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SORGENFREY TOPOLOGIES ON THE PLANE AND
UNFAIR COIN TOSSING

AKIO KATO
(e FE%)

ABSTRACT. We introduce a regular, Lindelof, generalized metric topol-
ogy on the plane. Though apparently this topology does not include
any copy of the Sorgenfrey line, we can find such a copy by finding an
extremely flat, strictly increasing, continuous, new function, which is
flatter than the well-known Lebesgue’s singular function. To construct
such a function, we toss infinitely many unfair coins infinitely many
times.

1. INTRODUCTION.

Generalized Metric Theory (3T, BRI EIE S 2 Z22f] O fF| 2 $2 4
Lz, EW0WS D0, COBEDEZZEMTY, FBRELT, BRHLD
BN TRz IZHAVERIZE B> T0ES,

FE R? RlcRO &S AEEZ £,

FHEEDI—=ZYy FiEEE d hOEEZBEHEDI—2 )y RAMEE 7y & &
LET, &7z, b 2z, ¥B r OBMNRE B(z; r) EERI T LICLETD,
WE, KRy =y IKH 2 = (z,9) KBWTLEADSET B XS KER
s DFMARZEZEZ. COBMAREMR 2 LEZEDETESR V(zs) LU,
tangent disc at z of height s EPER T LIc LET, DED.

V(z;8) = {2} U B(2; /2)
where 2, = (2, yo + 8/2) TFo KPR y = yo LICHEEIC open segment
J=212={(z,p): 21 <z < z2}

with endpoints 21 = (z1,50), 22 = (z2,30) Z&D. J Hh5¥EXH (0,1]
NOEEDOR g #EZET, TO g 3XATLLELRELIZBOERA, J O
&R z T height g(2) @ tangent disc V(z;9(2)) & D, ThEOMES®

V(g) = |J V(z9(2))

zeJ

ERELET, EHlc, J ZERELTZHMARO FES
B_(J) = B(z0; |7]/2) N (R x (—00,70])

where 20 = ((z1 4+ 22)/2, o) BEZX. Thi V(g LZEDLELEE®
W(yo,J,g) £ieLET :

Wy, J,9) = V(g9) U B_(J)
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FE R?2 ET. —oo < yo < 00, open segment J, function g ZEEICEID
Liz&ED Wy, J,g) DEMA% base £§ 5 topology Z 7 LLEF, TD
topology 7 on R2 M DFEETE X % topology TY . HEILHERZET S
Iz, Wiy, J,g) EEICESMF

W(yOa J) g) C B(zO; |J|/2)

RERELTWVWA, DD, J ZEREITAHAARICETENTNS, ELTD
DEVERA, TOD Wy, J,g) DB Figure 1 ZBEICLTLIEE W,

~ao

F1G. 1. Typical nbd of 7

BSMC, TOFBIHE 7 i d2—7 ) w FAHE 74 KO GOV TIH |
VT i, EROEREELAD L. TOERDO LTI rida—oUy R
g I—BLTWEY, iz, FHEEOEEEMASE [6) (X7 [7]) KB
FBFERENET L 7 I regular THBHZ MDAV ET, [6] TIIEAH
D hyperbolic metric ZFIH L% L7zA, Kb DI EFTFMEOD hyperbolic
metric ZFHE LT W(yo, J,g) Zb T MICER W*(yo,J, 9) = V*(g) UB_(J)
THhE, y,J ZEFELT function g ZEIHLIZzL ED W*(yo,J,g) DK
1% closure-preserving w.r.t. 7 1% &NV ET, HNELT. ek x
X, (R%,7) D dense subspace (R x Q, 7) & stratifiable (M3) Ic/x% T A
b £F (Q = rationals)e LM L. BREMNDL, BTRLEITH. whole
space (R?,7) I3 stratifiable Ic%x D £ A, X, & 5IC58 <. monotonically
normal IKEZ5HNT L EZRLET,

2. HEREDITARY LINDELOFNESS

Z D Section Tld. 7 M hereditarily Lindeléf (B U Z & TY A perfectly
normal) TH3Z LZRLET, S % Sorgenfrey line DF O EEER R I
half-open interval (a, b] topology Z ANz DL LET,

Fact 1. S is hereditarily Lindeldf.



Proof. ZHIIX<SHISENTVBZ L TY (cf. Example 3.8.14 in [3]) A,
RAZHNC O D RTVIEAZ 5 X THBEE T, EEIC collection {(ay, by :
A€ A} BEZBRN, G = Usealay,by] EBWIzEE, G D countable fH
D (ax,bx] T cover N3 LEZRBIEELV, (ay,by) 13 open interval 7
M5B Go = Uxealay, by) 1BH D Euclidean line R DHID open set TH
%o, Euclidean line {3 hereditarily Lindel6f 7255 Gy & countable D
(ax,bx) C (ax,by] T cover TN, &oT G\Go  countable TH3Z &
2B+ TH5, R D separable, linearly ordered THBZ L&FS &,
Gy & disjoint union of countably many open intervals DFEICE TS :

Go = UnEw(cna dn)

(some, at most one, d, might be c0.) W, G\Gy BT BEEDIE by &
ERE. Go DEBID (ax, by) C (cn dy) E5% n BEIET S0 & L by < d,
L3 BE b € (en,dn) C Go 75D, by DFEVHICFET S, £oT. by =d,
E%%B, WA G\GoC{dp:new} TH3, O

RD Facts 2 and 3 I&, hereditarily Lindelsf 2779 1Cld # 0 open subset
O Lindelof HZREIE XV, 0S5 T LICEETNIEHENET, Fact 3
l& Problem 4.5.16(d) in [3] ZBBL T FE W,

Fact 2. Hereditarily Lindelof space O continuous image 1 hereditarily Lin-
delOf T% % o

Fact 3. Second-countable space & hereditarily Lindeldf space & OFEZERTIZ
hereditarily Lindelof T 3,

ST, WARDZER (R%, 1) b E0FT &, ZDEE Wy, J, g) DTSy
R B_(J) ZEATVETH S, topology 7 & R x S D continuous
image IC7ZX>TWEY, R xS IE Facts 1 and 3 & ¥ hereditarily Lindelsf
TY. UEMD

Property 1. (R2,7) & hereditarily Lindelif T 5.

3. SORGENFREY LINE IN (R?,7)

T D Section T, (R?,7) A monotonically normal IC7 572\ C & 55
LET, ZTOHIZ, ROD Facts BFEVE T,

Fact 4. Sorgenfrey line S 13 stratifiable (M3) Tl3%E\V, > T S & con-
vergent sequence DFEZEM] S x (w + 1) & monotonically normal TlX7x\

SEBR. stratifiable spaces I& (countably) productive TFh5, L L S A
stratifiable LREL £T &, S x S & stratifiable &> T paracompact >
Cnormal L&AV EY, LHL, K<HSNTVEESIC S %S 1 normal T
BHHERA., Ko T S Id stratifiable I D FXRA, DT L L

[X x (w+ 1) is monotonically normal if and only if X is stratifiable]
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(see Theorem 5.22 in [6]) EWVWS EEEMN S, § x (w+ 1) {& monotoni-
cally normal TH&W, W3 FERMEVE S, Monotonically normal space
® subspace /& monotonically normal TIH5, Fact 4 Kb, (R%,7) OF
IZ 8 X (w+1) O copy ZHFERIE, (R?,7) A monotonically normal 275
BN ALY ET, FRUTIIET. S D copy ZHREREED A,
¥, C ZFEHO Cantor set in [0,1] £ L. C L£T half-open interval topology
Ty BEZET, DED. 75 & (a,b)NC wherea<be C % base £ LTcd
DTF, C D [E#E OAMSHS countable 2E% Cy L LET, Tk
B, R\C # disjoint union of open intervals Unew(cn,dn) ERLTIZEE,
Co = {dn :n €W} TY, (C,my) KBWVTIE Co DRDHAD isolated IC7E >
TWETH, B OEES C\Cp & Sorgenfrey line I homeomorphic 7%
BTEN ROXSIKLTHEIDONET :

Point 3,,(2t,) 37" where t, = 0,1 % point 3, tn 27" KBS ER
¢:C —[0,1] Z£ZXZ. 7. % half-open interval topology on (0,1] &3 I, ¢
1Z (C\Co, 1) % ((0,1], 1) DL\ homeo IKELTWVWEY, Lhd. ((0,1],7)
¥ S 13 ¥H5¢ disjoint sum of countably many copies of ((0, 1], 7) <57
ENEITHS, ((0,1],7) & S I homeo TI,

D p:C—0,1] % [0,1] Eic BIRICHEE L7z continuous non-decreasing
function @ : [0,1] — [0,1] DF 5 TH, Wbk S [Devil’s staircase (BREED
REER)] T, Figure 2 ZRTLEE W,

08}
06}
041

02}

—

02 04 06 08 10

F1G. 2. Cantor’s Devil-Angel staircase

TSR TIA, TEROBE LMENZ 0k, BENMEEICH S
DT, Z35MEINB IS koL BEbnEdh, MO EEIIRER %2
THEL BOERTRELTHS T DA IBZEITNIBLOEERTSHD
[RAEDFEER (Angel’s staircase)| & HIENB EEHNET,

T ERLLICBLELT, UEDOERNS, (R%,7) OFIT S D copy %
FEIciE, 2—2 Y v PRI (R?,73) OHFT 55 Jordan curve | & ZDH
ICHEHBDAENTWVWS Cantor set C ZRDIF, il 7 TRIZLED (C,7) B
half-open interval topology I > TWAEDERLERE T THE T LN
bbb E9,



Theorem 1. XDOMEEFED strictly increasing, continuous function L :
R—->RMFETELRETS :

L D757 1 =Graph(L) i, 32— v R 7y TRIZEE Cantor set
D copy ICE>TNB KIS LES C BEH,

(x) C DHEE 2 ICBVTTHH/NE Ve, >022NUT
tangent disc V(z;e,) & | LDOHFERIE 2 DRI B,

CDEE, topology 7 1 C DT half-open interval topology <75 > T U
%o LIeh>T. (R?, 1) & Sorgenfrey line © copy Z2&Is,

Proof. kb C EicH 2 € CCl BERICEDET, 2 ZHLLET S
F££ 6 > 0 D open ball B(z; 6) ZERICE D, J BFOKERERL LE
T, TDLE. T ONEE

W (o, J,9) = (| V(29(2))) UB_(J)
zeJ

& curve | LDRRHOM [ _ED halfopen interval &% & 31 function g
Z3ESENBZ LR X 0D TY, B, g 3RO IEDHHR
9, K 20 TREMH (%) &0 Vi(zg(20)) Nl = {20} £%% 0< g(z0) <6
DERNET, J\{20} LD 2z IZx L TIZ function L A strictly increasing,
continuous TH 5 T LIcEETNIT

V(z;9(2)) Nl =0, V(z;9(2)) C B(zo; 6)

Lix%E 5% gz) >0 e nET, TDES% g e LT Wy, J,9)NI 1&
20 2 &9 % 1 _ED half-open interval Iz D 9, O

C O Theorem 1 DIREZ 729 & 5 7 function L DEFIZ. RELIET
NLUET, BTNz Devil-Angel’s curve @ IZBASMMC TEED BOKSY (i
Iz TR, AR EELRV) EOFE 2 KBV T, tangent disc V(z;e,) £ D
HERD 2z DRCHED LI e, >0 BENS] LVWSISHERLBETH, B
REDS OB strictly increasing 121375 > TV ER A,

Therem 1 ICHBiF % Cantor set C & curve | = Graph(L) ® pair C C | %
EBX. TNRA 1/n B THEISE0D% CyCl, ELES, 257
&, (CUUp31Cp, 1) 1 S x (w+1) I homeo % closed subset IC7x 5T
WET, WRIC, ROBRHVBSNE LTz,

Property 2. (R%7)1& S x (w+1) D copy # closed subset & LTE
o > T, &I 7 1& monotonically normal TIE7EL,
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4. LEBESGUE’S SINGULAR FUNCTION

LIF. Sz EBIcT 2728, FTHEEHK R2 ORHYIC unit square I? =
[0,1] x [0,1] ZEX £, FENEZENREIHD LA

Lebesgue MIRTE Lebesgue flER L FUEN TV ARIERZAIR LI L 2D
5. Lebesgue’s singular function &5 B# Le(z) RIS TVEY, Th
BRRDEIICERENE T,

ELEHAWMHTEY, DEVEIIIREDH$H S 31 > (unfair coin) 2R
B3 S, WORTREZ LT, EHHIHEEH 0< a < 1. BEHHDHERD
l-aTa#1/2 LLET, EEEHS, RIC 70", BlC "D ZRISEEET
L 0,1 MHRLS sequence (t1,tg,t3,+++) HWEONE T, Thic, 28ENIE

B L7
t=Y tn/2" €[0,1]
n21
PMEIRZTENTEFT, 2Ot NEREROKXNERT <z %5
FeR% Ly(z) LEBELET :

Ly(z) = Prob{t <z}, ze€l0,1]

Wb 3 M3 (distribution function of t) T3, (T D Lo(z) DEE
HEZITRD Section ZRTLEEW,) Fh a#1/2 BH57%H (a=1/2
DEEIX Ly(z) =z £753) TOBBRE—AZDLSTMEZFHET, Lo &
strictly increasing, continuous T D73 Lebesgue measure DT
FLALEBRFO0ICED £T, “Singular” LW EEIRX BaBNRLALE
B0 1 LWHIBEKTHEDNTVWET, LHhL, BARNICEAKLK z € [0,1]
ICBWTHORED 0 1Ik200F, MELTF (MbET5E) K (North
Texas K) OFFEICEL D, BAICE> ThhoTEX L, e XL ROFE
ENMBOhTVET,

Fact 5. (K.Kawamura[8]) Binary normal point z € [0,1] iIcBW T %
ﬁ L;(:B) =0 —Z‘;&%o

TTT. ze€]0,1] A binary normal TH % &, €D dyadic expansion
(2ERH) z =3 ,5; 2(n)/2" IZBWVT digit 0 & digit 1 LHHER 1/2 TH
EICHNB, LWS T LT, ERICRELET L, 2 O 2 NMUERICE
WM n (LE TlcBN B digit 0, digit 1 DEHEZZFhEQ

#0(z;n) = Y (1—=(k)), #lzn)= ) =(k)
1<ksn 1<ksn
LFE L. digit 0, digit 1 @D “density” 2
do(@) = lim #0(z; m)(z)/n, di() = lim #1(zim)(@)/n

(T OHEIRIE do(x), di(z) BWDOBELET 3 LEREAEL) LEDET L,
z ' binary normal TH3 Z &, do(z) = di(z) = 1/2 WS T LT,
do(z) =a 7% z€(0,1) D2KR N(a) LRLET L, N(1/2) A binary
normal points DE&KICED £9,

lrex &, 1/3 = ¥,5,4™" = .01010101- - - (2 EEH) KU T OHERED



digits ZERICE(LERT2E D 2(1)2(2) - - - £(m)01010101 - -- ¥ N(1/2) I
BLETHB. N(1/2) 1 dense in [0.1] TF. LEEICH. N(1/2) IZ
Lebesgue measure 1 ® Borel set in [0,1] THB LHMHSNTWET, TD
Lebesgue measure 1 &5 fERIFHERGHD TREDEER H 5 DR T,
DX, BHUCE XX (unfair T&VY) fair coin ZEEEHRRITTZBE. £ “07
LE 4D BMZIFHBICENS 2505, 1F& A EDEET binary normal I
B3I THE, LS TETT (RD Remark 1 B, Lebesgue measure
p WEAERIER] (inner regular) 37 % [EE®D Borel set B ¢ measure u(B)
M BICEEND compact set K D measure u(K) D LREE L THELGNB] &
WO BHZRBEIMNS, N(1/2) iE Cantor set D copy C BEFHAET, &
T, TNTE, B8 L, & T D Cantor set C £ T, Theorem 1 DRE (%)
ZWIZLTVBTLEID? Thid, FiE. hEOBYEMERDTY,
Fact 5 25 C ETEMIH 0 TIH, WOH 0 LWVS DAL, 5T
NEZDORTHETZMEARKD FICH 3. LWVSTLIZEFERA, DD, F
TIRLDORTETBAREOTEHB] LS LlE, #Mah o &1
R LD L& 5 LR T2 R EDEM) ICE>T0D, STk
DTF, 8K [8] DFEED UMK LTHE LIELC 5. BT EAD
AEAH7%Z modify 34X la < 1/16 & 51E L, 1& Theorem 1 DREZ T2 )
EWVWS TEHHERTEE L, N(1/2) Db DIC N(a) T o D% 11+
TECERNRE, 0 <1/4 THERLRKRESS LEBDONET, Section 1 TEX 1=
topology (& THl OfRbDIc, XV EREEMETS M OL5%ED
ZRWTERT A LEATRET, ZDO L ETL %, Theorem 1 ST 3
Hi#R | & Cantor set C WEET BZAID? VS RERIDHTEE S, L, T
b o ZHRl/NE SBNEHRTEETH, —MKic L, DTS5 T, F0Y
ST DTDOEADOERED a ICEDETDT, a H/HhENVE, FEALY xillc
NEODWEESBAy AVBNEDIE>TLEVET, ZORMESE
T3S, RET L, DEBZEMIEL T, FLOBEREBRLES,

7535, BIE Lo(z) ©7 5 7 2 UHIEEEE [10] 3R E h TV ET DT,
SRLUTLEE,

Remark1l. WEETHR g TEOMHS “unfair” coin Z-> TV =D, T
CTRICHER 1/2 TERDOH S “fair” coin MHTHKRT, BHELE2ZITEHE
LNERAD, ZOAS I VIXLITFDOED TY,

WE, FMFa#£ 12 ZRELAENTO<a< 1ML L, #EZX, Ly »
HEX % measure v, on [0,1] #EZET, Thbb y, &

Va((%,9]) = La(y) — La(z), 0< <y <1

K DEE S measure T, 72&ZXIE 1,([0,1/2]) = a, 1.([1/2,1])=1—a &
> TWT, vy 1 Lebesgue measure ZDEDTT, a # o DX v,
E vy IELSMREREZRICT D measure T—H THll3 & measure 0 DI,
{15 TS & measure 1 IcHZEEDHTRET, TOREE My, & vy &
B\ “singular” THB] EWVWWET, 1y, (a#1/2) & Lebesgue measure
vy DREE. N(1/2) 1I2DWT 1,(N(1/2)) =0, v12(N(1/2)) =1 &5
N@IN
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La(y) —La(x) = Va((xa y))
y—z vi((x,y))
TEh 5. Fact 5 1& [measure v, & measure v/ DEVZREE L, IC&k>
TEHRLTWS ] LEANUE, AISFAERREDOTIEHD £HA,

0<z<yxl

5. EXTREMELY FLAT, STRICTLY INCREASING, CONTINUOUS FUNCTION

58, £1ERE coin ZHFZDTTH, BEIRKLD coin ZHRITS. &1
SETEEZET, B o EBEICEITFS coin DFE “0” BHZERIZ0< a, < 1
THY, B 1" BHZ2MHERIE b, =0, = 1—a, THHLLET, —RKIC
0<aglicill-aZa &I LICLET, ap =a (ais constant) D
EEHIED Lo (z) LACICE>TLEVETH. T THREDEEH L L
T, HOPICBNEHIRTVE DI

a1 =1/2, ap=1/n (n>=2)
D& 57 case TT, TODFHW

m2a> =0 Y =00
n21

EBESTUVETOTHERANEATVSHEENEONS, LS5z ndb
JERFHEAL TW& 9, aiffi L ARRIC LT, BERRITHERO. 0,155
% sequence (t1,t2,13,---) & Kt =3 5 /2" € [0,1] ZHIEET L,
ZOERR

L(z) = Prob{t <z}, ze€][0,1]
LEDET, EREICIE L(z; (an)n>1) ERELINETTH, BHEDORD L(z)
LRBEELE T,

(SRR LVSRBEREITTE, BETOHVENEHNERDETOT, X

IZ L(z) DEFEEREZEITLET,

Q={0,1}" = [[{0. 1}

n21
% countable product & L., 2 {0,1}, = {0,1} _E®D probability measure

Wn({O}) = Qn, Wn({l}) =by, =0p
M HEE S product probability measure moo = II,>17, on @ ZE X X7,
®:Q={0,1}N—-[0,1]

&((z(n))nen) = Y 2(n) 27" = .3y 2(1)2(2) -+
n21
% dyadic expansion I X > TEZX S map & L E 9, Topological IZiE, @ I&
Cantor space 2 = {0,1}N 55 interval [0,1] \® continuous, onto map T
Hb. KEMICIE. Section 2 D Devil’s staircase D < % & ZICHWZEIE
o EEALCTY, k/2™ (k=0,1,---,2™; m > 1) DD rational 2 “dyadic
rational” L VX, 0, 1 ZHINE LT, (0,1) AcH B dyadic rationals



e ng) EELET L, Q2 1 disjoint union D

= Qim
m21
eg, Q= {1/2} Q5 = {1/4,3/4}, QY = {1/8, 3/8, 5/8, 7/8}, -
kiéhi o Q™ DFTIE 238D D expansion
.:1:(1)--~93(m——1)0111...—_—.w(l)u- (m —1)1000 - - -

ZEHHEITOT, @ X 2-1 map TITH, |@71(t)| =2 £%B t 1d Q; DIL
DHTT, MANEZ TS expansion I .xx*.-- DFOARTTODT,
1=.111--- IZDWTIL expansion 1.000--- FEZX TV EXRA,
Q = {0,1}N EIc lexicographic order < ##x hiT
®:(Q,=2)—([0,1],X)
I& order-preserving I > TWT, TD @ Ick>T 2
(@(1), ,2(m—1),0,1,1,1---) < (@(1), - &(m — 1),1,0,0,0---)

M1 .z(l)---z(m—1)0111-- z(1) -+ x(m —1)1000--- < ofF
0)‘611% &’.lx\‘j«[ﬂ(ﬁkﬁ')fb\iﬁ_o (o lex1cograph1c order <5
Dix. FWEEDTIZEL, Q ZFEHD Cantor set & LT [0,1] I< embed L
e L &I, [0,1] DBRAEIAFD S inherit T3 EDTI,)

@\ 7H(Q2) — [0,1\Q2
& bijection TF, TD P ICK>T (Q,7e) M5 induce 415 measure on
01 2 ve ELEY, DED
Voo(B) = Teo(®71(B))

for Borel set B C [0,1] T9, 7o & countably additive TIHM5 vy &
countably additive ICZx D 5, LI EDO¥EMDOE L, BIF L : [0,1] — [0,1] X

L(z) = v ([0, 2])

EERENEKT, HLHIC L(z) & strictly increasing T L(1) =1 T,
F72. Vo 1& countably additive TEH 5 L(z) I right continuous

L(z +6) — L(z) (6 — +0)
LD ET, —fRiciE L(z) & continuous o » FBAD, increasing TI
DT, continuous IZ/X 5V, DED “gap”
G(z) = L(z) — L_(z) where L_(z)= 5liT0L(9: — d)

M >0 L%%5R x &R countable LB FRA, LEA-T, iEL
AEDPTT L X continuous THBHEEZET,

LA U, [0,1] 2{KT continuous IZE2EDEMLNVTITDT, ZD=¥H
D&M 2R L TH X F T, Continuous everywhere I 7% B HRE+&MEI
Veo(singleton) = 0 3750 H 7y (singleton) = 0 TTH, Th & EELEE
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TRRTVWEDERDTEEX T, Finite sequences: {1,2,---,n} — {0,1}
HSEZES clopen set in Q = {0,1}N %

(0) = 0 X >n{0, 1}£
2EL. T mo-measure # Po) ERLET L., 10 DERKD

Po) =moo((o) = I a2® ;™ = T (ak + (b — ax) o (k)

1<k<n 1<k<n
- ow- I W >0
o(k)=0, k<n o(k)=1, k<n

—

(Jz7ZU a(k) =o(k) £93) L&D ET, P@U) =1,
P(c70) = P(0) an, P(071))=P(o)b, for |o|=n—-1
ELTH P() DEBZRMNCER Tz LIicEVET, 2= (2(n))nx1 € Q

@ singleton & U TD meo-measure & o = (z(k))kgn, |o| = Length of 0 — 0
LIz ED P(o) DREREETITH S

Too(Z) = H an - H bn
z(n)=0 z(n)=1
LD ET (FREICIE mo({z}) ERITREEDTITH 100(z) LEEEELET),
EoT. COETOFEDEMNEIC 01ckBT M, L A continuous I3
T D DRRE+TFEHETT,
an = min{an,bp}, Bn = max{a,,b,}
LBEETL
0<an<1/2<Pn=1-an <1, 7o()< [[Fn
nzl
THY, BESE m0(x) = [ 80 EBBEIBR z WEELE T,

EXoT. IWEZET, TTMco<e,<lDLE, &HF
Hn?l Cn = 0 Li Zn>1(1 —Cn) =00 &lﬁ]{ﬁ—(“ﬁ% c E%Eb\m L/T( Ti‘gll\o

Property 8. L(z) = L(z;(an)n>1) A continuous on [0,1] IS 728D

B+ %M
H,@n =0, i.e., Zan = 00
n21 n2l

TH%, O

TODEHIF. 2BAALBBBFEENLHTa, Mceonstant 0 <a< 1o
TV L ERHEINETH, EARBHABEENSKET

ap=1/n or 1-1/n
BRELESTVABBEETEmBINET,



Property 4.  (an)n>1 WM
0<an<1/2,ie,0<a,<1/2<b,<1 foralmostall n
Zlz UTWABIFEEE, L DY continuous on [0,1) £75% DR ET5%

i

an =0, i.e., Zan = 00

n2=1 n21
THbd, T35 ThhnkE, Thdb Hn>1 by >0 D& &, LiF QU {1}
ICBWTDHA discontinuous TH 5.

Proof. Hi*ld Property 3 KOHLHTIH L, B¥EZRLET,
an, DFHFEED, EL z(n) =0 %53 n DNMEREDLS LI & z IIDWVTIZ
Too({2}) < [Io(n)=0an =0 LEDET DT, Q DT Too-measure > 0 L7x
BDRIGEMNH BDIE (*,---%,1,1,1--) DFEOEDDAHTT, > T, [0,1]
DT veo-measure > 0 L BAAREMENHZDIE . - x111... DEDL
DOH, §T&bH QU {1} DEDOATYT, LHhd, M. x---x11l--- D
Voo-measure (&, c- [],s, by for some ¢ >0, m >1 DETHY, THiIR

L5100 >0 KD, IEDOETY, O

Lemma 1. (1) L(0) =0 & &3 RETDHRMHE [[,5,0. =0 THHD, T
N, (%,---%,0,0,0,---) DD singleton in Q D 7oo-measure =0 L 753
CELAETH B,

(2) L_(1) =1 (= L(1)) L5 BRBETHHEME [[,5: 0. =0 THD, Th
. (%%, 1,1,1,--) DFED singleton in Q D meo-measure =0 L5
LEFAETH B,

Proof. (1) Hilc. L(1) =1 THBLBNELH, L(0) =0 &k
NERATUZ L(0) = veo({0}) = 700({(0,0,--)}) = [[pz10n TTH5
L(0) =0 &7 5%MX Hn>1 an =0T9, /2. mo{(*,---%,0,0,0,---)} =
cm* [psman = O [l,5; an for some m > 1, ¢y >0, C >0 &0, HF¥D
FRMENE T,

(2) @7'1(1) = {(1,1,1,--)} TIA 5 L(1) — L_(1) = veo({1})
=Too({(1,1,++)}) =Ins1bn  FTZL Too{(x,---%,1,1,1,---)} =
C-Tl,51bn forsome C >0 7ZH5 (2) BPIT 5. O

C® Lemma 1 (1) OFHFIEIFRICD B V0EDT, 2L 2, HEBEEHI DS
T 0<ap,<1—-1/n EHE>TVREREZENET, Lt Thbkne
BNBEDFEDERERADT, LT, FHlICHSHWRD. ZOmYXEek
ZECT
(o) L(0)=0, ie, [[3an=0

ERELET,
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Lemma 2. FEOD finite sequence o = (o(1),--- ,0(n)) IIxFL
o_ = (o(1),--+,0(n),0,0,0---) < o =(c(1),-,0(n),1,1,1-.+)
o =®(0c_)=.0(1)---0(n) < yYo=%(0o4)=.0(1)--0(n)lll-.-
=T, + 27" (where z, € Q2 U {0}, yr € QU {1}) ZEZXBL
L(ys) — L(zs) = Voo ((Ta, Yo]) = P(0)
Proof. Lexicographic order X IcDWT
(o) =[o-,04] in Q
EHEO>TWVET, & (»x) & singleton o D meo-measure i 0 TIH 5,
Too((0-,04]) = oo ({0)) TTo
®((0-,04]) = (Te: Yol @7 (@, o)) = (0-,04] U {ou}

THY, TTT, o, & (z(1),---2(m—1),1,0,0,0---) for m < n DEDK
TIMS, &M (3x) &DFD meo-measure i& 0 TY, BRI

Voo ((Za, Yo]) = Too((0-, 04] U {ox}) = oo ((0-, 04]) = Teo({0)) = P(0)
ElE. L(ys) — L(z,) ZDEDTITHS Lemma 2 HRENFE L, O

TNHSRD &S BEIEANEINK T,

Formula 1.
(1) L(.2z(1)---z(n) +27") — L(.z(1) - - - z(n)) = P(z(1),--- ,z(n))
&I z(n) =0 DIFH

L(.z(1)---z(n-1)1) - L(.z(1) -+ -x(n—1)) = P(z(1),---z(n—1), 0)
(2) z=.z(1)- -z(m-1)1 ngm), n>m210DLE

L(z+2™) — L(z) = P(z(1) - - - z(m—1)10"™™)
= P(z(1)---z(m—1)1) amt1Gm+2° - an

L(z)— L(x —2™") = P(z(1)---z(m—1)01""™)
= P({B(l) e :L'(m—l) 0) bm+1bm+2 v bn
(3) z=.z(Vz?2):--z(n-1)z(n)z(n+1)---,
y=.z(1z(2)---z(n—1)Z(n) z(n+1)-.- OLE
|L(y) — L(z)| < P(z(1), - -z(n—1))

7zlZLU k=00 &Z. z(1) - -z(k) & empty sequence, £7=
x(l)--x(k) =0 LAELET,

Proof. (1) ¥ Lemma 2 ZD&DTY,
(2) 2o=2 =.zx(1)---z(m—=1)10"""000---,
To+2"=.2(1)- - z(m—1)10""™ 111...
where o = (z(1),--- ,z(m—1),1,0"™) LHEEX. L(z +2™") — L(z)
DEWALEISY gB- 3 - 3 (N
Zo=2—-2""=.z(1)---2z(m—-1)01""™000-- -,



To+2"=z=.2(1)---2(m-1)01""™ 111...
where o = (z(1),--- ,z(m—1),0,1""™) LAHxEIE, L(z) — L(z —27")
DANMELNE T,
(3) o=(z(1)- - z(n-1) I<RL zo=.2(1) - 2(n-1)000--- < y, =
z(1)-rz(n-1)111.-- ZEZNE 2z, <2,y <y EHEDODTVETHDS
L 7' increasing THBZ L XD |L(y) — L(z)| € L(ys) — L(zs) = P(o) O

RD Formula I X D [FEEANCIZTNRTD 2 € Q2 IEDWT L(z) Dffi%ZEt
HTZXT,

Formula 2. z€ Q2 A [z(n) =1 &% n I3ERMEI OFRICEHEINATL
BEHEICIE

Liz)= Y P((1),--z(n-1),00= > P(z(1), - z(n—1))an

z(n)=1 z(n)=1

Proof. z € ng) (m21) &LkEE, micDWTO induction T/RUL
9. m=10tEE LORITL(.1)=P0)=a; EEDETH, 2hi
Formulal (1) Tn=1, (1) =0 & L7z case T35,

z=.z(1)--z(m-1)1€ Q™ LL%EF &, Formulal (1) &b L(z) =
L(.z(1)---z(m=1))+P(c(1), - - o(m—1),0) TTH, .z(1)---z(m-1) € Q¥
for some | < m TYIH5 induction DIREX D, L(.z(1)---z(m—1)) =
> zmy=1,ng P(@(1),---2(n—-1),0) LRXINBDT, Formula 2 BHILL &
9, O

eZE, 2=2""=.0"111C apply LTHETEL z(n)=1 %% n
Em EFTIHhS

L(2™™) =P(0™,0)=P(0™) =a1---am
EBDET, LIhoT
L(1/2) = a; > L(1/4) = a1ag > L(1/8) = a1a2a3 > --- — L(0) =0

b, FEROED DRHAMNRZTEET, MOKTEALEREZETLT
HETE

L(3/4) = L(.11) = P(0) a1 + P(1) ag = a3 + by ag,

L(3/8) =L(.011)= 0 + P(0)az + P(0,1)as =ajaz +aibsas

L(5/8) = L(.101) = P(®)az1 + 0 + P(1,0)as=ay+ biazas

L(7/8) = L(.111) = P(0) a1 + P(l) a2 + P(1,1) a3 = a1 + biaz + bib2 a3
RELRBEENE T,

R, Tz(n) =1 &7%&% n NERME ORE (Q: Dtd OHBDOERM%
£D) &, kD formula IZXHd % formula ZRHET, LWE, z € (0,1]
@ binary expansion z = .z(1)xz(2)---z(n)--- HEZASHN, z(n) =1 &%k
% n HMEREHZ L LET, COBMESE n IO TATYo/8D 2™ =
z(1)z(2)---z(n) ZEZET L

AP IR PP (O P S
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o> TWET, LI increasing TIMS L_(z) = limn—oo L(z™) BE X
i
L(zW) L(x(z)) <KLM) K-> L_(2)

0 ET, o™ =.2()z@) --z(n) e Q& Mz(k) =1 %3 k I3AER
@) OETIHS L) icxt L TId Formula 2 AEATET

Le™)= Y, P((),-z(k-1),0)

z(k)=1,k<n

L_(z) = lim L(z™)= " P(z(1),-- z(k-1),0)

n—00
z(k)=1

ERDETH, TN L A z T continuous DFFIE. L_(z) = L(z) TY
M5, FER LW Formula 2 LEICR T, &> T, Formula 2 OfEREED
¥ET L, XEEET,

Formula 3. L(z) A z IZBWT continuous DIFEIX. HED
binary ezpansion z = .z(1)z(2)---z(n)--- €[0,1] IZXFL

Lz)= Y P(z(1), 0)= Y P(z(1),  z(n-1),5(n))

z(n)=1 z(n)=1

= Z z(n) P(z(1), - z(n—1),Z(n))

n21

where P(z(1),:--z(n—1),0) = P(z(1),---z(n—1)) an O

fzeziE, 1=.111..- L TiE
L_(1)=) PA"1,0)=) b1+ bn-1an

n>1 n>1

=) b1 bpa (1—bp)=1—]] bn
_ n21 n2=l
EEDETH, L OBGHZRELIZLEE [[,50,=0 TIHD
L)=L_(1)=1%kADET,
£® Formula3 X, L =L, (0<a <1 isconstant) DIF&ICIE Lomnicki
and Ulam [9] (cf.8) IC K> THRONTZEDEFLUTY,



6. FRACTAL STRUCTURE OF L
DI, L(z) RIEREEI L(z; (an)ns1) LERTNETHSLEVE LS
M, L(z) E (an)n>1 DSIEBNE LTz, VWE, ThE n EFAKTS LT
sequence :
Qn+1,Qn+2,° - >0

HSEENBEE LMW (2) = L(z; (ak)k>n) ZEZEF, FT- expansion
z=.2(0)e(2)---2(n)--- % nTH5LTEBENG/INESE

T'z=.z(n+ Dz(n+2) ---
EBEEY, £5LFX T L, Formula 3 O L(z) DEREDORDE n+ 1 HY
R ‘

k>n
= P(z(1),---z(n—1),z(n)) L") (T"z)

EEREENET !

Formula4. L(z) A z BT continuous DFEIE, z = .2(1)z(2)---z(n)---

DELE. BT n>1lcDONT
L(z) = L(z™) + P(z(1),--- ,z(n)) L™ (T z)

where ™ = 2(1)z(2)---z(n), Trz=.z(n+zn+2) -
ERENG, O

I, L( ) O fractal EEZRML TWARTHELEZAET, D
X0, HFRICTHETEE

L, LW L@ ... ...

DEENEXRENTL S, LW T ELEES>TVETD,
<. an=a (0<a<1 isconstant) DFEIZ LM IF L =L, lc—HL
F9 DT, Formula 4 1%

Lo(z) = La(z™) + P(z(1),--- ,z(n)) Lo(T"z)

where b=1-—a, P(z(1),---z(k)) = a%@ pl(=) iy zoOROHIS
Lo( ) @ self-similar ZRENKI KRR TET,

7. FLATNESS OF L
Lemma 3. z € [0,1) @ binary expansion .z(1)x(2) - -z(n)--- BT
z(m)=0 THdHLZE,
0<L(z+2™™)— L(z) < H an

z(n)=0, n<m
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Proof. z(m) = 0 7255 Formula 1 (3) &9 |L(z +2 ™) — L(z)| <
P(.T(l), co m(m—l)) 37350 P(x(l)’ . .x(m_l)) g Hx(n)=0’ n<m an Té‘b‘g
Lemma D13 5%, O

Digit 0 @ “lower density” %
do(z) = liminf #0(z;n))/n

n—oo

EEDET, do(z) £3B->T. z D binary expansion H' 1 D5 X 5htud,
ZOBRRBIENDBRIEELET, 7272, 2 € Q2 ICDWVWTIX 2DH 3 expansion
DELLZRESIMNIBEL THILEDDHD T,

WX, z O expansion .z(1)z(2) --z(n)--- ICBWT z(n) =0 %% n
MNERFERENTVWAREREZX,. TNH6Dn §XT#E count 95 function %
g:N->N&ULFd, 25L%9L

1<g(l)<g(2)<---<g(k)<---; z(g9(k)) =0,
do(z) = li’ﬁinf k/g(k)
EBoTVWEY, TOLE, :ﬁz@ﬁ@;m:fﬁhn\%%ﬁ do(z) > 013
[FARTD k> 11&EDVT k/gk) >c>03%bb glk) < k/c |

EERBER c>0MNFEET S, LS T L LEEUTY,
Tz, R limpoooan =0 BHNE. EBBAEMNF (1) [[h5100 =0
&i?ﬁf:éﬂflﬂiﬁ'o

Theorem 2. L(z) = L(z;(an)n>1) DERICBIT B (an)n>1 M

lima, =0
n—oo

ZWHILTWBLELET, TDLE, dy(z) >0 &% expansion LD
z€ [0, ICHLT,. IXRNTD s=1,2,3--- IZDNT

hliTo (L{z+h)—L(z)) h°=0

PHRIIES (BBBA Ly (z)=0 LE>TVB),

Proof. LTz & S, z(n) =0 &7 % n D counting function g %
EZ2ETL

0<.- . <279kt L 9=9lk) ... ~9-9(1) ¢ 1/2

LirboET, Wk, 279k+t) < p <279k L LUEF L., L A increasing T
HBT Ll Lemma 3 A5, GLSMEREDIZD) agp) =d, EBEXT L

L(z + k) — L(z) < L(z +279%)) — L(z) < didp - - dg—



ERVET, s21 ZEAELET, £HEM do(z) >0 KD, ETHERZXS
IZ. k<g(k)<k/c forallk>1%75% c>0NFEELETDT, TDcd
EELTBEET, T3 LET L hs 209kt osktl)/e TIh5

(L(z + h) — L(z)) h™° < (didy - - - djp—q) 2° KD/

LRDET, C=2%cBEETLINE (HELTE DEDREVTT
A EBTHO., Al IF

= (didg - -dx_1) C*™ = C?*(Cd1)(Cdy) - - (Cdy-1)
iEDET, RE an — 0 (n—00) 5 dy 0 (n—00), DT
Cd, —0 (n— )
TIHhDL, k— oo, ie, h—+0 DL E
(L(z+h)—L(z)) h* -0
MamenEzd, O

do(z) = &% % z€[0,1) D2thk%E N(a) ERLELEN, TOFEHEIC
Bl¥s do(z) >0 £7%% z€[0,1) DRELVIDIE N) 0<a<gl) T
NTZBE “REER £BTY, BHCEBRELZLSIC N(1/2) 1Z binary
normal numbers DE{A T Lebesgue measure 1 T3 M 5. Theorem 2 Z%f
729 z € [0,1) l&. Lebesgue measure AN ST SATZAILD S, £
ST LICFEDET, N(a) iKDWTE. #0 Hausdorff dimension & EMGEL
CHARENTVET (cf.[2] 4] o Theorem 2 & do(z) >0 £7%&3% z €[0,1)
IEBNWT L DT FT7IRBIERIC flat IKK5D, LWHITLeR2RHALTED, LO
HrE2RETNIE, £ B AA Theorem 1 DEM () BIXRTHE SN E
$ (RD Remark B) . EBE. z0 € [0,1), do(wo) > 0, yo = L(wmo) & L.
(o, y0) CBWT T LICEAMLETZ¥Er ODHE S, 2D, TD
MEALEDEEDE (zo+h,y) wherezg+h <1, 0<h<r, yo<y<yo+r
ZEZETE

y—go=r— (=2 >0/, ie, (y-w)hP>1/2r

ERDEITHE, EARICHE r HREWVH S, X T, Theorem 2 I
BWT s =2 DFEZEZINIZX. (z0,y0) DTH/MEVIEFBCBNTIE, 7
7 LIEM S, KO TchscLichkbEdT, HORAVHRV I LIz E
flat tire CEWVWETH. HEADKDDICZ D flat tire DL S EFFEOLDEE
ZATHBEKRTY, 2Lz HAE 22 +y2 =r2 ORDDIC flat tire DX S 7%
B ot + vt = rt ZEZ A, EORICHY TSR0

Y=Y =r1r— (7”4 - h4)1/4 > h4/47°3

LD EFTOT, Theorem 2 ICBWNWT s =4 DREEREZZ NS THHTI,
757 L i flat THEIDH., BOHOWERITBLBNET,

Remark 2. Theorem 1 D% (x) 27z Jordan curve I OFFTEIZLS
S, B L OEGERRE LA TEBEEIT LA TEET, RE,
Theorem 2 O L Z&Z X UL, L OFREFEAL2HE Q2 U {1} ldE4 countable
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TIh S, TNHEDEERRNTE do(zo) > 0 27z KIE BEIC (Lebesgue
measure 1 ) HVFT, &> T L OFEFAICHIT B gaps ZHRICEEL
B THATESNS Jordan arc |l ZEZZ UL, BN EELNhET, TD
Bh. Graph(L) cl x> THD, K& | 3FED Section 9 THKRT S
Goo L:&DTL\iTO

Remark 3. ®ifiT Ly 1& a DVhEWE 2 BICANIED DL &S &FRICk -
TLES, LE27ZDTITH, Theorem 2 D L(z) = L(z; (an)nz1) FES T
L&5h. TORE, LICEREORNE Y5 00 =00 ZRFTEETE,
BAIOARIE 0 < a1,a2,- ,am < 1 ZEDXSITEATE Theorem 2 D
FMRICHELER A, LIEWoT. L) DRECEMRDOBHENHD X
T, R, 0<ar,a2 <1 ZEBIGEAT, L(1/2), L(1/4) XT3
B (1/2, a1), (1/4, aja2) ODEBZENTZ EHATEET, bhkAlc, I
HBBLEITHN. L DTS5 TOTOmHER

1
/ L(z; (an)n>1) dz = Zan 27" > a1/2+ az/4
0

n2l

&I,

8. PROPERTIES OF L(z)

Theorem 1, Theorem 2 I X D, HAIDEHMWIER I NTZDTTH, B
L(z) BEDEBAZANCEKENTTODT, 5D L. ZOUHERFRNTNE
%9, Theorem 2 Tid, GOLDOMBE A - +H0ZEZX X LM, EHDLHD
BRI E D BRBTLII Do Q DETHARTHET, 2€ Q. 20H%
expansion DS LD 1 DIFFEMY do(z) > 0 2% LETH 5. Theorem 2 H
BIZL. LXIE L (z) =0 &> TWVEY, Db, GANSRS LIEEIC
flat ZDTY, LH L. ROFERIK, EHLSRZEHMEDL S ICk>TNST
EERLTVETD,

Theorem 3. (1) limsup, ,oan <1/2 DEEF, IXTD z€ Qs I
DNT
L' (z) = lzm (L(z) — L(z — h)) A~ = 400

(2) limpaootn=0 DEEZ, IXRNTDzeQy, RUITXRTD
§=1,2,3--- IcDWVT

lzm (L(z) — L(z — h)) h™Y/* = +o00

Proof. x=.x(1)-~w(m—1)1€Q§m) El. s21ZBEELTHEL £
BEDOn>mZEHET L, Formulal (2) XD

L(z) — L(z —27") = P(z(1) - - - z(m—1)01"™™)
= P(z(1l)---z(m—1)0) bms1bmyz-- by
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EEDET, VE a>mIEDNT 27"<h< 20D 2 LETE,
L 1% increasing T Hh 5

(L(z) - L(z — k)) h™Y* > (L(z) — L(z — 27™)) 2(n~1/s

= P(:I}(l) e x(m—l) 0) bm+1bm+2 -+ bn 2(n—1)/s
EaDET, TOAAN R > 00 DEE 0 KB EERBFIVDIT
T, 2/5=C LBEETL, COCIZ1 XDAETVERT. HAX

= P(z(1) -+ 2(m~1)0) C"™}(Cbim+1)(Cbms2) -+ (Cbn)
ERENET,
(1) OFEE C =2, liminf,_,ooby > 1/2 &V liminf,_,., Cb, > 1

(2) DOFE liMpsoobn =1 XKD limpocCbp=C>1
ERDETHL, EBLO5DEEEL n—o00 DEE

(Cbm+1)(Chmta) -+ - (Cby) — 00
&7, Theorem HHILL FT, O

EDEXSICL T, Formulae 1~4 F2ERE L TFHET UL, L(z) ODHEE
ELTRDES BHERZBEHT LN TEET,

IARTD s=1,2,3.-- IcDONT
hlir_’r_zo (L(x + h) — L(z)) h=% =0,

Jim (L(z) — L(z = h)) h™* =0,

: _ -1/s _
Jim (L(z +h) — L(z)) h +00,

Jim  (L(z) — L(z — b)) W18 = 4o
EZEOTVBEE, ZNTNL & zlcBNT
G5 ertremely flat, ED S estremely flat,
G5 extremely steep, D extremely steep
THBHERBTHLICLET, %7z subset AC[0,1] A
MEED open interval (a,b) where 0 < a < b< 1 IR L
(a,b) N A & a copy of Cantor set C &5 WS HEER DL ¥,
A WX Cantor-dense in [0,1] THB. LEH> T LICLET,
do(z) = lim sup,,_,o On(z)/n 1& Digit 0 @ “upper density” ZZ&E L T\

o

Remarkable Properties of L(z)

0<anp<1 (n>1) W%
Zan=oo, lima, =0

n—00
n21
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BEILTWS L E, L(z) = L(z; (an)n>1) EROWHEZHFD !

(1) L(z) OO FRBHED BT 0 & +oo DHATHB. 40D
L' (z), L' (z) OREELEIZ 0 & 400 DHTH B,

(2) Q2 DETIX LIIEDD extremely flat, £H5 extremely steep
v(“%%o

(3) do(z) >0 &7%% expansion ZHDz € [0,1) IKBVW T L IdANS
extremely flat TH D, BT, 0<do(z) < do(z) <1 &% % expansion Z&
Dz e (0,1) IKBVTIE LIZALLEEDN LT extremely flat ThH B, < I
Uo<ac1 V(@) ® point z 3T OHEZFDODT, HH % points i Lebesgue
measure 1 DEGZHL TV 5,

(4) L' (z) = L' (z) = +oo &% points ¢ OKIZ, ED (3) &b
Lebesgue measure 0 TdH A M, Cantor-dense in [0,1] ICZH> T3, O

P (1) 1 Lo(z) ICDOWTIRHISNTWVWAREDT, Ly(z) DBE LRKRIC
LTRENET GEFAR) . HHE (2) &. (3) DRiFIIHEREH. (3) DEFIX
Theorem 2 L EIRRIC L TAERAETNE S GEAARS) . HH (4) & ROERM S
BhnET,

Fact 6. (cf. [1]) Strictly increasing, continuous, singular function 0

WA E £ 7z singular 12755,

T T T “singular” £ E->TWVW5DIE, M85 Lebesgue measure DEKT

ZLALEBF 0] LWVWSEKTY,
EfR D Fact X L OWEIE L1 I3 singular T3 H 5, Lebesgue measure
1DES AT, TOLT L7 OWHFEEN 01cE>TWEREONEFEELE
3§, Lebesgue measure 1 MEH L Cantor-dense TTHM5, A & Cantor-
dense T, L71(A) i& Cantor-dense set ®O homeomorphic image & LT
Cantor-dense T3, BASMIC L71(A) LT L DM HRENT +oo 1> TV
x9,

4% T. Lebesgue measure DER TR TZ E L7zhH, BRi%IC Topological
HBEM SR> THEL & 5, Topological I k&EX | ZH|l% “«bDEL”
¥ LT 1-st category, 2-nd category D¥EZNH D ETDT, TN THIDET
. hERDEBENEERMBONE T, fIIVERZEIT S0, ETHhAE
M Y ps10n =00, liMpoootn =0 ZRELTHEXT & :

Theorem 4. L' (z), L' (z) MHEE (0 or +00) % points z D2&IX
1-st category set in [0,1] TH B,

Proof. L' (z) =0, L' (z) =0, L\(z)=+oco, L. (z)=+o0 &% %
point z HhSRBEBEZETNTN AL, Ay, AL, Ay, LBEET,
AF U AL B 1-st category set in [0,1] BT 2R LET (45 UAL D
HBELRAKRTY), &F L (x) =01

Vn>13Im>10<Vh<l/m (L(z+h)—L(z))/h<1/n
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EREN, REL (z) =400 lF. TORED K1/n% >n TEEHEIL
DTERENET, £oT

E(m,n)={x€[0,1] : 0<Vh<1l/m (L(z+h)— L(z))/h < 1/n},
Fim,n)={z€0,1] : 0<Vh<1l/m (L(x+h)—L(z))/h > n}

LEEEIL
A7 =UEm,n) cJBm,1), AL=NUJF@m,n) c|JF(m,1)

EEVEY, BRI, E(m,1), F(m,1) H nowhere dense, closed in [0,1] T

HBTLZRBIETH TS, WE. L& continuous EIREL TVWETH 5,

h >0 ZEELEZE. (L(z +h) — L(z))/h X continuous function T3,

Xo>T. E(m,1), F(m,1) I& closed sets IcxD £3, —/. BASHIC
E(m,1)NAL =0=F(m,1)NAJ

T, BUCHEREL =& 51c, AL, AT 3¥B5% Cantor-dense TLM 5,
& <IC dense TY, &oT, E(m,1), F(m,1) ZZFNZH dense sets AL, A
ZEEZ closed sets TH D, $€> T. nowhere dense TT, O

9. GEOMETRIC CONSTRUCTION OF L(z)

L(z) OFWIME (£ <1 Theorem 2 ) ZRETT LT 3138
(Z—o. TABEGEBNARLICEET S0— 17 ]
EVISRUTNBNTEET, LI, L(z) DHERRBNEZHEBRIC—HKORL %
# < A (topologist?) HWVAhEBWET, ZT TREIC. L(z) BFRMAEN
ICHERLTHET,
0<an<l,bp=1-a,(n>1) £LTmaps ¢2,¢%:[0,1]> — [0,1]? %

¢7(’)L(x3y) = (:17/2, a/ny), ¢71L(z)y) = (1/2 + $/2, an + bny)

LEDET, TNHIT linear contractions TH Y ¢, oL 1K > TIEAF
0,1 BZNhEN, BE a, DEAFE [0,1/2] x [0,a,], & by DEHF
[1/2,1] X [an, 1) NEEN, ZD2DOEAFIZ1 A

$n(L,1) = (1/2, an) = ¢3,(0,0)
DFH2HE L TWET, Finiteseq. o :{1,2,---,n} — {0,1} IHL
#7 =91V 070 0g7™ 10,1 - [0,1]7
LEDET L, $9([0,1]2) B 27, BEH Po) O BEABICED £,
Gn=J ¢°(10,1%), Goo=[)Gn
lo|=n n>1

EBEEIT L. Gn (n>1)1F compact connected sets D decreasing sequence
TTH5 G B compact connected 124D £9, G, BEHEIENST2LS
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KIRDEETETM, |o| = 0 DEE ¢9([0,1)%) OKIE 2~ - 0 TH3BT L
REBLEFT L., Go W Jordan arc I BT N D ET, BHEMNIC Goo
i points (z, L(z)) for z € Q2 ZEH. L(z) id (Je& X continuous i< 5
HWE ETH) right-continuous TIMH., #F L(z) DT F5T7d G 1B
EhEd, '

an=1/(n+1) (n>1) DFED G ZHNT=DOMN, RD Figure 3 TT,

L /¥ continuous IC7x &Ml G &%& vertical line {z} x [0,1] (z € [0,1])
EOILFEOM 1 KB, LWVWSTELRAUTH>T, TOBRE G X LD
T TFDEDTY, TORMAEABREDENTVWAS LI, LA continuous
ThW\WEETH, Jordan arc G, BERZFIALIEHARNTE S, &S5
T BUCFO LS HIGHD 1 D% Remark 2 THEBUE L. £, 12X
X, L A continuous THEWNWE Z G 13 1 HBED TS 71 EFRA
M. L O HYREE s 380, DD, ye[0,1] 1 (z,y) € G &%
%z e(0,1] ZXinTEhE, chidbrAl | MEREARICED £T !

L L L L s
0.2 04 0.6 08 1.0

Fi1G. 3. an approach to L(z)
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