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Bounded law of the iterated logarithm for

discrepancies of permutations of lacunary sequences

By

Katusi FUKUYAMA * and Yusaku MITSUHATA**

Abstract

For a sequence \{n_{k}\} satisfying the Hadamard�s gap condition, Philipp proved the bounded

law of the iterated logarithm for discrepancies {nkx}, and gave a concrete upperbound depend‐
ing only on a constant in the gap condition. Recently Aistleitner gave much smaller constant

by using martingale approximation. In this note, we give an almost optimal upper bound

constant and prove that this bound is also valid for a permutation of a sequence satisfying the

gap condition.

§1. Introduction

In this note, we will be concerned with the asymptotic behavior of discrepancies

D_{N}\{x_{k}\} and star discrepancies D_{N}^{*}\{x_{k}\} of a sequence {xk}, defined by

N N

D_{N}\displaystyle \{x_{k}\}=\sup_{0\leq a<b<1}|\frac{1}{N}\sum\overline{1}_{[a,b)}(x_{k})|; D_{N}^{*}\{x_{k}\}=\sup_{0\leq a<1}|\frac{1}{N}\sum\overline{1}_{[0,a)}(x_{k})|,k=1 k=1

where \overline{1}_{[a,b)}(x)=1_{[a,b)}(\langle x\rangle)-(b-a) , 1_{[a,b)} denotes the indicator function of [a, b), and

\langle x\rangle denotes the fractional part of  x.

Philipp [11, 12] assumed the Hadamard�s gap condition

(1.1) n_{k+1}/n_{k}\geq q>1 (k=1,2, \ldots) ,
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and proved the bounded law of the iterated logarithm:

(1.2) \displaystyle \frac{1}{4\sqrt{2}}\leq\varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{n_{k}x\}}{\sqrt{2N\log\log N}}\leq K_{q}=\frac{1}{\sqrt{2}}(166+\frac{664}{q^{1/2}-1}) . a.e.

As Berkes‐Philipp‐Tichy [5] noted, the above result is permutation invariant, i.e., the

inequalities remain valid if we change the order of \{n_{k}\}
Aistleitner [2] gave a preciser estimate when q\geq 2 :

(1.3) \displaystyle \frac{1}{2}-\frac{8}{q^{1/4}}\leq\varlimsup_{N\rightarrow\infty}\frac{ND_{N}^{*}\{n_{k}x\}}{\sqrt{2N\log\log N}}\leq\varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{n_{k}x\}}{\sqrt{2N\log\log N}}\leq\frac{1}{2}+\frac{6}{q^{1/4}} a.e.

Recently, the exact values of \displaystyle \lim\sup became possible to calculate explicitly. When  q is

an odd integer greater than 2, we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{ND_{N}^{*}\{q^{k}x\}}{\sqrt{2N\log\log N}}=\varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{q^{k}x\}}{\sqrt{2N\log\log N}}=\frac{1}{2}\sqrt{\frac{q+1}{q-1}} a.e.,

(Cf. [7]). When  q\rightarrow\infty ,
we have

(1.4) \displaystyle \frac{1}{2}\sqrt{\frac{q+1}{q-1}}=\frac{1}{2}+\frac{1}{2q}+o(q^{-1})
and hence it is natural to expect that Aistleitner�s upper bound estimate in (1.3) can be

improved to 1/2+O(1/q) . Since Aistleitner used martingale approximation technique,
which is hard to apply to the case when the sequence is permutated, it is not clear if the

same estimate is valid for permutated sequences. We try to contribute to these points.
Now we are in a position to state our theorem.

Theorem 1.1. Let \{n_{k}\} be a sequence of real numbers (not necessarily integers
nor positive) satisfy ing the gap condition

(1.5) n_{1}\neq 0, |n_{k+1}/n_{k}|\geq q>1 (k=1,2, \ldots) .

Let  $\varpi$ be a permutation on \mathrm{N}
, i.e., a bijection \mathrm{N}\rightarrow \mathrm{N} . Then for all countable dense

set S\subset[0 ,
1 ) ,

we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{n_{ $\varpi$(k)}x\}}{\sqrt{2N\log\log N}}=\sup_{S\ni a<b\in S}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b)}(n_{ $\varpi$(k)}x)|
=\displaystyle \sup_{0\leq a<b<1}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b)}(n_{ $\varpi$(k)}x)|,

(1.6)

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{ND_{N}^{*}\{n_{ $\varpi$(k)}x\}}{\sqrt{2N\log\log N}}=\sup_{a\in S}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[0,a)}(n_{ $\varpi$(k)}x)|
=\displaystyle \sup_{0\leq a<1}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[0,a)}(n_{ $\varpi$(k)}x)|,
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for almost every x\in \mathrm{R} . By denoting the d‐th subsum of the Fourier series of \overline{1}_{[a,b)} by

\overline{1}_{[a,b);d} , we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b)}(n_{ $\varpi$(k)}x)|
(1.7)

=\displaystyle \lim_{d\rightarrow\infty}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)| ,
a . e . x\in \mathrm{R}.

By putting \mathrm{N}_{u}=\{2^{n}+m2^{n-u}|n\geq u;0\leq m<2^{u}\} for u\in \mathrm{N} , we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|
(1.8)

=\displaystyle \lim\displaystyle \varlimsup_{u\rightarrow\infty \mathrm{N}_{u}\ni N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)| ,
a . e . x\in \mathrm{R}.

As a byproduct of the proof of the above Theorem, we can prove the following.

Corollary 1.2. Under the same conditions as those assumed in Proposition 1.1,

\displaystyle \frac{1}{4\sqrt{2}}\leq\varlimsup_{N\rightarrow\infty}\frac{ND_{N}^{*}\{n_{ $\varpi$(k)}x\}}{\sqrt{2N\log\log N}}\leq\varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{n_{ $\varpi$(k)}x\}}{\sqrt{2N\log\log N}}\leq(\frac{1}{4}+\frac{1}{\sqrt{3}(q-1)})^{1/2} ,
a.e.

This upper bound constant equals to 0.9095. . . when q=2 ,
and is smaller than

Philipp�s constant 1050.898. . . and Aistleitner�s constant 5.545. . . . Because it asymp‐

totically behaves like

(\displaystyle \frac{1}{4}+\frac{1}{\sqrt{3}(q-1)})^{1/2}=\frac{1}{2}+\frac{1}{\sqrt{3}q}+o(q^{-1}) , (q\rightarrow\infty) ,

as comparered to (1.4), it gives an optimal estimate except for the multiple constant of

1/q term.

We improve the upperbound estimate by thoroughly using the exponential integra‐

bility technique which is invented around 1960 �s and 1970' \mathrm{s}.

§2. Exponential integrability

We follow the method of Philipp [11] and Takahashi [13] to give a refinement of

exponential integrability results.

Denote the d‐th subsum of the Fourier series of \overline{1}_{[a,b)} by \overline{1}_{[a,b);d} and the d‐th Cesaro

sum by C\overline{1}_{[a,b);d} . By \Vert\overline{1}_{[a,b)}\Vert_{\infty}\leq 1, \Vert C\overline{1}_{[a,b);d}\Vert_{\infty}\leq\Vert\overline{1}_{[a,b)}\Vert_{\infty} ,
and |\overline{1}_{[a,b)}\wedge(j)|\leq 1/2|j|,
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we have

\displaystyle \Vert\overline{1}_{[a,b);d}\Vert_{\infty}\leq\Vert C\overline{1}_{[a,b);d}\Vert_{\infty}+ \sum \frac{|j|}{d}|\overline{1}_{[a,b)}(j)|\wedge<2.
0<|j|\leq d

Consequently we have \Vert\overline{1}_{[a,b)}-\overline{1}_{[a,b);d}\Vert_{\infty}\leq 3.
We will be concerned with a real valued function f on \mathrm{R} satisfying

f(x+1)=f(x) , \displaystyle \int_{0}^{1}f(x)dx=0, \Vert f\Vert_{2}^{2}=\int_{0}^{1}f^{2}(x)dx\leq\frac{1}{4}, \Vert f\Vert_{\infty}\leq 3,
(2.1)

|c_{j}|\displaystyle \leq\frac{2}{ $\pi$ j} ,
where f(x)=\displaystyle \sum_{j=1}^{\infty}c_{j}\cos(2 $\pi$ jx+$\gamma$_{j})

It is easily verified that functions \overline{1}_{[a,b)}, \overline{1}_{[a,b);d} ,
and \overline{1}_{[a,b)}-\overline{1}_{[a,b);d} satisfy the conditions

(2.1).
By noting

\displaystyle \frac{1}{ $\pi$}\int_{\mathrm{R}}(\frac{\sin x}{x})^{2}e^{2 $\pi$\sqrt{-1} $\lambda$ x}dx=\left\{\begin{array}{ll}
1-| $\pi \lambda$| &  $\pi$| $\lambda$|\leq 1,\\
0 & \mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e},
\end{array}\right.
we can define a probability measure  $\mu$ on (\mathrm{R}, \mathcal{B}) by

 $\mu$(dx)=\displaystyle \frac{1}{ $\pi$}(\frac{\sin x}{x})^{2}dx.
Clearly  $\mu$ and the Lebesgue measure are mutually absolutely continuous.

We have an inequality

|\displaystyle \int_{\mathrm{R}}\cos 2 $\pi$( $\alpha$ x+ $\gamma$) $\mu$(dx)|\leq 1,
and the relation below: if | $\alpha$|\geq 1/ $\pi$ ,

then

(2.2) \displaystyle \int_{\mathrm{R}}\cos 2 $\pi$( $\alpha$ x+ $\gamma$) $\mu$(dx)=0.
The target of this section is to prove the following:

Proposition 2.1. Let \{n_{k}\} be a sequence of real numbers satisfy ing (1.5). Sup‐

pose that

(2.3) |n_{k}|\geq 1, (k\in \mathrm{N}) .

Let f be a function satisfy ing (2.1). For any 0< $\delta$\leq 1 there exists B_{0}\geq 3 depending

only on q and  $\delta$ such that for all integers  A\geq 0 and B\geq B_{0} with

(2.4) \Vert f\Vert_{2}\geq B^{-1/4}/4,
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for all real number R\geq 1 ,
and for all permutation  $\varpi$ on \mathrm{N}

,
we have

(2.5)  $\mu$(|\displaystyle \sum_{k=A+1}^{A+B}f(n_{ $\varpi$(k)}x)|\geq(1+2 $\delta$)C_{1}R\Vert f\Vert_{2}^{1/4}(2B\log\log B)^{1/2})
\leq C_{2}\exp(-(1+ $\delta$)\Vert f\Vert_{2}^{-1/2}R\log\log B)+C_{3}R^{-2}B^{-7/8}

Here constants are given by

C_{1}^{2}=1+\displaystyle \frac{4}{\sqrt{3}(q-1)},  C_{2}=2\displaystyle \sup_{N\geq 3}\exp (  24N^{-7/48} (log log N)), and C_{3}=\displaystyle \frac{8}{$\delta$^{2}}.
If f is a trigonometric polynomial satisfy ing (2.1) with degree d

, for any 0< $\delta$\leq 1 there

exists B_{1}\geq 3 depending only on q,  $\delta$ and  d such that for all integers A\geq 0 and B\geq B_{1}

with (2.4) and for all permutation  $\varpi$ on \mathrm{N}
,

we have

(2.6)  $\mu$(|\displaystyle \sum_{k=A+1}^{A+B}f(n_{ $\varpi$(k)}x)|\geq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert f\Vert_{2}^{1/2}(2B\log\log B)^{1/2})
\leq C_{2}\exp(-(1+ $\delta$)\log\log B) .

To prove the above proposition, it is enough to prove the following lemma.

Lemma 2.2. For any 0< $\delta$\leq 1 and q>1 ,
there exists an integer N_{0}\geq 3

depending only on  $\delta$ and  q satisfy ing the fo llowing properties. If f satises (2.1),  N\geq

 N_{0} satises \Vert f\Vert_{2}\geq N^{-1/4}/4 ,
and a set of real numbers \{n_{1}, . . . , n_{N}\} satises

(2.7) |n_{k}|\geq 1 (k=1, \ldots, N) and |n_{k+1}/n_{k}|\geq q (k=1, \ldots, N-1) ,

then

(2.8)  $\mu$(|\displaystyle \sum_{k=1}^{N}f(n_{k}x)|\geq(1+2 $\delta$)C_{1}R\Vert f\Vert_{2}^{1/4}(2N\log\log N)^{1/2})
\leq C_{2}\exp(-(1+ $\delta$)\Vert f\Vert_{2}^{-1/2}R\log\log N)+C_{3}R^{-2}N^{-7/8}

holds.

For any 0< $\delta$\leq 1, q>1 ,
and d\in \mathrm{N} , there exists an integer N_{1}\geq 3 depending only

on q,  $\delta$ and  d such that for any trigonometric polynomial f satisfy ing (2.1) with degree
d

, for any N\geq N_{1} with \Vert f\Vert_{2}\geq N^{-1/4}/4 ,
and for any set of real numbers \{n_{1}, . . . , n_{N}\}

satisfy ing (2. 7), we have

(2.9)  $\mu$(|\displaystyle \sum_{k=1}^{N}f(n_{k}x)|\geq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert f\Vert_{2}^{1/2}(2N\log\log N)^{1/2})
\leq C_{2}\exp(-(1+ $\delta$)\log\log N) .
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First we derive Proposition 2.1 from Lemma 2.2. Suppose that we are given a

sequence \{n_{k}\} of real numbers satisfying (1.5) and (2.3). Take 0< $\delta$\leq 1 arbitrarily
and take N_{0} given in the lemma and denote it by B_{0} . Take a function f with (2.1), \mathrm{a}

permutation  $\varpi$ on \mathrm{N}
,

and A\geq 0 arbitrarily. Assume that B\geq B_{0} and \Vert f\Vert_{2}\geq B^{-1/4}/4
are satisfied. Since we have

\displaystyle \sum_{k=A+1}^{A+B}f(n_{ $\varpi$(k)}x)=\sum_{j\in $\varpi$(\{A+1,.A+B\})}..,f(nx)
and a set \{n_{j}|j\in $\varpi$(\{A+1, \ldots, A+B satisfies (2.7) with given q . Hence we have

(2.8) for \displaystyle \sum_{k=A+1}^{A+B}f(n_{ $\varpi$(k)}x) ,
which is identical with (2.5). The proof of (2.6) can be

done in the same way from (2.9).
Now we prove Lemma 2.2. Denote the d‐th subsum of the Fourier series of f by

f_{d} . We prepare two lemmas.

Lemma 2.3. We have

\displaystyle \int_{\mathrm{R}}(\sum_{k=1}^{N}(f-f_{d})(n_{k}x))^{2} $\mu$(dx)\leq\frac{4q}{q-1}\frac{N}{d}, (N\in \mathrm{N}) .

Proof. We prove by assuming that f is a trigonometric polynomial. The general
case follows automatically by Fatou�s lemma. By relation (2.2), we see

\displaystyle \int_{\mathrm{R}}(\sum_{k=1}^{N}(f-f_{d})(n_{k}x))^{2} $\mu$ (  dx )

\displaystyle \leq\sum_{k,l:k\leq l\underline{<}N}\sum_{i,j>d}\sum_{ $\sigma$=\pm 1}|c_{i}c_{j}\int_{\mathrm{R}}\cos(2 $\pi$(in_{k}+ $\sigma$ jn_{l})+($\gamma$_{i}+ $\sigma \gamma$_{j})) $\mu$(dx)|
\displaystyle \leq\sum_{k,l:k\leq l\underline{<}N}\sum_{i,j>d}\sum_{ $\sigma$=\pm 1}|c_{i}c_{j}|1(|in_{k}+ $\sigma$ jn_{l}|<1/ $\pi$) .

We have |n_{l}|\geq|n_{k}|\geq 1 ,
and hence at least one of |in_{k}+jn_{l}|<1/ $\pi$ and |in_{k}-jn_{l}|<1/ $\pi$

is false. Since we have |i|n_{k}|-j|n_{l}||\leq|in_{k}+ $\sigma$ jn_{l}| ,
the condition |in_{k}+ $\sigma$ jn_{l}|<1/ $\pi$

implies |i-j|n_{l}/n_{k}||<1/ $\pi$|n_{k}|<1/ $\pi$ . Hence by denoting [x]^{*}=[x+1/2] ,
we have

\displaystyle \sum_{i,j>d}|c_{i}c_{j}|\sum_{ $\sigma$=\pm 1}1(|in_{k}+ $\sigma$ jn_{l}|<1/ $\pi$)\leq\sum_{j>d}|c_{[j|n_{l}/n_{k}|]}*c_{j}|.
By |c_{j}|\leq 1/j and [j|n_{l}/n_{k}|]^{*}\geq j|n_{l}/n_{k}|-1/2\geq j|n_{l}/n_{k}|/2\geq jq^{l-k}/2 ,

we have

\displaystyle \sum_{j>d}|c_{[j|n_{l}/n_{k}|]}*c_{j}|\leq 2q^{-(l-k)}\sum_{j>d}\frac{1}{j^{2}}\leq 2q^{-(l-k)_{\frac{1}{d}}}.
By taking summation for k\leq l\leq N ,

we have the conclusion. \square 
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Take 0< $\delta$\leq 1 arbitrarily and put 1- $\beta$=1/\sqrt{1+ $\delta$} . Clearly we have 0< $\beta$<1.
There exists an x_{ $\delta$}>0 such that

e^{x}\displaystyle \leq 1+x+\frac{\sqrt{1+ $\delta$}}{2}x^{2}, (|x|\leq x_{ $\delta$}) .

Take H\in \mathrm{N} large enough to satisfy

(2.10) q^{H}>3H^{6}/ $\beta$, 3/H^{1/2}\leq x_{ $\delta$}, H^{6}q^{-1}\geq 1,

and put

U_{m}(x)=\displaystyle \sum_{k=Hm+1}^{H(m+1)}f_{H^{6}}(n_{k}x) .

Lemma 2.4. If a\in \mathrm{R} satisfies 2|a|H^{3/2}<1 ,
then for all P\in \mathrm{N} we have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=1}^{2P}U_{m}(x)) $\mu$(dx)\leq\exp((1+ $\delta$)\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}2HP) .

Proof. We assume |a|H^{3/2}<1 and prove

(2.11) \displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=1}^{P}U_{2m-w}(x)) $\mu$(dx)\leq\exp(\frac{1+ $\delta$}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert {}_{2}HP)
for w=0 ,

1. By assumption we have |aU_{m}|\leq 3H|a|<3/H^{1/2}\leq x_{ $\delta$} and hence

\displaystyle \exp(aU_{m})\leq 1+aU_{m}+\frac{\sqrt{1+ $\delta$}}{2}a^{2}U_{m}^{2}.
By defining

W_{m}(x)=\displaystyle \sum_{l=Hm+1}^{H(m+1)-1}\sum_{j=l+1}^{H(m+1)}\sum_{ $\sigma$=\pm 1} \displaystyle \sum_{1\leq r,s\leq H^{6}:} c_{r}c_{s}\cos(2 $\pi$(n_{l}r+ $\sigma$ n_{j}s)x+$\gamma$_{r}+ $\sigma \gamma$_{s})

|n_{l}r+ $\sigma$ n_{j}s|< $\beta$|n_{Hm}|

V_{m}=H\displaystyle \Vert f_{H^{6}}\Vert_{2}^{2}=\frac{H}{2}\sum_{r=1}^{H^{6}}c_{r}^{2},
we decompose U_{m}^{2} in the following way:

U_{m}^{2}(x)=\displaystyle \sum_{l=Hm+1}^{H(m+1)}f_{H^{6}}^{2}(n_{l}x)-V_{m}
+2\displaystyle \sum_{l=Hm+1}^{H(m+1)-1}\sum_{j=l+1}^{H(m+1)}f_{H^{6}}(n_{l}x)f_{H^{6}}(n_{j}x)-W_{m}(x)
+W_{m}(x)+V_{m}.
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We here prove that absolute values of frequencies in trigonometric polynomial expansion
of

W_{m}^{\triangle}=\displaystyle \frac{\sqrt{1+ $\delta$}}{2}a^{2}(U_{m}^{2}-W_{m}-V_{m})+aU_{m}
belong to [ $\beta$|n_{Hm}|, 2 $\beta$|n_{H(m+2)}|/3].

The frequencies of U_{m} are written as n_{l}r where Hm+1\leq l\leq H(m+1) and

1\leq r\leq H^{6} ,
and hence we have

 $\beta$|n_{Hm}|\leq|n_{Hm}|\leq|n_{l}r|\leq H^{6}|n_{H(m+1)}|\leq H^{6}q^{-H}|n_{H(m+2)}|\leq $\beta$|n_{H(m+2)}|/3.

The frequencies of f_{H^{6}}^{2}(n_{l}x)-\displaystyle \frac{1}{2}\sum_{j=1}^{H^{6}}c_{j}^{2} are written as n_{l}(r+ $\sigma$ s) where  Hm+1\leq

 l\leq H(m+1) , r+ $\sigma$ s\neq 0, 1\leq r, s\leq H^{6} ,
and  $\sigma$=\pm 1 ,

and hence we have

 $\beta$|n_{Hm}|\leq|n_{Hm}|\leq|n_{l}(r+ $\sigma$ s)|\leq 2H^{6}|n_{H(m+1)}|\leq 2 $\beta$|n_{H(m+2)}|/3.

By definition we have

H(m+1)-1H(m+1)

2 \displaystyle \sum_{l=Hm+1} \displaystyle \sum_{j=l+1}f_{H^{6}}(n_{l}x)f_{H^{6}}(n_{j}x)-W_{m}(x)

=\displaystyle \sum_{l=Hm+1}^{H(m+1)-1}\sum_{j=l+1}^{H(m+1)}\sum_{ $\sigma$=\pm 1} \displaystyle \sum_{1\leq r,s\leq H^{6}:} c_{r}c_{s}\cos(2 $\pi$(n_{l}r+ $\sigma$ n_{j}s)x+$\gamma$_{r}+ $\sigma \gamma$_{s}) .

|n_{l}r+ $\sigma$ n_{j}s|\geq $\beta$|n_{H_{7}m}|

Hence the frequencies n_{l}r+ $\sigma$ n_{j}s appearing here obey the following estimate.

 $\beta$|n_{Hm}|\leq|n_{l}r+ $\sigma$ n_{j}s|\leq 2H^{6}|n_{H(m+1)}|\leq 2 $\beta$|n_{H(m+2)}|/3.
Take 0<m_{1}<m_{2}<\cdots<m_{t} arbitrarily. Expand W_{2m_{i}-w}^{\triangle} into trigonometric

polynomial and denote a term by \cos 2 $\pi$($\alpha$_{i}x+$\Gamma$_{i}) . By |n_{H(2m-w)}/n_{H(2(m-1)-w)}|\geq
 q^{2H}>9/$\beta$^{2}>9 ,

we have

|$\alpha$_{t}\pm$\alpha$_{t-1}\pm\cdots\pm$\alpha$_{1}|\geq|$\alpha$_{t}|-|$\alpha$_{t-1}|-\cdots-|$\alpha$_{1}|

\geq $\beta$|n_{H(2m_{t}-w)}|-(2 $\beta$/3)(|n_{H(2m_{t-1}-w+2)}|+|n_{H(2m_{t-2}-w+2)}|+\cdots)

\geq $\beta$|n_{H(2m_{t}-w)}|-(2 $\beta$/3)|n_{H(2m_{t}-w)}|(1+(1/9)+(1/9)^{2}+\cdots)= $\beta$|n_{H(2m_{t}-w)}|/4
\geq $\beta$|n_{H}|/4\geq q^{H-1}|n_{1}| $\beta$/4\geq 3q^{-1}H^{6}/4\geq 3/4\geq 1/ $\pi$.

Thanks to the relation (2.2), we have

\displaystyle \int_{\mathrm{R}}\prod_{i=1}^{t}\cos 2 $\pi$($\alpha$_{i}x+$\Gamma$_{i}) $\mu$(dx)=0
and thereby we obtain the multiple orthogonality

\displaystyle \int_{\mathrm{R}}W_{2m_{1}}^{\triangle}(x)\ldots W_{2m_{t}}^{\triangle}(x) $\mu$(dx)=0.
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Let us consider W_{m} . In the definition of W_{m} ,
for given l, j, r, s

,
the inequality

|n_{l}r+ $\sigma$ n_{j}s|< $\beta$|n_{Hm}| can be valid at most one of the cases among  $\sigma$=+1 and  $\sigma$=-1,
since |n_{j}s|\geq|n_{j}|>|n_{Hm}| . Since |n_{l}r+ $\sigma$ n_{j}s|< $\beta$|n_{Hm}| implies |r-s|n_{j}/n_{l}||< $\beta$ ,

for

each  s
,

there exists at most only one such r
,

and we have

|c_{s}c_{r}|\displaystyle \leq\frac{2}{ $\pi$}|c_{s}|\frac{1}{s|n_{j}/n_{l}|- $\beta$}\leq\frac{2}{ $\pi$}|c_{s}|\frac{1}{s|n_{j}/n_{l}|(1- $\beta$)}\leq\frac{2\sqrt{1+ $\delta$}}{ $\pi$}|c_{s}|\frac{1}{s}q^{-(j-l)}.
Here we used  $\beta$\leq $\beta$ s|n_{j}/n_{l}| . Hence by noting

\displaystyle \sum_{s=1}^{\infty}|c_{s}|\frac{1}{s}\leq\sqrt{2}(\sum_{s=1}^{\infty}\frac{c_{s}^{2}}{2})^{1/2}(\sum_{s=1}^{\infty}\frac{1}{s^{2}})^{1/2}=\Vert f\Vert_{2}\frac{ $\pi$}{\sqrt{3}},
we have

(2.12) \displaystyle \sum_{ $\sigma$=\pm 1} \sum_{1\leq r,s\leq H^{6}:} |c_{r}c_{s}|\leq\frac{2\sqrt{1+ $\delta$}}{\sqrt{3}}q^{-(j-l)}\Vert f\Vert_{2}
|n_{l}r+ $\sigma$ n_{j}s|< $\beta$|n_{H_{7}m}|

By taking summation for l and j ,
we have

(2.13) |W_{m}|\displaystyle \leq\sqrt{1+ $\delta$}\frac{2}{\sqrt{3}(q-1)}\Vert f\Vert {}_{2}H.
On the other hand, by

(2.14) V_{m}\leq H\Vert f\Vert_{2}^{2}\leq\sqrt{1+ $\delta$}\Vert f\Vert {}_{2}H/2,

we have

\displaystyle \exp(aU_{m})\leq 1+aU_{m}+\frac{\sqrt{1+ $\delta$}}{2}a^{2}U_{m}^{2}=1+\frac{\sqrt{1+ $\delta$}}{2}a^{2}(W_{m}+V_{m})+W_{m}^{\triangle}
\displaystyle \leq 1+\frac{1+ $\delta$}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert {}_{2}H+W_{m}^{\triangle}.

By integrating this, we have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=1}^{P}U_{2m-w}(x)) $\mu$(dx)\leq\int_{\mathrm{R}}\prod_{m=1}^{P}(1+\frac{1+ $\delta$}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert {}_{2}H+W_{2m-w}^{\triangle}) $\mu$ (dx)

=(1+\displaystyle \frac{1+ $\delta$}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert {}_{2}H)^{P}\leq\exp(\frac{1+ $\delta$}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert {}_{2}HP) .

Let us now take a\in \mathrm{R} satisfying 2|a|H^{3/2}<1 . By applying Schwarz inequality and

(2.11), we have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=1}^{2P}U_{m}(x)) $\mu$(dx)\leq\prod_{w=0}^{1}(\int_{\mathrm{R}}\exp(2a\sum_{m=1}^{P}U_{2m-w}(x)) $\mu$(dx))^{1/2}
\displaystyle \leq\exp((1+ $\delta$)\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}2HP) ,
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which completes the proof. \square 

Now we prove the first half of Lemma 2.2. Note that we are assuming \Vert f\Vert_{2}\geq
 N^{-1/4}/4.

Take sufficiently large N_{0} such that for all N\geq N_{0},

C_{1}^{-1}8N^{-1/16}(\log\log N)^{1/2}<1

holds and H=[N^{1/6}] satisfies (2.10). Put

Q=C_{1}\Vert f\Vert_{2}^{1/4}R(2N\log\log N)^{1/2}\geq C_{1}RN^{7/16}

We have

 $\mu$(x:|\displaystyle \sum_{k=1}^{N}f(n_{k}x)|\geq(1+2 $\delta$)Q)
\displaystyle \leq $\mu$(x:|\sum_{k=1}^{N}f_{H^{6}}(n_{k}x)|\geq(1+ $\delta$)Q)+ $\mu$(x:|\sum_{k=1}^{N}(f-f_{H^{6}})(n_{k}x)|\geq $\delta$ Q) .

Thanks to the Chebyshev�s inequality and by H\geq(N/2)^{1/6} ,
the second term is bounded

by

\displaystyle \frac{1}{( $\delta$ Q)^{2}}\int_{\mathrm{R}}(\sum_{k=1}^{N}(f-f_{H^{6}})(n_{k}x))^{2} $\mu$(dx)\leq\frac{4q}{q-1}\frac{N}{$\delta$^{2}Q^{2}H^{6}}\leq\frac{8q}{(q-1)$\delta$^{2}C_{1}^{2}N^{7/8}R^{2}}
=\displaystyle \frac{\sqrt{3}(q-1)+\sqrt{3}}{\sqrt{3}(q-1)+4}\frac{8}{$\delta$^{2}}\frac{1}{N^{7/8}R^{2}}\leq\frac{C_{3}}{N^{7/8}R^{2}}.

Put

a=C_{1}^{-1}(\Vert f\Vert_{2}^{-3/2}2N^{-1}\log\log N)^{1/2}\leq C_{1}^{-1}(16N^{-5/8}\log\log N)^{1/2}
We can verify the condition in Lemma 2.4 by 2|a|H^{3/2}\leq C_{1}^{-1}8N^{-1/16}(\log\log N)^{1/2}<1.
By using the Chebyshev�s inequality, we have the following bound for the first term.

 e^{-(1+ $\delta$)Qa}\displaystyle \int_{\mathrm{R}}\exp (a|\displaystyle \sum_{k=1}^{N}f_{H^{6}} (nkx) |)\displaystyle \leq e^{-(1+ $\delta$)Qa}\sum_{ $\sigma$=\pm 1}\int_{\mathrm{R}}\exp( $\sigma$ a\sum_{k=1}^{N}f_{H^{6}}(n_{k}x)) $\mu$(dx) .

By taking P such that 2HP<N\leq 2H(P+1) ,
we have

a|\displaystyle \sum_{k=1}^{N}f_{H^{6}} (nkx) — \displaystyle \sum_{m=1}^{2P}U_{m}(x)|\leq 2Ha\Vert f_{H^{6}}\Vert_{\infty}\leq 6Ha\leq 24C_{1}^{-1}N^{-7/48}(\log\log N)^{1/2}
\leq 24N^{-7/48}(\log\log N)^{1/2}\leq\log(C_{2}/2)
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by C_{1}\geq 1 and the definition of C_{2} . It implies

\displaystyle \int_{\mathrm{R}}\exp( $\sigma$ a\sum_{k=1}^{N}f_{H^{6}}(n_{k}x)) $\mu$(dx)\leq\frac{C_{2}}{2}\int_{\mathrm{R}}\exp( $\sigma$ a\sum_{m=1}^{2P}U_{m}(x)) $\mu$ (  dx )

\displaystyle \leq\frac{C_{2}}{2}\exp((1+ $\delta$)\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}2HP)\leq\frac{C_{2}}{2}\exp((1+ $\delta$)\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}N) .

By noting

-(1+ $\delta$)Qa+(1+ $\delta$)\displaystyle \frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}N=-(1+ $\delta$)\Vert f\Vert_{2}^{-1/2}(2R-1)\log\log N
\leq-(1+ $\delta$)\Vert f\Vert_{2}^{-1/2}R\log\log N,

we see that the first term is bounded by C_{2}\exp(-(1+ $\delta$)\Vert f\Vert_{2}^{-1/2}R log log N) . Combin‐

ing these estimates, we complete the proof of the first half of Lemma 2.2.

Let us proceed to the proof of the last half of Lemma 2.2. Let f be a trigonometric

polynomial with degree d . For arbitrary 0< $\delta$\leq 1 put \check{ $\beta$} by 1-\check{ $\beta$}=1/\sqrt{1+ $\delta$}/3 . Take

K satisfying

q^{K}\geq 6d/\check{ $\beta$}, q^{K}\geq 1/\check{ $\beta$}.

Take H sufficiently large to satisfy

(2.15) q^{H}\geq 3, K(1+6/ $\delta$)\leq $\delta$ H/6, 3/H^{1/2}\leq x_{ $\delta$/3}.

Put

\displaystyle \acute{U}_{m}(x)=\sum_{k=Hm+K+1}^{H(m+1)}f(nx) and \displaystyle \grave{U}_{m}(x)=\sum_{k=Hm+1}^{Hm+K}f(n_{k}x) .

By assuming 2|a|H^{3/2}\leq 1 ,
we prove

(2.16) \displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=0}^{P-1}(\acute{U}_{m}(x)+\grave{U}_{m+1}(x))) $\mu$(dx)\leq\exp((1+ $\delta$)\frac{C_{1}^{2}}{4}a^{2}\Vert f\Vert {}_{2}HP) .

Let us assume |\mathrm{a}^{\'{a}}|\mathrm{H}^{3/2}\leq 1 and |\grave{a}|H^{3/2}\leq 1+6/ $\delta$ . By (2.15) we have | á \acute{U}_{m}|\leq
3H | á | \leq 3/H^{1/2}\leq x_{ $\delta$/3} and | à \grave{U}_{m}| \leq 3K | à | \leq 3K(1+6/ $\delta$)/H^{3/2}\leq 3( $\delta$/6)/H^{1/2}\leq x_{ $\delta$/3}.
Hence

\displaystyle \exp(\acute{a}\acute{U}_{m})\leq 1+\acute{a}\acute{U}_{m}+\frac{\sqrt{1+ $\delta$/3}}{2}a^{2}\'{a}\acute{U}_{m}^{2} and \displaystyle \exp(\grave{a}\grave{U}_{m})\leq 1+\grave{a}\grave{U}_{m}+\frac{\sqrt{1+ $\delta$/3}}{2}\grave{a}^{2}\grave{U}_{m}^{2}.
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By defining

\displaystyle \acute{W}_{m}(x)=\sum^{H(m+1)-1}\sum^{H(m+1)}\sum l=Hm+K+1j=l+1 $\sigma$=\displaystyle \pm 1 \sum_{1\leq r,s\underline{<}d:} c_{r}c_{s}\cos(2 $\pi$(n_{l}r+ $\sigma$ n_{j}s)x+$\gamma$_{r}+ $\sigma \gamma$_{s}) ,

|n_{l}r+ $\sigma$ n_{j}s|<\check{ $\beta$}|n_{Hm+K+1}|

\displaystyle \grave{W}_{m}(x)=\sum\sum^{Hm+K-1Hm+K}\sum l=Hm+1j=l+1 $\sigma$=\displaystyle \pm 1|n_{l}r+ $\sigma$ n_{j}s|<\check{ $\beta$}|n_{Hm+1}|\sum_{1\leq r' s\leq d:}c_{r}c_{s}\cos(2 $\pi$(n_{l}r+ $\sigma$ n_{j}s)x+$\gamma$_{r}+ $\sigma \gamma$_{s})
,

d d

\displaystyle \acute{V}_{m}=\frac{H-K}{2}\sum c_{r}^{2}, \grave{V}_{m}=\frac{K}{2}\sum c_{r}^{2},
r=1 r=1

we decompose \acute{U}_{m}^{2} and \grave{U}_{m}^{2} in the following ways:

\'{U}_{m}^{2}(x) =(\displaystyle \sum_{l=Hm+K+1}^{H(m+1)}f^{2} (nlx) -\displaystyle \acute{V}_{m})+(2\sum_{l=Hm+K+1}^{H(m+1)-1}\sum_{j=l+1}^{H(m+1)}f(n_{l}x)f(n_{j}x)-\acute{W}_{m}(x))
+\acute{W}_{m}(x)+\acute{V}_{m}.

\displaystyle \grave{U}_{m}^{2}(x)=(\sum_{l=Hm+1}^{Hm+K}f^{2}(n_{l}x)-\grave{V}_{m})+(2\sum_{l=Hm+1}^{Hm+K-1}\sum_{j=l+1}^{Hm+K}f(n_{l}x)f(n_{j}x)-\grave{W}_{m}(x))
+\grave{W}_{m}(x)+\grave{V}_{m}.

We can prove in the same way as before that absolute values of frequencies of trigono‐
metric polynomial expansion of

\displaystyle \acute{W}_{m}^{\triangle}=\frac{\sqrt{1+ $\delta$/3}}{2} á2 (\'{U}_{m}^{2} -\acute{W}_{m}-\acute{V}_{m})+a^{\'{a}}\acute{U}_{m}
belong to [\check{ $\beta$}|n_{Hm+K+1}|, 2d|n_{H(m+1)}|] ,

and those of

\displaystyle \grave{W}_{m}^{\triangle}=\frac{\sqrt{1+ $\delta$/3}}{2} à2 (\`{U}_{m}^{2} -\grave{W}_{m}-\grave{V}_{m})+\grave{a}\grave{U}_{m}
belong to [\check{ $\beta$}|n_{Hm+1}|, 2d|n_{Hm+K}|].

We prove the multiple orthogonality of \acute{W}_{m_{1}}^{\triangle} ,
. . .

, \acute{W}_{m_{t}}^{\triangle} for 0\leq m_{1}<m_{2}<\cdots<

m_{t} ,
and that of \grave{W}_{m_{1}}^{\triangle} ,

. . .

, \grave{W}_{m_{t}}^{\triangle} for 1\leq m_{1}<m_{2}<\cdots<m_{t}.

Expand \acute{W}_{m_{i}}^{\triangle} into trigonometric polynomial and denote a term by \cos 2 $\pi$($\alpha$_{i}'x+\acute{ $\Gamma$}_{i}) .

By |n_{Hm+K+1}/n_{Hm}|\geq q^{K+1}>6d/\check{ $\beta$} and |n_{H(m+1)}/n_{Hm}|\geq q^{H}\geq 3 ,
we have

|$\alpha$_{t}'\pm$\alpha$_{t-1}'\pm\cdots\pm$\alpha$_{1}'|\geq\check{ $\beta$}|n_{Hm_{t}+K+1}|-2d(|n_{H(m_{t-1}+1)}|+|n_{H(m_{t-2}+1)}|+\cdots)
\geq\check{ $\beta$}|n_{Hm_{t}+K+1}|-2d(|n_{Hm_{t}}|+|n_{H(m_{t}-1)}|+\cdots)
\geq\check{ $\beta$}|n_{Hm_{t}+K+1}|-2d|n_{Hm_{t}}|(1+1/3+1/3^{2}+\cdots)
\geq\check{ $\beta$}|n_{Hm_{t}+K+1}|/2\geq\check{ $\beta$}|n_{K+1}|/2\geq q^{K}\check{ $\beta$}/2\geq 1/2\geq 1/ $\pi$.
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Hence we can prove multiple orthogonality in the same way as before.

Expand \grave{W}_{m_{i}}^{\triangle} into trigonometric polynomial and denote a term by \cos 2 $\pi$(\grave{ $\alpha$}_{i}x+\grave{ $\Gamma$}_{i}) .

Because 7K\leq K(6/ $\delta$+1)\leq H ,
we have H-K+1\geq K and |n_{Hm+1}/n_{H(m-1)+K}|\geq

 q^{H-K+1}>q^{K}\geq 6d/\check{ $\beta$} . By |n_{H(m+1)+K}/n_{Hm+K}|\geq q^{H}\geq 3 ,
we have

|\grave{ $\alpha$}_{t}\pm\grave{ $\alpha$}_{t-1}\pm\cdots\pm\grave{ $\alpha$}_{1}|\geq\check{ $\beta$}|n_{Hm_{t}+1}|-2d(|n_{Hm_{t-1}+K}|+|n_{Hm_{t-2}+K}|+\cdots)

\geq\check{ $\beta$}|n_{Hm_{t}+1}|-2d(|n_{H(m_{t}-1)+K}|+|n_{H(m_{t}-2)+K}|+\cdots)
\geq\check{ $\beta$}|n_{Hm_{t}+1}|-2d|n_{H(m_{t}-1)+K}|(1+1/3+1/3^{2}+\cdots)
\geq\check{ $\beta$}|n_{Hm_{t}+1}|/2\geq\check{ $\beta$}|n_{H+1}|/2\geq q^{H}\check{ $\beta$}/2\geq q^{K}\check{ $\beta$}/2\geq 1/2.

Hence we can complete the proof of multiple orthogonality.
In the same way as before, we can verify

|\displaystyle \acute{W}_{m}|\leq\sqrt{1+ $\delta$/3}\frac{2}{\sqrt{3}(q-1)}\Vert f\Vert {}_{2}H, \acute{V}_{m}\leq\sqrt{1+ $\delta$/3}\Vert f\Vert {}_{2}H\frac{1}{2},
|\displaystyle \grave{W}_{m}|\leq\sqrt{1+ $\delta$/3}\frac{2}{\sqrt{3}(q-1)}\Vert f\Vert_{2}K, \grave{V}_{m}\leq\sqrt{1+ $\delta$/3}\Vert f\Vert_{2}K\frac{1}{2}.

Hence in the same way as before, we have

\displaystyle \int_{\mathrm{R}} exp (á \displaystyle \sum_{m=0}^{P-1}\acute{U}_{m}(x)) $\mu$(dx)\leq\exp(\frac{1+ $\delta$/3}{2}\frac{C_{1}^{2}}{2}a^{2}\'{a}\Vert f\Vert {}_{2}HP) ,

(2.17)

\displaystyle \int_{\mathrm{R}} exp (à \displaystyle \sum_{m=0}^{P-1}\grave{U}_{m+1}(x)) $\mu$(dx)\leq\exp(\frac{1+ $\delta$/3}{2}\frac{C_{1}^{2}}{2}\grave{a}^{2}\Vert f\Vert_{2}KP) .

Put \acute{ $\alpha$}=1+ $\delta$/6 and \grave{ $\alpha$}=1+6/ $\delta$ . By noting \displaystyle \frac{1}{$\alpha$'}+\frac{1}{\grave{ $\alpha$}}=1 and applying Hölder�s inequality,
we have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=0}^{P-1}(\acute{U}_{m}(x)+\grave{U}_{m+1}(x))) $\mu$ (dx)

\leq (\displaystyle \int_{\mathrm{R}}\exp($\alpha$' a \displaystyle \sum_{m=0}^{P-1}\acute{U}_{m}(x)) $\mu$ (dx)) 1/$\alpha$'(\displaystyle \int_{\mathrm{R}}\exp(\grave{ $\alpha$} a \displaystyle \sum_{m=0}^{P-1}\grave{U}_{m+1}(x)) $\mu$ (dx))
1/\grave{ $\alpha$}

By putting á =\acute{}a and à = $\alpha$\backslash a, we can verify by 2|a|H^{3/2}\leq 1 that |\mathrm{a}^{\'{a}}|\mathrm{H}^{3/2}\leq$\alpha$'/2\leq 1
and | à |H^{3/2}\leq\grave{ $\alpha$}/2\leq 1+6/ $\delta$ ,

and hence we can apply (2.17) and have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=0}^{P-1}(\acute{U}_{m}(x)+\grave{U}_{m+1}(x))) $\mu$(dx)\leq\exp(\frac{1+ $\delta$/3}{2}\frac{C_{1}^{2}}{2}a^{2}\Vert f\Vert_{2}($\alpha$'H+\grave{ $\alpha$}K)P) .

Because of $\alpha$'H+\grave{ $\alpha$}K\leq$\alpha$'H+ $\delta$ H/6=(1+ $\delta$/3)H and (1+ $\delta$/3)^{2}\leq 1+ $\delta$ ,
we have

\displaystyle \int_{\mathrm{R}}\exp(a\sum_{m=0}^{P-1}(\acute{U}_{m}(x)+\grave{U}_{m}(x))) $\mu$(dx)\leq\exp((1+ $\delta$)\frac{C_{1}^{2}}{4}a^{2}\Vert f\Vert {}_{2}HP) .
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Let N_{1} be sufficiently large such that C_{1}^{-1}8N^{-1/8}(\log\log N)^{1/2}\leq 1 holds and

H=[N^{1/6}] satisfies (2.15) for all N\geq N_{1} . Note that we are assuming \Vert f\Vert_{2}\geq N^{-1/4}/4.
Put

a=C_{1}^{-1}\sqrt{2}\Vert f\Vert_{2}^{-1/2}(2N^{-1}\log\log N)^{1/2}

and take P such that HP<N\leq H(P+1) . By noting HP<HP+K\leq H(P+1)
and 7K\leq H ,

we have

a|\displaystyle \sum_{k=1}^{N}f(n_{k}x)-\sum_{m=0}^{P-1}(\acute{U}_{m}(x)+\grave{U}_{m+1}(x))|\leq 3a(K+H)\leq 6aH
\leq 24C_{1}^{-1}N^{-5/24}(\log\log N)^{1/2}\leq 24N^{-5/24}(\log\log N)^{1/2}\leq\log(C_{2}/2) .

Since we have 2aH^{3/2}\leq C_{1}^{-1}8N^{-1/8}(\log\log N)^{1/2}\leq 1 ,
the condition for (2.16) is

verified. Hence we have

\displaystyle \int_{\mathrm{R}}\exp(\pm a\sum_{k=1}^{N}f(n_{k}x)) $\mu$(dx)\leq\frac{C_{2}}{2}\exp((1+ $\delta$)\frac{C_{1}^{2}}{4}a^{2}\Vert f\Vert_{2}N) .

By putting

Q=\displaystyle \frac{C_{1}}{\sqrt{2}}\Vert f\Vert_{2}^{1/2}(2N\log\log N)^{1/2},
we have

 $\mu$(|\displaystyle \sum_{k=1}^{N}f(n_{k}x)|\geq(1+ $\delta$)Q)\leq\exp(-(1+ $\delta$)aQ)\sum_{ $\sigma$=\pm 1}\int_{\mathrm{R}}\exp( $\sigma$ a\sum_{k=1}^{N}f(n_{k}x)) $\mu$(dx)
\displaystyle \leq C_{2}\exp(-(1+ $\delta$)aQ+(1+ $\delta$)\frac{C_{1}^{2}}{4}a^{2}\Vert f\Vert_{2}N)=C_{2}\exp(-(1+ $\delta$)\log\log N) .

§3. Exchange of \displaystyle \sup and \displaystyle \lim\sup

By following and modifying the method presented in [7, 9], Erdós‐Gál [6], Gál‐Gál

[10], and Philipp [11], we prove the fundamental result for the exchange of order of \displaystyle \sup

and \displaystyle \lim\sup appearing in the investigation of the asymptotics of discrepancies.

Although it is proved originally for lacunary series on the probability space [0 ,
1 ]

equipped with the Borel field and the Lebesgue measure, we formulate it as a result on

an abstract probability space. It makes it possible to apply the result for lacunary series

on the probability space (\mathrm{R}, \mathcal{B},  $\mu$) ,
which is convenient when we consider non‐integer

sequences.
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Proposition 3.1. Suppose that a sequence \{$\xi$_{k}\} of random variables satises the

condition below: There exists B_{0}\geq 0 and C_{i}(i=1,2,3) such that

(3.1) P(|\displaystyle \sum_{k=A+1}^{A+B}f($\xi$_{k})|\geq C_{1}R\Vert f\Vert_{2}^{1/4}(2B\log\log B)^{1/2})
\leq C_{2}\exp(-2\Vert f\Vert_{2}^{-1/2}R\log\log B)+C_{3}R^{-2}B^{-3/4}

holds for any function f satisfy ing (2.1), for any R\geq 1 , for any integer A\geq 0 ,
and for

any B\geq B_{0} with

(3.2) \Vert f\Vert_{2}\geq B^{-1/4}/4.

Then for a countable dense set S\subset[0 , 1), we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{ND_{N}\{$\xi$_{k}\}}{\sqrt{2N\log\log N}}=\sup_{S\ni a<a\in S}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a',a)}($\xi$_{k})|
= \displaystyle \sup\displaystyle \varlimsup_{0\leq a<a<1^{N\rightarrow\infty}}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a',a)}($\xi$_{k})| ,

a . s
.,

(3.3)

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{ND_{N}^{*}\{$\xi$_{k}\}}{\sqrt{2N\log\log N}}=\sup_{a\in S}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[0,a)}($\xi$_{k})|
=\displaystyle \sup_{0\leq a<1}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[0,a)}($\xi$_{k})| ,

a . s .

Suppose that f-f_{d} satises (2.1) for all d\in \mathrm{N} , where f_{d} is the d‐th sub‐sum of the

Fourier series of f . Then

(3.4) \displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})|=\lim_{d\rightarrow\infty}\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f_{d}($\xi$_{k})| , a.s.,

For all f satisfy ing (2.1), we have

(3.5)

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})|=\lim_{u\rightarrow\infty}\varlimsup_{\mathrm{N}_{u}\ni N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})| , a.s.,

where \mathrm{N}_{u}=\{2^{n}+m2^{n-u}|n\geq u;0\leq m<2^{u}\}.

Let us fix L\in \mathrm{N} arbitrarily and take arbitrary I=0 ,
. . .

,
2^{L}-1.

For h\geq L and  $\epsilon$(L+1) ,
. . .

,  $\epsilon$(h)\in\{0 ,
1 \} ,

we denote by $\rho$_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(x) the

indicator function of the interval

[2^{-L}I+\displaystyle \sum_{j=L+1}^{h-1}2^{-j} $\epsilon$(j) , 2^{-L}I+\sum_{j=L+1}^{h}2^{-j} $\epsilon$(j)) ,
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and denote by $\sigma$_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(x) the indicator function of the interval

[2^{-L}I+\displaystyle \sum_{j=L+1}^{h}2^{-j} $\epsilon$(j) , 2^{-L}I+\sum_{j=L+1}^{h}2^{-j} $\epsilon$(j)+2^{-h}) .

We define

\overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(x)=$\varphi$_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(\langle x\rangle)-2^{-h} ( $\varphi$= $\rho$,  $\sigma$) .

Clearly we see \displaystyle \int_{0}^{1}\overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(x)dx=0 and \overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)} satisfies (2.1). Put

F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(A, B)( $\omega$)=|\displaystyle \sum_{k=A+1}^{A+B}\overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}($\xi$_{k}( $\omega$))|, ( $\varphi$= $\rho$,  $\sigma$) .

For n\in \mathrm{N}, h\geq L, l\leq n, m<2^{n-l},  $\epsilon$(L+1) ,
. . .

,  $\epsilon$(h)\in\{0 ,
1 \},  $\varphi$= $\rho$,  $\sigma$

,
denote

 $\psi$(N)=C_{1}(2N\log\log N)^{1/2},

G_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n)=\{F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(0,2^{n})\geq 2^{-h/8} $\psi$(2^{n})\},
H_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n, l, m)=\{F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(2^{n}+m2^{l}, 2^{l-1})\geq 2^{-h/8}2^{(l-n-2)/9} $\psi$(2^{n})\}.

We introduce the notation H_{B}=[B/2].

Lemma 3.2. For almost every  $\omega$
,

there exists an  n_{0}\in \mathrm{N} satisfy ing the following:

1. For all n\geq n_{0}, h\in[L, n/2], ( $\epsilon$(L+1), \ldots,  $\epsilon$(h))\in\{0, 1\}^{h-L} ,
and  $\varphi$\in\{ $\rho$,  $\sigma$\} , it

holds that  $\omega$\not\in G_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n) ;

2. For all n\geq n_{0}, l\in[n/2, n], h\in[L, l/2], m\in[0, 2^{n-l} ), ( $\epsilon$(L+1), . . . ,  $\epsilon$(h))\in
\{0, 1\}^{h-L} ,

and  $\varphi$\in\{ $\rho$,  $\sigma$\} , it holds that  $\omega$\not\in H_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n, l, m) .

Proof. The assertion follows from the estimates below and application of the first

Borel‐Cantelli lemma.

\displaystyle \sum_{n=\mathrm{S}}^{\infty}\sum_{ $\varphi$= $\rho,\ \sigma$}(\sum_{h=L+1}^{H_{n}}\sum_{( $\epsilon$(L+1),\ldots, $\epsilon$(h))\in\{0,1\}^{h-L}}P(G_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n))
(3.6)

+\displaystyle \sum_{l=H_{n}}^{n}\sum_{h=L+1}^{H_{l}}\sum_{m=1}^{2^{n-l}}\sum_{( $\epsilon$(L+1),\ldots, $\epsilon$(h))\in\{0,1\}^{h-L}}P(H_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n, l, m <\infty.
By assuming h=L+1 ,

. . .

, H_{n} ,
we apply (3.1) with A=0, B=2^{n}, R=1 to have

P(G_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n))

\leq P(F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(0,2^{n})\geq C_{1}\Vert $\epsilon$(L+1), . . . ,  $\epsilon$(h)\Vert_{2}^{1/4}(2\cdot 2^{n}\log\log 2^{n})^{1/2})
\leq C_{2}\exp(-2\Vert $\epsilon$(L+1), \ldots,  $\epsilon$(h)\Vert_{2}^{-1/2}\log\log 2^{n})+C_{3}2^{-3n/4}
\leq C_{2}\exp(-2\cdot 2^{h/4}\log\log 2^{n})+C_{3}2^{-3n/4}
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Here the condition (3.2) is verified by \Vert\overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}\Vert_{2}^{2}=2^{-h}-2^{-2h}\geq 2^{-h-1}\geq\sqrt{B}/2.
By noting -2\cdot 2^{h/4}\leq-3/2-2^{h/4}/2 ,

the first term is estimated by  C_{2}n^{-3/2}n^{-2^{h/4}/2}\leq
 C_{2}n^{-3/2}2^{-2^{h/4}/2} . Therefore

\displaystyle \sum_{n=\mathrm{S}}^{\infty}\sum_{ $\varphi$= $\rho,\ \sigma$}\sum_{h=L+1}^{H_{n}}\sum_{( $\epsilon$(L+1),\ldots, $\epsilon$(h))\in\{0,1\}^{h-L}}P(G_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n))
(3.7)

\displaystyle \leq 2C_{2}\sum_{n=8}^{\infty}n^{-3/2}\sum_{h=L+1}^{\infty}2^{h-L}2^{-2^{h/4}/2}+2C_{3}\sum_{n=8}^{\infty}\sum_{h=L+1}^{H_{n}}2^{h-L}2^{-3n/4}
While the first sum is clearly finite, the second sum is bounded by 2C_{3}\displaystyle \sum_{n=8}^{\infty}2^{n/2-L+1}
 2^{-3n/4}<\infty . Since we have

 P(H_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n, l, m))
\leq P(F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(2^{n}+m2^{l}, 2^{l-1})\geq 2^{-h/8}C_{1}2^{7(n-l)/18}(2\cdot 2^{l-1}\log\log 2^{l-1})^{1/2})

\leq P(^{F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}.(.2^{n}+m2^{l},2^{l-1})}\geq C_{1}||\overline{ $\varphi$}_{ $\epsilon$(L+1),., $\epsilon$(h)}\Vert_{2}^{1/4}2^{7(n-l)/18}(2\cdot 2^{l-1}\log\log 2^{l-1})^{1/2}) ,

we apply the estimate (3.1) by putting A=2^{n}+m2^{l}, B=2^{l-1}, R=2^{7(n-l)/18} . Here

we can verify the condition (3.2) by h\leq H_{l} and \Vert\overline{ $\varphi$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}\Vert_{2}^{2}\geq 2^{-h-1}\geq 2^{-l/2-1}\geq
\sqrt{B}/2 . Therefore we have

P(H_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(n, l, m))
\leq C_{2}\exp(-2\cdot 2^{h/4}2^{7(n-l)/18}\log\log 2^{l-1})+C_{3}2^{7(l-n)/9}2^{-3(l-1)/4}

By -2 2^{h/4}2^{7(n-l)/18}\leq-4/3-2^{h/4}/3-2^{7(n-l)/18}/3 and l-1\geq n/2-2\geq 2 ,
the

summation of the first terms is bounded by

\displaystyle \sum_{n=\mathrm{S}}^{\infty}\sum_{ $\varphi$= $\rho,\ \sigma$}\sum_{l=H_{n}}^{n}\sum_{h=L+1}^{H_{l}}\sum_{m=1}^{2^{n-l}}\sum_{( $\epsilon$(L+1),\ldots, $\epsilon$(h))\in\{0,1\}^{h-L}}C_{2}(n/2-2)^{-4/3}2^{-2^{h/4}/3}2^{-2^{7(n-l)/18}/3}
\displaystyle \leq 2C_{1}\sum_{n=8}^{\infty}(n/2-2)^{-4/3}\sum_{l=H_{n}}^{n}2^{n-l}2^{-2^{7(n-l)/18}/3}\sum_{h=L+1}^{\infty}2^{h-L}2^{-2^{h/4}/3}<\infty.

The summation of the second term is estimated by

\displaystyle \sum_{n=\mathrm{S}}^{\infty}\sum_{ $\varphi$= $\rho,\ \sigma$}\sum_{l=H_{n}}^{n}\sum_{h=L+1}^{H_{l}}\sum_{m=1}^{2^{n-l}}\sum_{( $\epsilon$(L+1),\ldots, $\epsilon$(h))\in\{0,1\}^{h-L}}C_{3}2^{7(l-n)/9}2^{-3(l-1)/4}
\displaystyle \leq 2C_{3}\sum_{n=8}^{\infty}\sum_{l=H_{n}}^{n}\sum_{h=L+1}^{H_{l}}2^{h-L}2^{n-l}2^{7(l-n)/9}2^{-3(l-1)/4}
\displaystyle \leq 2C_{3}\sum_{n=8}^{\infty}\sum_{l=H_{n}}^{n}2^{l/2-L+1}2^{n-l}2^{7(l-n)/9}2^{-3(l-1)/4}
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which is less than a constant multiple of

\displaystyle \sum_{n=8}^{\infty}2^{n/2-3n/4}\sum_{l=H_{n}}^{n}2^{(l-n)/2}2^{n-l}2^{7(l-n)/9}2^{-3(l-n)/4}
\displaystyle \ll\sum_{n=8}^{\infty}2^{n/2-3n/4}\sum_{l=H_{n}}^{n}2^{17(n-l)/36}\ll\sum_{n=8}^{\infty}2^{n/2-3n/4+17n/72}=\sum_{n=8}^{\infty}2^{-n/72}<\infty.

\square 

To show (3.3), we first prove

(3.8) \displaystyle \varlimsup_{N\rightarrow\infty}\sup_{a<2-L}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[I2^{-L},I2^{-L}+a)}($\xi$_{k})|\leq C_{1}2^{9-L/8} ,
a.s.

Assume n\geq n_{0} and take N satisfying 2^{n}\leq N<2^{n+1} . We express N by N=

2^{n}+b_{n-1}2^{n-1}+\cdots+b_{1}2+b_{0}, (b_{j}=0,1) . We set b_{n}=1.

Defining \triangle(A, B) by

\displaystyle \triangle(A, B)=|\sum_{k=A+1}^{A+B}\overline{1}_{[2^{-L}I,2^{-L}I+a)}($\xi$_{k})|,
we have the subadditivity \triangle(A, B)\leq\triangle(A, B')+\triangle(A+B', B-B')(B'<B) . By

putting m_{l}2^{l}=b_{n-1}2^{n-1}+\cdots+b_{l}2^{l} (note that m_{n}=0 ), we have

\displaystyle \triangle(0, N)\leq\triangle(0,2^{n})+\sum_{l=H_{n}+1}^{n}\triangle(2^{n}+b_{n-1}2^{n-1}+\cdots+b_{l}2^{l}, b_{l-1}2^{l-1}
+\triangle(2^{n}+b_{n-1}2^{n-1}+\cdots+b_{H_{n}}2^{H_{n}}, b_{H_{n}-1}2^{H_{n}-1}+\cdots+b_{0})

\displaystyle \leq\triangle(0,2^{n})+\sum_{l=H_{n}+1}^{n}\triangle(2^{n}+2^{l}m_{l}, 2^{l-1})+2^{H_{n}}.
Expressing a\in[0, 2^{-L} ) by a=\displaystyle \sum_{j=L+1}^{\infty}2^{-j} $\epsilon$(j)( $\epsilon$(j)=0, 1) ,

we have

(3.9) \displaystyle \sum_{j=L+1}^{H_{l}}2^{-j} $\epsilon$(j)\leq a<\sum_{j=L+1}^{H_{l}}2^{-j} $\epsilon$(j)+2^{-H_{l}}
and hence \displaystyle \sum_{h=L+1}^{H_{l}}$\rho$_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}\leq 1_{[2^{-L}I,2^{-L}I+a)}<\sum_{h=L+1}^{H_{l}}$\rho$_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}+$\sigma$_{ $\epsilon$(L+1),\ldots, $\epsilon$(H_{l})}.
By subtracting (3.9), we have

\displaystyle \sum_{h=L+1}^{H_{l}}\overline{ $\rho$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)}(x)-2^{-H_{l}}
\displaystyle \leq\overline{1}_{[2^{-L}I,2^{-L}I+a)}(x)<\sum_{h=L+1}^{H_{l}}\overline{ $\rho$}_{ $\epsilon$(L+1),\ldots, $\epsilon$(h)(x)+$\sigma$_{ $\epsilon$(L+1),\ldots, $\epsilon$(H_{l})(x)+2^{-H_{l}}}}.
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By substituting x by $\xi$_{k} and summing for 2^{n}+2^{l}m_{l}<k\leq 2^{n}+2^{l}m_{l}+2^{l-1} ,
we have

\displaystyle \triangle(2^{n}+2^{l}m_{l}, 2^{l-1})\leq\sum_{ $\varphi$= $\rho,\ \sigma$}\sum_{h=L+1}^{H_{l}}F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(2^{n}+2^{l}m_{l}, 2^{l-1})+2^{l/2},
where the last error term is produced by 2^{-H_{l}}2^{l-1}\leq 2^{l/2} . Therefore we have

\displaystyle \triangle(0, N)\leq\sum_{ $\varphi$= $\rho,\ \sigma$}(\sum_{h=L+1}^{H_{n}}F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(0,2^{n})
+\displaystyle \sum_{l=H_{n}}^{n}\{\sum_{h=L+1}^{H_{l}}F_{ $\varphi$; $\epsilon$(L+1),\ldots, $\epsilon$(h)}(2^{n}+2^{l}m_{l}, 2^{l-1})+2^{l/2}\})+2^{n/2}

\displaystyle \leq 2\sum_{h=L+1}^{H_{n}}2^{-h/8} $\psi$(2^{n})+2\sum_{l=H_{n}}^{n}\sum_{h=L+1}^{H_{l}}2^{-h/8}2^{(l-n-2)/9} $\psi$(2^{n})+2^{n/2}
\displaystyle \leq 2^{-L/8} $\psi$(N)\frac{1}{1-2^{-1/8}}(1+\frac{2^{-2/9}}{1-2^{-1/9}})+4\sqrt{N},

which implies (3.8).
Now we are in a position to prove (3.3). By denoting

J_{a,a}^{(N)}=\displaystyle \frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a',a)}($\xi$_{k})|,
the first part of (3.3) is written as

N\displaystyle \rightarrow\infty\varlimsup_{0\leq}\sup_{a<a<1}J_{a,a}^{(N)}=\sup_{S\ni a<a<S}\varlimsup_{N\rightarrow\infty}J_{a,a}^{(N)} \varlimsup_{0\leq a'<a<1^{N\rightarrow\infty}}J_{a,a}^{(N)}.= \displaystyle \sup

Because of the trivial inequalities

\displaystyle \sup_{S\ni a<a<S}\varlimsup_{N\rightarrow\infty}J_{a,a}^{(N)}\leq\sup_{0\leq a<a<1}\varlimsup_{N\rightarrow\infty}J_{a,a}^{(N)}\leq\varlimsup_{0N\rightarrow\infty\leq}\sup_{a<a<1}J_{a,a}^{(N)},
it is enough to prove

\displaystyle \varlimsup_{N\rightarrow\infty 0\leq}\sup_{a<a<1}J_{a,a}^{(N)}\leq\sup_{S\ni a<a<S}\varlimsup_{N\rightarrow\infty}J_{a,a}^{(N)}.
For each I''=0 ,

. . .

,
2^{-L}-1

,
we take s(I'')\in S\cap[2^{-L}I'', 2^{-L}(I''+1) ). For

arbitrary 0\leq a'<a<1 ,
we take integers I' and I<2^{-L} such that 2^{-L}I'\leq a'<

2^{-L}(I'+1) and 2^{-L}I\leq a<2^{-L}(I+1) . We can easily verify

1 [a',a)=-1[2^{-L}I',a')+1_{[2^{-L}I',s(I'))}+1_{[s(I'),s(I))}-1_{[2^{-L}I,s(I))}+1_{[2^{-L}I,a)},
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and hence

\displaystyle \int_{0}^{1}1_{[a',a)}=-\int_{0}^{1}1_{[2^{-L}I',a')}+\int_{0}^{1}1_{[2^{-L}I',s(I'))}
+\displaystyle \int_{0}^{1}1_{[s(I'),s(I))}-\int_{0}^{1}1_{[2^{-L}I,s(I))}+\int_{0}^{1}1_{[2^{-L}I,a)}.

Thanks to \displaystyle \overline{1}_{[a',a)}=1_{[a',a)}-\int_{0}^{1}1_{[a',a)} ,
we have

\overline{1}_{[a',a)}=-\overline{1}_{[2^{-L}I',a')}+\overline{1}_{[2^{-L}I',s(I'))}+\overline{1}_{[s(I'),s(I))}-\overline{1}_{[2^{-L}I,s(I))}+\overline{1}_{[2^{-L}I,a)},
and thereby

J_{a,a}^{(N)}\displaystyle \leq J^{(N)}+4\max_{<}\sup_{a''<2-L}J_{2^{-L}I'',2^{-L}I''+a''}^{(N)}s(I'),s(I)_{I'2^{L}}
(3.10) < \displaystyle \max J^{(N)}-I'<I<2^{L} s(I'),s(I)_{I'2^{L}}+4\displaystyle \max_{<}\sup_{a''<2-L}J_{2^{-L}I'',2^{-L}I''+a''}^{(N)} .

Hence \displaystyle \sup_{0\leq a<a<1}J_{a,a}^{(N)} is bounded by (3.10), and by taking the \displaystyle \lim\sup and by noting (3.8)

we have

 N\displaystyle \rightarrow\infty\varlimsup_{0\leq}\sup_{a<a<1}J_{a,a}^{(N)}\leq,\max_{<}\varlimsup_{II<2^{L}N\rightarrow\infty}J_{s(I),s(I)}^{(N)}+4C_{1}2^{9-L/8}
\displaystyle \leq\sup_{S\ni s<s\in S}\varlimsup_{N\rightarrow\infty}J_{s,s}^{(N)}+4C_{1}2^{9-L/8}

By letting  L\rightarrow\infty
,

we complete the proof of this part. The second part can be proved
in the same way.

Secondly we prove (3.4). It is enough to prove the next lemma.

Lemma 3.3. For any  f satisfy ing (2.1) and any \{$\xi$_{k}\} satisfy ing (3.1), we have

(3.11) \displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})|\leq C_{4}\Vert f\Vert_{2}^{1/4} ,
a .s.,

where C_{4} depends only on C_{1}.

Actually, by noting

|\displaystyle \sum_{k=1}^{N}f($\xi$_{k})|-|\sum_{k=1}^{N}(f_{d}-f)($\xi$_{k})|\leq|\sum_{k=1}^{N}f_{d}($\xi$_{k})|\leq|\sum_{k=1}^{N}f($\xi$_{k})|+|\sum_{k=1}^{N}(f_{d}-f)($\xi$_{k})|,
by taking the \displaystyle \lim\sup with respect to  N

,
and by applying (3.11) for fd—f, we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})|-C_{4}\Vert f-f_{d}\Vert_{2}^{1/4}\leq\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f_{d}($\xi$_{k})|
\displaystyle \leq\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f($\xi$_{k})|+C_{4}\Vert f-f_{d}\Vert_{2}^{1/4}
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We have (3.4) by letting d\rightarrow\infty.

We prove (3.11) by assuming \Vert f\Vert_{2}>0 ,
since everything is trivial when \Vert f\Vert_{2}=0

or f=0 a.e. Denote

\displaystyle \triangle(A, B)=|\sum_{k=A+1}^{A+B}f($\xi$_{k})|.
By putting

G(n)=\{\triangle(0,2^{n})\geq\Vert f\Vert_{2}^{1/4} $\psi$(2^{n})\}
H(n, l, m)=\{\triangle(2^{n}+m2^{l}, 2^{l-1})\geq 2^{(l-n)/9}\Vert f\Vert_{2}^{1/4} $\psi$(2^{n})\},

n_{*}= minn \geq 8 : \Vert f\Vert_{2}\geq 2^{-n/8}/2},
we can prove

\displaystyle \sum_{n=n_{*}}^{\infty}(P(G_{n})+\sum_{l=H_{n}}^{n}\sum_{m=1}^{2^{n-l}}P(H(n, l)))<\infty.
Actually, by applying (3.1) for R=1, A=0 ,

and B=2^{n}
,

we have

P(G(n))\leq C_{2}\exp(-2\Vert f\Vert_{2}^{-1/2}\log\log 2^{n})+C_{3}2^{-3n/4}\leq C_{2}n^{-2}+C_{3}2^{-3n/4},

and we see that it is summable in n . Here (3.2) can be verified by n\geq n_{*} and \Vert f\Vert_{2}\geq
 2^{-n/8}/2\geq 2^{-n/4}/4.

By applying (3.1) for R=2^{(l-n)/9}2^{(n-l)/2+1/2}=\sqrt{2}2^{7(n-l)/18} and B=2^{l-1}
,

we

have

P(H(n, l))\leq P(\triangle(2^{n}+m2^{l}, 2^{l-1})\geq 2^{(l-n)/9}2^{(n-l)/2+1/2}\Vert f\Vert_{2}^{1/4}(2\cdot 2^{l-1}\log\log 2^{l-1})^{1/2})

\leq C_{2}\exp(-2\Vert f\Vert_{2}^{-1/2}\cdot 2^{7(n-l)/18}\sqrt{2}\log\log 2^{l})+C_{3}2^{7(l-n)/9}2^{-3l/4}
Here (3.2) can be verified by n\geq n_{*}, l\geq n/2-1 ,

and \Vert f\Vert_{2}\geq 2^{-n/8}/2\geq 2^{-l/4}/4 . By

noting \Vert f\Vert_{2}^{-1/2}\geq\sqrt{2} ,
we have

\exp(-2\Vert f\Vert_{2}^{-1/2}\cdot 2^{7(n-l)/18}\sqrt{2}\log\log 2^{l})\leq\exp(-4\cdot 2^{7(n-l)/18}\log\log 2^{l})
\leq(l-1)^{-4\cdot 2^{7(n-l)/18}}\leq(n/2-1)^{-4\cdot 2^{7(n-l)/18}}\leq(n/2-1)^{-3}2^{-2^{7(n-l)/18}},

and hence we see that summation of these can be bounded by

\displaystyle \sum_{n=n_{*}}^{\infty}\sum_{l=H_{n}}^{n}\sum_{m=1}^{2^{n-l}}(n/2-1)^{-3}2^{-2^{7(n-l)/18}}<\sum_{n=n_{*}}^{\infty}(n/2-1)^{-3}\sum_{l=-\infty}^{n}2^{(n-l)-2^{7(n-l)/18}}<\infty,
\infty  n 2^{n-l}

\displaystyle \sum \displaystyle \sum \displaystyle \sum 2^{-7n/9}2^{l/36}= \displaystyle \sum^{\infty} \displaystyle \sum^{n}2^{n-l}2^{-7n/9}2^{l/36}\ll \displaystyle \sum^{\infty}2^{-19n/72}<\infty.
n=n_{*}l=H_{n}m=1 n=n_{*}l=H_{n} n=n_{*}
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After applying the first Borel‐Cantelli lemma, we discuss in the same way as before.

Let n\geq n_{0} and take N satisfying 2^{n}\leq N<2^{n+1} . Expand N into N=2^{n}+b_{n-1}2^{n-1}+
. . . +b_{1}2+b_{0}(b_{j}=0,1) ,

and set m_{l} by m_{l}2^{l}=b_{n-1}2^{n-1}+\cdots+b_{l}2^{l} . We can prove

\displaystyle \triangle(0, N)\leq\triangle(0,2^{n})+\sum_{l=H_{n}+1}^{n}\triangle(2^{n}+m_{l}2^{l}, 2^{l-1})+\sqrt{N}
\displaystyle \leq\Vert f\Vert_{2}^{1/4} $\psi$(2^{n})(1+\sum_{l=H_{n}+1}^{n}2^{(l-n)/9})+\sqrt{N}\leq\frac{2}{1-2^{-1/9}}\Vert f\Vert_{2}^{1/4} $\psi$(N)+\sqrt{N}.

Lastly we prove (3.5). For fixed u
,

and for n satisfying n/2\geq u , by using the same

notation as the last proof and putting N, n, m_{l} in the same way, we have

\triangle(0, N)\leq\triangle(0,2^{n}+m_{n-u}2^{n-u})+\triangle(2^{n}+m_{n-u}2^{n-u}, N-(2^{n}+m_{n-u}2^{n-u}))

\displaystyle \leq\triangle(0,2^{n}+m_{n-u}2^{n-u})+\sum_{l=H_{n}+1}^{n-u}\triangle(2^{n}+m_{l}2^{l}, 2^{l-1})+\sqrt{N}
\displaystyle \leq\triangle(0,2^{n}+m_{n-u}2^{n-u})+\Vert f\Vert_{2}^{1/4} $\psi$(2^{n})\sum_{l=H_{n}+1}^{n-u}2^{(l-n)/9}+\sqrt{N}
\displaystyle \leq\triangle(0,2^{n}+m_{n-u}2^{n-u})+\frac{2^{-u/9}}{1-2^{-1/9}}\Vert f\Vert_{2}^{1/4} $\psi$(N)+\sqrt{N}.

Therefore we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{\triangle(0,N)}{\sqrt{2N\log\log N}}\leq\varlimsup_{\mathrm{N}_{u}\ni N\rightarrow\infty}\frac{\triangle(0,N)}{\sqrt{2N\log\log N}}+C_{1}\frac{2^{-u/9}}{1-2^{-1/9}}\Vert f\Vert_{2}^{1/4},
and by letting  u\rightarrow\infty

,
we have the \leq

�

part of (3.5). Since the \geq
�

part is trivial, the

proof is over.

§4. Proof of the Main Theorem

Put $\xi$_{k}(x)=n_{ $\varpi$(k)}x . We prove by assuming |n_{1}|\geq 1 . The general case follows

trivially, because there are at most finitely many k such that |n_{k}|<1 . By applying

Proposition 2.1 for  $\delta$=1
,

we can verify the condition (3.1). Hence we can apply

Proposition 3.1 and have the conclusion of Theorem 1.1.

§5. Hadamard gap sequences

Here we prove Corollary 1.2. By applying Koksma�s inequality

(5.1) |\displaystyle \sum_{k=1}^{N}f(x_{k})-N\int_{0}^{1}f(x)dx|\leq \mathrm{V}\mathrm{a}\mathrm{r}(f)ND_{N}
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to f(x)=\cos 2 $\pi$ x , by noting \mathrm{V}\mathrm{a}\mathrm{r}(f)=4 ,
we have

\displaystyle \frac{1}{\sqrt{2}}=\varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\cos 2 $\pi$ n_{ $\varpi$(k)}x|\leq 4\varlimsup_{N\rightarrow\infty}\frac{ND_{N}(n_{ $\varpi$(k)})x}{\sqrt{2N\log\log N}} a.e.

Here the left side equality is due to the law of the iterated logarithm for a permutation
of lacunary trigonometric series by Aistleitner‐Berkes‐Tichy [4].

We prove

(5.2) \displaystyle \varlimsup_{\mathrm{N}_{u}\ni N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|\leq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert\overline{1}_{[a,b);d}\Vert_{2}^{1/2} ,
a.e.

for any 0< $\delta$<1 . By this together with (1.8) and \Vert\overline{1}_{[a,b);d}\Vert_{2}\leq 1/2 ,
we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|\leq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert\overline{1}_{[a,b);d}\Vert_{2}^{1/2}\leq(1+ $\delta$)\frac{C_{1}}{2} ,
a.e.

Since 0< $\delta$<1 is arbitrary, we have

(5.3) \displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|\leq\frac{C_{1}}{2} ,
a.e.

Therefore, by applying (1.7) and (1.6) in turn, we have the upper bound estimate part

of Corollary 1.2.

The proof of (5.2) can be done in the following way. By Proposition 2.1 and the

inequality (2.6), we have

 $\mu$(|\displaystyle \sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|\geq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert\overline{1}_{[a,b);d}\Vert_{2}^{1/2}(2N\log\log N)^{1/2})
\leq C_{2}\exp(-(1+ $\delta$)\log\log N) .

Hence we have the following summability estimate, which proves (5.2) by Borel‐Cantelli

Lemma.

\displaystyle \sum_{N\in \mathrm{N}_{u}} $\mu$(|\sum_{k=1}^{N}\overline{1}_{[a,b);d}(n_{ $\varpi$(k)}x)|\geq(1+ $\delta$)\frac{C_{1}}{\sqrt{2}}\Vert\overline{1}_{[a,b);d}\Vert_{2}^{1/2}(2N\log\log N)^{1/2})
\displaystyle \leq C_{2}\sum_{n=u}^{\infty}\sum_{m=0}^{2^{u}-1}\exp(-(1+ $\delta$)\log\log(2^{n}+m2^{n-u}))\leq C_{2}2^{u}\sum_{n=u}^{\infty}\exp(-(1+ $\delta$)\log\log 2^{n})
<\infty.

Finally, we mention the following lemma, which may be convenient in some situa‐

tion. It can be derived from Proposition 2.1 and Lemma 3.3.
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Lemma 5.1. For any \{n_{k}\} satisfy ing (1.5), for any f satisfy ing (2.1), and for

any permutation  $\varpi$ of \mathrm{N}
,

we have

\displaystyle \varlimsup_{N\rightarrow\infty}\frac{1}{\sqrt{2N\log\log N}}|\sum_{k=1}^{N}f(n_{ $\varpi$(k)}x)|\leq C\Vert f\Vert_{2}^{1/4} ,
a . e

.,

where C depends only on q.
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