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A FREE BOUNDARY PROBLEM
FOR A WEAK COMPETITION SYSTEM

JONG-SHENQ GUO

ABSTRACT. We study a free boundary problem for the Lotka-Volterra type weak competi-
tion model in a one-dimensional habitat. The main purpose of this study is to understand
how these two competing species spread. We first establish a spreading-vanishing dichotomy.
Then we providé some sufficient conditions for spreading success and spreading failure (van-
ishing), respectively. Finally, for the case of spreading success, we show that the asymptotic
spreading speed, if it exists, is no larger than the minimal speed of traveling wavefront
solutions for the competition model on the whole real line.

1. INTRODUCTION

In the study of the spreading (or invasion) phenomenon of species in a one-dimensional
habitat, there have been a lot of works on the traveling fronts and two-front entire solutions.
These are through the study of the Cauchy problem posed on the whole real line. However,
in reality the support of the population of each individual species should be bounded initially.
Therefore, it is quite natural to introduce a free boundary due to the changing of the support
‘of each population with time.

For this purpose, Du and Lin [12] studied the following free boundary model with the

logistic nonlinearity for one species:

us = dug, +ula —bu), 0 <z < h(t), t >0,
uz(0,t) =0, u(h(t),t) =0, t >0,

hl(t) = —ﬂux(h(t)’t)7 t>0,

h(0) = ho, u(z,0) = uo(z), 0 < x < hy,

(1.1)

where u is the population density of the species, constants d,a, b, u, hg > 0, and ug > 0 in
[0, ho) such that ug(hg) = 0. In [12], they established the spreading-vanishing dichotomy
for (1.1), that is, either there holds the spreading success in the sense that h(t) — +oo and
u(z,t) — a/bast — +00, or the spreading failure (vanishing) occurs such that h(t) = heo <
+00 for some he, > 0 and u(z,t) — 0 as t — +oo.

Motivated by the work of [12], a natural question is: does there also exist a spreading-

vanishing dichotomy for two species competition models? In fact, there have been many

This paper is based on a joint work with Chang-Hong Wu [15].
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studies for the following Lotka-Volterra type competition model:

(1.2) U = Ugy + u(l —u — kv), z,t€R,
(1.3) vy = Dugy +1v(1 —v — hu), =z,t€R,

where u(z,t),v(z,t) denote the population densities of two competing species and D, r, h, k
are positive constants. Also, the global dynamics for the following related kinetic system (in
the absence of diffusion) to (1.2)-(1.3) is well-known. Indeed, there are constant equilibria
{(0,0),(1,0),(0,1)} and in the case when both h,k < 1 or h,k > 1, we have the fourth
equilibrium (u*,v*) = ((1 — k)/(1 — hk), (1 — h)/(1 — hk)). Moreover, the global dynamics

for the kinetic system:

w=u(l—u—kv), teR,
vy=rv(l—v—hu), teR,

by the phase plane analysis in {u,v > 0}, we have

(A). (u,v)(t) = (1,0) ast = 00, if 0 <k <1< h;

(B). (u,v)(t) = (0,1) ast - 00, if 0 <h <1 < k;

(C). (u,v)(t) — one of {(1,0),(0,1), (u*,v*)} as t = oo, if h,k > 1, depending on the
initial value (this is the strong competition bistable case);

(D). (u,v)(t) = (u*,v*) ast — oo, if 0 < h,k < 1 (this is the weak competition co-
existence case).

To investigate the invasion and spreading phenomena, there are many interesting works
on the traveling wave solutions and the asymptotic spreading speed for (1.2)-(1.3); see, for
example, [30, 8, 14, 28, 18, 19, 20, 21] and [1, 2, 3, 23, 24, 31] with the references cited
therein.

For this, we study a Lotka-Volterra type competition model with a free boundary. We are
looking for the solution (u,v,s) € C%(Q) x C%1(Q) x C*([0,00)), @ := {(z,¢) |0 <z <
s(t), t > 0}, to the problem (FBP):

U = Uge +u(l —u — kv), 0 <z < s(t), t >0,

Vs = Dug, + o(1 —v — hu), 0 <z < s(t), t >0,
uz(0,t) = v,(0,8) = 0, u(s(t),t) =v(s(t),t) =0, t >0,
§'(t) = —pluc(s(t),t) + puo(s(t),t)], t >0,

u(z,0) = uo(z), v(z,0) = vo(z), 0 < z < 39, $(0) = 3,

where p, p > 0 and (ug, vo, So) satisfies

{ s0 > 0, ug, v € C2([0, s0]), uo(z),vo(z) > 0 for z € [0, so),
U()(So) = ’U()(So) = U:)(O) = ’UG(O) = 0.
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Here we assume that the expanding speed of the free boundary is proportional to the
normalized populatioﬁ gradient at the free boundary, which is the well-known Stefan type
condition. We call the free boundary = = s(t) the spreading front. In the work [15], we only
focus on the weak competition case: 0 < h,k < 1. For the study of other free boundary
problems for some biological models, we refer to, e.g., [4, 6, 7, 9, 10, 11, 13, 16, 17, 22, 25,
26, 27, 29] and references therein.

The outline of this paper is as follows. We first describe our main results obtained in [15]
in §2. Then we givé some ideas of the proofs of the main theorems in §3. Finally, some

discussions are given in §4.

2. MAIN RESULTS

We now describe our main results obtained in [15] as follows.

Theorem 1. (FBP) admits a unique global solution (u, v, s) € C*1(Q)xC?(Q)xC ([0, 00)),
where € := {(z,t) : 0 <z < s(t), t > 0}, such that 0 < s'(t) < pA for allt >0 with A >0

depending only on D, r, p,ug, vo, So, and is independent of u. More precisely, we have

A = 2M; max{1, |luo| =} + 20Ms max{1, ||vo||z=},
4 -4 )
M]_ = Imax {5, ? (zg[lol’lslo] Ua(x)) } )

r 4 —4
M; = —, =, — in_ v .
3 max{\/w, 3 3 (wg&glo]vo(w)»

Note that the quantity uA (in which A is independent of ) is a priori bound for s'(¢) and
this bound plays a crucial role to study the spreading-vanishing dichotomy.
In the sequel it is often to use the following three quantities:

Soo 1= t_lgrnoos(t), |
. )m m |[D
Sx :=m1n{—2—,5 7},
(g %) 11_h it D<r
s = I if D > r;
min {3z, 3745} #D=r

Note that s, < s*.
We say that the two species vanish eventually if s < 400 and

lim (fu(,)llcqoswp = lim |lv(-, 8)llcqosey = 0;
t—+00

t—+00
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we say that the two species spread successfully if s, = 400 and the two species persist in
the sense that
liminf u(z,t) >0 and liminfo(z,t) >0
t—+o0 t—+00

uniformly in any compact subset of [0, +00).
In fact, we have the following simple criteria for the vanishing and spreading.

Theorem 2. Let (u,v,s) be a solution of (FBP). Then the followings hold.
(i) If Soo < S, then the two species vanish eventually.

(ii) If s > s*, then the two species spread successfully.

“Although Theorem 2 does not provide any information for spreading-vanishing when s, <
Seo < 8*, but, if we add some restrictions on the parameters for (FBP), e.g.,

A= {O<D<r, 0<h51'% 0<k<l, u,p>0},
T
— <1—— .
B: {0<r<D, 0<k<1 D’ 0<h<l, p,,p>0}
then we can obtain a spreading-vanishing dichotomy as follows.

Theorem 3. Let (u,v,s) be a solution of (FBP) with (D, h, k,r,u,p) € AUB. Then either
500 < 84 (and so the two species vanish eventually), or the two species spread successfully.

Based on the previous results, we can provide some sufficient conditions for the spreading
success and spreading failure via the initial data (uo, vo, So):
(i) If so > s*, then the species u and v spread successfully.
(ii) Assume that‘(D, h,k,r,pt,p) € AU B. If s9 > s., then the species u and v spread
successfully.
(iii) If so < s« and

e ) s2ad(2 + )

max{ [|uo||lz=, ||Vo|lLe } < cOS ,
ol ool } < cos (57 ) ot

then the species u and v vanish eventually, where

1 s,
=== -1
) 2[30 ]>O,

NG PP AT ML S SR
a.—2m1n{(2) 15058 r,(z) 110722 1}>0.

In the case of spreading success, we have the following more precise asymptotic behavior.
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Theorem 4. Suppose that the two species spread successfully. Then

(u, v)(z,t) — <%—:h_kk’ f—:&) as t — 400,

uniformly in any compact subset of [0, +00).

Our final result is to show that the asymptotic spreading speed (if it exists) for (FBP) with
the weak competition is no larger than the minimal speed of traveling wavefront solutions
to (1.2)-(1.3).

Theorem 5. Let (u,v,s) be a solution of (FBP) with so, = +00. Then

lim sup itt) < Cmin = max{2,2vrD }.

t—-+o0

Recall from [30] that for ¢ > cmin := max{2, 24/rD} there exist traveling wavefront solu-
tions of (1.2)-(1.3) with u = U(z —ct) and v = V (z — ct), connecting (0, 0) with (=&, 1=h),
while no such positive wavefronts exist for ¢ < cpin. Thus cpi, is called the minimal speed

of traveling wavefronts.

3. OUuTLINE OF PROOFS

In this section, we shall provide some ideas of the proofs of the main results described in
§2. First, to prove 1, we transform the free boundary problem into a fixed boundary value
problem and apply the contraction mapping theorem. This method has been used in the
works of Chen & Friedman [6] (see also Du & Lin [12]).

3.1. Some key lemmas for dichotomy. Consider the problem (F):
g = Dugy + ru(l — bu), z € (0,1), t >0,
u.(0,8) = 0, u(l,t) =0, for t >0,

for given b,r, D > 0.

Lemma 3.1 ([5]). Let I* := %\/é . Then we have: (i) all positive solutions of (Pp) tend to
zero in C([0,1]) ast — oo, of I < I*, (ii) there exists a unique positive stationary solution ¢
of (Po) such that all positive solutions of (Fo) approach ¢ in C([0,1]) ast — oo, if I > I*.

Lemma 3.2. Let (u,v,s) be a solution of (FBP). If s < +00, then

s'(t) >0 ast— +oo
Lemma 3.3. Let (u,v, s) be a solution of (FBP). If o, > s*, then soo = +00.
Lemma 3.4. When D # r, so & (s*, max{%, g\/?} ]

From these lemmas, Theorems 2 and 3 can be proved.
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3.2. Long time behavior when sy, = co. Firstly, the persistence for the two species can

be established.

Lemma 3.5. Let (u,v,s) be a solution of (FBP) with so = +00. Then

(i) limsup,_, o u(z,t) < 1 and limsup,_, ., v(z,t) < 1 uniformly in z € [0, +00),
(ii) liminf, 4 u(z,t) = 1 —k and liminf, ., v(z,t) > 1 — h uniformly in any compact

subset of [0, +00).

Recall that 0 < h,k < 1.

(i) Consider two sequences {ii, }nen and {v, }nen defined as follows:
(al,yl) = (1’ 1 - h),
(1, Unpn) = (1= kg, 1= AL = kup))-

Then i, > tn+1 > 0 and v, < v,,; <1 for all n € N. Moreover,

(ﬂnvyn)_) l_kvl_h asn—->+oo
1—hk'1-hk

(ii) Consider two sequences {u, }nen and {¥n}nen defined as follows:

(w1, 01) = (1 -k, 1),
(Ynt1> Tnp1) := (1 = k(1 — hu,), 1 — hu,).
Then u, < u,,; <1 and @, > Dp41 > 0 for all n € N. Moreover,

1-k 1-h
(ﬂnaﬁn) — (m,m) as n — +o00.

Lemma 3.6. Let (u,v,s) be a solution of (FBP) with so = +00. Then for each n € N,

u, < liminfu(z,t) < limsupu(z,t) < i,
t—+o0 t—+00

v, < liminfv(z,t) < limsupv(z,t) < Ty,
t—+o00 t—+00

uniformly in any compact subset of [0, +00).

Then Theorem 4 can be proved by using the above lemma.

3.3. Upper bound for the asymptotic spreading speed. The proof of Theorem 5 is
based on the following comparison principle for (FBP).
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Lemma 3.7.  Let (u,v, s) be a solution of (FBP). Also assume that (w;,ws,0) € C?'(D) x
C*1(D) x C*([0,00)), where D := {(z,t): 0<z < o(t), t > 0}, satisfying the following:

Wit > Wige +wi(l —wy) in D,

Wyt 2> Dwg gy + rwe(l — we) in D,

Ww; £(0,t) <0, wi(o(t),t) =0, t>0, i =1,2,
o'(t) > —p(l + p)wiz(o(t),t), t>0, i=1,2.

If wi(z,0) > uo(x), wa(z,0) > vo(z) for all z € [0, 5] and o(0) > sq, then a(t) > s(t) for
allt > 0, wi(z,t) > u(z,t) and wa(z,t) > v(z,t) for all z € [0,s(t)], t > 0.

4. DISCUSSION

In this paper, we study a Lotka-Volterra type model with weak competition and with a
free boundary. The model describes that two species 4 and v competing with each other in a
one-dimensional habitat. We assume that the species initially occupy a bounded region and
have a tendency to expand their territory together. We first obtain a sufficient condition
for spreading success and spreading failure via sy = lim;, o $(t). We then establish a
spreading-vanishing dichotomy for given suitable initial data under certain parameter regime. _
If the size of initial habitat is too small, and initial populations are small enough, it causes
no population can survive eventually, while they can coexist if the size is large enough. This
phenomenon suggests that the size of the initial habitat is important to the survival for
the two species (cf. [5]). Finally, we provide an upper bound for the asymptotic spreading
speed. It would be very interesting if one can realize how the asymptotic spreading speed
depends on the parameters in the free boundary problem. Moreover, the other choices of

free boundary conditions are under investigations.

REFERENCES

(1] D. G. Aronson, The asymptotic speed of propagation of a simple epidemic, Nonlinear diffusion (NSF-
CBMS Regional Conf. Nonlinear Diffusion Equations, Univ. Houston, Houston, Tex., 1976), 1-23.
Research Notes in Mathematics, 14. Pitman, London, 1977.

[2] D. G. Aronson, H. F. Weinberger, Nonlinear diffusion in population genetics, combustion, and nerve
pulse propagation,Partial differential equations and related topics (Program, Tulane Univ., New Orleans,
La., 1974), 5-49. Lecture Notes in Mathematics, 446. Springer, Berlin, 1975.

[3] D. G. Aronson, H. F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics,
Adv. in Math. 30 (1978), no. 1, 33-76. '

[4] G. Bunting, Y. Du, K. Krakowski, Spreading speed revisited: Analysis of a free boundary model, preprint,
2011.

[5] R. S. Cantrell, C. Cosner, Spatial Ecology via Reaction-diffusion Equations, Chichester, UK: Wiley,
2003.



64

JONG-SHENQ GUO

[6] X. F. Chen, A. Friedman, A free boundary problem arising in a model of wound healing, SIAM J. Math.
Anal. 32 (2000), 778-800.
[7] X. F. Chen, A. Friedman, 4 free boundary problem for an elliptic-hyperbolic system: an application to
tumor growth, SIAM J. Math. Anal. 35 (2003) 974-86.
[8] C. Conley, R. Gardner, An application of the generalized Morse index to traveling wave solutions of a
competitive reaction diffusion model, Indiana Univ. Math. J. 33 (1984) 319-343.
[9] Y. Du, Z. M. Guo, Spreading-vanishing dichotomy in a diffusive logistic model with a free boundary II,
J. Diff. Eqns. 250 (2011), 4336-4366.
[10] Y. Du, Z. M. Guo, The Stefan problem for the Fisher-KPP equation, J. Diff. Eqns. 253 (2012), 996-1035.
[11] Y. Du, Z. M. Guo, R. Peng, 4 diffusive logistic model with a free boundary in time-periodic environment,
preprint, 2011.
[12] Y. Du, Z. G. Lin, Spreading-vanishing dichotomy in the diffsive logistic model with a free boundary,
* SIAM J. Math. Anal. 42 (2010), 377-405.
[13] Y. Du, B. Lou, Spreading and vanishing in nonlinear diffusion problems with free boundaries, preprint,
2011.
[14] R. A. Gardner, Eristence and Stability of Travelling wave solutions of competition models: a degree
theoretic approach, J. Diff. Eqns. 44 (1982), 343-364.
(15] J.-S. Guo, C.-H. Wu, On a free boundary problem for a two-species weak competition system, J. Dynam.
Diff. Eqns., to appear.
(16] D. Hilhorst, M. lida, M. Mimura, H. Ninomiya, A competition-diffusion system approzimation to the
classical two-phase Stefan problem, Japan J. Indust. Appl. Math. 18 (2001), no. 2, 161-180.
(17] D. Hilhorst, M. Mimura, R. Schatzle, Vanishing latent heat limit in a Stefan-like problem arising in
biology, Nonlinear Anal. RWA 4 (2003), 261-285.
[18] Y. Hosono, Singular perturbation analysis of travelling waves for diffusive Lotka-Volterra competitive
models, Numerical and Applied Mathematics, Part II (Paris, 1988), Baltzer, Basel, (1989), 687-692.
[19] Y. Hosono, The minimal speed for a diffusive Lotka- Volterra model, Bull. Math. Biol. 60 (1998), 435-448.
(20] Y. Kan-on, Parameter dependence of propagation speed of travelling waves for competition-diffusion
equations, SIAM J. Math. Anal. 26 (1995), 340-363.
[21] Y. Kan-on, Fisher wave fronts for the Lotka- Volterra competition model with diffusion, Nonlinear Anal.
28 (1997), 145-164.
[22] Z. G. Lin, A free boundary problem for a predator-prey model, Nonlinearity 20 (2007), 1883-1892.
[23] M. A. Lewis, B. Li, H. F. Weinberger, Spreading speed and linear determinacy for two-species competition
models, J. Math. Biol. 45 (2002), 219-233.
[24] B. Li, H. F. Weinberger, M. A. Lewis, Spreading speeds as slowest wave speeds for cooperative systems,
Math. Biosci. 196 (2005), 82-98. ‘
[25] M. Mimura, Y. Yamada, S. Yotsutani, A free boundary problem in ecology, Japan J. Appl. Math. 2
(1985), 151-186.
[26] M. Mimura, Y. Yamada, S. Yotsutani, Stability analysis for free boundary problems in ecology, Hiroshima
Math. J. 16 (1986), 477-498.
[27] M. Mimura, Y. Yamada, S. Yotsutani, Free boundary problems for some reaction-diffusion equations,
Hiroshima Math. J. 17 (1987), 241-280.
[28] A. Okubo, P. K. Maini, M. H. Williamson, J. D. Murray, On the spatial spread of the grey squirrel in
Britain, Proc. R. Soc. Lond. B 238-(1989), 113-125.
[29] R. Peng, X.-Q. Zhao, The diffusive logistic model with a free boundary and seasonal succession, Discrete
Contin. Dyn. Syst. (Ser. A), to appear. ‘



65

FREE BOUNDARY PROBLEM

[30] M. M. Tang, P. C. Fife, Propagating fronts for competing species equations with diffusion, Arch. Rational
Mech. Anal. 73 (1980), 69-77.

[31] H. F. Weinberger, M. A. Lewis, B. Li, Analysis of linear determinacy for spread in cooperative models,
J. Math. Biol. 45 (2002), 183-218. '

DEPARTMENT OF MATHEMATICS, TAMKANG UNIVERSITY, TAMSUI, NEW TAIPEI CITY 25137, TAIWAN
E-mail address: jsguo@mail.tku.edu.tw



