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TORSION VOLUME FORMS ON CHARACTER VARIETIES

TAKAHIRO KITAYAMA

1. INTRODUCTION

For a knot complement of S, Heusener [HO3] showed that a 1-dimensional smooth
part of the space of the conjugacy classes of irreducible SU,-representations of the knot
group carries a canonical orientation, and Dubois [D05, D06] constructed a canonical
volume form on the part which induces Heusener’s orientation via Reidemeister torsion.
Later the author [K09] slightly generalized the volume form for a knot complement of
a general rational homology 3-sphere, and studied compatibility with the actions by the
1st cohomology group with Z/2 coefficients and the outer automorphism group of the
fundamental group. The idea of regarding non-acyclic Reidemeister torsion as a volume
form on a moduli space of group representations was first considered by Witten [Wi91].
He obtained an explicit formula to compute the symplectic volumes of moduli spaces of
representations of surface groups in terms of the Reidemeister torsion volume forms.

The aim of the article is to construct a canonical complex volume form on a smooth part
of lowest dimension of the SL,(C)-character variety of a 3-manifold group analogously
via Reidemeister torsion.

2. REIDEMEISTER TORSION

We begin with reviewing the definition of sigh-refined Reidemeister torsion, following
Turaev [T01, T02]. See also [M66, P97]. Note that we consider the torsion of a twisted
cochain complex instead of that of a twisted chain complex for the construction of a
volume form on a moduli space of group representations.

Let C\ = (C, LN Cp—1 = -+ = () be a chain complex of finite dimensional vector
spaces over a field F. For given bases b; of Imd;,; and h; of H;(C,), we choose a basis
bihib;—; of C; as follows. Taking a lift of h; in Ker 0; and combining it with b;, we have a
basis b;h; of Ker §;. Then taking a lift of b;_; in C; and combining it with b;h;, we have a
basis b.ih,;bi_l of Ci.

Definition 2.1. For given bases ¢ = {¢;} of Ci and h = {h;} of H,(C.), we choose a
basis {b;} of Im 9, and define

T(C*,C, h) = (—l)lc‘l H[bihibi_l/ci](_l)iﬂ € IF*,
1=0

where
n

Gl =3 dim C)(D_ dim Hy(CL)),

j=0 i=0
and [b;h;b;—1/c;] is the determinant of the base change matrix from ¢; to bjhib;_1.
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It can be easily checked that 7(C,, ¢, h) does not depend on the choices of b; and b;h;b;_1.
Let Y be a connected finite CW-complex and p: mY — GL,(F) a linear representation.
We regard the vector space F” as a left Z[m;Y]-module by

v-v = p(n),
for v € mY and v € F*. Then we define the twisted cohomology group associated to p as
H,(Y;F") := H'(Homgjr,y)(C.(Y), ")),

where Y is the universal cover of Y. By a cohomology orientation of Y we mean an
orientation w of the cohomology group H*(Y;R) = @, H*(Y;R) as a vector space.

Definition 2.2. For a representation p: mY — GL.(F), a basis h of H;(Y;F") and a
cohomology orientation w, we define the sign-refined Reidemeister torsion T,(Y, h,w) as
follows. We choose a lift &; in Y of each cell o; in Y and bases ho of H*(Y;R) positively
oriented with respect to w and (¢, .. .,&,) of C*. Then we define

T,(Y, h,w) := 727 (Homg,y|(C—.(¥),F™),c) € F*/det p(m,Y)
where
70 :=sgn7(C*(Y; R), co, ho),

e % *
co = (07, ’adimC.(Y)>i
(o (61,13 v ,61,n7 ceey 5dimC.(X),1, ey 6dimC.(X),n>7

and 0; ; is the cochain which maps &; to §; and % to 0 for k # 3.

It is known that T,(Y, h,w) does not depend on the choices of &;, ho and (&, ..., &),
and that T,(Y, h,w) is a simple homotopy invariant.

3. CHARACTER VARIETIES

Next we study a smooth subspace of the S L,(C)-character variety of a 3-manifold group
where a desired complex volume form is defined.

Let M be a compact connected oriented 3-manifold whose boundary consists of m tori
T; and let u; an oriented simple closed curve in 7T; for each i. A typical example is a
link complement of a rational homology 3-sphere equipped with the meridians of the link.
We fix a tree embedded in M and connecting one point on p; for each 7, and regard it
as a base point. By abuse of notation we use the same letter u; for the element in my M

represented by u;.
For a representation p: m M — SLy(C), its character x,: m M — C is given by

Xo(7) = trp(7)

for v € myM. The SLy(C)-character variety X is the set of the characters x, of represen-
tations p: m M — SLy(C), which is the algebro-geometric quotient of the complex affine
algebraic set Hom(m M, SLy(C)). We denote by ¢: Hom(m M, SLy(C)) = X the quo-
tient map which maps a representation to its character. It is known that the fiber of ¢ at
the character of an irreducible representation consists only of equivalent representations.
See [CS83, LM85, S02] for more details.
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Following Weil [We64], the Zariski tangent space T, Hom(m; M, SLy(C)) can be iden-
tified with a subspace of the vector space Zy4.,,(m1 M;sly(C)) of group 1-cocycles by the

inclusion
d -1
dp: - dpe(7)p(v"") ’
dt |, dt 10
where py = p and y € m; M. It is easy to check that the tangent space to the orbit by the
conjugation corresponds to the vector space By, (11 M; 5l3(C)) of group 1-coboundaries.
We define Rj to be the set of irreducible SLy(C)-representations p of w1 M such that
dim H}g,,(M;55(C)) =m and p(u) # £1,
where Ad: SLy(C) — Aut(sly(C)) is the adjoint representation and I the identity matrix.
We set Xy = t(Ry).

Proposition 3.1. (i) The space Xy is a complez m-manifold.
(ii) The tangent space Ty, X is isomorphic to Hjq op(M;515(C)).

Proof. Let p € Ry and let V be an irreducible component of X containing x,. It follows
from the result of Thurston [CS83, Proposition 3.1.2] that

dimV > m.
On the other hand
dimV < dim7,,V < dimT,, X < dim Hpy,,(m1 M;5(C)) = m.

Therefore the above inequalities are all equalities, and so V is the unique component
containing x, and x, is a smooth point of V. Furthermore T}, V is isomorphic to
Hll\dop(M;‘sb(C))'

Now it suffices to show that X, is a Zariski open subspace. It follows from [CS83, Lemma
1.4.2] that the subspace of X consisting of the characters of irreducible representations is
Zariski open. Since the subspace of X consisting of the characters of representations such
that

dim Hyy,,(M;512(C)) <m and p(u;) # I

is also Zariski open, so is Xj. O

4. TORSION VOLUME FORMS

Here we construct a Reidemeister torsion volume form on Xj.

Let M be the closed oriented manifold obtained by gluing solid tori Z; to M along T;
for all ¢ so that y; is identified with a meridian of Z;. The manifold M has a natural
cohomology orientation wy; represented by bases h* of H(M;R) such that A’ and h3~*
are dual with respect to the cup product H{(M;R) x H3~*(M;R) — R. Each solid torus
Z; also has a natural cohomology orientation wy, represented by

([pt]*, [Zi, 0Z]"),

where [pt] is the homology class represented by a point, and [Z;, 8Z;]* is the Poincaré dual
of the fundamental class. The natural cohomology orientation wr, of each Tj is represented
by

(pt]", I, [l [T3)7),
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where ) is an oriented simple closed curve in T; such that A;, u; is a longitude-meridian
pair. We regard the Mayer-Vietoris long exact sequence as a cochain complex:
H* = (H°(M;R) - H°(M;R) @ (&:;H*(Z;;R)) - &:;H°(T;;R) - H'(M;R) - ...).
We define a cohomology orientation wys so that
sgnT(H™* h,0) =1,

where h is the basis obtained by combining bases of H*(M;R), H*(M;R), H*(Z;;R) and
H*(T}; R) representing wyr, wa, wz, and wr, respectively.
The Killing form of sl3(C) induces non-degenerate cup products
(1) U: H}'\dop(M;slz(C)) X Higip(M, OM;slx(C)) — H,‘Zdo,,(M, OM; sl(C)),
(2) Adop(Ti:812(C)) x HE,,(Ti; 85(C)) = HRyo,(Ti; s12(C)).

Lemma 4.1. For p € Ry, the following hold:
(i) dim HY,,,(M;sly(C)) = dim H},,,(M;52(C)) = 0,
(i) dim HR4,,(M;sl(C)) = m,
(iii) dim HY,,,(T;; 512(C)) = dim HZ4,,(Ti; 82(C)) = 1 for all 4,
(iv) dim H},,,(Ti; 812(C)) = 2 for all i.
Proof. Since p is non-abelian, we observe that
H40,(M; 5(C)) = s(C)AmM) — g,

The boundary of M is non-empty, and so H3,,,(M;sl;(C)) = 0, which shows (i).
The equation
3

Y " (~1)'dim Hjq,,(M; s1o(C)) = 3x(M) =0
i=0
together with (i) gives
dim H2, 0p(M;812(C)) = dim H}\dop(M;slz(C)) =m,

which shows (ii).
Since p|n, T, is non-trivial, we observe that

dim HRy,,(T;; 512(C)) = dim sly(C)AdoPmT) = 1,
From (2) we have
dim Hjg4,,(Ti; 812(C)) = dim HRy,(Ti; 5k(C)) = 1,
which shows (iii).

The equation
2

3 (~1)' dim Hiy o(Tiss(C)) = $x(T3) = 0

together with (iii) gives
dim deop(M;slz(C)) = dim Hgdop(M;sll(C)) + dim Hf\dop(M;sll(C)) =2,
which shows (iv). O
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We denote by 6: H3,,,(M;sly(C)) — @RoHRy,,(Ti;sl:(C))* the composition of the
homomorphisms

H}q0(M;812(C)) = HZqop(Ti;85(C)) and HZyo,(Ti; 61(C)) = Higo,p(Ti; 51(C))"
induced by the natural inclusion and (1) respectively.
Lemma 4.2. For p € Ry, it follows that 8 is an isomorphism.

Proof. We need to show that the homomorphism H34,,(M;sl2(C)) = @H34,,(Ti; s12(C))
is an isomorphism. From (2) and Lemma 4.1 (i)

dim H3 op(M,0M;; 515(C)) = dim HY,,,(M; sl5(C)) = 0.

Therefore it follows from the long exact sequence for the pair (M, M) that the above
homomorphism is surjective. From Lemma 4.1 (ii), (iii)

dim HZ g ,,(M; 51(C)) = ) _ dim Hi,,,(T;; 5L(C)) = m,
=0

which deduces the desired conclusion. O

It is easily seen that for p € Ry, the complex vector space HRgy,,(Ti;5k(C)) =
sly(C)Ader(mT) is generated by

1
Pip = p(ui) — S tr p(pi)l
for all i. We define a basis h, of H3,,,(M;sl3(C))* to be
071 (P, 671 (P L))

for each 1.

Definition 4.3. We choose a triangulation of M. A linear form 7,: AT, Ty, Xy — C is
defined by

T(M,(Ul,...,’l)m,h>,wM) ifvl/\-u/\vm;éO,
Txp(’U1/\'--/\Um)Z={0p g if vy A--- Avp =0.

We call the m-form 7 the Reidemeister torsion volume form.

It follows from the simple homotopy invariance of Reidemeister torsion and the conju-
gation invariance that 7 does not depend on the choices of a triangulation and a represen-
tative p. The following theorem is now straightforward to be checked from the definition

of Reidemeister torsion.

Theorem 4.4. The Reidemeister torsion volume form 7 is a complex volume form on
Xo.
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