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Abstract

The class of Pick functions is closely connected to the operator monotone func-
tions. The class appears in other areas in mathematics, e.g. in the theory of orthog-
onal polynomials and Jacobi matrices, and also as a tool in the theory of special
functions. In this paper we focus on the connection to special functions and give
examples of their application in problems related to Euler’s gamma function. Our
aim is to show that quite elegant solutions to various open problems in the theory
of special functions can be obtained using Pick functions.
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1 Introduction

Abounded linear operator A on a Hilbert space H is called positive definite if A is Her-
mitian and furthermore (Ax, x) > 0 for all x € . For two bounded linear operators A
and B we say that A < B if B — A is positive definite. The class of functions f for which
f(A) < f(B) whenever A < B is called the class of operator monotone functions. It
consists of holomorphic functions in the upper half plane, and it is actually a subset of
the so-called class of Pick functions.

This paper is a mainly an extended review of the talk presented at the RIMS Sym-
posium “Operator monotone functions and related topics” on November 7, 2013 in
Kyoto. However, in the last section we present a relatively elementary proof of the
known result describing the conformal image of the upper half plane under the loga-
rithm of the Gamma function as a comb like domain.
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A Pick function f is a holomorphic function in the upper half plane H for which
Sf(z) > 0 for every z € H. The class of Pick functions is denoted by P. For a general
reference to Pick functions and operator monotone functions, see [8].

It is well known that any f € P admits an integral representation of the form

f@) =az+b+ [~ (t—f—z— tzil) du(t),

where a > 0, bis real and y is a positive measure on the real line such that

* du(t)
/_<>o1+t2 <

The triple (a, b, i) is uniquely determined by f and any triple gives rise to a Pick func-
tion via this formula.

Any Pick function can be extended to the lower half plane by reflection. Let O be
an open subset of the real line and let A = R\ O. It is known that a Pick function f has

a holomorhic extension to C \ A such that f(z) = f(z) if and only if the measure y in
the representation above is supported on A = R\ O. The class of functions with this
property is denoted by Po.

The class P g . is simply the operator monotone functions. We notice the following
characterization of P(g o). See [4].

Proposition 1.1 Suppose that p : (0,00) — (0, 00). Then the following are equivalent:

(a) p can be extended holomorphically to C \ (—oo, 0] such that p(Z) = p(z).

(b) p has the representation
© x
p(x) —/0 mdp(t)‘ﬂfx

where p is a positive measure on [0, 00) such that [ dp(t)/(t + 1) converges and c > 0.

Other important classes of holomorphic functions related to the Pick functions app-
pear in the theory of special functions, namely the Stieltjes functions and the com-
pletely monotonic functions.

Definition 1.2 A function f : (0,00) — R is a Stieltjes function if
© 1
f(x) —/0 x_—i—tdp(t) +¢

where ¢ > 0, and p is a positive measure on [0, 00) such that [~ dp(t)/(1 +¢t) < oo.



Definition 1.3 A C*-function f defined on (0, 00) is completely monotonic if
(~1)f B (x) 2 0

forall x > 0and forall k > 0.

Bernstein’s theorem characterizes the class of completely monotonic functions as the
Laplace transforms of positive measures on [0, c0). See [15].

In the following sections we shall see how these classes of functions are used in
solving problems related to Euler’s gamma function. The techniques have also been

applied successfully in connection with the so-called multiple gamma functions intro-
duced by Barnes around 1900. See [3], and also [11] and [12].

Some of the proofs also involve conformal mappings. A conformal mapping is
simply a univalent holomorphic function defined in a region.

We begin by giving a short review some fundamental properties of the famous
Gamma function appearing in many areas of mathematics.

2 Euler’s gamma function

Euler’s gamma function I is usually defined as Euler’s first integral
I'(z) = / et ldt, Rz >0,
0

so I' is holomorhic in the right half plane and by the functional equation I'(z + 1) =
zI'(z) it can actually be defined as a meromorphic function in C. The reciprocal is an
entire function with Weierstraf factorization

1

L
I'(z+1)

= z
14+ 2) e #/k,
fl0+3)
(Here 1 is Euler’s constant.) Figure 1 shows the graph of I on the real line. The loga-
rithm log T is defined initially on the positive real line but has a holomorphic extension

to the cut plane A = C\ (-0, 0], given by
= FAN-
10gI’(z+1)=-'yz—k:Zl{log (1+3) -7} 1)
where all logarithms are defined by analytic continuation from the positive half line.

The logarithmic derivative i of I is given by

_T'(z) > /11 1
Ve =T =t L (z o) ®

k=1
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Figure 1: T on the real line

and is easily shown to have exactly one zero x in each interval (—k,1 — k) fork > 1
and one zero xg on the positive axis. These points are the critical points of I'.

Stirling’s formula describes the asymptotic behaviour of T'(x) for large positive x.
There is also a complex version usually written as

logT'(1+z) =(z+1/2)logz —z+ (1/2)log(27) + u(z),
for z € A. Here the remainder y has the representation

wz) = % 0°° (fot))z at,

where Q is 1-periodic and given by Q(t) = t — t2 for t € (0,1]. We notice that the
estimate |u(z)| < /8 holds for z € H \ B, where

B={Rz<10<3z<1}.

The behaviour of T is in general very well understood, but as we shall see in the
following three sections, some properties have been discovered only recently.

3 The volume of the unit ball in R”

The n-dimensional volume of the unit ball in R” is given in terms of I as

n/2
Q, = Volume({x € R" | ||x|]| < 1}) = T n>1

(1+n/2)

From Stirling’s formula it follows that (3, — 0 as n — co and even that

71"/2

1/nlogn
{y - (r(l +n/2)

1/nlogn
> —>e_1/2, asmn — oo,
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Questions concerning the detailed behaviour of the sequence Q},/ "1°8" have attracted

the attention of several authors. (Logarithmic convexity is obtained in [13], see also
[2]). We briefly outline the ideas behind the following result from [5].

nx/2 1/xlogx
flx) = (F(l +x/2)> '

Then f(x + 1) is a completely monotonic function and in particular the sequence

Theorem 3.1 Let

1/(n+2) log(n+2)

is a Hausdorff moment sequence.
The proof uses properties of the auxiliary functions

_ logT'(x+1)
Fa) = = Togla)

wherex > 0anda > 0.

Proposition 3.2 The function F, has a holomorphic extension to A\ {1/a} and the integral
representation

_ o logT(1+1/a) [~ dai(t)
Fie) =1+ /0 St ze A\ {1/a),

where, fort € (k—1,k) and k > 1,

log [T'(1 —t)| + (k — 1) log(at) '

4a(t) = t((log(at))? + m2)

Using the functional equation of the Gamma function it is easy to check that d,(¢) > 0
for a > 1 and this gives part of the proof of the following corollary.

Corollary 3.3 For a > 1, F; is a Pick function, and for 0 < a < 1 it is not.

The proof of Proposition 3.2 can be based on the Residue theorem, by evaluating the
integral of an auxiliary function along a curve x of the form in Figure 2. Indeed,

1 F(z) , logT'(1+1/4a)
2_rci/xz—wdz~F”(w)+ 1/a—w

assuming both w and 4 are inside « (in which the circles are of radii k + 1/2 and €). The
proof of Proposition 3.2 follows by letting e tend to 0 and k tend to infinity.



94

Figure 2: The curve «

Theorem 3.1 is obtained using that the functions f and F, are related as

log 1 x+1
log f(x+1) = 2log(x+1) §P2< 2 )

From the integral representation in Proposition 3.2 it follows that

log(2/ym) | log(vm) / d((t-1)/2) 5,
z log(z +1) T3 z+t

1

5 Tlogf(z+1) =
This relation states that 1/2 + log f(z + 1) is a Stieltjes function, and therefore the
function v/ef (x + 1) is a so-called logarithmically completely monotonic function, and
hence completely monotonic. See [4].

It is a general fact that if g is a completely monotonic function then the sequence
a, = g(n + 1) is a so-called Hausdorff moment sequence, that is, is of the form

1
n 2/0 s"do(s)

for some positive Radon measure on [0, 1]. (This follows from Bernstein’s characteriza-
tion mentioned before.)

Since moment sequences are logarithmically convex, Theorem 3.1 generalises the
results on logarithmic convexity.

4 The median in the Gamma distribution

A probability measure y on [0, c0) has median m if u([0,m]) = 1/2. Of course, a prob-
ability measure need not have a median, or it may not be uniquely determined. For
probability measures on [0, o) having a density with respect to Lebesgue measure, the
median is uniquely determined. We shall focus on the median of the Gamma distribu-
tion and its dependence on the so-called shape parameter. This distribution with shape



parameter x > 0 has the density e=*#*~1/T'(x) on the positive half line. The median
m(x) is thus given implicitely as

m(x) g=tpx—1 1
/0 T(x) at =3

In 1986, Chen and Rubin conjectured that the sequence m(n) — n be decreasing. In
this discrete setting the conjecture has been investigated by various authors, and the
first proof was obtained by Alm. See [1]. Below we present the main ideas behind
a proof treating the function m(x) — x for any positive x. See [6] and [7]. Here Pick
functions appear at a crucial stage.

Theorem 4.1 The median m(x) is a convex function of x.

From Theorem 4.1 it is easy to obtain Chen and Rubin’s conjecture: by convex1ty, m' (x)
is increasing, and it can be shown that limy—c m'(x) = 1. This means that m'(x) < 1
and hence that m(x) — x decreases.

The problem is attacked through the function ¢(x) = log(x/m(x)) and it can be
shown that the equation defining the median can be put in the form

2 / e dy = /1 i E(t)e ™ dt,

where { is a certain function, which we briefly describe below.

Let f(x) = e™* + x and define v(¢) as the inverse of f : [0,00) — [1,00), and u(t) as
the inverse to f : (—co,0] — [1,0). The situation is illustrated in Figure 3. The function

-

w

"

1.5 -1 -0.5 0 c.5 1 1.5 2

Figure 3: Graph of f and of u and v

¢ is defined as {(t) = u'(f) + ¢/(¢) and it is crucial for the proof of Theorem 4.1 that
it is concave on [1,00). Pick functions are used in the study ¢, in order to handle the
cancellation between u and v and the concavity of ¢ is deduced from a suitable integral
representation.
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Figure 4: The conformal mapping f

When extended to the complex plane f(z) = e~* + z is a conformal mapping of the
strip {0 < Sz < 27} onto the two cut plane C \ {[1,00) U [1,00) x {27i}}, as illustrated
in Figure 4.

Using the maximum principle it can be shown that

¥(w) = f ' (logw) + f~(log @)

is a Pick function and for t > e it is related to ¢ as ¥/(t) = &(logt)/t. Furthermore it
has the integral representation

¥(w) = RE(i) — /O°° (t:w - t2-t+—1> n(e)dt,

where h increases on (0,0) from 0 to 1. Consequently, ¢(log w) is holomorphic in the
cut plane A and

E(logw) =1— fo " HLwh'(t) dt.

In particular (t) is defined for all real ¢ and increases from 0 to 1 for ¢t € R. Therefore
¢ is increasing, but this also means that { cannot be concave on the whole real line.
Using yet another integral representation of " (logw)/w it can be showed that ¢ is
indeed concave on [1, ).

5 Inverses of the Gamma function

Asindicated in Figure 1, I increases on (xg, 00). In [14] the inverse function of I defined
on (I'(xg), o) was shown to have an extension to a Pick function and hence by the
reflection principle to the cut plane C \ (—oo,T(x)].

The Gamma function decreases in the interval (0, x9) and [14] includes a question
of how to extend the inverse on this interval. The construction relied on Lowner’s



theorem linking positive definite Lowner kernels with Pick functions, and would not
seem to work when extending the inverse of the gamma function on this interval or for
that matter on intervals of the negative line where I" has singularities.

The answer to the question is given in [12] and uses conformal properties of the
holomorphic function log T, defined in (1). In fact logT is a conformal mapping of the
upper half plane onto the domain V given by

V= C\Ujpo{x —inj|x > log T (x;)]}. (3)

This domain is obtained by removing infinitely many half lines or “teeth” from the
complex plane, and for this reason it is usually called a comb like domain. See Figure

5.

-12

-14-

Figure 5: The conformal image V = log I'(H)

For k € Z we define
8k(z) = (logT) ™t (logz —i(k+ 1)), zeH.

The logarithm maps H conformally onto the strip {z € C|Sz € (0,7)}, and hence
z > logz — i(k + 1) maps H onto the strip

Sk={z€C|Sz e (—(k+1)m,—kn)}.

Since S, C V), the holomorphic function g maps H into H, and is thus a Pick function,
for any integer k. Furthermore, it is easy to see that

I(gk(z)) = (-1)*'z, zeH.
In [12] integral representations of the functions g are also found. In the rest of this

section we give some details whenk = —1 or k = 0.

First of all, the function g_; extends the inverse of T : (xg,0) — (I'(xp), 00) to the
upper half plane: Suppose that ¢+ > I'(xp). Choose a sequence {z,} in H such that
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zy — t as n — oo. Then logz, — log t + 10, and this point belongs to the upper side of
the half line (logI'(xp), %). Thus g_1(zx) = (logT')~!(log t + i0) € (xo, o) and then

t= lim z; = lim I'(g-1(zn)) = T((log I)~(logt + i0)).

n—oo n

In a similar way we see that g is related to the inverse of I' on the interval (x1, xo),
and thus in particular on (0, xg): Suppose e.g. that t > I'(xp). Choose {z,} in H such
that z, — —t asn — oo. Then logz, —im — logt — i0 and this point belongs to the
lower side of the half line (log T'(xg), 0). Furthermore, go(z,) — (logI')~!(logt — i0),
and hence

t=— nli_l)r.}ozn = nl;@l"(go(zn)) =T'((logT)*(logt — i0)).
Figure 6 gives a hint that the curves {logT'(t + i€) |t € R} approach the teeth from
both upper and lower sides as € — 0. The figure shows the curves corresponding to
€ = 0.1 (black) and € = 0.01 (grey).

-10<-\

Figure 6: Images of horizontal lines under log T

The representation of g is given by the formula

1 —T'(x) do(t)
$0(2) = = /_ oy Tt forz € C\[T (o), ()]

where do(t) = Sgo(t + i0). The curve go(t +10), for t € (—I'(xp),0) is the image of
the horizontal half line (—oo,log I'(xg)) under (logT')~?, and is thus a smooth curve in

the upper half plane. Similarly, the curve go(t + i0), for ¢t € (0, ~I'(x1)) is the image
of the horizontal half line (—oo,log |T'(x1)|) x {—im} under (logI')~!. The inverse of



I' : (x1,0) U (0,%9) — R can thus be extended to a holomorphic function ¢ in C \
[T'(x1),T(x0)], given by ep(z) = go(—2).

We remark that the logarithm of any entire function of Laguerre-Poly4 class is a
conformal mapping of the upper half plane onto some comb like domain, and that
any such domain is the conformal image of the logarithm of a certain Laguerre-Polya
function. These results go back to MacLane, Vinberg, Grunskii and others and can
be proved using Riemann surfaces, or general results about boundary behaviour of
conformal mappings. We refer to the recent paper [9].

6 The conformal image V

The purpose of this section is to give a relatively elementary proof of the formula
logT(H) =V,

where V is given in (3). The ideas are the following: we first show that log T is confor-
mal in H and maps it into V. Then we consider the image of certain rectangular curves
and show that the image curves approach infinity and the teeth of the comb V. Then a
classical result of Darboux is used to show that any point inside these image curves is
contained in the image log I'(H).

Lemma 6.1 The map logT is conformal in H and log T (H) C V.

Proof. For different points zg and z; in H we write

logT(z1) —logT'(zg) = (21 — z0) /01 Y((1 —t)zo + tz1) dt,

and since ¢ is a Pick function the integral in the right hand side has positive imaginary
part and hence does not vanish. If a point z; in IH is mapped onto one of the “teeth” of
the comb V then we construct a negative real number zj such thatlog I'(zg) = logT'(z1).
The relation above hold also for this value of z; and then a contradiction is reached. [J

Lemma 6.2
inf{|logT'(z)||z € H,|z| > K} - o as K — oo.

Proof. For z € H \ B (see Section 2) the corresponding infimum tends to infinity by
Stirling’s formula. If Sz < 1and Rz € [—k, —k + 1] for some k > 1 then by the
functional equation,

| logT'(z)] =

k
Zlog(z—l—l)' —|logT(z+k+1)| > kn/2 —c,
I=0
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where ¢ = sup{|logT'(w)||1 < Rw < 2,< 0 < Sw < 1}. We have also used that
R(z+1) <0for0 <1< k-—1,so thatits argument is at least 77/2. ]

For 6 > 0 and k > 0 we define the simple closed curve x = «; as the rectangle
[k + 16,k + ik| U [k + ik, k + ik] U [—k + i8, —k + ik] U [k + i8, k + i8].
Lemma 6.3 For all R > Qand € > 0 there exist K > 0 and 6 > 0 such that
logI'(xsx) C {w]|w| > R} U {w]|dist(w,dV) < €}.

Proof. Let R > 0 and € > 0 be given. Choose, according to Lemma 6.2, a positive
integer K such that |logI'(z)|] > R for all z € H such that |z| > K. We consider
the set of poles {-K,---,0} of T in [-K,K]. Choose §; > 0 such that |[T(z)] > eR
for all z in UX jA(=1,6;). (Here A(x,r) denotes the open square centered at x and
of side lenith 2r) We can assume that §; < 1/2 and hence that the compact set

-K, K]\ U; —1,61) can be written as the disjoint union UX ;I where the closed
mterval I contams —I+1/2. On I, the sequence of functions log T(x +1i/n) converges
uniformly to log |I'(x)| — i7l, that is to points on the teeth of the comb. It follows that
we can choose a positive J such that dist(log T (UK I; +i6),0V) < e. We have shown
that regardless of the location of the point z on ks x we must have |logI'(z)] > R or
dist(logI'(z),0V) < e. 0O

Proposition 6.4 The conformal image log I'(H) is equal to V.

Proof. Let wy € V be given. Choose R and € such that |wy| < R and dist(wg, V) >
€, and then K and § such that the conclusion of Lemma 6.3 holds with the rectangle
x = 5. The simple closed curve : = logI'(x) divides the complex plane into two
components and wy cannot belong to the unbounded component. Hence ¢ surrounds
Wy, 1.€.

1 dw
27 Ji w — wy
Finally,
1 (logT)’ (z) 1 dw
- dz / =1,
2mi Jx logI'(z) — " 27 Jow—wp

and hence logT'(z) — wy has a zero m51de the rectangle x and hence in H. (This is
sometimes called Darboux’s theorem, see e.g. [10]). O
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