence classes of rational maps corresponding to each critical
set, when the degree is small and oo is critical.

1 Introduction

In [3], Goldberg suggested a problem that determine the number of equivalence
classes of rational maps corresponding to each critical set. This problem is
based on her theorem (Theorem 1.3 in [3]), and it is known that the theorem
deeply concern with B. and M. Shapiro conjecture (see [1]).

By using algebraic computation system, we solve a problem of Goldberg
when the degree is small and oo is critical, and this gives a complete answer to
this problem together with our results in [2]. This work is joint work with M.
Karima and M. Taniguchi (Nara Women’s Univ.).

A rational map of degree d is a map with the following form,

R(z) = 28

where P and Q are coprime polynomials with max{deg P,deg Q} = d.

Definition 1.  Two rational maps R; and Ry are said to be Mdbius equivalent
if there is a Mé6bius transformation M : C — C such that Ry = M o Ry.

Let X, be the set of all equivalence classes of rational maps of degree d, and
X ‘gk) be the subset of X4 consisting of all equivalence classes of rational maps
with k-hold critical point at co, where £ = 0 means the rational maps that oo
is non-critical.
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Remark 1. A rational map R of degree d has 2d — 2 critical points counted
including multiplicity. The set of critical points of R is invariant under taking
a Mobius conjugate.

Every set of critical points of R is admissible, i.e., every critical point has
multiplicity at most d — 1. Therefore, the space X, is the disjoint union of
x©,xM ... and XY,

Goldberg showed the following theorem.

Theorem (Goldberg [3]). A (2d — 2)-tuple B is the critical set of at most
1 —

C(d) classes in Xy, where C(d) means the d-th Catalan number y ( 2:_ 12 )

The maximal is attained by a Zariski open subset of the space C24-2 of all B.

The map ¢4 : Xg — C24-2 i5 defined by sending a equivalence class to the
set of critical points, and the restriction of ®, to Xék) is denoted by @fik) .
Then Goldberg’s problem (see [3]) is written as follows.

Problem
e Describe in detail the ramification sets of the maps ®,.

e For every point ¢ € @2‘1_2, determine the number of points in the preimage
o 1(e).
d

We give the complete answer to this problem for the case of d = 3 and 4.

2 The case that oo is non-critical

Theorem 2 (Fujimura, Karima and Taniguchi [2]).
For each class in X c(zO)’ there is a unique representative R of the form

P(Z) ad_gzd_z +---+ag

R(z) = = .
) Q@ T T b T A by

P
For each R = 6 in the above form, the critical points of R is obtained by

the equation
P'(2)Q(z) — P(2)Q'(2) = 22472 4 ¢3q_32% 3 + ... 4+ ¢g = 0.
Then, the map @((10) is defined as follows,

‘I)((io) : C2d—2 R C2d—2
W w
(@g—2,+ ,a0,b4-2, - ,bp) — (c2da—3," -+ ,C0)-
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The defining equation of the ramification locus of @g)) gives the answer to a
problem of Goldberg for the case that oo is non-critical. For the details, see

2].

Thereafter, we consider the case that oo is critical.

3 The case that oo is critical

3.1 The case of degree 3

Proposition 3.

1. For each class in Xé ) there is a unique representative in CB:(;I), where

CB(I) {R(z) =22 taz+ —ﬁ (c# O)}

2. For each class in X§2), there is a unique representative in C’Béz), where
cBY = R(z) = 2° 4 a2® + bz}.
3

3.1.1 The case that oo is simple critical point

P
Let R = — be a rational map in CBél), and 2% + 222 + c1z + co = 0 be the

equation defined by P’(2)Q(z) — P(2)Q'(2) = 0.
Then, the map @gl) : CBgl) — C3 is defined by sending (a, b, ¢) to (o, c1, c2)-

Proposition 4.  The ramification locus of @:(31) is given by a =0,
<I>:(31)(CB§1)) =3\ EM(3) and @gl) is 2-valent on the the set of the points in
C3\ EMN(3) satisfying that

40002 — c102 4cpcrco + cl + CO #0 or 203 — 2c1e2 +¢cg # 0.
Proof. The map <I>:(,,1) is defined by

ab?® — ¢

(a,b,¢) — (co,c1,c2) = ( , ab+ b2, b+ %)

For ¢ = (cg, c1,¢2) € C3\ EM)(3), every (@gl))“l(c) is given by

B=0b2~-2cb+c1=0
= (4¢% — 2¢1)b+c—2c1c +2c9 =0 (1)
A=a+2b—2c;=0,

which has exactly 2 solutions except for discriminant,(B) = ¢4 — ¢; = 0.



The map <I>§1) is not defined on {(a,b,c)|c = 0} where
resultant,(numerator(R), denominator(R)) = ¢ = 0.
From (1), for each (cp, ¢1, ¢c2), the coefficient ¢ is determined by
~c? + (—8¢3 + 8cica — 4eg)c — 16cocs + 4c3ck + 16cocico — 4¢3 — 4ck = 0. (2)

Therefore, the exceptional set E(1(3) corresponds to the condition that the
equation (2) has 0 as a unique solution. Thus we have

E(l)(3) = {40003 —2ck —4cperco + S+ 2 =0 and 2¢3 —2cice+¢p = O}.

O

3.1.2 The case that oo is double critical point

Let R(z) = 23 4+ az + b be a polynomial map in CB§2), and 22+ ciz+co=0
be the equation defined by R'(z) = 0.

Then, the map (I)gz) : CB§2) — C? is defined by sending (a, b) to (co, c1).
Proposition 5. The map <I>§2) is bijective.
Proof.  Since the map <I>§2) is given by (a,b) — (co,c1) = (%, 2), the assertion
follows. =

3.2 The case of degree 4

Proposition 6.
(1 (1)

1. For each class in X, ", there is a unique representative in CBy’, where

a1z + ap

m (a0a1b1 - boa% - ag 7& O)}

C’Bil) = {R(z) =224 cz+

(2) (2)

2. For each class in X, there is a unique representative in CB; ", where

CBf) = {R(z) =2 +a’ + a1z + z—ib_ (c# O)}

3. For each class in X f'), there is a unique representative in C’Bf’), where

C’Bf) ={R(z) =24 4 a3z + a2 + alz}.
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3.2.1 The case that oo is simple critical point

Let R = —]i be a rational map in CB( ), and 2% + c42* + - -+ + co = 0 be the
equation defined by P'(2)Q(z) — P(2)@'(z) =0

Then, the map <I>511) : C’B‘(il) — C? is defined by sending (ag, a1, bo, b1,¢) to
(co,- -, ca).

Proposition 7.  The ramification locus of the map (1)511) 18 given by

(6% — 4bg)c? + (—2b3 + 8bgby — ay)c + 4bob? + 2a1by — 2ag — 1665 =0,
Q(I)(CB(I)) C5\ EMW(4), and <I>( ) is 5-valent on the set of points in C5\
E(I)(4) where defining equation of E(l)( ) is given in the proof.
Proof.  The five critical points of R is given as the solution of the following
equation,

22° + (C + 4b1)z4 + (2b10 + 2b% + 4b0)23 + ((b% + 2bo)C + 4bpby — a1)22
+ (2bgbyc — 2ag + 2b3)z + bic — aghy + boay = 0. (3)

Therefore, the map <I’( ) is defined by (ao, a1, bo, b1,¢) — (co, -+ ,c4), Where

= (bZc — agby + bpa1)/2,
= (2bgb1c — 2a9 + 2b2 5)/2,
ca = ((b% + 2bo)c + 4bob1 — a1)/2, (4)
c3 = (2byc + 2b% 4 4bg) /2,
cs = (c+4b1)/2.

The ramification locus is obtained from the Jacobian of the map <I>( )

(b2 — 4bg)c? + (—2b3 + 8bob1 — a1)c + 4bob? + 2a1by — 2ao — 16b3 = 0.

For ¢ € C5\ EM(4), every (3{")~1(c) is given by,

( By = 8165 — 162c4b? + (108c2 + 54c3)b3 + (—24c3 — T2c3cq + 12¢3)b2
(240302 — 8cacy + 9c§ —4c1)by — 6c§C4 + 4coc3 + 8cg
Bo = —3b2 + 2¢4by + 2bo — c3
Ay = —10b3 + 12¢4b2 + (—4c% - 2C3)b1 — ay + 2c3c4 — 2c2
© Ap = 15b% — 16¢4b3 + (4¢2 + 2¢3)b? + 4ag — % + 41,
C = c+ 4b1 — 2c¢4,

\

which has exactly 5 solutions except for discriminanty, (B1) =0,



1296cocic] + ((—1296cocico — 324c3)cs + 384c0c§ + 108c2¢3 — T776ckc1)c§ +
(324cocrcd + (—108cocd + 324ccg)cd + (—204e1c3 + 3888c3(;2 — T452¢oc?)cs +
32¢3 — 936coc1c3 + 108c3cy + 11664c3)cy + (—81c2ch + (5deicd — 972¢2)c3 +
(—9c3 +8316coc1ca +2106¢3 ) c3 + (—2412¢oc3 — 73832 + 49572c%c1) s + 8cich +

108c3c3 + 4284cycicy + 27ci)ci + (—1944c0c1cg + (648coc3 — 2052(;%@)(:3 +

(1296¢1c3 — 24624c3c + 9288coc?)c? + (— 204(:2 + 1512cocic2 — 1800c3cy —
72900c3)cs + 1320coch + 368c2c3 — 26460cicica + 3396¢ocs)cs + (48601c3
(—324c1c3+5832¢2)cs + (54c5 — 13608cocica — 3834c3) 3 + (3672¢och 4 2592¢3c2 —
86670c001)c3 (- 738c1c3 + 12690cgcg — 13284c0c%c:2 — 984c})cs + 108cg -
2124c06102 + 634c3c2 + 40500c062 — 49950c2c?)c? + (2916c0c1c3 (=972coc2 +
32406102)(23 + (— 205201c2 + 388800062 + 6156cocl)c3 + (324c2 + 3024cycic3 +
55440102+12150000)03 (— 3888c002 18006162+118800606162+1224OC()01)C3+
108c102 810000(:2 5220cocics + 352c1 ca+ 2025000001)04 - 72901 S+ (4866162
8748c2)c3 + (— 8102+972coclcz+972cl)c3+(3240002 3834clc2+1215000c1)c3+
(2106c102 — 364500002 — 18360000102 - 4320‘11)c3 + (- 32402 + 14580000102
984c3cd — 202500cicy — 27000c3c?)cs — 648cocd + 27c2cy + 20250c3cics —
2400cocice + 64c) — 253125¢5 = 0.

The map @A(ll) is not defined on
r := resultant, (numerator(R), denominator(R)) = —aga;b; + bpa® + a% =0.

From (4), for each (cg,--- ,c4), r is determined by the equation of the form,

85030567° + Pyrt + Psr® + Por? + Pir + Py =0
(Pk € (C[CO, c1,C2,C3, C4], k= 0, 1,2,3,4). (5)

Therefore, the exceptional set E(l)(4) corresponds to the condition that this
equation has 0 as a unique solution. Thus we have

EW@)={Py=P =P, = Py= Py =0},

where

Py = —256(256c0c4 + ( 1920%0163 — 1280%0% + 144coc?eg — 27c)cq + ((144ckco —
60061)03 + (- 8Oc0c102 + 18c3co — 160000)03 + 16¢cocs — 4c3c3 + 160cicicy —
360001)04 + (—27c3ch + (18cpciee — 4c )cg + (—4cpc3 + c%c% + 1020c(2)c1)c3
(5600002 — 746606162 + 144c1)03 + 24000102 — 6¢ c% + 20000002 5Ococl)c4 +
((—630c3ca + 24coc?)c3 + (356¢pc1c3 — 80cica + 225000)02 + (=T2coc5 + 180102
205chc1cz+16000c Jes— 9000202+1020000102 1920102 25OOcoc1)C4+108c0c3+
(—=72¢coc102 + 16¢3)ch + (16c0c2 4c3c2 — 9000001)03 + (825c2cZ + 560c0c1cz —
128¢%)c3 + (— 630000102 + 1440102 3750c3ca + 2000c3c?)c3 + 108coc — 27cich +
2250c3c1c3 — 1600cocica + 256¢5 + 3125¢5)2.
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Py = 256((144coca—54c2)ch+(—B5dcocd+18cicacs—4c3—36cocr ) ci+((—T702coco +
279¢2)c3—6¢1 ¢ —1350¢3) 2 +(243cocd — 81clczcz+(1862+81()cocl)03+14400002
624c2ca)cs + (— 405cocz—21662)c3+(2790162+3375c0)63—5462 3600cocic2 +
1120@‘{, 1], [2560004+( 192c3cic3 — 128c0¢§ + 144coc102 —27c})ct + ((144COC2 -
60001)03 (— 80000102 + 18¢3ca — 1600c0)C3 + 16c002 - 40202 + 160c3cice —
36cocd)ci + (— 270063 + (18cpcica — 401)03 (—4coc3 + c%c% + 1020c3c1)c2 +
(560::2':2 T46coc3cy + 144cd)cs + 24coercy — 6c3ck + 2000cics — 50c0c1)c2 +
((—630cZca + 24coc? )i + (356¢c163 — 8Oclcg+225000)02 + (=T2coch + 180102
20500001C2+16000C1)C3 900c202+102Ococ c% 1920102 25000001)C4+1080003
(=T2cpc1ca + 16¢3)c + (160002 4c2c3 — 900cic )3 + (825c3c3 + 560cocics —
128c1)c3+( 630000162 + 1440102 375Oc002+200002cl)03+1086002—270202+
2250c3c1c3 — 1600cocica + 256¢5 + 3125¢4),

P, = 864(2048¢c3c + (— 1536000163 — 1024c0c2 + 1152cpc3cy — 21601)c4 +
((1152c302 - 48coc%)c§ + (—640coc1 c3 + 144c3co —23040c3) cs + 1280002 - 32c2c2 +
1280c0c102 — 288cocd)c] + ( 2166(2)63 (144cpcier — 3201)03 + (- 320002 +
8cic: + 1584Oc2c1)c3 + (9600c3c: — 11728c00202 + 2232cf)cs + 192000102 -
48¢ c% +856320002 — 21136020%)04 + ((—10800c3c2 +4320()c2)c3+ (6048000102
1360cica + 6868860)03 + (— 12160002 + 304cic3 — 54288000162 + 13088cocd)cs —
34336¢2c3 + 335O4coclc2 — 693601 ca —53280cdc1 )i + (194433 + (—1296¢pc1c2 +
288c3)ch + (288cocd — T2c3c3 — 43200c3c)c} + (16200ckc] + 22608cocics —
7405(;;1)c3 +(— 17776c0c1c2+5856c~'{c 615600c0c2+198480 c2cd)cs+3424coc3 —
1160c3c5 + 124240c2c1c2 — 8624Ococlcz+1382001 13500000)64+((162006202+
486coc?)ct + (—9504coc1cd + 2958cica + 10800c])c3 + (1824coc — 1380cics +
208080cic1ca— 58180c0c§)c3+(304c1c2+152480c 3— 142160c06202+30360c102+
468000c3c1)cs — 32¢h — 1760cocich + 256c3c3 + 672000cic3 — 304400606102 +
29520c0c1)c4 + (- 3645c2c3 + (2430cocica — 756c~})c3 + (- 54000c2 + 351c2c2
129600061)63 + (- 72clc2 — 1760400202 + 2781000c1cz + 9600c})cs + (802 +
80040coclc2 — 27518¢c3c3 + 918000c0<:2 - 557550coc )z + (- 16240c0c2 +
5856c2c — 820800c2c1c§ + 524360000162 — 76480c} + 675000c3)cs — 48c1c§ —
209200c2c2 + 188640cocics — 39240cic3 — 1260000c0c162 + 233000cocl)02 +
((393660002 —~ 5832c0c%)c3 + (—21060cocici + 1008c3ce — 18225000)c3
(4680coct +2958¢2¢3 4 106650c2c1 c2 +34560coc3 )c3 +(—1360c1 62 + 23310000c2 -
133740coc?c3 + 2560cica — 74250000c1)c2 + (144c2 7'7440c0c1c2 + 30360c3c3 —
1890000c3c§ + 1737000020102 — 227200coc})cs + 19296c0c2 - 69360262 +
1112000c001c2 — 881200coc3c? + (157952¢5 + 225000cf)ca + 4500000001)04 =
2916coc3 (1944c0c1c2 + 432¢3)c§ + (- 432(:0(:2 - 756c§c§ + 4860cc1)c} +
(288c1cs — 34425c¢3c2 + 6480cocicy — 8640ci)cs + (— 32c2 + 16470cocic3 +
9600c c§+303750c0c2+216000c3c2)c3+( 375660c2 74050162 38475oc0clcg—
201600coc3ce + 64768c1 - 92812500)03 + (2232c1c§ — 33000c3ch + 29420000clc2
76480c‘1*c§ + 24750003 c1c2 — 920000c c:{’)c;:, — 2165 — 48240coc1 3 + 13820c3ch +
500000c3c3 — 1765000c3c3c3 4 992000coctco — 1484808 — 562500chc ),



P = 11664(768coc4 (—384coeics — 256¢0cs + 144c3ca)ch + ((28800cz — 661)C3+
(— 800102 — 5760c2)cs + 16¢5 + 1184cocicy — 360c3)ct + (— 54coc3 + 18010203 +
(—4c3 + 2196co<:1)c2 + (1008cocZ — 656c2c2)cs + 132006062 — 2800coc?)cy +
((— 13500002~961)c3+(402clcz+945060)c3+( 80c5 —9720coci c2 +2500c§)<;3—
3040coc3 + 1416¢3c3 — 9000c0c1)c4 + (243coc3 81010203 + (18¢3 — 189000c1)c3 +
(3960coc3 — 492c2cy)c3 + (—656¢c1c3 — 450000002 -+ 150000001)03 + 14402 +
20000cqcic3 — 7360c3ca)cy + (—405¢ocy + 216¢2 )c3 (—9c1c3 + 337500)(:3
(— 6c2+900c0c1cz—2240c§)c§+( 2400coc3 +2500c2c2 +22500c2c; ) c3 —360c 5+
30000c3cZ — 40000cocicy + 9600c}),

Py = 19683(768cocy + (—192c1c3 — 128¢2) 3 + (144cac3 — 2880coc3 +1024c c2)ca —

27¢} + 216¢1¢% — 192cZc3 + 4800cocy — 2480c3).
| O

3.2.2 The case that oo is double critical point

P
Let R = a be a rational map in CB( ), and 2% + 322 4+ -+ + ¢y = 0 be the
equation defined by P/(2)Q(z) — P(2)Q'(z) = 0.
Then, the map <I>g‘)') : C’Bf) — C* is defined by sending (a1, asz,b,c) to
(co,--+ ,c3).
Proposition 8.  The ramification locus of Q( ) s given by 3b®> —2asb+a; = 0,

<I>(2)(C'B(2)) C*\ E®(4), and <I>( ) is S-valent on the set of the points in
C*\ E(2)(4) where the defining equation of E®(4) is given in the proof.

Proof.  The four critical points of R in C is given as the solution of
32% + (6b + 2a3) 2% + (36% + dagb + a1)2% + (2a2b% + 2a1b)z 4+ a1b®> — ¢ = 0.
Therefore, the map @[(12) is defined by (a1, a2, b,¢) — (cg, -+ ,c3), where
co = (a10? — ¢)/3,
c1 = (2a2b% + 2a1b)/3,

co = (30 + 4agb + a1)/3,
c3 = (6b+ 2a2)/3.

(6)

The ramification locus is obtained from the Jacobian of the map @( )
3b% — 2azb +a; = 0.
For ¢ € C*\ EP(4), every (2)~1(c) is given by,
B =43 — 3C3b2 + 2¢cob — 1
Ay = —9b° + 6c3b + a1 — 3c;
Ag = 6b+ 2a9 — 3c3
C = (9¢% — 24¢2)b% 4 (—6cacz + 36¢1)b — 16¢ + 3c1c3 — 48¢y,

97



98

which has exactly 2 solutions except for discriminanty(B) = 0.
The map @gz)is not defined on

resultant, (numerator(R), denominator(R)) = ¢ = 0.
From (6), for each (cg,--- ,c3), ¢ is determined by the equation,

256¢3 — 3(27ch — 144coc3 + 192¢1¢3 + 128¢5 — 768cp)c”
— 18(27coch — 9cicacd + (2¢5 — 144cocz + 3¢2)c2 + (40cyc3 + 192coc1)c3
— 84 + 128cocd — T2¢3¢cy — 384ch)c
— 27(27c3c + (—18cocicz + 4c3 )3 + (4cocd — c3ck — 144ckcs + 6cocl)ch
+ (80cocycd — 18c3ca + 192cie)es — 16cocs + 4¢3 + 128c3c3 — 144cocics
+ 27¢} — 256¢5 = 0.

Therefore, the exceptional set E® (4) corresponds to the condition that this

equation has 0 as a unique solution.
Hence, the defining equation of E(?)(4) is

Py=P=PFP,=0,
where

Py = —729c%c; + (486¢cocica — 108¢3)c3
+ (—108coc3 + 27c3c2 + 3888chcr — 162coc)c
+ (—2160cocy 2 + 486¢3cy — 5184cker)cs + 432¢oc; — 108cics
— 3456c2c3 + 3888cocica — 729¢} + 6912¢,
Py = —486¢coch + 162c1c2¢3 + (—36¢3 + 2592cpc2 — 54cf)ch
+ (=720c1¢2 — 3456¢oc1)ca + 144¢h — 2304coch + 1296cics + 69126,
P, = —81c3 + 432c203 576c1c3 — 384c2 + 2304cp.

3.2.3 The case that oo is triple critical point

Let R be a polynomial map in CB,(13), 23 4 922 + c12 4 ¢o = 0 be the equation
defined by R'(2) = 0.

Then, the map @513) : C’Bf’) — C3 is defined by sending (a1, a2,a3) to
(cos €1, C2)-

Proposition 9. The map <I>( ) is bijective.



Proof.  The three critical points of R in C is given as the solution of the
following equation
42% + 3a32® + 2a22 + a1 = 0.

Therefore, the map <I>4(13) is defined by

a1 2az 3a
(a1>a25a3) = (60)61)02) = (“1 __2 _—3)7

4’ 47 4
and the assertion follows. O

For d = 3, 4, the complete answer for the problem of Goldberg is obtained.

References

[1] A. Eremenko and A. Gabrielov, Rational functions with real critical points
and the B. and M. Shapiro conjecture in real enumerative geometry, Ann.
of Math., 155 (2002), 105-129.

[2] M. Fujimura, M. Karima and M. Taniguchi, The Bell locus of rational
functions and problems of Goldberg, C. JSSAC, to appear.

[3] L. Goldberg, Catalan numbers and branched covering by the Riemann
sphere, Adv. Math., 85 (1991), 129-144.

[4] I. Scherbak, Rational functions with prescribed critical points, GAFA, 12
(2002), 1365-1380.

99



