0000000000
0 1896 0 2014 0 34-52 34

. Remarks on Liouville theorem
for Hénon type equation on the hyperbolic space

FALRFER BB AER RAI AH—
Shoichi Hasegawa

Mathematical Institute
Tohoku University

1 Introduction

The paper is devoted to a Hénon type equation on the hyperbolic space. In particular,
we shall prove an existence of solutions to the elliptic equation. Furthermore we an-
nounce a Liouville theorem for the equation on the hyperbolic space, which is obtained
in [21]. In order to state a motivation of our research, first we mention known results
for semilinear elliptic equations.

To begin with, we introduce known results for the following elliptic equation in the
Euclidean space:

(E) —Au=|z|*[uf'u in RY,

where @ > —2, N > 3 and p > 1. Here, |z|* is called a weight. The equation (E)
was posed by J.H. Lane ([27]) for the case a = 0 in 1869 and is well known as Lane-
Emden-Fowler equation. The equation has been widely studied in the mathematical
literature ([6, 7, 15, 19, 20, 26, 30]). Moreover, the equation was appeared in the
astrophysical study of the structure of a singular star ([8, 14, 17]). In 1973, (E) for
the case @ > —2 was posed by M. Hénon to study rotating stellar structures ([24]) and
(E) is called Hénon equation. Although he defined the equation only in 3-dimensional
unit ball with Dirichlet boundary condition, the equation has been studied for more
general setting by mathematical interest ([11, 18, 28, 31, 32, 35, 36]).

Regarding the exponent p in (E), there exist certain critical exponents which char-
acterize the structure of solutions to (E). A typical exponent is Sobolev’s critical
exponent:

N+2

ps(N) = m

For example, p, characterizes the solution of (E) with respect to the positivity:

Theorem 1.1 (B. Gidas and J. Spruck [18, 19]). Let 1 < p < ps(N) andp # (N +2+
20)/(N — 2). If the solution u € C%(RY) of (E) is nonnegative, then u = 0.

Remark that Theorem 1.1 implies that there is no positive solution of (E) when
a>-2,1<p<psN)andp# (N+2+2a)/(N —2). Moreover, it is sufficient to
consider only the case a > —2 and p > ps(N), because the nonexistence of positive
solution of (E) for the case @ < —2 was showed by B. Gidas and J. Spruck ([19]).
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The other critical exponent, which characterizes the solution with respect to the
stability, has been attracting a great interest in recent years. Indeed, the following
results were proved by Farina in 2007 for o = 0 ([15]) and by Dancer, Du and Guo in
2011 for o > -2 ([11)).

Theorem 1.2 ([11, 15]). Let u € C*(RY) be a stable solution of (E). If p > 1 satisfies

l<p<+o0 if N <10+4q,
1<p<pla,N) if N >10+4a,
then w =0 in RY. Here, p(a, N) is given by the following:

(N—-2?—-2(a+2)(a+N)+2y/2(a+2)3(a+2N ~2)
(N —2)(N — 4a — 10) ‘

pla,N) =

On the other hand, if p > p(a, N), then the equation (E) has stable, positive, and radial
solutions.

The assertion in Theorem 1.2 is called a Liouville type theorem. Remark that they
proved Theorem 1.2 without any other assumption except stability, such as positivity,
radial symmetry and so on. Moreover, Theorem 1.2 implies that p(a, V) is critical.
Here, we define the stability of solutions to (E) as follows:

Definition 1.1. A solution u € C*(RY) of (E) is stable if the inequality
[ AR = plal® ! 9} do 2 0
JR

holds for any v € CL(RV).

We mention some remark on Definition 1.1. One can observe that the equation (E)
is formally derived as Euler-Lagrange equation for the functional

E(u) := /RN {% |Vul? — || ’;—E—l} dz

Recall that the stability is defined for C? solutions of (E) in Definition 1.1. Obviously
there exist C? solutions with infinite energy. However Definition 1.1 is available for
such solutions. Indeed, for each R > 0 and any C? solution of (E), the functional

En(u) ~—/ Lo o g,
AR By | 2 p+1

is finite; where B = {z € R" : || < R}. Then, the second variational formula for
Er, which is expressed as

Qrlul(¥) == /B (VO = pla® |~ 4%} da, W € CX(Br),
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is well-defined for any C? solution u of (E). Since R > 0 is arbitrary, Definition 1.1
is equivalent to the following: “A solution u € C*(RYN) of (E) is stable if Qg[u](?)
is non-negative for any v € C}(Bg).” By making use of the concept of Definition
1.1, Liouville type theorems have been proved for many kinds of elliptic equations
(9, 10, 11, 12, 13, 16, 25, 36]).

On the other hand, recently semilinear parabolic and elliptic equations in the hy-
perbolic space have been studied ([1, 2, 3, 4, 5, 22, 29, 33, 34]). For example, the
equation (E) for the case of & = 0 can be written as

(LH) —Agu=|uf'u in BV,

where p > 1 and N > 3. Here, B" denotes a unit ball {z € R : |z| < 1} endowed
with the following Riemannian metric:

2 2
ii =\ T 3 51'"
gJ (1—Ix|2) J

where d,; is Kronecker’s delta. The geodesic distance from the origin to z € BY is

given by
el 2 1+ |z
= —ds = .
du(0, ) /0 Tl log (1 — m)

Furthermore, Ay is the Laplace-Beltrami operator on BY and is written by

_(1=1alY - faf?
AHu—( 5 )Au+(N—2)< 5 )a:-Vu.

Although it is obvious that the metric affects the geodesic distance and differential
operators, it might affect the structure of solutions. Indeed, [29] shows that there
exists at most one positive radial H'(B") solution for 1 < p < ps(N) by using the
variational method. Furthermore, Bonforte, Gazzola, Grillo, and Vézquez proved the
existence of solutions with infinite energy for 1 < p < ps(N):

Theorem 1.3 ([5,29]). Let1 < p < ps(N). Then, there exists a positive radial solution
u € C*(BN) of (LH).

Although Theorem 1.1 showed the nonexistence of positive solution of (E) for 1 <
p < ps(N), Theorem 1.3 shows the existence of positive solution of (LH) for 1 < p <
ps(N). The difference is strongly related that Poincaré’s inequality in L*(B") holds
since the first eigenvalue of —Ag is (N — 1) /2)?, i.e., positive. Making use of the
positivity, Berchio, Ferrero, and Grillo showed the following result:

Theorem 1.4 ([3]). Let p > 1. Then, for each B > 0, there exists a unique radial
solution ug of (LH) satisfying the following conditions:

’u,g(()) = ﬁ, U;;(O) =0.

Moreover, there erists some positive constant By such that ug is stable for any 8 < 5.



Here,  denotes the geodesic distance dy (0, ) from the origin to z € BY. Regarding
fo, they proved that fy is bounded when 1 < p < p(0,N). In [3], the stability of
solutions of (LH) is defined by the same manner as in Definition 1.1:

Definition 1.2. The solution u € C*(BY) of (LH) is stable if the inequality
[ A1l = plup~ v} avis 2 0
B

holds for any ¢ € CL(BN).

Here, Vy and dVg are the gradient operator and the volume element on the hyper-
bolic space, respectively. Also, ]VHM% denotes the inner product of Vyy with itself,
where this inner product is induced from the metric on BV as follows:

2

1— |af?

(L.1) |va<x>f§H=<va<x),vH¢<x>>H:~——( )(VW(@NW@».

Here (-, -) denotes the usual inner product in R¥. Theorem 1.4 implies that there is no
critical exponent for (LH) such as p(c, N) in Theorem 1.2. This fact also arises from
the structure of spectrum of —Ay. Indeed, letting the value of origin less than the
first eigenvalue sufficiently, they first proved that the inequality in Definition 1.2 holds.
Furthermore they also constructed non-trivial stable solution. Comparing Theorem 1.4
with Theorem 1.2, we are interested in the following question:

Problem 1.1. Does Liouville theorem hold for the equation (LH) with some weight?

To consider this problem, first we introduce an typical weight for (LH). From the
analogue of the weight in (E), we can choose the power of geodesic distance as weight:

(1.2) ~Agu = (dg(0,2))* [uf'u in BV.

Actually, He and Wang proved the existence of solutions and its asymptotic behavior
for (1.2) ([22, 23]). However, any Liouville type theorem with respect to the stability
has not been proved yet. Indeed, we couldn’t prove the Liouville type theorem for (1.2)
although we make use of the same method as the proof of Theorem 1.2.

In order to give an affirmative answer to Problem 1.1, we consider the following
equation:

(H) ~AHU=(13'E|2)Q|U|P*%L in BV,

where o > 0, p > 1 and N > 3. Remark that we can write the weight as follows:

__2|a]
w(x) := T

= sinhr,

where r = dy(0,z). The reason why we choose this weight is that sinhr, which has
strong singularity in the infinity, arises in the volume element in the hyperbolic space.
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By making use of the fact, we can obtain an affirmative answer to Problem 1.1. Indeed,
we shall announce a Liouville theorem which is stated in concise form as follows: “For
sufficiently small p > 1, if u is stable solution of (H), then u = 0.” For the precise
thesis, see Section 3. As a first step of our study for (H), we start with an existence of
solution of (H) with small p > 1:

Theorem 1.5. The equation (H) admits a radial positive solution in H'(BN)NC?(B")
if

((N-l+2 N+2+2
P N-1 ' N-2 )

We shall construct this nontrivial solution by using variational methods. More-
over, Sobolev’s embedding implies that the solution obtained in Theorem 1.5 has finite

energy.

This paper is organized as follows. In Section 2, we shall prove Theorem 1.5. The
proof is a modification of the proof of Theorem 6 in [31]. Finally, in Section 3, we state
the Liouville theorem and asymptotic behavior of radial solutions of (H) for p > 1 big
enough. We shall show you an outline of proof of the Liouville theorem. For the precise
proof, see [21].

2 Existence of solution

In this section, we shall prove an existence of solution to (H) in the class H*(B"). More-
over, the following Theorem 1.5 is proved by a modification of the proof of Theorem 6
in [31). We prove Theorem 1.5 by making use of Mountain Pass Theorem:

Proposition 2.1 (Mountain Pass Lemma). Let E be a Banach space and let J €
CY(E,R) satisfy the Palais-Smale condition. Suppose that (A) J(0) =0 and J(e) =0
for some e # 0 in E, and (B) there exists p € (0, |e]) and a > 0 such that J > a on
S,={u€ E: |u| = p}. Then J has a positive critical value

= inf h(t)) > a >0
c iﬁpﬁgj’lﬁj(())—a>

where T = {h € C([0,1], E) : h(0) = 0, h(1) = e}.

J satisfies the Palais-Smale condition if any sequence {u,} C E with {J(un)}
bounded and J'(u,) — 0 has a convergent subsequence.

Let E be the completion of radially symmetric C§° functions with respect to the
norm, where

fully = [ | 1Vaufiava
BN
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Since the bottom of the spectrum of —Ay is given by

2
dv; —1)2
Al(—AH) = inf fBN IVH?H H = (N 1) ,
weH BN} fy |ul® dVig 4

it is easy to verify that ||-|| is equivarent to the norm of H 1(B"). Indeed we observe
that

||u]|';;§/ [VHulﬁdVH+/ lu|? dVi
BN BN

<(1+ (N—fw) Jull2.

In the following, we shall prepare the proposition which we need in order to show the
existence of solution of (H) in H'(BV):

Lemma 2.1. Let u € E. Then it holds that

) 1 Jul
23) hutz)| < VWn(N — 2) (sinh(2arc tanh |x|))N_;_2’,
1 lullg

2 u(z)] ; E
(2:2) (@) < Vun(N —1) (sinh(2arc tanh |z])) "=

where wy is the surface area of the unit ball in RY.

Proof. Since u € E, it holds that
1

u(1) — u(|z) =/ u'(t)dt.

||
By Hélder’s inequality, we have
(2.3)

lu(z)| < /’ ()

1 ) N-2
< ()2t dt
_(le () )

= Il + I2.

=

1 2 -—(N—2) %
V=D 2 dt
([ (e
First we estimate I; as follows:

1 AN 2 \"
I = — / (1 t) |u'|? (—2> tN1dt | dS
wN JaB01) \Jjo| \ 2 1-t

1 1- |?Jl2>2 2 ( 2 )N
= Vu dy
WN Jigl<pyi<t ( 2 Vel 1= ly|?

1
=— |Viauls dVia(y)

WN Jiz|<lyl<1

1 2
< — ,
< o=l
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Regarding I, we find

I, = [200 (tanh f)_(N_l) (2 cosh? f)_(N_2) (2 cosh? g)_l ds

arc tanh |x| 2 2
00
= / (sinh )"~V ds
2arctanh |z|

< / (sinh s) "™~V cosh s ds
2

arc tanh |z|

= _Nt 5 [(sinh 3)—(1\/—2)]

00 1
2arc tanh || N -2

(sinh (2arc tanh |:v|))_(N'2) :

Then (2.1) is followed from this estimate and (2.3). Moreover, we can also estimate I,
as follows:

I = / ( - ) ds
2arctanh |z| sinh s
< / ( - ) ds
2arctanh |z| sinh s tanh s

= ' hsd
»Larc tanh || (Sinh s ) cosmoas

1 o 1
_ _ . —(N—l)] - inh h —(N=-1)
N1 [(smh s) sarctanhlel ~ N — 1 (sinh (2arc tanh |z|)) .

Combining this estimate with (2.3), we find (2.2). O

Lemma 2.2. Let 0 <m < (N —1)/2. Then for any

T E .L(JY——I)__m
N-1-2m’

there exists a constant C = C(N, T, m) such that

(24) lw™ull - @ry < Cllullg
where
2N when m < -2
=4 N—-2-2m 2
-2 N-1
00 when < —_—
2
Proof. Let
0<m< — 1.
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To prove (2.4), we divide the integral into two parts:

. 2|$| )mr 7—( 2 )N
w™ |u|" dVyg = —_— U dzx
/B " dVa o<lal<d (1 - |£U|2 ul 1- |$|2

9 mr . 2 N
s () ()
i<lzi<1 \1 — |z] 1—lz|

=:X+Y.

First we estimate the term X. By (2.1), we have

(Z_Ix_l_)"”(sinh(2arctanh]x,))*ﬂ;~2¢ ( _25 >Ndx

1— |z|? 1~ |z|

X <0l |

1
0<|z|<5

2arctanh% N2
=C ||u||;3/ (sinh s)™ N1 T s
0
2arctanh% N—2
< Cllullz / (sinh 8)™tN"1"72T cosh s ds
0

sinh(2arc tanh 1)
— Cllu“;/ 2 tm¢+N—1—¥rdt.
0

Since the relation

-2

N
mr+N~1-— T>-—1

holds if and only if 7 < 7. Thus we see that if 7 < 77 then it holds that
X <Cllullz,

where C' depends only on N, 7 and m. On the other hand (2.2) gives us that

mT _ 92 N
Y < C||u||g[<' - <—1—%> (sinh(?arctanhlxl))_y—?_lT ( ) dzx

1<k 1—|af?
o0
—Clul} / (sinh s)™™N 12T g
2arctanh,i—,
T * . mr+N-1-8=1; 1
< C’HuHE/ (sinh s) 7T ——ds
2arc tanh % tanh s
T * . mr+N—2-N=-1,
<C HuHE/ (sinh s) z " cosh s ds
Zarctanh%
[o 0]
= Clull} / N2k gy
sinh(2arc tanh )
It is easy to verify that
N -1
mr+N—2— T< -1
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is equivalent to

2(N —-1)
Hence we see that
Y < Cllulg
if 7 satisfies (2.5). Therefore we obtain the conclusion. O

Making use of Lemma 2.2, we shall prove a compactness.

Lemma 2.3. Let 0 < m < (N —1)/2. Let 7 satisfy the condition given in Lemma 2.2.
Then the map u — w™u from E to L™ (BY) is compact.

Proof. Let 0 < m < (N — 1)/2 and arbitrarily fix 7 satisfying the condition given in
Lemma 2.2. Then Lemma 2.2 asserts that

”wmu”L"(]BN) <Clullg-

This shows that the map u — w™u from E to L™(B") is continuous. Now we shall
prove that the map is compact.

We first note that the embedding H} ,(BV) — L9(BY) is compact for any ¢ €
(2,2N/(N — 2))(see [29], Theorem3.1). Recalling that E is equivalent to Hj ,(B")
with respect to the norm ||-|| ;, we see that the embedding E — L¢(B") is also compact
for any g € (2,2N/(N - 2)).

Let us fix ¢ € (2, min {r,2N/(N — 2)}) arbitrarily. By Hélder’s inequality, we have

29) al e = [, 1)
BN
:( / wmf|u|f-q“|u|qa)’
BN
a L l—a
() ()
BN BN

& _mT_ =
= |u|Lq(BN) ”wT—qa |U| LIIZ—%&(BN) s
where a € (0,1). In the following, setting
mr T —qa
m* = , T'i= g ,
T —qa l—a

and making use of Lemma 2.2, we shall verify that

(2.7) me*u

oo < Clulg



holds. If m > (N —2)/2, then the relation m < m* implies m* > (N — 2)/2. Since

2N — 1) ) 2N —1) + (g - 2)(N - 1)a
N—l—om -7 = N—1—2m <7

for sufficiently small ¢ > 0, Lemma 2.2 asserts that (2.7) holds for each 7 > 2(N —
1)/(N —1—2m). Regarding the case of 0 < m < (N —2)/2, it is sufficient to consider
the case of 0 < m* < (N — 2)/2 since the case of m* > (N — 2)/2 is contained in the
above case. Recalling

2N ga(N —2) +2N(1 — a)

SNo2—om & 7F N_—2_2m

*

T

and 2N — (N — 2)q > 0, we observe from Lemma 2.2 that for a € (0,1) small enough
(2.7) holds for each 7 satisfying

2AN-1) _____ 2N
N—-1-2m N-2-2m

Combining (2.6) with (2.7), we obtain
ag r—ga
(2.8) ™l oy < C llull gyl 57

for sufficiently small a € (0,1). Thus the map u — w™u from E to L"(B") is continu-
ous.

Finally we show that the map u — w™u is compact. Let {u,} be bounded sequence
in E. Since £ — L4(B") is compact, there exists a subsequence {u,;} C {u,} and a
function u € E such that

un; —u in  LY(BY).

By (2.8), we see that

ag 1=ga
|w™ (uns — U)ILT(BN) < fung — U’Eq(BN) |V (tn; - u)]L;(]BN)

aq r—qa I__THE
< Cluns — ul oy (lunglg”™ +lulp™ )
aq
< Clun; — U'[q(BN)
Therefore, we complete the proof. O
We are in a position to prove the following theorem by using above propositions:

Theorem 2.1. Let

c N—-14+2a N+2+2a
P N—-1 ' N—2 )

Then, the equation (H) has a positive radial solution u € H*(BN) N C?(BY).

43
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Proof. Instead of the equation (H), we prove that

—Agu=w*(ut)? in BY

limu=20
Jz|—1

has a nontrivial solution in H'(B") by using Mountain Pass Theorem.
Let
1

J(u) = = / |Vauly dVa — / w®F(u)dVi,
2 BN BN

where

F(u) = p—i—l (u+)p+1, vt := max{u,0}.

To begin with, we verify that the functional J is well-defined. Since

2N -2 <p+1(=)N_1+2a<p,
N-1—2]% N-1
and
2N N +2+42a
p+1<N—2—2% P<—HN_3

Lemma 2.3 implies that

p+1
witty|  dVyg < C |ul5 .

(2.9) /]BN w*F(u)dVyg < C

BN

Next we show that J satisfies the hypothesis of the Proposition 2.1. The relation
(2.9) yields that

1
J(u) =3 / |Vuuls dVa — / w*F(u)dVy
BN BN

1
25 lully — C llullf

Thus, setting

we see that for p > 0 sufficiently small

f(p) > f(0) =0.



Therefore, (B) is fulfilled. We turn to the condition (A). It is clear that J(0) = 0.
Since

t2
J(tu) = —/ |Vau|% dVig — tp'H/ wF(u)dVg — —00 as t— oo
2 BN BN
we observe that there exists e € F such that J(e) = 0. Thus, (A) is fulfilled.

Next we prove that J satisfies the Palais-Smale condition. Defineamap 7T : F — E
by

(Tu,v)p, = / w* (uvt)’v, veEE.
BN

T may be decomposed as follows:

o o o p
T :uw— wru+— wrut — (wpu+) — w®* (u+)pr—>Tu

EB B Bpe gt B
where ;
2N ¢ e 2a +N-{—2 N+2+ 2« ]
JN+2 " PSE\NTATTN T NIz )T
1, ¢ oo (N-1+2 N+2)
W PE\TNIT N—2 )T

In the following we shall show that the map T is compact. To begin with, we verify
that T; is compact by using Lemma (2.3). To do so, setting m = a/p and 7 = pq, we
check that m = a/p and 7 = pq satisfy the condition in Lemma (2.3). Remark that
p> (N —-1+2a)/(N — 1) implies m < (N — 1)/2. To begin with, we check that

| 2N —2

2.1 T2 g
(210) N-1-2m

When p € I, one can verify that (2.10) is equivalent to

2c N+2
N—1+ 2

<p.

On the other hand, (2.10) is equivalent to

N—-1+2a

N—]_ <p7

if p € I,. Hence (2.10) is satisfied. Since 7 < +o0, it is sufficient to show that if
m < (N —2)/2 then

9N
2.11 Foe '
(2.11) T<N_2-92m
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For the case of p € I, (2.12) is equivalent to
N+2+2a
N-2 7
and while if p € I, then (2.12) is equivalent to
< N +2a
PSN=2

Therefore we can apply Lemma 2.3 to the map 7;. Then Lemma 2.3 asserts that
Ti is compact. The map T3 is clearly continuous. Regarding T3, since the map is a
Nemitski operator, we see that T3 is continuous. Next we turn to Ty. Let us define
Ty : LT — (L9)* by

(Tu(w® (u*)))(v) = / v (u*)'v, veLd,

BN
where
2N it pe 2a +N+2 N—+—2+2a)
. JN-2 N-1' N ' N-2 )°
1= ) £ pe N-1+2a N+2a>
N-1 "N-2/°

Holder’s inequality yields that Ty : LY — (L9)* is continuous. Since H! — L implies
(L9)* — H™!, we see that Ty : LY — H™! is also continuous. Therefore, Ty : LY — H™1
is continuous. Finally we show that T is continuous. Define T5 : H~! — H'! by

(T5(f),v)g = f(v) for feH™ and veH.
Then we have
(Ts(£), v)gl S M fllg-2 Iollgr < CNFllg-2 Ivll g
so that,
IT5(F)len < C llfll g1 -

Therefore T} is continuous. In particular, we observe that
(BT (1)), 0) = (Tw® (W))@) = [ @ @) = (Tu,0).

Thus, T = Ts 0Ty 0 T3 0T, 0 T} is compact from E to E.
Let {u,} C E be a sequence satisfying |J(u,)| < d and J'(u,) — 0. For n € N
large enough, we have

|
d+ ”Un”E > J(un) - 7'—+1J (tn)(un)

11 \
- (3-737) w2




This implies that |u,||% is bounded. Then there exists a subsequence u,, ; Cu, and a
function u € E such that

(2.12) Up, = u in E.
Furthermore, since T is compact operator, it follows from (2.12) that
Tu,;, >4 in E
for a function @ € E up to a subsequence. Recalling that
(Up — Ttn, V) = J'(up)(v) >0 as n— oo

for any v € E, it must hold & = u. In the following we write u, instead of Uy, for
short. By a simple calculation, we have

(2.13) lun — ullp = J'(tn) (tn — ) = J'(w)(un — u) + (Tup — Tu, up — u) g
=: I1 + .[2 + 13,
and then
Iy <" (un)l| g Nlun = ull g < 1 (un)ll g (lnllg + llullg) — 0,

I, = J'(u)(up — u) — 0,
Iy = (Tun — uytp —w)g + (u— Tu,u, — u)p
< [ Tun — ullg (lunllg + llullg) + (v — T, up ~ ) g — 0.
Therefore (2.13) yields that

U, —u in FE.

This implies that {u,} has a convergent subsequence, i.e., J satisfies the Palais-Smale
condition. Then, the Mountain Pass Lemma assures that J has a nontrivial critical
value, hence, a nontrivial critical point v € E. In particular, function u satisfies

(2.14)  J'(uw)(v) = / (Vuu, Vav)y dVig — / w* (ut)PvdVg =0 for veE.
BN BN
Taking u~ as v in (2.14), we have
0= (Vnu, VHu_>H dVu —/ w® (u+)pu_ dVyg = Hu’HE,
BN BN

so that u~ = 0 a.e. in BY. Therefore, combining this fact with (2.14), we see that u is
a nonnegative and nontrivial H'(B") solution of (H).

By an elliptic regularity theorem, u € C?. Finally we shall prove that u is a positive
solution. Suppose not, there exists o € BY such that u(zp) = 0. For any r > 0, it
holds that

—Agu = w® (u+)p >0 in Bg(&,1),

where By(zg,7) = {z € BN : dy(x,20) < r}. Then the strong maximum principle
implies that v = 0 in By(zo,7). Since r > 0 is arbitrary, we see that u = 0 in BY.
This leads a contradiction. O
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3 Liouville Theorem

In this section, we prove a Liouville theorem corresponding to (H). First, in order to
state the result, we define the stability of solutions. The stability of solutions of (H) is
defined by the same manner as in Definition 1.1:

Definition 3.1. The solution u € C*(BN) of (H) is stable if the inequality
QUul(w) = [ {IVavls — pu P 92} aVi 2 0

holds for any ¢y € CL(BY).
Then we state the Liouville theorem corresponding to the equation (H):

Theorem 3.1 ([21]). Let u € C%(BY) be a stable solution of (H). If p > 1 satisfies

l1<p<+o0 if N<1+4a,
1<p<pla,N) if N>1+4a,

then u =0 in BN. Here, p.(a, N) is given by the following:

_ (N-1)?—2a(N - 1) - 20* + 201/2a(N —1) + &2
peles )= (N=1)(N -4a-1) :

Theorem 3.1 gives us an affirmative answer to Problem 1.1. And if we find a non-
trivial stable solution when p > p., then p, is critical. Although we have not proved
this fact yet, we obtained the following result which suggests that p, is critical:

Theorem 3.2 ([21]). Let p > (N +2+2a)/(N —2). Then, there ezists a positive
radial solution u = u(r) of (H) satisfying

lim w(r) (sinhr)p-T = {;f—l (N— 1- —a—)}’%l = L.

r—-4o00 p— 1

Now, using Theorem 3.2, we can give some consideration to p.(a, N). Let p >
pe(a, N) and N > 1 + 4a. We assume that there exists a radial solution u = u(r) of
(H) satisfying

(3.1) u(r) (sinhr)zf%1 <L (Vr > 0).

Then, by some calculations, we see that the solution u satisfying (3.1) is stable. From
Theorem 3.2, one can notice that the condition 3.1 is valid. Therefore we can expect

that the exponent p.(c, N) is critical.
Next, we state the outline of proof of Theorem 3.1. First, we prepare the following
proposition:
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Proposition 3.1. Let u € C*(BY) be a stable solution of (H). Then, for any v €
[1,2p + 2¢/p(p — 1) — 1) and for any integer m > max {g};‘ﬂ}, there ezists some
positwe constant C = C(p,m, a,7y) such that for any ¢ € C*BY) with || < 1,

. Pty
/ w®* [P Y MV < C’/ w et IVHM;I “ dVa.
BN BN

We can prove this assertion by a modification of the proof in Proposition 1.4 of
[10] and Proposition 1.7 of [11]. In the following, we prove Theorem 3.1 by using
Proposition 3.1.

Proof. Here, the essential matter of Proposition 3.1 is that one can estimate the integral
of u by the integral being independent of u. Therefore, we expect that the stable
solution u can be characterized by the test function. Indeed, in order to prove Theorem
3.1, we set the following test function g for each R > 0:

nle) = p (LD,

where ¢ € C2(R) satisfies 0 < ¢ < 1 and

In the following, we write

for short and we set
A(R) = arcsinh R, B(R) = arcsinh 2R.
Then, notice that

1 if dg(0,

0 if dH(O,.'IJ)

<A
> B(R).

Yr(z) = {

Since the change of variable r = dy(0, z) yields w(z) = sinhr and dVy = (sinh r)¥=dr,
it follows from Proposition 3.1 that

(32) / w® I’U,’p+7 dVH < C w9 |VH’L/)R|]I2_][q dVH
du(0,z)<A(R) A(R)<du(0,2)<B(R)
C B(R) _
< — (sinh )V ~1770+2 gy
R | 4(m)

S ORN—l—qa'
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On the other hand, p < p.(a,N) if and only if there exists some v € [1,2p +

24/p(p — 1) — 1) such that

(3.3) N-1-ga<0.

Hence, we can choose v € [1,2p + 24/p(p — 1) — 1) satisfying (3.3). And then, (3.2)
implies that

/ w* [uff"dVg - 0 as R — +oo.
du(0,2)<A(R)

Since A(R) — +o0o as R — +00, we see that u must be identically equal to 0. This
completes the proof of Theorem 1.2. a

Here, in order to obtain the estimate just as (3.2) in this proof, we have to select the
weight w and test function 95 in terms of the volume element dV4. Hence, since the
weight of the equation (1.2) is the power of the geodesic distance, the above argument
does not work for the equation (1.2). This is the reason why we choose the weight of
(H).
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