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Abstract

Furuta obtained an operator version of celebrated Shannon inequality. We
call this operator Shannon inequality briefly. Extensions of operator Shannon
inequality were discussed by Furuta and Yanagi-Kuriyama-Furuichi.

In this report, we shall show relations among relative operator entropies of
sequences including operator Shannon inequality as follows: For relative operator
entropy S(A|B), Rényi relative operator entropy I:(A[B) and Tsallis relative oper-
ator entropy T;(A|B) of sequences of strictly positive operators A = (A1,-- ,An)
and B = (By,--- ,B,) such that > A, =51 B;=1,

S(AB) < It(A[B) < T3(A|B) < 0

holds for 0 < t < 1. Moreover, we shall discuss two generalizations of this inequality
by considering generalizations of relative operator entropies of sequences.

1 Introduction

This report is based on [4, 6]. In this report, an operator means a bounded linear
operator on a Hilbert space H. An operator T is said to be positive (denoted by T" > 0) if
(T'z,z) > 0 for all z € H, and also an operator T is said to be strictly positive (denoted
by T' > 0) if T is positive and invertible.

In [1], for A, B > 0, relative operator entropy was defined by
S(A|B) = Ailog(A7 BA? )A1.

We remark that S(A|I) = —Alog A is operator entropy given by Nakamura-Umegaki
[7]. For A, B > 0 and t € R, Furuta [2] introduced generalized relative operator entropy

S((A|B) = A7(A7 BA7 )tlog(A7 BAT)A?,



where Afly B = A%(A_TIBA_Tl)tA% for 0 <t < 1. We can treat the weighted geometric
mean Af; B as a path from A to B. We remark that S;(A|B) can be considered as a
tangent at ¢ of Al B, and also Sy(A|B) = S(A|B). Tsallis relative operator entropy was
introduced by Yanagi-Kuriyama-Furuichi [8] as follows: For A,B >0 and 0 <t < 1,

Ai(AZBA%)'Ai - A _Af,B- A
i t

T,(A|B) =

We remark that
To(A|B) = tliIEOE(A|B) = S(A|B)

since tlinjo ‘”tt‘l = logx for z > 0, and also the definition of T;(A|B) can be extended for
teR.

Let A = (A;,---,Ay) and B = (By,- -+, B,) be sequences of strictly positive opera-
tors. In [4, 6], we define relative operator entropy S(A|B), generalized relative operator
entropy S;(A|B), Tsallis relative operator entropy T;(A|B) and Rényi relative operator
entropy I;(A|B) of two sequences A and B as follows: For 0 <t < 1,

S(A[B) = ZSA|B) S,(AB) = Est A|B)),

T,(AB) = ZTi(AilBi) and

i=1

(AlIB)——IogZA f B; (if t #0).

=1

In this report, we assume Y ;. ; A; = > 1, B; = I. We remark that
I(A|B) = Jm L;(A|B) = S(AB)
follows from (2.1) stated below.

On the other hand, for two probability distributions p = (pl,pg, ..,pp) and ¢ =
(91,42, - -, @n), relative entropy is defined by D(plg) = Yo, pi log t, and also it is well
known that — Y 7 ; p;logp; < — 37 p;logg; holds. This 1nequahty is called Shannon
inequality, and it is equivalent to D(p|g) = — Y ., pilog f,; > 0.

In [2], for two sequences of strictly positive operators A = (A;,---,A,) and B =
(By,--,Byn) with Y} A; = 3" B; = I, Furuta obtained the operator version of
Shannon inequality (briefly, operator Shannon inequality).

S(A[B) < 0. (1.1)
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Yanagi-Kuriyama-Furuichi [8] obtained a generalization of (1.1) by using Tsallis relative
operator entropy of sequences.

T;(AB) <0 for0<t<1. (1.2)

In this report, we shall show relations among relative operator entropies of se-
quences S(A|B), S;(A|B), T;(A|B) and I;(A|B), which include operator Shannon in-
equality. Moreover, we shall discuss two generalizations of this result by considering
generalizations of S;(A[B), T;(A|B) and I;(A[B).

2 Relations among operator entropies of sequences

In this section, as relations among relative operator entropies of sequences, we obtain
the following inequalities including (1.1) and (1.2).

Theorem 2.1 ([4]). Let A = (A1, -+, An) and B = (By,- - , B,) be sequences of strictly
positive operators with Y i | A; = S Bi=1I. Then

S(A|B) < I;(A/B) < T;(A|B) <0, (2.1)
0 < -T1-+(B|A) < -1, _+(B|A) < Si(AB) (2.2)

and
T(AIB) < S,(AB) < —T; (BIA) (23)

hold for0 <t < 1.
In order to prove Theorem 2.1, we use the following lemma.

Lemma 2.2 ([4]). Let A,B > 0. Then the following properties hold:
(i) S(A|B) < TW(A|B) < S/(A|B) for t > 0.
(ii) S;(A|B) = —S1-+(B|A) fort € R.
(iii) S1(A|B) = —-S(B|A).
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Proof. We have (i) since logz < w =1 < gtlogz for z > 0.
We have (ii) since

—5;_+(B|A) = —B%(B__lAB'TI)H log(BZ AB7)B?

1

= A2A7 Bi(B1A™ le)t Llog(BTA~ 1Bz)BzA ? A

= A*(A7 BA7)(A7 BA7 )" log(AZ BAT)A?
— A3(A7 BA7 )'log(AT BAT)A2
= S:(A|B).
We have (iil) by putting ¢ = 1. Hence the proof is complete. O

Jensen’s operator inequality [3] plays an important role to prove results in this report.

Theorem 2.A (Jensen’s operator inequality [3]). Let f(x) be an operator concave func-
tion on an interval J. Let {C;}_, be operators with > ., C+C; = I. Then

f (Z C:Aici) >3 G f(A)C
=1 i=1

holds for every selfadjoint operators {A;}1, whose spectra are contained in J.

Proof of Theorems 2.1. Since f(z) = logz is operator concave for z > 0, by using
Theorem 2.A, we have that

It(A|IB)——logZA2A BA )tA2
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Since ‘”tt_lgx—lfor:c>0and0<t<l,wehave

N[
=

-
-

T,(AJB) = % S Ak (a7 BaFyal -1
i=1

1

n 1 :2l , ,—Tlt_ 1
=2AE(A1 BATY —1 3
=1

t K3

< S AHAT BAT - DA

i=1
- i(Bi — A)=0.
i=1

Therefore we obtain (2.1).

By (2.1),
S(BJA) < L-+(B|A) < T1+(B|A) <0

holds for 0 < t < 1, so that we have (2.2) by (iii) in Lemma 2.2.
We also have (2.3) since

Ti(A|B) < S(A[B) = —S51+(B|A) < —T1+(B|A)
by (i) and (ii) in Lemma 2.2. Hence the proof is complete. O

3 A generalization of operator Shannon inequality

Next, we discuss a generalization of Theorem 2.1. For A,B > 0,0 <t <1 and
—1<r <1, power mean
Afe, B=Ai{(1 —t)] +t(A7 BA7 )} A3

is well known as a path of operator means from harmonic mean to arithmetic mean on

r. In fact,
Aﬂt,—l B = {(1 - t)A_l +tB—1}_1 = AAt B,

Afyo B=limAfy, B= A3(A7 BA7T)'A? = A}, B,
A1 B=(1-t)A+tB=AV,B.

In [5], we introduce generalizations of S;(A|B) and T;(A|B) as follows: For A, B > 0,
0<t<land -1<r<l]1,

T

LAy
S..(A|B) = A} ({(1 I+ AR BATRyp-. AT BAT) I) At
Ai{(1-t)[+t(ATBA7)}rAs -~ A Atf,,B—A

T;-(A|B) = ; ;
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Similarly to S;(A|B), we can treat Af:, B as a path from A to B on ¢, and also S;,(A|B)
can be considered as a tangent at ¢ of Af;, B. We remark that the following properties
hold (see [5]).

S0s(AIB) = T,(A|B), Sy0(A|B) = lim 5.,,(A|B) = Si(A|B),
Tor(AlB) = Jim T;.(A|B) = T,(A|B) and Tio(A|B) = Ti(A|B).

Then we can generalize S;(A|B), T:(A|B) and I;(AB) as follows:

Definition 1 ([6]). Let A = (A1, -+, Ay,) and B = (By,- -, By) be sequences of strictly
positive operators with > Ai=3 ¢ Bi=1. For0<t<land-1<r<1,

Siyr (A[B) = Zstr(AiB T, (AB) = ZMAJB

L. (AB) = 5 Liog > Aiter Be (ifr £0),
i=1

Io(AIB) = lim I,,(AIB) and Io(AlB) = lim L.,(A[B) = L;(AIB).

In this section, we obtain the following relations among S(A|B), T; »(A|B) and I, .(A|B).
(3.1) and (3.2) in Theorem 3.1 imply (2.1) and (2.2) in Theorem 2.1 by letting » — +0,
respectively.

Theorem 3.1 ([6]). Let A = (A, - ,A,) and B = (By,---, By) be sequences of strictly
positive operators with ) . A; =Y . B;=1. Then

S(AJB) < L, (AIB) < T, (A[B) < 0 (3.1)

and
0< —-T14,(B|A) < =11 _;,(B|A) < S1(A|B) (3.2)

hold forO<t<1land0<r<1.

The inequalities (3.1) and (3.2) hold partially even in the case —1 <r < 0.
Theorem 3.2 ([6]). Let A = (A;,---,A,) and B = (By,-- -, By,) be sequences of strictly
positive operators with Y . A; =Y . B;i=1. Then

L, (AB) < T, (A]B) < 0 (3.3)

and
0< -T1_+r(B|A) < —I_+»(B|A) (3.4)

hold for0 <t <1l and -1 <r<0.
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By the proof of Theorems 3.1 and 3.2, we get the following result on I ,.(A|B).

Proposition 3.3 ([6]). Let A = (A;,---,A,) and B = (By,---, Bn) be sequences of
strictly positive operators with Y o, A; = ¢ B =1I. For each —1 < r <1 such that

r#0,
I .(A|B) = T, (A|B).

Proof of Theorems 8.1 and 38.2. Since f(z) = logx is operator concave for z > 0, by
using Theorem 2.A, we have that

n

I (AIB) = $log > AH{(1 — )1 + (A7 BAT )y} A}
1

t=

> 23" Ablog{(1 - 1 +4(A7 BAT )} 4} (3.5)
i=1

= 0j=

_ 1S Ablog{(1 - + B ATy
_tT;Ai log{(1 — t)I + t(A;? B;A;® )"} A:
for -1 <r<1and
1< 1 -1 =1
l . — )] +t(A;? B;AZ " }A
tTZAz log{(1 —t)I +t(A;® BiA;® )} A,

i=1

L NS AR (1= ) log ] + ¢ log(AT BAT )4}
ZZ;;@{( —t)log +t0g(i ii>}i
.1 -1 -1 1
=) AZlog(A® B;A®)A? = S(AB)
i=1
for0<r<1.

Since logz < z — 1 for z > 0, we have

1 LY PR NI
I (AB) = S log ) | AF{(1 - ) +t(A7 BiAT )} A7
i=1
1< 2 R T (3.6)
<3 Y AHQ - ) +t(A7 BAT )Y A — 1| =T, (AB)
i=1

for -1<r<1.



1
(1—t+tz™) 7 -1

- <z-—1forz>0and —1<r <1, we have

Since

T, (AB) = ; | S AF{(1 -0 + (A7 BAT )24k -1

=1
-1
- z My 1

- t

i=1
< ZAEI_ (Az‘z BzAia - I)Az%

=1
=3 (B~ A) =0

Therefore we obtain (3.1) and (3.3).

By (3.1),
S(BJA) < I1_¢ (BJA) < Ti_¢(BJA) < 0

holds for 0 <t < 1 and 0 < r <1, so that we have (3.2) by (iii) in Lemma 2.2. We also
have (3.4) similarly. Hence the proof is complete. O

Proof of Proposition 3.3. By (3.5) and (3.6) in the proof of Theorems 3.1 and 3.2, we
have

[NTES

n 1 —1 _
=5 Al log{(1 — )] +t(47 BAT )4} < 1., (AlB) < T., (AIB)
=1

for —1 < r < 1. Therefore we get I .(A|B) = T,.(A|B) since Tp.(A|B) = T,(A|B) and

lim log(1 —t+tz") _ -1
t—+0 tr T

for z > 0. O

4 Another generalization

In this section, we discuss another generalization of Theorem 2.1. We introduced
S:r(A[B) as a generalizaton of S;(A|B) in the previous section, but S;,(A|B) does not
appear in Theorem 3.1. Then we expect that we can generalize (2.1) to

Sor(A|B) = T,(A[B) < Ji..(A|B) < T (A|B) < 0 (4.1)

for a suitable generalized entropy J;.(A[B) such that J;o(AB) = I,(A|B). From this
viewpoint, we introduce another generalization of I;(A|B).
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Definition 2 ([6]). Let A = (A;,---,Ap) and B = (By,---, By) be sequences of strictly
positive operators with Y o A; =Y Bi=1. For0<t<1and -1 <r <1 such
thatr # 0,

i1 Ai e B)) =1
Jt,r(AIB) = (Ez-—l 5:: ) ,

Jor(AB) = tgrfo Jir(AB) and Jio(A|B) = 11_1}(1) Jir(A|B).

Firstly we show a relation between I;,.(A|B) and J;,.(A|B), two generalizations of
L(A[B).

Proposition 4.1 ([6]). Let A = (A;,---,Apn) and B = (By,---,By) be sequences of
strictly positive operators with > &, A; = o Bi=1. Then for each 0 <t <1,

(i) I»(AB) < J;~(A|B) for0<r < 1.

(ii) Jir(AB) < L,(A|B) for -1 <r < 0.

Proof of Proposition 4.1. Since logz < £=L for z > 0 and 0 < r < 1, we have

r

Liog S~ 4 3 g A7) Al
It,r(A|IB)=ElogZAi {Q =) I +t(A? B;A? )" }7 A

i=1
=t =1 19T
1 [22;1 Ai%{(l —t)I + t(A;* BiA;? )’}%A}] — 1
<= = J..(A|B),
t r
so that we obtain (i). (ii) is also obtained similarly. 0

Next we obtain the following results among S;,(A|B), J;,(A|B) and T;.(A[B). By
(ii) in Proposition 4.3, we recognize that Theorem 4.2 implies Theorem 2.1 by letting
r— 0.

Theorem 4.2 ([6]). Let A = (A;,--- ,Ap) and B = (By, - - - , By) be sequences of strictly
positive operators with Y i A=Y & Bi=1. Then

Sor(AB) =T.(A|B) < J;(AB) < T3 ,(A|B) <0, (4.1)
0< -T1—+,(B|A) < —J1_+,(B|A) < S1,.(A|B) (4.2)

and
T, (AB) < Si-(AB) < ~Ti_(BJA) (43)

hold for 0 <t <1 and —1 <r <1 such that r # 0.
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Proposition 4.3 ([6]). Let A = (A;1,---,A,) and B = (By,---, B,) be sequences of
strictly positive operators with > . A=Y o Bi=1.

(i) For each —1 <r <1 such that r # 0, Jo,(A|B) = T,.(A[B).
(i) For each 0 <t <1, J;o(AB) = L(A|B).
The following lemma is an extension of Lemma 2.2. Lemma 4.4 leads Lemma 2.2 by
letting r — 0.
Lemma 4.4 ([5]). Let A, B > 0. Then the following properties hold:
(i) Sor(A|B) <Tir(A|B) < S;r(A|B) for0<t<1land -1<r<1.
(ii) S;r(AlB) = —S1_4,(B|A) forO<t<1land -1<r<1
(iii) S1,-(A|B) = —Sor(B|A) for -1 <r < 1.
We can give proofs of Lemma 4.4 and Theorem 4.2 by the similar way to those of
Lemma 2.2 and Theorem 2.1. We omit these proofs.
Lastly we get the following result by combining Theorem 3.1, Theorem 3.2, Proposi-
tion 4.1 and Theorem 4.2.
Corollary 4.5 ([6]). Let A = (A1, -+, An) andB = (By,-- - , By,) be sequences of strictly
positive operators with 3 A, =351 B;=1. Then for0 <t <1,
S(AIB) < I,,(A[B) < J,,(AB) < T, .(A[B) < 0
holds if 0 < r <1, and also
Sor(AB) = T,(A[B) < J;.r(AB) < I, (A|B) < T, (A|B) <0

holds if —1 <7 < 0.
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