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1

Introduction

Insertion systems are those in which we can use
insertion operations of the form $(u, x, v)$ to produce
with cona string $auxv\beta$ from a given string
text $uv$ by inserting a string . From the definition of insertion operations, it is clear that using
insertion operations we can generate only contextsensitive languages.
Using insertion systems together with some morphisms, characterizing recursively enumerable languages is accomplished in [3]. In [1], within the
framework of the Chomsky-Sch\"utzenberger representation theorem, some characterizations and representation theorems of languages in the Chomsky hierarchy including recursively enumerable languages are provided by insertion system , strictly
locally testable language , and morphism such
as $h(L(Y)\cap R)$ .
On the other hand, insertion and deletion systems are those, in which we can use not only insertion operations but also deletion operations of the
from
form $(u, x, v)$ , which produce a string
a given string
with context $uv$ by deleting
a string . It is known that insertion and deletion systems can generate all recursively enumerable languages [3].
Insertion and deletion systems are computing
models based on the field of molecular biology. Substitution operations are also present in the evo$\alpha uv\beta$

$x$

$\gamma$

$R$

$h$

$\alpha uv\beta$

$\alpha uxv\beta$

$x$

lution processes of DNA sequences, in which nucleotides are substituted. In the present paper, we
introduce a substitution operation which replaces
by $auyv\beta$ with context $uv$ by suba string
stituting a string for
The purpose of this paper is to introduce a substitution operation into insertion systems, called
insertion-substitution systems, and to show the
generative powers of these systems.
$\alpha uxv\beta$

$x$

2

$y.$

Preliminaries

In this section, we introduce notation and basic
definitions that are necessary for this paper. We
assume that the reader is familiar with the basics
of formal language theory (see, e.g., [3]).
is
For a string $x\in V^{*}$ with an alphabet $V,$
length
of
the
Let $RE$ $(resp. CS, CF, REG)$ be the class of
recursively enumerable languages (resp. contextsensitive languages, context-free languages, regular
languages).
An insertion-deletion system is a tuple $\gamma=$
$(V, T, A, I, D)$ , where
is an alphabet, is a finite
is a fiset of terminal symbols such that
axioms,
(resp.
and
of
over
strings
nite set
called
$D)$ is a finite set of insertion rules (resp. deletion
rules) of the form $(u, x, v)$ with $u,$ $x,$ $v\in V^{*}.$
if
and $\beta=$
We write
for some insertion rule : $(u, x, v)\in I$
$|x|$

$x.$

$T$

$V$

$T\subseteq V,$

$V$

$\alpha\Rightarrow^{r}ins\beta$

$\alpha_{1}uxv\alpha_{2}$

$A$

$I$

$\alpha=a_{1}uv\alpha_{2}$

$r$
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with
. For a deletion rule $r:(u, x, v)\in$ Theorem 2 [3]
, we write
if
and
1. $REG\subset INS_{*}^{*}.$
with
If there is no confusion, we write
(resp.
2.
resp.
instead of
. We use
We introduce the notion of insertion-substitution
for relations
. The reand
systems as follows.
flexive and transitive closure of
is defined as
$\alpha_{1},$

$\alpha_{2}\in V^{*}$

$D$

$\alpha\Rightarrow^{r}del\beta$

$\alpha_{1}uv\alpha_{2}$

$\alpha_{1},$

$\beta=$

$\alpha=a_{1}uxv\alpha_{2}$

$\alpha_{2}\in V^{*}.$

$INS_{*}^{1}\subseteq CF.$

$\Rightarrow ins$

$\Rightarrow^{r}ins$

$\Rightarrow_{del})$

$\alpha\Rightarrow_{\gamma}\beta$

$\Rightarrow^{r}del)$

$($

$\Rightarrow ins$

$\Rightarrow del$

$\Rightarrow_{\gamma}$

Definition 1 An insertion-substitution system is
a tuple $\gamma=(V, T, A, I, J)$ , where $V,$ $T,$ , and I are
defined as before, and is a finite set of substitution
$v\in V^{*}$
rules of the form $(u, xarrow y, v)$ , with
and $|x|\geq|y|.$

$\Rightarrow_{\gamma}^{*}.$

A language generated by

$\gamma$

$L(\gamma)=\{w\in T^{*}|s\supset_{\gamma}^{*}w$

is defined as
, for

An insertion-deletion system
is said to be of weight
$i$

$=$

$(i,j;p, q)$

some

$A$

$J$

$s\in A\}.$

$u,$ $x,$ $y,$

$\gamma=(V, T, A, I, D)$

if

We write

$\max\{|x||(u, x, v)\in I\},$

$\theta=\alpha_{1}uyv\alpha_{2}$
$j$

$=$

$\max\{|u||(u, x, v)\in I or (v, x, u)\in I\},$

if

and
for some substitution rule $r:(u,$ $xarrow$
$\Rightarrow^{r}$

$\alpha$

sub

$\beta$

$\alpha=$

$\alpha_{1}uxv\alpha_{2}$

with
If there is no confusion, we write
instead
$\max\{|u||(u, x, v)\in D or (v, x, u)\in D\}.$
of
We
write
for
relations
sub
For $i,j,p,$ $q\geq 0$ , let
be the class of and
a
. The reflexive and transitive closure of
languages generated by insertion-deletion systems
is defined as
of weight $(i’,j’;p’, q’)$ with $i’\leq i,$ $j’\leq j,$ $p’\leq p,$
A language generated by is defined as
and $q’\leq q$ . If some of the parameters $i,j,p,$ are
$L(\gamma)=\{w\in T^{*}|s\Rightarrow_{\gamma}^{*}w$ , for some $s\in A\}.$
not bounded, we use in place of the symbols for
those parameters.
An insertion-substitution system
For insertion-deletion systems, the following re- $(V, T, A, I, J)$
is said to be of weight $(i,j;p, q)$
sult exists.
if
$y,$

$p$

$=$

$q$

$=$

$v)\in J$

$\alpha_{1},$

$\alpha_{2}\in V^{*}.$

$\max\{|x||(u, x, v)\in D\},$

$\Rightarrow sub$

$\Rightarrow^{r}$

$\alpha\Rightarrow_{\gamma}\beta$

$\langle$

$\Rightarrow ins$

$\cdot$

$INS_{i}^{j}DEL_{p}^{q}$

$\Rightarrow sub$

$\Rightarrow\gamma$

$\Rightarrow_{\gamma}^{*}.$

$\gamma$

$q$

$*$

$\gamma$

$=$

$($

$i$

Theorem 1 [2][4]
1.

$INS_{2}^{0}DEL_{3}^{0}=INS_{3}^{0}DEL_{2}^{0}=RE.$

2.

$INS_{2}^{0}DEL_{2}^{0}\subset CF.$

3.

$INS_{1}^{0}DEL_{p}^{0}\subset REG(\forall p>0)$

$i$

$=$

$\max\{|x||(u, x, v)\in I\},$

$j$

$=$

$\max\{|u||(u, x, v)\in I or (v, x, u)\in I\},$

$p$

$=$

$\max\{|x|, |y||(u, xarrow y, v)\in J\},$

$q$

$=$

$\max\{|u||(u, xarrow y, v)\in J$

or

$(v, xarrow y, u)\in J\}.$

.

An insertion system is a triple $\gamma=(T, A, I)$ ,
For $i,j,p,$ $q\geq 0$ , let
be the class of
in which we can use only insertion operations, for 1languages generated by insertion-substitution syswhich non-terminal symbols are useless without tems of weight $(i’,j’;p’, q’)$ with $i’\leq i,$ $j’\leq j,$
deletion operations, where
, and are defined $p’\leq p$ , and $q’\leq q$ . If some of the parameters
as before. For $i,j\geq 0$ , let
be the class of $i,j,p,$ are not bounded, we $use*$ in place of the
$INS_{i}^{j}SUB_{p}^{q}$

$t$

$T,$ $A$

$INS_{i}^{j}$

$I$

$I^{j}$

$i$

$q$

languages generated by insertion systems of weight symbols for those parameters.
$(i’,j’)$ with $i’\leq i$ and $j’\leq j$ . For insertion systems,
In this paper, we specifically examine the generthe following result holds.
aative powers of insertion-substitution systems.
$s$
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Main Results

From the definition, the inclusion

$INS_{i}^{j}$

$\subseteq$

holds for any
insertion-substitution system
$q\geq
0$
$i,j,p,$
. The generative powers of restricted
$(V, T, A, I, J)$ , without any restrictions, is an
insertion-substitution systems are observed in the
expansion of insertion-deletion systems. In this
following.
case,
holds. Now we
First,
we consider restricted insertionconsider the following lemma.
substitution systems of weight $(1, 0;1,0)$ .
$INS_{i}^{j}RSUB_{p}^{q}$

An

$\subseteq$

$INS_{t}^{j}SUB_{p}^{q}$

$=$

$\gamma$

$INS_{i}^{j}DEL_{p}^{q}\subseteq INS_{i}^{j}SUB_{p}^{q}$

Lemma 1
$i,j,p,$

$INS_{i}^{j}SUB_{p}^{q}\subseteq INS_{i}^{j’},DEL_{p’}^{q’}$

$q\geq 0,$

for any Lemma 2

$INS_{1}^{0}RSUB_{1}^{0}=INS_{1}^{0}.$

$i’= \max\{i,p+1\},$ $j’= \max\{j,p+q\},$

$p’=p+1,$ $q’=p+q.$

Proof The inclusion $INS_{1}^{0}RSUB_{1}^{0}\supseteq INS_{1}^{0}$ is
obvious, therefore we show the other $inclusi6n.$

Proof Outline:
Consider an insertionFor a restre cted insertion-substitution system
$(V, T, A, I, J)$
substitution system
of $(T,T, A, I, J)$ weight $(1, 0;1,0)$ , we construct an
of
weight $(i,j;p,$ .
We show that there is an
insertion system
such that
con( $\cup Lab(I)\cup$
insertion-deletion system
sists of all the stmngs, including the ones in $A,$
$A,$ $I’,$ $D’)$
$Lab(J),$
of weight $(i’,j’,p’, q’)$ with which can be obtained
from a string in by
$i’= \max\{i,p+1\},$ $j’= \max\{j,p+q\},$ $p’=p+1,$
applying substitution rules in J. For a finite set
and $q’=p+q$ such that $L(\gamma’)=L(\gamma)$ .
and a finite set of substitution rules , such as
For a substitution rule $r:(u, xarrow y, v)$ in , we
wtlh $|x|=|y|=1,$
is a finite set
construct an insertion rule : $(ux, ry, v)$ in and
stmngs.
of
a deletion rule $r_{2}:(u, xr, yv)$ in $D’$ . Furthermore,
Let
consist of all the insertion rules, includwe set satisfies that
, where can
ing the ones in , such that
Actually, for each denvation
be obtained from a symbol with
in I by
in , there exists a $de7\tau vation$
$J.$
applying substitution rules in
in
It can be shown that
. Informally,
The insertion rule
: $(ux, ry, v)$ satisfies that
any stnng generated by with substitution opera$\max\{|ux|, |v|\}$
$1+p.$
$p+q$ and
tions in
can be generated by applying insertion
The deletion rule
: $(u, xr, yv)$ satisfies that
operations in
Formally, the proof can be shown
$\max\{|u|, |yv|\}\leq p+q$ and $|xr|\leq p+1.$
by induction on the number of substitution operWe omit the proof that $L(\gamma)=L(\gamma’)$ here.
ations in a
vationa
unth $a\in A$ and
$w\in\tau*$
.
proof
We
omit
the
here.
Now we consider a restrected insertion$(V, T, A, I, J)$ , which
substitution’ system
satisfies that $V=T$ and, for any substitution Corollary 1 $INS_{t}^{0}RSUB_{1}^{0}=INS_{1}^{0}.$
$\gamma=$

$\gamma$

$=$

$q\}$

$\gamma_{1}=(T, A_{1}, I_{1})$

$\gamma’$

$A_{1}$

$V$

$=$

$T,$

$w$

$A$

$A$

$J$

$J$

$(\lambda, xarrow y, \lambda)$

$A_{1}$

$I’$

$r_{1}$

$I_{1}$

$I’$

$I\subseteq I’.$

$I$

$(\lambda,$

$y,$

$\lambda\rangle$

$y$

$\alpha uxv\beta\Rightarrow^{r}\gamma\alpha uyv\beta$

$x$

$w\iota th\alpha,$ $\beta\in$

$(\lambda, x, \lambda)$

$V^{*}$

$\gamma$

$(fuxv\beta\Rightarrow^{r_{1}}\gamma^{\prime\alpha uxryv\beta}\Rightarrow^{r_{2}}\gamma^{\prime\alpha uyv\beta}$

$\gamma’.$

$L(\gamma)=L(\gamma_{1})$

$r_{1}$

$\gamma$

$|ry|$

$\leq$

$\leq$

$J$

$r_{2}$

$I_{1}.$

$n$

$\square$

$der\tau$

$\Rightarrow_{\gamma}^{*}w$

$\square$

$\gamma$

operation

$=$

in $J,$ $|x|=|y|$ holds. The
Corollary 2 $INS_{i}^{j}RSUB_{1}^{0}=INS \oint.$
class of languages generated by restricted insertionsubstitution systems of weight $(i’,j’,p’, q’)$ with Proof The above
corollaries can be proved in a
$i’\leq i,$ $j’\leq j,$ $p’\leq p$ , and $q’\leq q$ is described by
similar way as Lemma 2.
$(u, xarrow y, v)$

$\square$

$INS_{i}^{j}RSUB_{p}^{q}.$
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The previous results show that a restricted
insertion-substitution system of weight $(i, j,p, q)$
with any substitution rule
for $|x|=$
$|y|=1$ has the same generative powers as insertion
systems of weight $(i,j,p, q)$ .
On the other hand, a substitution rule
$xarrow$
with $|x|=|y|=2$ can properly increase generative powers, which is shown in the following example.
$(\lambda, xarrow y, \lambda)$

$(\lambda,$

$y,$

$\lambda)$

Lemma 3

Proof From Example 1, we can prove the proper
inclusion. a

The proper inclusion as in Lemma 4 holds even
if we weaken the restriction on restricted insertionsubstitution systems, that is, the ones with a substitution rule $(u, xarrow y, v)$ such that $|x|\geq|y|\geq 0.$
We can prove the proper inclusion by the language
$L=\{a^{2^{n}}|n\geq 1\}$

in a similar way as the explana-

tion of Example 1.

$INS_{3}^{0}\subset INS_{s}^{0}RSUB_{2}^{0}.$

Concluding Remarks
Proof Consider
the
restricted
insertion- 4
substitution system $\gamma=(\{a, b, c\},$ $\{a, b, c\},$ $\{abc\},$
As described in this paper, we defined insertion$J)$ , where $J=\{(\lambda, xarrow y, \lambda)|x=$
substitution systems and examined their generative
$y=t_{2}t_{1}$ with
$t_{2}\in\{a, b, c\}\}$
and
of powers. The following remain as open problems:
weight $(3, 0;2,0)$ .
$INS_{i}^{j}\subset INS_{i}^{j}RSUB_{p}^{q}$
holds for any $i,j,$ $q\geq 0,$
Then $L(\gamma)=\{w\in\{a, b, c\}^{*}||w|_{a}=|w|_{b}=$
$p\geq 2$ ?
, which is shown to be in $CS$ $CFl3J$. From
$INS_{i}^{j}DEL_{p}^{q}\subset INS_{i}^{j}SUB_{p}^{q}$
the result in Theorem 2, we have
holds for some
$CF$ . Therefore, we can prove the proper
$i,j,p,$ $q\geq 0$ ?
inclusion
$\{(\lambda, abc, \lambda)\},$

$t_{1}t_{2},$

$t_{1}\neq t_{2}$

$t_{1},$

$|w|_{c}\}$

$INS_{3}^{0}\subseteq INS_{*}^{1}\subseteq$

$INS_{3}^{0}\subset INS_{3}^{0}RSUB_{2}^{0}.$

$\square$

Another example of languages in $CS-CF$ is
provided in the following.
Example 1 Consider the language $L=\{a^{2^{n}}|n\geq$
in $CS$ $CF$ . There is no restrected insertion$substituti_{on}^{-}$
system such that $L(\gamma)=L.$
$1\}$

$\gamma$

Suppose that there is a restricted insertion$(\{a\},$
substitution system
{a}, A, I, J) of
weight (i,j;p, q) such that L $=L(\gamma)$ . Let $k’=$
$\max\{|\alpha|,$ x $||$
A, (u, x, v)
I}. Consider
strings
and
with
such that $w_{0}\in A,$ r $=(u, a^{l},$ v), $|w_{i}|<|w_{i+1}|$ , and
$|w_{i}|=2^{k}$ for k $>k’$ .
The string
satisfies that
$|w_{i+1}|=|w_{i}|+l=2^{k}+l<2^{k+1}$ . For the restricted
insertion-substitution system , both
and
are in $L(\gamma)=L$ , which is a contradiction.
$\gamma$

$|$

$w_{i}$

$=$

$\alpha\in$

$w_{i+1}$

$\in$

$w_{0}\Rightarrow_{\gamma}^{*}w_{i}\Rightarrow^{r}\gamma w_{i+1}$

$w_{i+1}$

$\gamma$

Lemma 4

.
.

INS:RSUB:

$\subset RE.$

$w_{i}$

$w_{i+1}$
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