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Abstract

In this article, the solutions to the homogeneous special ordinary
differential equation
@ +@d+eb=0 (2=0)
(¢, =d’p/d" for v>0,0,=0=9(2) )

are discussed by means of N-fractional calculus operator (NFCO- Method).
By our method, some particular solutions to the above equations are
given as below for example, in fractional differintegrated forms.

Group L
. ifBz, -20fFz | % .
(1) @ =Ke Z(e 2.,72 )%_1 = Q1ja,b) (denote)
and
.. iJbz, 5  -2ifp:
(ii) @ =Kz *e s, = Aajan)

And the familiar forms are
Pjep = K("Zi‘ﬁ;)—iz-ie—iﬁz Fy(1- aﬁ" % ’—27'11;7) | i/2:bz [<1)
and

-ing r(a —1) -a_-idbz .
Pra)as) = K(-e Z—I:E%—)—Zl e 1F;(l—'%;Z—a;21\/—1)_2)

(ITa-1-B)/T@) <, |2ibz]<1)
respectively.

Where F () is the generalized Gauss hypergeometric function.
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§0. Introduction ( Definition of Fractional Calculus )
(I) Definition. (by K. Nishimoto) ([1]Vol.1)
Let D={D_, D}, C={c_..C.},
C_.be a curve along the cut joining two points z and - +iIm(z);
C, be a curve along the cut joining two points z and o +i Im(z),
D_be a domain surrounded by C_, D, be a domain surrounded by
C..
(Here D contains the points over the curve C.)
Moreover, let f = f(z) be a regular function in D (z€D),

ey JLOD @ e ,
fo= =) == ey C €Z°), (1)
(F)em = lim(f), (m€Z"), (2)
where -w<arg(f-z)sn for C;, 0<arg({ -z)=2x for C,,

=z, z€C, vER, TI;Gamma function,
then (f), is the fractional differintegration of arbitrary orderv ( derivatives of
order v for v >0, and integrals of order —v for v <0), with respectto z,

of the function f, if |(f),|<x.

—_— - . .
—oo+1lm (2) - D‘ z z D co+ iIm (z)
I
C C,
Fig. 1 Fig. 2.

Notice that (1) is reduced to Goursat's integral for v =n (€Z") and is red-
uced to the famous Cauchy’s integral for v =0 . Thatis, (1) is an extention
of Cauchy's integral and of Goursat's one, conversely Cauchy's and
Goursat's ones are special cases of (1).

Moreover, notice that (1) is the representation which unifies the derivat-

1ves and integrations.
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(I1) On the fractional calculus operator N* [3]
Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N (I‘(w—l) dt

Z), [Referto(1)] (3)
2mi fC(C "”} ve&z)
with N = hrP N (m EZ"), (4)
and define the binary operation o as
NP oN®f~=NPN®f= N*(N°f) (a,BER), (5)

 then the set
{N"}={N"|veRr} (6)

is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™ =N to the fractional éalculus operator N* , for the
function f such thathF={f; 0;=IfVI< oo,vER}, where f = f(z) and zEC.
(vis. —®o<v <> ),
( For our convenience, we call N‘B oN® as product of N* and N®.)

Theorem B. " F.O0.G. {N"} " is an " Action product group which has continuous

indexv " for the set of F . ( F.O.G ; Fractional calculus operator group )[ 3]
Theorem C. [Iet pe

S:=ENIU{0}={N"IU{~NIU{0} (VER). (7)
Then the set S is a commutative ring for the function f €F , when the identity
N +NP=N" (N° NP N’ €5), (8)

holds. [ 5]
(III) Lemma. Wehave[1]

. PRY _ —ixar(a—'b) _ b ( P(a_b) m)
(1) ((z-0)'), =e T o) (z-c¢) T hH <o |,
(ii) (log(z~¢)), = e""’“r(a)(z-c)“" (IT(e)| < ),
(iii) ((z=o) %), = 1 log(z~c¢) (IF(a)l<°°)y
F( @)
where z—c= 0 for(i)and z-c= 0,1 for(ii ),(iii) ,

. oy v (a+) (=2
o) et Y e r1-B ™ \vevio) )’



§ 1. Preliminary

34

(1) The theorem below is reported by the author already ( cf. J.F C, Vol. 27, May

(2005),83-88.).[31]
Theorem D. Let po

P=P@.B,y):= sin 7o -sinz(y —a —B)

sinzt(a + B)-sinzx(y — )

and

Q=Q(a=ﬁ:Y):=P(ﬁ7a7Y): (‘P(ﬁ>a>Y)‘=M<°°)
When o,B.,y @Z, , wehave ;
Ly -a-B) (z- C)a+ﬁ—7
[(-a-p)
(Re(a+ B+1)>0, (1+a-y)€EZ, ),

(i) ((z=0)*(z=¢)f), =¢™™ P(ax,B.¥)

Iy —a-pB)
[(-a-B)

(Re(a+ B+1)>0, (1+B-Y)EZ, )

(z—-c

(ii) ((z=¢)’ - (z=0)), ~e™™ Qar, B.Y)

(iii ) ((Z"' c)ai-ﬁ)y _ e—iyry I-‘I(%’-—aa_—'ﬁg)(z_ C).a+ﬁ-r ,
where
[(y-—a-p
z-c= 0, ‘———-—-———-—r(_a_ﬁ) <™,

Then the inequalities below are established from this theorem.
Corollary 1. We have the inequalities

(i) ((z-0)%(z= ), =((z=c) (2= ),
and

(i1) (z- 9% (z= OF), =((z-)"),,
where

o,B.y€Zy, a=p, z-c=0.

(1P(a, B,y) | =M< )

1

)a+ﬁ—v ,

(1)

(2)

(3)

(4)

(5)

(6)

(7)



Corollary 2.
(i) When «,B.y €Z,, and
Pla,B,y)=Ap.a,v) =1, (8)
we have
((z= 9% *(z= ), =((z=¢)’ (2= %), =z~ "), (9)
(Re(a+B+1)>0, (l+a-y)&Z,,(1+B-y)EZ,)-
(ii) When y =m€Z;, , wehave ;
(2= 9" (2= ) = (2= 9° (2=6)) = (2= O™ )p- (10)
(II) The Teorem below is reported by the author already (cf. J. Frac. Calc. Vol.

29, May (2006),pp.35-44.) . 7]
Theorem E. We have

(i) (((Z;b)ﬁ_c)a)y =e—iuy(z__b)aﬁ~7
< ol ["a]kr(ﬁk"aﬁ'*"}’),( ¢ ﬁ)k (11)
= KTBk-ap) \(z-D)
{II’(ﬂk—aﬁw)l(w)
(| rBk-ap) |
and
(i1) (@-5f-0°) = D" -5
2 [—a]ktﬁk—amn( c ) ez (12)
2T . o) )
where
c
(z—b)p <1,
and

(A, =AA +D - (A+ k-1 =T +k)/T(A) with [A],=1,

( Notation of Pochhammer ).
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§2. Solutions to some homogeneous special ordinary differential

equation by means of N-fractional Calculus Operator

Theorem 1. Let be @ = (z) EF ,then the homogeneous ordinary differential

equation
@, +@ 2+ b=0 (z=0)
(p,=d’p/dz" for v>0,0,=9¢=9(z) )
has particular solutions of the forms (fractional differintegrated form )
Group L.

(i) @ = KeiJEz(e~2iJFz 'Z-%)g—l = ¢[1] @b) (denote)
(ii) Q= Ke’fz( % e )a_l = Y121 (a,0)
(iii) g =Ke P (e? 2 z)g-l = P33 )
(iv) o =Ke Pzt ‘ezwz)g—l = Plajab)
Group II.
(1) Q= Kzl_aeiﬁz(e_mﬁz 'Z%_l)-g = ‘mea,b)
(ii) 9= Kzl—aeiﬁz(z g1 ,e—ZiJEz) s = (sz](a,b)
(iii) @ = Kzl-ae-iJEz(eZiJEz & ) . ¢F3](a,b)
. a_
(iv) @ = Kzl-ae-zﬁz(zz 1 ,eZzJ'z)_% = q)&](a’b)

where K(=0) is an arbitrary constant.
Note. Notice that we have;
Puian = Paes M4 Puen = Paen for (E-DEZL,

and
© = 1° [} - m° _a + .
¢ e 7 (2)(ab) and @ (3H(a.b) P (a)(ab) for (-%)€Z,
Proof of Group I.
We have
@, z+@ra+p-bz=0 (z=0).
from (1).

Set p=e"p (p=9¢@)) .

(1)

(2)
(3)
(4)
(5)

(6)
(7)
(8)
(9)

(10)

(11)



we have then
¢, z+¢ (A2 +a) +¢ - {(+b)z+Aa}=0 (12)

from (10), applying (11 ).
Here, choose A such that
A+b=0, (13)
then we obtain
/1:{ iNb=c (i=+/-1) (14)
—iJb = - (15)
I) Case A=c ;
In this case we have
@, z+¢ (2cz+a)+¢-ca=0 (16)
from (12).
Operate N-fractional calculus (NFC) operator N* to the both sides of equation (16 ),

we have then

(8, °2), +(¢,(2cz+a)), +(¢-ca),=0 (VEZ). (17)
Now we have
Y s (18)
=@py 2O,V (19)
(¢, (2cz+a)), =¢,, Qcz+a)+ ¢, -2cv (20)
and
(¢p-ca), =9, ca , (21)

respectively, by Lemmas (i) and (iv).
Therefore, we have

by 2+ @, Qez+v+a)+ @, c(2v+a)=0 (22)

from (17 ), applyimg (19 ) , (20 ) and (21 ).

Choose v such that
v=-—a/2 (23)

then we obtain
¢2_%-z+¢1_% (2cz+%)=0 . (24)
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from ( 22 ), using (23 ).
Set
¢1_f =u =u(z) (¢ =u4%_1) ’ (25)
we have then
u1+u'(20 +%z_1)=0 (26)
from ( 24 ). The solution to this ( variable separable form) equation is given by
u=KE™¥") (27)
= K™ ) (28)
=Ke® .77 (29)
Therefore, we obtain
¢ - u%—l = K(e—ZCZ 'Z—-i)-%_l ( 30 )

from ( 25).
Inversely (30 ) satisfies equation ( 24 ) clearly.
Hence we obtain

¢ =Ke" (™ 277, (31)
iJbz, -2ifbz -4 =
=Ke'"" (e z *)gy = Pagety (2)
from (11 ) with ( 14).
Next, changing the order
¢ %% and 277 in parenthesis ( - )ay in (2)

we obtain other solution @[z}, s Which is different from (2 ) for &-VEZ;,
that 1s,

o = K bz(z"i . e-Zthv_z)%_1 = Poiet) (3)
( Refer to Theorem D. )

II) Case A=~c ;

Set —v/b instead ‘of Vb in(2)and (3 ), we obtain (4) and (5)
respectinely.
Proof of Group II.

Set

|
Il

o (9=92)), (33)



we have then
¢, z+¢ 2B+a)+¢{(B°-B+af)z +bz}=0 (34)

from ( 10 ), ausing ( 33).
Here we choose S such that

B*-B+af=F(f-1+a)=0, (35)
that is,
0 (36)
B = :
l1-a. 37
When 5 =0, (34) is reduced to ( 10), therefore, we have the same solutions as
Group I. :
When B =1-a we obtain
b, z+¢(2-a)+¢-bz=0 (38)
from (34).
The particular solutions to this equation are given by ( refer to the proof of Group I )
¢[l] =KeiEZ(e-2iﬁz '27_1)_% (39)
¢[2] _ Keiﬁz(Z%‘l _e-ZiEz) P (40)
¢[3}=Ke—' bz(eZiﬁz'Z%—l)_% (41)
P =Ke"iﬁz(2%—l'€ﬂﬁz)-g (42)

setting 2 -a instead of @ in the right hand side of(2),(3), (4),and (5),
respectively.
Now we have

’go=zl'"¢. (43)
from (33 ), hence we obtain
@ =27, = Kz e P (e 'Z%-l)‘g = By (6)
? =270 = sy (7)
? =270 = ey (8)
? =20y = ey (9)

using (39) ~ (42).
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§3.Familiar Forms of The Solutions
Theorem 2. We have the more familiar form (expanded form ) presentations for
the solutions to the differential equation (1)in §2.as follows.

Group .
(1) Pujew = K(-2ib)? 2 % F(1-5, 53 557) (li/zbz|<1) (1)

~im r - iJbz a .
(1) Puyes) = K(-e %-—Q;(T)l)-)z“ e’ F(1-%;2-a;2ivbz) (2)
2
(IT@-1-k)/T(§ <=, |2bz|<1)

() @ues = K2VE) 2% F0-%,%555) (-i/2vbz]<1) (3)

-ing ——-——r(a;l))zl"z e F1-%;2-a;-2ibz)  (4)
I'3) |
(IT@-1-k)/TH) <=, |2idbz]<1)

(iv) Praya,b) =K(-e

Group II.
-2 g _ ; .
(1) Ohyen =KCE20) 222%™ F(5,1-5555)  (li/2dbz]<1) (5)

z‘;r% r(l - a)

- %)) e E(%;a;2ibz) (6)

(ii) qp[;](a,b) = K(e
(ITQ-a-k)/TQ-§)| <, |2/bz]<1)

-4 _é& . s .
(i) @hes =K@VB) 2276 F(5,1-%55) (I-i/Abz]<1) (7)

g I(1-a). m: pja. . iJb 8
ra-g) ¢ Az %) ()

(JTA-a-k)/TA-%)| <o, |-2ivbz|<1)

where [ F (- ) is the generalized Gausss hypergeometric function,

(iv) (p[4o](a,b) = K(e

Proof of Group I. We have

(i) Pieny = KT (P2 77 (82.(2))

a
2—1

iJfbz - I‘(.l) —ZJ-Z ’%
- Ke Zm_g—?—_—k—)(e g4 @ ) (9)

k=0



IF'§+k) &
—ee L 2 10
rg) - 1Y

(TG +R)/T(RD <) .

= Keiﬁzi __.__._(“1) IE]; _‘%]k {(_zi‘/b—)%-l-ke_Ziﬁ;Z}{e—i:ﬁc

. e1 -2 Lol —5LE ;) i
~K(-2idb )"z % 2[ ?c]'kb]k(ﬂ%z) (Is=1<1 (11)
k=0 .
. £-1 -£ -idbz A
= K(-2ivby 2 %™ F(1-%,%555) (1)

using Lemma (iv), since

e IATA-2A) e T(A) .
LA -k)=(-1) k1 7) (-1 1oL (kEZ}) (12)
and
(e*), = Xe™ (Referto[1]Vol.1and[2]) (13)
(i) Praja) = Ke' P 'e_Ziﬁé)%-l (§2.(3))
sz-zi I‘(Q_) ( %)%_l-k(e-ZiﬁZ)k (14)

4k T(% — k)

i zw "lkl"’g’ cin(@-1-x) I +1+ k 2i 2
=K6J?ik=0( )/E' Z]k{ (5-1-%) (ar(i) k) —a k}{( 21‘/“') Jb (15)

(IT@-1-k)/T(P|<*) .

- _ -ing F(a 1) l a _-ifbz [1 ]
K(-e T —= Ay e Zk'[z_ i ivbz)* (16)
(|2ivbz| <1)
(i) ‘p[z)(a,b):K(”e_m%%C‘z(‘_g—;ll)Zm e F(1-%;2-a;2Jbz) (2)
2

using Lemma (iv).
(iii) Pisyary = Set —Ib instead of Jb in (1). (3)
(iv) Prajiap =€t — Vb instead of b in (2). (4)



42

Proof of Group II. We have

a_

(1) ¢§](a,b)=Kzl-a€iﬁl( ZLJEZ' - )—% (82.(6))

a i zw rl_ﬂ. - z
e klI‘(l—ﬂz?.k/ e )—‘k(z )k (17)
k=Q e ( 2 )

- Kzl—aeiﬁzi (_1]):'[%]1: {(_21 ‘/'b')"gz“"‘e-Ziﬁz}{e

=Kz"

i LA-F+K) ¢-
r1-3%)

(ITA-5+k)/TA-3) <) .
=K(_2i‘/3)—%z'%e-iﬁz2[%]k[l—%]k(zjsz) (liﬁ|<1) (19)

T (18)

& K
- K(2iVB) 2 8 (% 1-% 5 (5)
using Lemma (iv). '
(ii) ¢?2](a,b) =&1—nei bz(z%"l.e-ZiJEZ)_% ( §2.(7) )
—a iJdbz = r 1—1 - z
) Yot L N ot (20)

,‘_ok!r‘(l—%~—k)

l—a iJb z ( 1) Z]k ”‘(‘E"") r(]- a-— k) a -1k -2iJfbz
- Kz E Tag = MR ()

(ITA-a-k)/TA-§)]|<=) .

e T-a) (Bl
= K(e r(l_‘%))e ;kv[] —2k_2iJb z)} (22)

(|2ivbz|<1)
it T(1- ;
- K g e A3 505206 2) (6)
2)

using Lemma (iv).
(iii ) Poyany = Set —Jb instead of b in (5). (7)
(iv) Prayas = Set = Vb instead of b in (6). (8)

Notice that we have
Phya, ,,fcpg](a,,,) except the constant coefficient, (23)

and

PsapyPoyesy  ©XCept the constant coefficient, : (24)



§4.Some special cases

[I] Caseof a=0 ;
Corollary 1. Ler be ¢ = @(z) EF ,then the homogeneous ordinary differential

equation

@, +@'b=0 & =0) (1)
has particular solutions of the forms (fractional differintegrated form )
Group 1.
(1) @ =Ke (e = @110,5) (2)
(i) 9 =K (1) =00, (3)
(iii) @ = Ke'iﬁz(e ks Do =G0 (4)
(iv) @ =Ke_iﬁz(1'22iﬁz)-1 = @40, (5)
Group II. _
(i ) @ = Kz é bz(e—ZiJ’Ez -z —1)0 = ‘Pﬁ](o,b) | (6 )
(i1) @ =Kzé bz(z_l'e_Ziﬁz)OE(p[c;l(o,b) (7)
(iii) @ =Kre P e? 7 = Pa10.6) (8)
(1V) @ =&e-iﬁz(z—l ,eziJFZ)O E‘Pﬁ](o'b) (9)

where K(=0) is an arbitrary constant.
Note. Notice that we have ;
o L4 o _ .0
Puion = Peion P4 Payos = Playos - (10)

Proof.
Set a = 0 in Theorem 1.
Because we have directly (from (6 )and (7 ) )

Q -ifbz P 1
Pryap = K = Pra)0.0) (11)
since
(e-ziJEz 2, = N (" _e-ziﬁz)o ) (12)
Or calculating them as follows ( for its expanded form ) ;

‘Z’gl(u,b) =Kz eiﬁz(emﬁz 'z, (6)

- - T iJE 2 -
=Kze"* E—"—(“)"“‘(e—Zﬁ )iz l)k (13)

AkIT1-k)
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- Kzé bz{e-ziﬁzz-l +£Ql(_2i\/g)—1e-2u3z(__z-2)

I'(0)
@) o2 2ifBzpm By L
+m(—zz£) 272022770 400} (14)
= Ke (15)
using Lemma (iv). And
‘P[oz](o,b) = Kze' bz(znl'e—zxﬁz)o (7)
= ibzcn __EQJ___ -1 -2ifbz 16
K e €k (16)
iJozp -1 _2ifbz r(l) -1 -2ifb 2 r(l) -1 2idbzy L
=Kz "z Paad +F(T)-)-(z ). (e7), +—-———-2!r(_1)(z ). (e ), + }

=&et bZ{Z—le-Ziﬁz ¥ rz‘o) (logz)(_ziJz_)e—Zlﬁz

(logz)_(-2ivBYe ™ +- iy (18)

+
21T(-1)
- Ke-i bz ) ( 19 )
using
(2, =((z7).)) = (logz),, =zlogz -z . (20)

Note. Equation ( 1) is the simple harmonic vibration one.
Corollary 1'. Familiar forms of the solutions in Corollary I are shown as follows.

Group I.
. [ . .

(i) Puies) =K—2-‘/-Z-(cos\/gz—zsms/gz) (21)
.. 1 .

(ii) Prarosy = K—‘Esmﬁ; z (22)

(iii) Piaosy = Kz—:/-l—g(cos Jbz +isinb z) (23)
: 1,

(1v) Prajos) = K—J—E—31nJ7)-z (24)

Group II.

(i) Py = K(cosVb z—isinvb z) (25)

(ii) Do) = K(cosVb z - isinVb z) (26)



( i i 1) ‘pg](o’b) = K(COS‘\/E-Z + iSin\/EZ) ( 27 )
(iv) P00 = K(cos bz +isinvbz) . (28)

[II] Caseof a=2;
Corollary 2. Let be ¢ = ¢(z) EF ,then the homogeneous ordinary differential
equation

0, +9, 3 +9b=0 (z=0) (29)

has particular solutions of the forms (fractional differintegrated form )
Group I.

(1 ) ) o= Keiﬁz(e—Ziﬁz _Z—l)o = Co[l](z,b) ( 30 )
(ii) ¢ =Kz ey 20,00, (31)
(iii) @ =Ke‘iﬁz(€2iﬁz 27 = #5102, (32)
(iv) g =Ke (27 'EZiJEZ)o = Plar@.p) (33)
Group II.

(1) o =K e = o (34)
(11) @ =I{Z_1€iﬁz(1'€-2iﬂz)_l E(p[OZ](Zb) (35)
(iii) Q= &“le_iﬂz(eZiﬁz 1)1 = Py (36)
(iv) Y (s T (37)

where K(=0) is an arbitrary constant.
Note. Notice that we have ;

' Puies) = Paiee) M4 Ppiep = Paes - (38)
Proof. Seta =2.1in Theorem 1.

Corollary 2'. Familiar forms of the solutions in Corollary 2 are shown as follows.

Group L

(i) Pase.s = K (cos bz ~isin/b z) (39)

(ii) @ = Kz (cos b z - sin/b 2) (40)
[2](2,6)

iii) Pryiay = Kz (cos Vb z +isinv/bz) (41)

[31(2,b)

(iv) Prayan) = Kz (cos b z +isinVb z) (42)

Group II. _

(i) @0 o = K(z5= ) (cos Vb z — isin Vb z) (43)
[11@.b) 246

(1) Poan = K(75)z sin b 2) (44)

(iii) Ponan = KGJ5)7 " (cos bz +isinVb 2) (45)

(iv) Poery = K(75)z sinVb2) (46)

where b= 0.
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Proof.
We have directly (38) from (30), (31), (32) and ( 33 ) clearly.
Indeed we have

¢[1]a,b) - iﬁz(e—ZiJF 2z 'Z—l)g ( 30 )
idb 2z < r 1 ~2idbz -
ke Y LDy o) (47)

k_ok!r(l-k)

ifbz —ZxJFz -1 H];z -1 -2:J"; ~
- Re e+ Ly (VR e )

I'd) 2o 2fx (5 By 4.
2vr(-1)( ~2iJb) e (227) +-o0} (48)

= Kz e = Kz (cos Vb z - isinVb z). (39)
Next we have

Pz = Ke (e, (31)
iJb z r(l) -1 2ib 2

=Ke Ek'r(l k)( )i (e )3 (49)

- iJbzy -1 2ifbz r() -1 2ifbz r(l) -1 2idbzy L

Ke e r(0)< T A S
(50)

= iJbz( -1 -ZzJ_z _ ~2ifbz
Ke™{z7e I‘(O) Zz‘/_)
Y 2 _-2idbz .

+2! D (logz)._,( 2ivb)e 4o} (52)
=Kz e = Kz V(cos Vb z —isinb z) - (40)

Andset -+b instead of Vb in (39 ) and ( 40 ), we have then (41 ) and (42),
respectively.

Next we have

¢ﬁ](2vb) = &-leiﬁz(e—Zin-z 1) B ( 34 )
- -1 bz < _m)___ -2ifbz
Kz Yo o€ e (53)

ng—lein_Z(_zl-JE__)—l e-Ziﬁz ( 54 )
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_ I N1 -ifbz
—K"(Z e (55)
= K(Z—}F;)z“l(cos Vbz-isinvbz) . (43)

and
P = Ko7 (1-e ) (35)
—1 zﬁ F(O) —2ibz
Zm(o 077, (56)
- Kz-leiﬁz{(l)_le-ziﬁz + ("1)(1)?2(3_71‘52)1

D)4, + (D) (7Y +o ) (57)

=KZ-1eiJEz{Ze-2iﬁz +(_1)51_;22<_2i‘/l;‘)e—2iﬁz

+—~ 22y () ~<2J5)3e‘2‘ﬁ2+ ------ b (58)

= Ke e (2idB Y {1 + (2B 2) + %(zz‘/b_ z)°

+E§"(2i\/5-2)3+ ------ -1 (59)
Kz e (2ipy e ~1) (60)
= K(5ip)a e -y (61)

=K(71§) z 7 sinbz (44)

Andset —Vb instead of Vb in (43 ) and (44 ), we have then ( 45 ) and ( 46 ),
respectively.
§ 5. Commentary

( 1) All solutions shown by (2)~(9)in § 2 have a fractional differintegrated form
(-----) , where the index y is the order of differintegration.

(IX) The special differential equation which is discussed in this article is much interes-

ting one.
(III)  From the homogeneous Fukuhara's equation
o, +9 @+D+o(pr+5)=0  (p=9(2), z=0), (1)



48

we obtain
o, v, 3 +op=0, (2)
setting a=q=r=0. .
Equation (2 ) is the same form one as § 2 (1) That is, the equation
discussed in this article is a special form of the Fukuhara's one.
(IV) Moreover, when b=p=1 wehave

9, +¢ T+ @ =0 (3)

from (2).
On the other hand , we obtain ( 3 ) from the homogeneous Bessel
equation
@, 2+ z+p(2*-v)=0, (z=0) (4)
setting v =0.
That is, equation ( 3 ) is the Bessel's one of order v =0.
A particular solution to equation ( 3 ) is given by

. X 21
? = Py =Ke”(e‘2” 4 2)_12 (5)
B T . ;
-K(-2) 2z 2™, F(3,%; %) (7<) (6)
_1
= K(-2i) *HP (@) (7)

where H{”(z) is the Hankel function of order 0, for example.

(referto §3.(1)). (cf.]J. Frac. Calc. Vol.42, Nov. (2012),pp.1-19.;
Solutions to The Homogeneous Bessel Equation by means of N-

Fractional Calculus Operator, by K Nishimoto )

Note. Wehave

@, 2+ (a2 +b2)+ @ (pzi +gz +1r)=0  (p=9(2), z=0) (8)
from (1).
Therefore, we obtain (4 ) from (8), setting

a=0, b=1, p=1, g=0, and r=-v". (9)

That is, Bessel's equation is a special one of Fukuhara's equation.
(V) Usually the special ordinary differential equations like as (1)and (2)
are solved by means of Frobenius. Compare our N-fractional operator
method with that of Frobenius.
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