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The law of the iterated logarithm for discrepancies of
three variations of geometric progressions

By

Katusi FUKuyaAMA*, Koji MURAKAMI;™
Ryota OHNO** and Satoru USHIJIMA**

Abstract

We prove the law of the iterated logarithm for discrepancies for three sequences: a sequence
determined by products of random numbers, a sequence given by products of periodic numbers,
and a sequence given by an arrangement in increasing order of the union of finitely many
geometric progressions.

§1. Main Result

In this note we consider three variations of positive geometric progressions and
prove the law of the iterated logarithm for discrepancies Dy {nix} and star discrepancies
D3 {ngx} of these sequences {niz}, ie.,

— ND* — ND
lim RIS, = lim ~{mer) =
N—oo /2N loglog N  N—oo /2N loglog N

for some constant 3. As to a sequence satisfying Hadamard’s gap condition,

a.e.

(1.1) net1/ne >qg>1 (k=1,2,...),

it was conjectured by Erdds-Gal that the limsups above are bounded. By applying
methods due to Erdés-Gal [4], Takahashi [17], and Gal-Gal [11], Philipp [13] proved the
bounded law of the iterated logarithm below and solved the conjecture:

*
L < lim N Dy {nr} < lim NDy{nz} <K, <00, a.e.
44/2 ~ Nooo /2N loglog N ~— N—oo /2N loglog N
Received 25 Feb. 2011, Revised 12 Dec. 2011, Accepted 29 Feb. 2012
2000 Mathematics Subject Classification(s): 11K38, 42A55, 60F15
Key Words: discrepancy, lacunary sequence, law of the iterated logarithm
The first author is supported by KAKENHI 19204008 and 21340027.
*Department of Mathematics, Kobe University, Rokko, Kobe, 657-8501, Japan.
e-mail: fukuyama®math.kobe-u.ac. jp
**Department of Mathematics, Kobe University, Rokko, Kobe, 657-8501, Japan.

(1.2)

(© 2012 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



90 K. Fukuvyama, K. MurakaMI, R. OBNO, S. USHIJIMA

For a positive geometric progression {#*z}, the limsup value depends on algebraic
nature of 6 as below:

Theorem 1.1 ([6, 7]).  For any 6 > 1, there exists a real number Yy such that

—  NDi{0o* —  NDy{0*
(1.3) lim sl = lim Al =Yy, a.e
N—oo /2N loglog N  N—oo /2N loglog N
We have )
29 — 5
if and only if 0 satisfies
(1.4) "¢ Q (reN).

In other cases, 6 can be written uniquely by

(1.5) 0=+/p/q, r=min{n e N |0" € Q}, p,ge N, gecd(p,q)=1.

In this case Xg does not depend on r and satisfies

1/2< %9 < /(pg+1)/(pg —1)/2.

Moreover, we can evaluate it in the following cases:

( V(pg+1)/(pg—1)/2, if p and q are both odd;
Vip+1)/(p—1)/2, especially if p is odd and ¢ = 1;
Yo=q+@+plp—2)/(p—1)3/2, ifp>4iseven and g =1;
V42/9, ifp=2andq=1;
\/ﬁ/& if p=>5and g =2.

\

In this paper, we consider three variations of the above result.
The first variation is given by randomizing the ratio € in a geometric progression.

Theorem 1.2.  Assume that sets A and B of positive integers satisfy
(1.6) b/a>q>1 and ged(a,b)=1 forall ac A, and be B.

Let {(Xk,Yr)} be an A X B-valued i.i.d. and define {ny} by

k
(1.7) ng = H ﬁ
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Then there exists a constant Xz (x, y,) depending only on the law L(X1,Y1) of (X1,Y1)
such that

(1.8) P( fm O} pr NDyine)
' N—oo /2N loglog N  N—oo /2N loglog N

When A and B both consist of odd numbers, we have

1 [ Trex, v +1 1 -
1.9 by = |, h Trix, v = E( ) .
(1.9) L(X1,Y1) 2\/775( v 1 where 1 rix,,vy) X,Y;

EE(Xl,Yl)a a.ce. $> = 1.

Because Tz (x, y;) can be written as
Pan))
Trx, v = ( > 7)
(a,b)eAxB

where p(q5) = P((X1,Y1) = (a,b)), it can be regarded as a generalized harmonic mean

of ab over A x B.
The second variation is given by changing the ratio 6 periodically.

Theorem 1.3.  For 6y, ..., 0. > 1, we define a sequence {ny} by
no=1, ngy1=0;11n ifk=jmod 7T and j=0,...,7—1

Then there exists a constant Yo, ... ¢, periodic Such that

*y

_ ND* __ ND
(1.10) Tim vz} Nz}

= =X :periodic;  @-€.
N—oo /2N loglog N Nl—r>noo 2N loglog N O, friperiodic e

We have permutation invariance below when ™ = 2, 3.

(111) E191,192;periodic — E192,91;periodica

and

(112) 291,02,03;periodic = 292,93,01;periodic = E193,191,92;periodic

= 291,03,02;periodic = 293,92,01;periodic = E192,191,93;periodic~
Let A and B be sets of positive integers satisfying (1.6). If A and B both consist of odd
numbers, and if pj € B and q; € A (j=1,...,7), then Xy, /4. . p. /g, periodic €quals to
(1.13)

1 1 2
5\/ﬁ(l—i—sl...sf—l—; Z (Sju-sk—l+31--~3j—13k~'87')>7

.8 —1
T 1<j<k<r

where s; = p;q;.
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We can explain the reason why we have the invariance (1.11): If we replace x by
Osx in
012,010y, 0302, 0305z, 0303, . . .

and add one term fsx at the top, we have
021, 0,05, 0,052, 02032, 02032, 0305, . . ..

Since the law of the iterated logarithm holds for a.e. z, and since adding finitely many
terms does not affect on the law of the iterated logarithm, we have (1.11).
As to the invariance (1.12), while invariances among circular permutations

E191,92,93;peri0dic = 202,03,01;periodic = 293,91,02;periodic

and
E191,93,92;peri0dic - E193,192,191;periodic - E92,91,03;peri0dic

are explained in the same way, we could not find any easy explanation for the fact that
these two values are identical.

We must also mention that we cannot expect such an invariance when 7 > 4.
Actually, we have

| 423 ) [ 491
23,5,7,11;periodic - TM, while 23,7,5,11;periodic = TM

The third variation is the arrangement in increasing order of the union of finitely
many positive geometric progressions. Although it no longer satisfies Hadamard’s gap
condition, it still has good arithmetic structure to have the following limit theorems. It
is proved in [5] that sequences {f(0fz)} and {g(#5z)} are asymptotically independent
in some sense when log6;/log s is irrational. We can find a similar phenomenon in
case of metric studies on discrepancies.

Theorem 1.4.  Suppose that 61, ..., 0. > 1 are given and that geometric pro-
gressions {0F}, ..., {08} are mutually disjoint from each other, i.e.,
(1.14) log 0;/log0; ¢ Q, (i £ J).

Let {ny} be the arrangement in increasing order of {0F}U---U{0kY. Then there exists
a real number Xg, . o .union such that

—  ND3 — ND
lim N{nkx} = lim N{nka‘:} = E91 ...,0,;union)
N—oo /2N loglog N  N—oo /2N loglog N e

If each 0; satisfies (1.4) or given by (1.5) with odd p and q, then

o= it ) / (g )
01,...,0,;union — log91 ]OgQT ]0g91 logOT s

a.e.
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where Xq,, ..., Xg_ are defined by (1.3). In particular when all 0y, ..., 0, satisfy (1.4),

then
1

291 ..... 6. ;union — &

§2. Preliminaries

For z, y, &1 € [0, 1), put V(z,€) = 2 Aé—a€ and V(,y, &) = V(2. &) +V (y,m)—
V(z,n) —V(y,&). Note V(z,§) = V(0,2,0,§). By 0 < V(x,§) < 1/4, clearly we have
|V (x,y,&,1)| < 1. The proof of the next lemma can be found in [6].

Lemma 2.1. Let 0 < a < b < 1. For any positive integers P and Q) with
ged(P,Q) = 1, we have

(2.1) / Tja)(P2)Tjap) (Q) d = Q ¥ ((Pa). (Pb), (Qa), (QD)),
(2.2) V(Pa), (PY). (Qa), (Q8)) < V((P(b—a)), (Q(b—a))) < 7.

For a bounded measurable function g, we define the mean value [g g(x) pr(dx) by

T
/R o(x) pn(dr) = Jim / o(x) dz

if the limit on the right hand side exists. For a trigonometric polynomial g with period
1 satisfying fol g =0, we have

/R 9(02)9(x) n(dr) = 0
for © ¢ Q, and

1
/ o((P/Q)2)g(2) pr(de) = / 9(P2)g(Qz) ur(de) = / o(P2)g(Qz) dx
R R 0

for non-zero integers P and Q).
The next lemma controls asymptotic behavior of variances. It is a variation of the
key lemma of [9]. Denote the d-th subsum of the Fourier series of I[a,b) by I[a’b);d.

Lemma 2.2.  For a sequence {ny} of positive numbers satisfying Hadamard’s
gap condition (1.1) and for arbitrary d > 3, we have

M+N N 2 M+N _ 2 logd
L (3 Tunatun)) wntin) < [ (% Tos-apatime) ) nalan) + NC, 252
R \kp=nm+1 R \k=nm11

M+N

/R( > I[a,b);d(nk33)>2u3(da:) < C,N,

k=M+1



94 K. Fukuvyama, K. MurakaMI, R. OBNO, S. USHIJIMA
where Cy is a constant depending only on q.
Proof. Because we have

1
/ 1ia.0):a(P2) 1 p),a(Q) do = / 110.5)(P2)1}00).0(Q1) da
0 0

for coprime positive integers ) < P, we obtain

1

1
/ Lia,p) (Pz) 1) (Qr) dx —/ 1ia,0):a(P) g p):a(Q) dx
0 0

1 ~ ~
= / l[a’b)(Px)(l[a,b)—1[a,b);d)(Qaj)daj < Z l[a,b)(Ql/)l[a,b)(—Pl/)
0 lv|>d/ P
2 Q
< - Z “)<E(1A
= 2PN T2 = 2
ﬂ'PQ >d/PV WPQ( > P( dQ)
We prove
/ 110 5):a(nj @) La p).a(nx) pr(de)

(2.3) R

~ 1n
< / 1[0,b—a);d(nj )1[0 b—a); a(npx) pr(dx) + 2— (1 N ——k)
R N j

for arbitrary j < k. Because we have

~ ~ ~ ~ n
/ 1ia,0);a(n;7) 11 p).a(nx) prr(d) =/ 1[a,b);d($)1[a,b);d(—kﬂf) pr(dr),
R R g

we see that it equals to 0 if ny/n; ¢ Q, and the inequality (2.3) holds in this case.
Otherwise, we can write

(2.4) — ==
where P > (@) are coprime positive integers. In this case we have

1
/l[a,b);d(njl’)1[a,b);d(nkx)MR(dw)=/ 1(0,6):a(P2)1[qp)a(Qx) da
R 0

and thereby
(2.5)

1
‘/R1[a,b);d(njx)]-[a,b);d(nkx)NR(d$)_/ 1105 (P2) 1100 (Qx) d| <
0

By applying (2.1) and (2.2), we have

1

1
/ 1[a,b) (Paj)]—[a,b) (Qx) dr < / 1[O,b—a) (Px)]-[O,b—a) (Ql’) dx
0 0
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These together with

1
/ 1oy (PE)T 0,00y (Q) d
0
- _ n;
< | Lop—a)a(n;r)Liop—a);a(neT) pr(dr) + — (1 A ——)
R n j

imply (2.3).
By applying (2.3), we have

M+N 2
[ (3 Tuwtn)) untao
R \g=M+1
M+N
= Z {/ l[ab)d(nkx)ﬂR(dx ) +2 Z / ab)d(”kx) fa.): (5 )“R(dx)}
k=M+1 /R j=M+1
M+N B 9
< 3 { [ B umsuntan +
k=M+1 /R
~ 1n
o B ([t it 229)]
j=M+1 J

M+N MAN k-l i
S/R( Z l[o,b—a);d(nkx)> pr(dr) +—+4 Z Z J( /\__)

k=M+1 k=M+1j=M+1

To have the first inequality of Lemma 2.2, it is enough to bound the last summation of
the above formula. Fix j arbitrarily and let L be the largest [ such that n;y;/n; < d.
Since ¢¥ < njir/n; < d, we have L < (logd)/(logq). For | < L, we have

N d n; A
and for [ > L + 1,
Ny (1 AL ng+z) o _ny mysrer 11
nj N don; Mjtt Mjrer Mg dgtthe

since nj4;/n; > njyr+1/n; > d. Hence we have a desirable estimate below

> n; 1TL_|_l logd q
> (1/\ ; > Zcl 2 clqlL1 dlogq+d(q—1)'

n
1—1 It I>L+1

Let us prove the second inequality of Lemma 2.2. First we prove

(26) ‘/ I[a,b);d(njx)I[a,b);d(nkx) :U’R(dx) < —
R
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When ny/n; is irrational, the left hand side integral equals to 0 and (2.6) is clearly
valid. Otherwise, by expressing ny/n; by (2.4), and by applying the expression (2.1),
we have

~ ~ L ~ 1 Q n;
Lo (nix)Lli, p (ngx dx :/1a Px)1y, p)dr| < — < 2 = 2L,
[ T 0500 T 1) )| = | [ T (P T (@) | < 5 < B = 2
This together with (2.5), implies (2.6). By applying (2.6), we have
M+N 2
/( Z l[a’b);d(nkx)> uR(d$)
R \p=n+1
M+N
= > {/ 17, y.a(ner)pr(de) + 2 Z /1[ab)d(nk$) [a,b);d (5T )MR(dJ?)}
k=M+1 /R j=M+1
M+N
1 1nk
< .
< ¥ { +o+2 Z ( (1/\dn]>>}
k=M+1

4
1 1 2 210gd 2q 1 1 2 2 2q
<N(— - )<N(— - )
- 4+d+q—1+dlogq+d(q—1) - 4+3+q—1+logq+3(q—1)

O

The next two lemmas are very convenient to give an error estimate while approxi-
mating a sum of functions by a martingale. Proofs can be found in [6, 9, 8].

Lemma 2.3. If g is a bounded measurable function with period 1 satisfying
fol g =0, then for all a < b and A\ > 0, we have

/ab g(A\x) dx

Lemma 2.4. Let g be a trigonometric polynomial with period 1 and degree d
satisfying fol g = 0. There exists a constant 6’(1 depending only on q such that, for any
integer L and for a sequence {\} of real numbers satisfying Hadamard’s gap condition
Met1/Ae = qg>1 and A\ > 1,

_ ol
A

/LLH(;%ig(Akw)y Sé(ly%lg >4

Final lemma we present here will be used to control asymptotic behaviors of two

gaussian processes. The proof is based on the path properties of gaussian processes and
can be found in [9].
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Lemma 2.5. Let {Zy} and {Z} be standard normal i.i.d. Suppose that {vy}
and {v}.} are sequence of positive numbers satisfying c1i < v; < coi, dii < v < dai,
and v; < v, + i for some 0 < ¢1 < ca < 00, 0 <dy <dz <00, and 0 <y < co. Put

Ipg =M(M+1)/2, By =v1 4+ +on, By =V 4+ + 0y, and ¢(z) = 2xloglog x.
Then we have

Ja < Tm

Zi| < lim —— +7 < Vdo+ 7, as.,
k;:M " = Moo ¢(lar) &l 2tV

2. %

k<

where both of limsups above are constants a.s.

§3. Law of the iterated logarithm

In this section we prove the following proposition, which gives sufficient conditions
to have the law of the iterated logarithm for lacunary series. It is very easy to verify
these conditions for some variations of geometric progression.

Proposition 3.1.  Suppose that a sequence {ny} of positive numbers satisfies
Hadamard’s gap condition (1.1). Let d > 3 and suppose that the condition

(3.1) inf{|nk1/ — | /my ‘ 1<I<k, 1<V <d, npv—nv/ # 0} >0

is satisfied. Then there exists a real number C(a,b;d) such that

N
— 1 ~
(3.2) ]\}1_r>noo 2NloglogN‘Z Lia,p);a(nkz)| = Cla,b;d),  a.e.
v k=1
and
log d
(3.3) C(a,b:d) < C(0,b — a:d) + Cq%.
By putting
1 N o 2
Ea,b,d—]\}E}looN/R<Z 1[a,b);d(nk$)> pr(z) and
k=1
1 al 2
2 . =
Qa':h_m_ 1a,;nkx>/~LRx7
b e N 11(,;::1 o.4ya(4) (=)
we have
(34) T4,bid < C(a7 b; d) < Ea,b;d-

If (3.1) holds for all d > 3, then there exists a real number ¥ such that

— ND; —__ ND
(3.5) fim AL S o yinee} g
N—oo /2N loglog N  N—oo /2N loglog N

a.e.
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and

(3.6) sup im0, < S < sup  lim Ty

0<a<b<ld—00 0<a<b<l d—oo

Especially, if there exist non-negative numbers o, p.q and o, such that

N 2
. 1 ~ .
(3.7) A}l_r)noo N /R<1; 1[a,b);d(nkx)> pr(z) = aﬁ,b;d and dlggo ai,b;d = Ug,ba
then we have
(3.8) Y= sup o0gp.

0<a<b<l1

The next lemma gives an easy sufficient condition to have the condition (3.1) of the
previous proposition. The most typical example satisfying this condition is a positive
diverging geometric progression.

Lemma 3.2.  Suppose that a sequence {ny} of positive numbers satisfies Hadamard’s
gap condition (1.1). If {ny} satisfies the condition

(3.9) #({ns1/ni1J €NYN16,Q]) <o forallQ > g,

then it satisfies (3.1) for all d > 3.

Proof. Taked >3,1<v,v <d,and 1 <[ < k arbitrarily. We use the following

estimate:
F—1 .
i1 i+1
npy — v = l/H Ity > H ER A PO
nj nj

j=l j=l
If k—1>log,(d+ 1), then
k—1
Bl _g> gl —d>1
, n; - o
7=l

and hence we have
ngy —nv > ny.

If njyi1/n; >d+1 for some j € {l,...,k— 1}, then we have
k—1

/,’L.
Jj+1 _dZ 17
nj

j=i
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and hence we have the same conclusion. Let us consider the case when k—1 < log,(d+1)
and nj11/n; <d+1for j=1,..., k— 1. Because of the condition (3.9), only finitely
many values of n;11/n; can belong to [¢,d + 1]. Hence

k—1 n
-
n;

g=l

can takes only finitely many values in this case, and thereby

k—1

D ::min{ H Rgtl, #0 U3} <d+1(=1l....,k—1), k—l<logq(d+1)}
L n

is positive. Hence we have |nxv — nyv’'| > Dny in this case. O

To prove Proposition 3.1, we follow the method of martingale approximation given
in [1], which originated with Berkes [3] and Philipp [14].

We take an arbitrary integer L and prove (3.2) for a.e. € [L,L 4+ 1). Let us
divide N into consecutive blocks Af, Ay, A, A, ... satisfying #Aj = [149log, ] and
#A,; =1i. Denote i~ = minA; and iT = max A;. We have

ni— [NG—1)+ > @?1o8at =49,

Put u(i) = [logyi*ng+ ] + 1 and let F; be a o-field on [ L, L + 1) defined by
Fi=o{[L+j27"D L4+ (j+1)27@) | j=0,... 240 _ 1},

Note that i*n;+ < 2 < 2i*n,. Put

Topai(@) = > Ljappamez), Thpai(@) = > Lapa(ne),
keA; kel

Ya,b;d;i - E(Ta,b;d;i | Jrz) - E(Ta,b;d;i Jri—l)-

Then {Y, p.a;i, Fi} forms a martingale difference sequence. Here let us prove

(3'10) ||Ya,b;d;i - Ta,b;d;i| |00)/i37
(311) ||Ya2,b;d;i - Tf,b;d;i' oo T 2||I[a,b);d |O°)/12’
(312) ||Y¢;L,b;d;i - th,b;d;il |00 + 2||I[a,b);d||00)'

oo + 2| Lia ).

oo < (||Ifa,b);d|
oo < 3||I[a,b);d |OO(||IEa,b);d|
o < 15||I[a,b);d||2o(||1fa,b);d

IfkcA;andxcl=[L+527*0 [+ (j41)27#%)) € F;, then we have

L0.0).a(x) — ELgpy.a(ng - ) | Fi)| = ‘|I|_1 /I(I[a,b);d(nkx) — Topy.a(ny)) dy

oonk/i4n7;+

< max [1jq,p).a(ne) = Ljaya(niy))] < 11, py.alloonu2 P < 11, 4.4l
yel

< Tyl /i
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Hence we obtain
|Ta,b;d;i - E(Ta,b;d;i | ]:z)| < ||ifa,b);d| oo#Ai/i4 = ||Ifa,b);d| OO/ig-
Take J = [ L+ 527 #0=D [+ (j 4+ 1)27#0~D) € F;_;. Then by Lemma 2.3, we have

|w2u(i—1)/nk

B apyalne ) | Fior)| = \wl /J Liabya(niy) dy\ < [ Tjapya

< Tapyialloo2(i = 1) *ngony+ /mi- < 20| Tapyallo /i
Fie1)] < 2L japyalloc™ A /3% = 2||1ja p)alloo /3%, and (3.10) is proved.

loo < i||i[a’b);d||oo, we have

Thus |E(Ta,b;d;i
By ”Ta,b;d;i

||E(Ta,b;d;i | -Fi)Hom ||E(Ta,b;d;i

fi—l)”oo < i||I[a,b);d|

00
Hence we have
||Ya,b;d;i||oo < 2Z.||F1v[a,b);d |oo: ||Ya,b;d;i + Ta,b;d;iHoo < 3i||1[a,b);d
Y2 ha: + T2 peasillos < 562 110,0):a

|OO7

|2
J

|00||Ya,b;d;i + Ta,b;d;iHoo
o0, We have (3.11) and

By applying these to ||Y2y 5 — T3 b0
and (|30 — Topiaiilloe <
(3.12).

If we expand Tf,b; 4 into trigonometric polynomial, the constant term is given by
Vabidii = Jg Topa:i(®)ur(de). Denote by D > 0 the infimum given in (3.1). The
polynomial Tib; di — Va,bid;i has at most 8(d + 1)%i? terms and the absolute values of

|oo < ||Ya,b;d;z' - Ta,b;d;i
Y2 b0 — T pasilloo | Y g + T el

frequencies are greater than Dn,—. Therefore, by Lemma 2.3 again, we have
|B(T2 piai — Vabsasi | Fi1)| < 8(d+1)%%(1/Dng- 200~ = O(1/8%).

Hence we have

M
(313) > BT s | Fit) = Busase]| =0
=1 [e’e]
where B b = Y 1n ) Va bidsi-
. . M
Since (3.11) implies ||>°,2, (E(Y(ﬁb;d;i | Fic1) = E(T] .45 | ]:i—l))”oo = 0(1), we
have

(3.14)

M
Z E(YaQ,b;d;i | ]:i—l) - ﬁa,b;d;MH = 0(1)
=1

[e.9]

Denote lpy = M(M +1)/2. By Lemma 2.2 we have

., logd
(315) Va,b;d;i < V0,b—a;d;i + 'LCq g ’
(316) Va,b;d;i < qua

(317) Ba,b;d;M < quM
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Now we use the following theorem by Monrad-Philipp [12] which is a version of Strassen’s
theorem [16].

Theorem 3.3.  Suppose that a square integrable martingale difference sequence
{Y;, Fi} satisfies

M oo
Vi = ZE(Yf | Fi1) = o0 a.s. and ZE(n21{222¢@}/¢(m)) < 00
i=1 i=1
for some non-decreasing function ¢ with (z) — oo (x — o) such that 1 (z)(log z)*/x
is non-increasing for some o > 50. If there exists a uniformly distributed random
variable U which is independent of {Yy}, there exists a standard normal i.i.d. {Z;}
such that

Y Vil oy =D Zi+o(tP(@()/)/), (t—>o00) as

i>1 i<t

We prepare another probability space on which a uniform distributed random vari-
able U and an i.i.d {&} with P({ = 1) = P(§ = —1) = 1/2 which is independent of
U. Let G; be a o-field over this probability space which is generated by {&x}r<;+. Put
g = ZkeAi Eko-

We make a product of [ L, L+ 1) on which {Y}} is defined and this new probability
space, and regard Yy, U, and = as random variables on this product probability space.
Take € > 0 arbitrarily and put

~

M
_ ~ ~ So ~
Ya,b;d;s;i = La,b;d;i + ez, Jrz - fz X gi7 Va,b,d;s;M - E E(Ya,b,d;g;i Fi—l);
=1

~ 2. I~y 2
Va,b,d;e;i = Va,bid;i + €7, Ba,b,d;s;M - Ba,b;d;M +e lM

Clearly {?a,b;d;e;i, ]/-:1} is a martingale difference sequence.
By Lemma 2.4 and (3.12), we have

||?a,b;d;€;i 4 < ||Ya,b;d;i||4 + [|IZilla = ||Ta,b;d;i||4 +[Zilla +0(Q1) = O(i1/2)7
or
EY g = O(P).
We have
E(?a%b;d;e;i | Fis1) = E(Y yqi | Fic1) + €%,
and hence

M
Va,b;d;s;M = ZE(Yﬂib;d;i | -Fz'—l) + €2lM > €2lM — 0.
=1
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We owe Aistleitner [2] this idea to prepare an independent rademacher i.i.d. to assure
growth of Vi p.4.e.ar. By (3.14), we have

(3.18) ||‘7a,b;d;s;M - Ea,b,d;s;M”oo = O(l)

Hence by putting ¢ (x) = x/(log z)>!, we have

?Qb.d.s.l o2 % 2 102
a,b;a5e51 {Ya,b;d;a;i2¢(Va’b;d;5;i)} a b d [N A _ ? (]Og ll) —
> ! ) < 3o e o5 EE o),

i /QD(Va,b;d;e;i)

BY(318) aIld‘/OLbdsM VabdsM 1>52]\4_>OO WehavevabdeM 1<ﬁabd€M<
VabdeM—i—l for large M. Hence Vabd“ < ﬁadeM is equivalent to i < M — 1 or

i <M. By ||[Yapdeilloo = O®i) we have
M
> Vbl (Vs <Bopoasens} = ZYabdsk+O ZY bidiesk + 0(P(lar)),
i>1 k=1 k=1

where ¢(x) = v/zloglogx. By (3.17) we have B\a,b;d;e;M = O(lpr)- By applying Theorem
3.3 and putting ¢t = B4 p.d:e;m, We have

ZYabdek—ZYabdsz {V,b,d,a,z<,3abdaM}+0 ¢(lar)) Z Zi+o(o(lm)), as.

k=1 i21 i<Babidse; M

and

M

Z YO,b—a;d;e;k = Z Zz/ + 0(¢(lM)), a.s.
k=1 iSBO,b—a;d;E;M

where {Z!} is another standard normal i.i.d. By (3.15), (3.16), and (3.17), we have

Tabidiesi < V0p—asdsesi +1Cq(logd)/d, €%i < Vapaiesi < (Cq + €%)iy €%l < Bapazemr <

(Cy + €)lp. By applying Lemma 2.5, we have

logd
d

+1/Cq

S 1 S 1
Tm —— Zi|l< Tm —— Z!
M—o00 ¢(ZM)’ AZ T M—oo ¢(lM)‘, ~ Z

1<Ba,b;dse; M 1<B0,b—a;d;e; M

where both limsups are constants. Hence there exists a constant C'(a, b; d; ) such that

M
1 S — 1
(319) ]\}E)noo m k; Ya’b;d;g;k = ]\Jhi)noo m‘ | AZ Z’L = C(CL, b, d, 8), a.s.
- ZSﬂa,b;d;s;M

satisfying an inequality below:

(3.20) Cla,b;die) < C(0,b—a;d;e) +1/Cy 103 d
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Clearly we have

Jim ¢ lM a.s.
Hence dividing
M M
a,bidsk Vo,bidies <D Yopaw| +|> €5k
k=1 k=1
by ¢(lpr) and taking limsup, we have
M M
lim ——|» Y, —e<C(a,b;die) < lim ———|> Yopa S,
Mo o(Iar) kzz:l abidik| € (e, 2 M b o(lar) kz_l abidi| TS 8

By letting ¢ — 0 we have

= hm C(a,b;d;e) :=C(a,b;d), a.s.

a,b;d;k

lim

By (3.20), we have (3.3). By noting (3.10), we have

M M
3.21 lim ——— Tob-d: lim b;d), .S.
( ) Mli)noo Q5(ZM) I; bidik Mlinoo ¢5 lM Zl a,bidik CL ) a8

Since this conclusion is valid over the product probability space with probability 1, by
applying Fubini’s theorem we see that it is valid on [L, L + 1), a.e

We here apply (1.2) and Koksma’s inequality by noting Z?il[l + 9log,i] =
O(M log M), we have

M

/ —
Z Tavb;d;k o

k=1

O(+v/M log M loglog(M log M)) = o(\/1n1),

and thereby

=0, a.e.

This together with M+ =l + S0 [1+ 9log,i] ~ Iar and (3.21) implies

Z Z ab) d TLkil'J)

=1 k€AJUA;

NNV o M+

=C(a,b;d), a.e.

Moreover we have ZkeA'MuAM ||i[a7b);d(nk Nloo = 0(¢p(M ™)), and hence

N

ab)d ngx)| = C(a,b;d), a.e.

N—)oo
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Here we prove (3.4).

We prove
(3.22) /R (i Ta,b;d;i(ﬂi)> 2 pr(x) = Bapia:m + O(1),
i=1
(3.23) /R (ﬁ; Té,b;d;i@)) 2 pr(z) = o(la).

If je A; and k € A;14, then n;/ng < 1/¢%1°84% = =9, Thus we have

\ [ Tt asiis @t
R

by (2.6). If j € Ayand k € Ayyy (1 >2), wehave k —j > #A; 1+ + 701 >
(i + 1)+ (i +1—1))/2, and nj/ng < 1/¢"/?+H+D/2_ Thereby

i(i+1)
‘/RTa,b;d;i(f'?)Ta,b;d;iJrl(@MR(CW) < D2

<#AFN 0G0 =0377)

Hence we have -
>

i=1[=1

< 00,

/Ta,b;d;i(x)Ta,b;d;iJrl(x)ﬂR(dx)
R

which implies

M 2 M
/R<Z Ta,b;d;z‘(ﬂi)) pr() = Z /RTf,b;d;i(x) pr(x) + O(1) = Bapa;m + O(1).

If] € A; and k & A;-i-l (l 2 1), thenk—j 2 #Ai+"'+#Ai+l—1 2 (7:+(7:+l—1))/2.
In the same way as before, we have

log, ilog, (i + 1)
< O(ZZ qi/2+(H=1)/2 ) = 0(1),
i=1 1=1 i=1 1=1

abdz abdz—i—l( ):U’R(dx)

and

/R<§ Té,b;d;i(x)>2MR(a:) = i:i/RT(fb;d;i(x) pr(z)+0(1) = O(M(log, M)?) = o(lr).
By
(li/R(iT“’b’d”(x)f“R“))1/2 ([ (St )

i=1
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we have
M 2 R
/ (Z Topa:i(x) + Té,b;d;i(x)> pr(T) = Bapda;nr + 0(lnr) = Bapidie:ns — Z‘32lM + o(lnr)-
R \i=1

By definition of g2 , ; and Egﬁb; 4> we have

2
2l +ollan) < | (Z a0+ Thanai(®) ) inle) £ il +olla),
and hence we have
(@2 pa + ) + o(lar) < Ea,b;d;e;M < (@5 pia + ) + o(lag).
By (3.19), we have
(08 a+ €)' < Cla,bidie) < (05 4a+7)'72,

we have (3.4) by letting € | 0.
Now we assume (3.1) for all d > 3. We apply the fundamental proposition below:

Proposition 3.4 ([10]).  Let {ny} be a sequence of real numbers satisfying
(3.24) ny # 0, |ngr1/nel >q¢>1 (k=1,2,...),

and w be a permutation of N, i.e., a bijection N — N. Then for any dense countable
set S C [0,1), we have

— NDy{ngwa} _ 3
lim sup  lim Liab) (Neo(r) )
N=oo v/2N1oglog N  s3a<bes N—oo /2N log logN
N
= lim
ocnh i N e AN loglogN — Liun (1eo9?)
(3.25)

— NDy{ng 1 ~
lim NAUETORS) =sup lim )
N—oo /2N loglog N  4es N—oo /2N loglog N P

= sup lim

N
1 ~
1 a w ,
0<a<1N—00 2NloglogN‘Z [0,0) (N (k) ®)

for almost every x € R. If we denote the d-th subsum of the Fourier series of i[a,b) by
I[a’b);d, we have

N

_ 1 - _ 1 _

li 1, = = lim i 1, p):0(Ne
Nohso V2N loglog N ‘kz::l (@.0) (No(h) ) o0 N oys \/2NloglogN‘kz=:1 a0y )

for almost every x € R.
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By applying the proposition for w(k) = k, we have
—  NDy{ngx}

lim = sup lim C(0,a;d), a.e.,
N—oo y/2N loglog N og<q<1d—o0

sup lim C(a,b;d), a.e.

lim =
N—oo /2N loglog N o<a<b<1d—o0

Clearly we have

sup lim C(0,a;d) < sup lim C(a,b;d),
0<a<1 d—o0 0<a<b<ld—o0
and by (3.3) we have
lim C(a,b;d) < lim C(0,b— a;d),
d—o0 d—o0
and hence we have
sup lim C(0,a;d) = sup lim C(a,b;d) =X,
0<a<1 d—o0 0<a<b<ld—o0
which shows (3.5). By (3.4), we have
lim 0,4 < lim C(a,b;d) < lim T pa,
d—o0 7 d—o0 d— oo

which implies (3.6). The formula (3.8) is clear from this inequality and (3.7).

§4. Random ratio

We prove Theorem 1.2. By the condition (1.6), we can verify Hadamard’s gap
condition (1.1) for {ny}. We can also verify that the condition (3.9) holds. Actually,
all njy1/n; belongs to the set {b/a | a € A,b € B}. By (1.6), we see that A is a
finite set, and for fixed a € A, the number of b satisfying b/a € [¢q, Q] is finite. Hence
{b/a € [q,Q]]|a€ A,be B} is proved to be finite set and the condition (3.9) is verified.

By applying Lemma 3.2 and Proposition 3.1, we see that there exists a 3 such that

(3.5) holds.
We put
1 00 .1
0 1”0
and verify that it is well defined for f = I[a’b);d and f = I[a’b). We first note
/R Ta.):a (k) L,y (1) p (d) = /R Tia.):a () 10 ya((nh12/n) ) R (der)
~ ~ Yk—H .. -Yk—l—l >
= Lio0):a(x)Ligp): x dx
/R [a,b);d(T)1] ,b),d(XkaXkH pr(dz)

1
= / 1[a,b);d(Xk+l .. -Xk—i—lx)]-[a,b);d(yk—l—l .. -Yk—l—lx) dx.
0
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By applying the inequality (2.6) to the above formula, we have

1
/ Tip)a(Xnt1 - X)L g pya(Yer - - - Yiz) dz| < 2 % < %

0 N+ 4
Putting £ = 0 and by noting that we naturally have ng = 1, we see that the se-
ries appearing in the definition of o2 (I[a,b);d;E(Xl,Yl)) is absolutely convergent and
02(~[a py:a; £(X1,Y1)) is well defined. By noting (2.1), |‘~/(x &y,m)| <1l,and X;... X} >
q*, we see that the series appearing in the definition of ¢ ( [a,b); £(X1,Y1)) is also ab-
solutely convergent and o (1[a b)i L(X1,Y7)) is well defined.

(4.1)

Since l[a b);d converges to 1[a p) I L?-sense, we have
1
im [ Lgpya(Xer1 o Xeri®)Lapya(Yet - - Vi) do

d—o0 0
1
= / l[a,b) (Xk—H .. 'Xk—l—lx)]-[a,b)(yk—l—l e Yka) dr.
0

Because each term is bounded by 1/¢' which is summable in I, by applying Lebesgue’s
convergence theorem for series, we have

0o 41
lim Z/ Lapyia(Xev1 -+ Xer1®)Lap):a(Yetr - - Yepiz) do
0

d— oo
k;:

0 1
= Z / 1[a,b) (Xk_|_1 .. -Xk—l—lx)]-[a,b) (Yk—l—l .. -Yk—l—lx) dx.
_1Y0

Since the absolute value of the above series is bounded by )", 2/ q* < oo, by taking the
expectation and by applying bounded convergence theorem, we have

(4.2) lim 0®(11qp).0; £(X1,Y1)) = 02 (Lja); £(X1, Y1)

d— o0

Hence we have verified the second formula of (3.7) for 02, , = o* (I[a’b);d;lj(Xl,Yl))
and o}, = 0 (I[a,b); L(X1,Y1)). Now we verify that the first formula of (3.7) holds with
probability one. By applying the above formula, we have

%/ (ii[a’b);d(nkﬂUOQNR(dx)
N-1N-I

2 ~ ~
== Z/ fa0)a( )RR (dT) + — > Z/ L(a,0):a (M) L[ap):a(Mit12) pr(d2)

=1 k=1"R
N—1

1 N—
= / fa,b);a(T) dz + 2 Z Z/ L) (Xet1 - - Xi12) g pysa (Vies1 - . - Yeuz) dz
0 : :

— / I%a’b);d(a:) dx + 2 Z E/ I[a,b);d(Xl o Xlx)I[a,b);d(Yl ce Y}x) dx.
0 I— 0
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The last limiting procedure is verified in the following way. Firstly, by the law of large
numbers, we have

1 ~ ~
N Z / 1[a,b);d(Xk+1 .. -Xk—i—lx)]-[a,b);d(yk—l—l PN Yk—l—ll') dx
k=1"0

1
— E/ 1[a,b);d(Xl . Xla:)l[a,b);d(Yl - Y}x) da:, a.s.
0

since the summands form a sequence of [-dependent identically distributed sequence of
random variables. Secondly, by (4.1), we have

1 Lo ~ 2
‘N Z / 1[a,b);d(Xk—|—1 ce Xk—l—lx)]-[a,b);d(yk—l—l PN Yk—l—ll') dx S q—
=170

where the right hand side is summable in [. Hence by Lebesgue’s convergence theorem
for series, we can verify the last limiting procedure.

Since JQ(I[a’b);d;,C(Xl,Yl)) depends only on a, b, d, and £(X;,Y1), by (3.7) and
(3.8) we see that ¥ depends only on £(X1,Y7).

Finally we prove (1.9) by assuming that A and B consist of odd numbers. Suppose
that P and @ are positive odd integers. In this case we have (P/2) = (Q/2) = 1/2. By
(2.2), we have

V((Pa), (Pb), (Qa), (Qb)) <
and see that the equality holds if a = 0 and b = 1/2.

By (2.1) we see that o2(1 [a,b); £(X1,Y1)) takes its maximum value when a = 0 and
b = 1/2. Hence we have

>

o0

~ 1
2% = 0*(Lp,1/2); L(X1, 1)) = E(Z +
k

2 JR—
4X1...XkY1...Yk> T4 Z;

=1 E(Xl,Yl)

which shows (1.9).

§ 5. DPeriodic ratio

We prove Theorem 1.3 by applying Proposition 3.1. In this case the condition (3.9)
is clearly satisfied, and then by Lemma 3.2, the condition (3.1) can be verified for all
d > 3. Since the sequence clearly satisfies Hadamard’s gap condition (1.1), we can
verify that (3.5) holds for some constant ¥. We evaluate o, p,q and o4 in (3.7). Denote
0,=06,...0,,

~

gd(aj) = 1[a,b);d(x) + I[a,b);d(elx) + I[a,b);d(el(gQaj) +o T+ I[a,b);d(el ce 07’—137)7
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and

o(fi61,...,0,) /f(w)f(elw pr(dr)
_/RfQ(J?)NR(dx)-I-Q; 1<g<k<7’</ flx j - Ok—12) pr(dr)

fx 9 10,10, ... 0,2) pr(dx)
+fre )

where we obey the convention 6;...0,_1 = 1 if j = k. Since we have

Agﬁ(x)MR(dx)— > / () (01 - 05-17) L g p).a(61 ... Op—12) pr(da)

1<j=k<r

+2 ) / )01 - 05121 jg py:a(01 - .. Op17) pr(de)

1<j<k<Tt
:7'/ I%ab).d(x)uR(daj)
R
+ 2 Z / [a,b);d (T ab)d(9 . Op—17) pr(dr),
1<j<k<r

and

/ 9a(2)ga(02) pur(d)

= > /1[ab)d 0;12)Ljq,4).q(6401 . .. O 1) pur(dz)

1<j=k<7

+ Z (/RI [a,b); d 9 ej_ll')/]i[a’b);d(@iel .. .Ok_ll') uR(d$)

1<j<k<Tt

_|_

LT

Liap)a(01 - - Op—12) L1 p).a(0L01 . 9j—193)uR(d33)>

:T/RI[a,b);d(x)l[a,b);d(eix)MR(dx)
+ > (/ 000 (%) L0 py:a(0L0; . . . Op_12) pr(de)

1<j<k<T

+ / I[a’b);d(aﬁ)/i[a’b);d(ei_lel oo b0y ... 0 x) ,uR(d:c)) ,
R

we can verify

(5.1) a%i[a,b);d;eh...,e»=§( /| dh(e) () + 23 /| gd<x>gd<eix>m<dx>).



110 K. Fukuvama, K. MURAKAMI, R. OHNO, S. USHIJIMA

By applying (2.6), we have

‘/ ga(x)ga(0x) pr(de)| <

el

*

we see that the series converges absolutely and o2 (i[a’b);d; 01,...,0;) is well defined. We
also apply Lebesgue’s convergence theorem when d — oo to have

lim o (l[a b); d,01, PN ,(97-)

d—o0
(5.2) 1 ‘ ) > ‘ .
= —| lim / 95(x) pr(dx) +22 lim / ga(x)ga(0.x) pr(dz) .
We can verify (3.7) for O'g,b;d = o? (I[a’b);d; 01,...,0;) as below:

%L(k]\éi[a,b);d(nkx)>2ﬂR(dtx /(ng (pF—1 ) g (dx)

N— lN I
:/Rgd( ) pr(ds) + ; T/ ga(x)ga(0'x) pr(dz)

R

—>O'2( [ab)d,el,... )
By denoting
H(®) = lim L(0.0):a(2) Ljap)a(02) pr(dz),
—0 JR
we have
O-g,b = lim 02(I[a,b);d; 91, . ,(97-)
d—oo
> 1
1)+2> (H(ei) + = Z (H(0L0;...0k—1) + H(OL01...0;_10y ... 97))>.
1=0 1<j<k<r

When 7 = 2, we have

+2Z( (H(0L6,) + H(0L 92))>

and we see that it is invariant under substitution of #; and 5. It proves (1.11).
When 7 = 3, we have

02, = — H(1)+ 22(1{ 0!
=0

H(00,) + H(0L0:) + H(0L03) + H(6L0,05) + H(0L0203) + H(919391)>

3
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and we see that it is invariant under permutation among 61, 65, and 3. It proves (1.12).
We consider the case when 6; = p;/q; for odd p; € B and ¢; € A. Put s; = p;q;,
Sy =81...87, Px =P1...Pr, and ¢« = q1 ... ¢-. In this case

1
H(0.0; ... 0x-1) = lim ; Lo by:a (0Lp) - Pe-12) 10 )a(ddy - - - qp—12) dx

1
= /0 L) (0Lps - pr—12) [ p) (¢ qj ... qu—17)dx
 V({(Ppj .. pe-1a), (P\pj ... pe-1b),(dLa; . .. ar—1a), (¢ q;j .. . qr-1b))
sisj e Se—1

1
T 4sls;. . sk

)

where equality holds when a = 0 and b = 1/2. Similarly we have

V( <pip1 e Dj—1Pk - - - D7), <pip1 e Dj—1Pk - - -D7b), >

l l
W1 Qi—1Qk - -Qr0),{Q.q1 . - qi—1qk - - - G- D
H(0L01...0;_10;...0,) = (@1 Qg2 4r@) Gty - djade - 4r0)

shsy...8;_15... 57
1
T 4sbsy ... 8 18k ... 8,

)

where equality holds when a = 0 and b = 1/2. Hence we see that o, ; takes its maximum
at « =0 and a = 1/2 and its maximum equals to

) (R ) P ( >
4( + ;Si—i_TZ Z SEij,,,Sk_l+Si81...8j_18k...87— >

1=0 1<j<k<r

4(s. — 1) T i Ther N8P She1 S1...8j-18k... St

1 2
:m<l—l—s*—l—; Z (sj...sk_l—I—sl...sj_lsk...sT)).

1<j<k<Tr

§6. Union of geometric progressions

We prove Theorem 1.4 by assuming 6, < --- < 6,. First we recall an outline of the
proof of Theorem 1.1. For a function of bounded variation over the unit interval with
period 1 satisfying fol f =0, we define

fol y)dy if 0 satisfies (1.4),

0'2(f,9) = 1 .9 oo 1 k k . : :
fo fFly)dy+2>,_ 4 fo f(@"y) f(¢"y)dy if 0 is given by (1.5).
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We have
1 N 2
. o k o
(6.2) lim O'(I[a byds ) = U(I[a p),0), uniformly in @ and b
d—o0 e ’
(6.3) Yo= sup oL, 0)=0(1p1/2),0),
0<a<b<1

when 6 satisfies (1.4) or is given by (1.5) with odd p and ¢. Details are given in section
2 of [8]. See also [6].
Fix a positive integer d arbitrarily. Let 1 <4, j <7 and 1 < v, v/ < d, and denote

My = {k € N | [logg, (w07 /v'0})| > 1/27d’ for all | € Z}.
The condition defining M;.; .,/ is equivalent to
(klogg, 0; + (logg, v — logg, V)" > 1/2rd?

where (z)* denotes the distance between z and the nearest integer of . Since logy 0;
is irrational, we see that

# (M N[1L,N]) ~ (1 —1/7d*)N, (N — o).

Denote
Mi=() ()| Mijv and R; =M.
j#i 1<v,v’'<d
We divide the sequence {6F}ren into the main part {65} ens, and the remainder part
{05} ker,. Let {n3} be an arrangement in increasing order of

LJ{ef}kEAh'
=1

Denote the sequence {#7},cr, simply by {ng)} kEN-
By noting logy = < logg, z (x > 0), by definition we have logy, (vny/v'n;) > 1/27d3
if k, 1 e N, 1<w,v <dandwvny/vn) > 1. If we consider the special case v =1/ =1,

3
we have ng/ny > 01/ 2T i ng/ny > 1. It implies that the sequence {nj}} satisfies

3
Hadamard’s gap condition with ¢ = 9} /274" Moreover we have

3 3
vng —v'ng > (0270 — 'nf > (0,77 — 1)ng,

if yng, > v'nj. It verifies the condition (3.1) for {n}}. Hence we can apply the first half

of Proposition 3.1 and see that there exists a real number C(a, b; d) such that

N

> Tapya(nge)

k=1

(6.4) lim

N-voo $(N) = C(a,b;d), ae.
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Denote

M;(t) = {k € M; | 6f <t}, Ri(t)={keR;|6f <t},
N2(t) =#M;(t), NO@)=#R;(t), Ni(t)="{keN|0k <t} ~logt/logb;.

We clearly have

#(M;N[1,N]) — #(R;N[1,N])
li ’ > (I5)"% and i L <1/d
N1_>—moo N - ( d) an Ngnoo N - / ’
or ()

lim NE®) > (I9)72% and lim V() <1/d,

i—o0 Ni(t) t=oo Ni(t)
where (13)? denotes 1/(1 — 1/d). By denoting
1/10g9i
1/logy +---+1/log0-
N(t) = Nu(t) +---+ Nz (), N°(t) = Ny (@) +---+ N7(D),

w; =

we have

1 zt%% :g—nolo(No(t) 1/2 . (1_ $>1/2,
— HIND@)  — (N(i)(t))l/Q - (%)1/2‘

li —:1
im im 7

tooo G(N(2))  t—eo
If i #j, k € M; and | € M;, we have v0F # y’@;. for 1 < v, <d, and

(6.5)

/ I[a,b);d(‘91}3«7’?)1/[@1));d(9;3:)/ULR(d;I;) = 0.
R

Hence we have

69 [ (£ 5 Tumatotn) maien -3 [ (5

2
Liapysalt 33)) pr(dz).
i=1 ke M, (t)

keM;(t)

By noting w;(I5)72 < lim, , _ N?(t)/N°(t) < limy_y00o NP (t)/N°(t) < w;, we have
2
]\}gnoo—/ (Zlab)d nkaj> pr(dx)
2
:tli>oo NO / (Z Z (a,b):a(0; $> pr(dx)

t=1 ke M;(t)

— 1 _ L2
S;witlggo N () / ( > 1[a»b)§d(0ix)> pr(dz),

keM;(t)
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and similarly, we have

lim —/ (Z Liab)d nkx> pr(dz)

N—>oo

1 ~ 2
E —2 § : k

keM;(t)

By denoting R;(t) by {m(1) < m(2) < --- <m(N®(t))}, we have

/R ( > I[mb);d@fa;)) 2MR(dgj)

kER;(t)
N (1)

= Z /R]-[ab)d(em(k) z)pp(dr)
k=1

N® (£)—1 N (£)—1

+2 Z Z / Liap);a(f (k)x)I[a,b);d(Q;n(kﬂ)x)uR(dx)
<2NO (1) + 4N(§ 1 N(gj) lem(k) —mlED < phtl 1N @1
< 0, — ;
where we applied (2.6) and m(k) — m(k + 1) < —I. Hence we have

1 - 2 0; + 1 NO(t)
lim —— 1iap): 91%) dz lim 2
HooNf(t>/R<k§<t> carallie) | inldo) < 53 102 2 e e)

0 +1 2/d
0, —11—-1/d = (13)".

By (6.1), we have

N;(t)

NF’;(t) /R( > Tapyal®? x))QﬂR(dl’)

t k=1

(1[(1 b); d;e ) < hm

(6.7) Ny (t)

— 1 ~ ? g g~
< lim Ne @) /R(Z 1[a,b);d(9£€x)> pr(dr) < (I19)20* (g p)a,0:)-

k=1

By applying these estimates to

N;(t)

|</R(kz=:1 I[a,b);d@f@) QMR dx >1/2 (/ ( L
/ ( ()1[(1 b):d(; $)>2MR(dl’)>l/2,
ke R (t

1/2

1ia,0);a(0; 33)) 2Mz%(df'f))
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we have

~ 2 ) 1 ~ 2
(0(Lfapya,0:) — 13)" < lim NO_(t)[R< Z 1[a,b);d(0f$)> pr(dr)

t—oo 1Vy keM; (t)

T 1 = 2 o\ 2
< im Nf(t)L( Z 1[a,b);d(9fﬂ7)) r(dr) < (130 (L0 by, 0i) +13)".

Hence

(Iab d?e) I3\2
wi( [ )IO d) < lim —/ Zlab)d nyx) uR(dx)

i—1 N—>oo
o (7 o\ 2
< lim —/ (Zl [a,b);d (BT > pr(dz) < Zwi(Ida(l[a,b);daei) +13)".
i=1
By Proposition 3.1, we have

a 0 (Ljapyar 0i) — 1572 /2 o) 2
(Zwl( [ )]g d> > C’(a b; d (sz Idg 1[ab)d79)+ld) )

i=1

1/2

Now we recall the following inequality. For any sequence {my} satisfying Hadamard’s
gap condition (1.1), there exists a constant C' depending only on ¢ in (1.1) such that

ngnoo gb

N
Z lab) 1[a,b);d)(mk$) = a.e.

This inequality can be proved by method of Takahashi [17] a detailed proof can be

found in [8] (Lemma 4.1). By applying this and || 1 [a,b) — 2 < 1/d'/? to a triangle

inequality relation

N N
T, 1 g T o g o
N H(N) I; Liapya(nz)| — A}gnoo m kzz:l(l[a,b) — Lja,p)a) ()
R

lim Tia (nhx
= Nooo ¢(N) k; fa.b) (71:)

1 &L N N
= ngnoo o(N) Z:: Lia,b);a(ng) N Liap) — Liap)a) (n) |,

C — 1 C
C(a,b;d) — dl/gﬁj\}_{nooqb <C’(abd)+m

Z 1[(1 b) nkx)
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By combining these, we have

§ U(I[a,b);daei) —I3\2\ C
@ w (=) -
Z l[a b) nka:

By applying Proposition 3.4, we have

. U(I[a,b);da ;) — I3 2) 1/2 C
su Wi -
0§a<€<1 (; ( I ) dL/8

— NDy{n3z} ( 2>1/2 C
< llm ————= < su Ewlala ,0:) + I3 + —.
N—ooo  ¢(N) O<a<12<1 (120 (L, ) + 1) di/s’

< lim
N— o0 ¢

a 1/2
o (/7 o\ 2
= (Zwi(lda(l[a,b);d,ei) +13) > + 7
i=1

On the other hand, since each {n,(j)} is a subsequence of {#¥}, it satisfies Hadamard’s
gap condition (1.1) with ¢ = 6;. Hence by (1.2), we have

. —— < .e.
(6 9) ]\;gnoo ¢(N) = Kt917 a.e
By
N(t) N°(t) r (NO(@)
[a,b)(nkx) < Z [a,b) nkaj +Z Z ab) nl(c) )7
k=1 =1 =
we have
1 N(t) 1 Ne(t)
hm— su 1,0 (ngx) hm— su [a nyx)
t—o0 </5( 0<a<12<1 Z [ b) " t—roo </5( 0<a<12<1 z:l b) b
T 1 N (1)
+ lim ————  su ~a n() ,
;'HOO d(N(t)) 0§a<12<1 kzzl ) (M @)
and hence by applying (6.5), (6.8), and (6.9), we have
o NDpy{ngx}
N—oo ¢(N)
o o o o T (z) ___ ND (4)
< OV o NDy{nga} | S 6VO (W) o NDx{nfz)
t—o00 QS(N(t)) N—oo ¢(N) P t—o0 ¢( ()) N—o0 ¢(N)

1/2

1/2
< sup (sz I50(1(a,b):a: 0:) +I§)2> 78 +Z(wz)

0<a<b<l1
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By letting d — oo, and by noting (6.2), (6.3), I3 — 0, and I3 — 1, we have

_ NDN{nkx ( >1/2 ( T ) >1/2
lim ———= su w;o 1 ab), i = w; g .
NS O(N) et Z a.6), 04) ; :

0<a<b<1
By
Ne(t) N(t) - N(‘)(t)
Z [a,b) nkx [a,b) nkx +Z Z ab) n,(e) ),
k=1 i=1 =
we can derive in the same way
O(N°(t) — NDy{njr} _ — NDy{npz}
lim ———2= lim ———— < lim
t—o0 ¢( (t)) N—oo ¢(N) ~ N—oo (/5(]\7)
T (4)
— ¢(ND(t)) — NDy{n’z}
+ lim lim ,
;t—wo d(N(t)) N—oo d(N)
or
_— ]VI)N{nkx}
)
° — ° T HND@))
i SN0 e NDw{nga} s e dNO(0) o NDw{nya}

oo ON(D) N 0(N) Lz g(N(1) Noee  G(N)

1 i (Ia > 0i) — 17N\ 2 1/2 C T i\ 1/2
S LIRS A

d 0<a<b<l

By letting d — oo, we have

T 2 () = ()

0<a<b<1

which proves the conclusion.
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