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We here revisit expansion schemes used in nuclear magnetic resonance (NMR) for the calculation of
effective Hamiltonians and propagators, namely, Magnus, Floquet, and Fer expansions. While all the
expansion schemes are powerful methods there are subtle differences among them. To understand the
differences, we performed explicit calculation for heteronuclear dipolar decoupling, cross-polarization,
and rotary-resonance experiments in solid-state NMR. As the propagator from the Fer expansion takes
the form of a product of sub-propagators, it enables us to appreciate effects of time-evolution under
Hamiltonians with different orders separately. While Oth-order average Hamiltonian is the same for the
three expansion schemes with the three cases examined, there is a case that the 2nd-order term for the
Magnus/Floquet expansion is different from that obtained with the Fer expansion. The difference arises
due to the separation of the Oth-order term in the Fer expansion. The separation enables us to appreciate
time-evolution under the Oth-order average Hamiltonian, however, for that purpose, we use a so-called
left-running Fer expansion. Comparison between the left-running Fer expansion and the Magnus
expansion indicates that the sign of the odd orders in Magnus may better be reversed if one would
like to consider its effect in order. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4916324]
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. INTRODUCTION

In nuclear magnetic resonance (NMR), it is frequently
necessary to examine effects of complex time-dependent spin
interactions on NMR observables. The time dependence can
arise from the time-dependent radiofrequency (RF) field and
additionally from magic-angle spinning (MAS) in solid-state
NMR. For a given time-dependent spin Hamiltonian Hy(#), the
propagator is written as

U@ = Texp(—i/tﬂo(t')dt'), (D
0

where T is the Dyson time-ordering operator. In case of calcu-
lating evolution of spins under periodic perturbations, such as
multiple pulse sequences and/or sample rotation, the average
Hamiltonian theory allows us to calculate a time-independent
effective Hamiltonian, which is given as a kind of “average”
of interactions over a cycle time 7. defined for a periodic
Hamiltonian as Ho(t) = Ho(t + 7.).'~>

The time-independent effective Hamiltonian (the average
Hamiltonian) is generally expanded to an infinite series of nth-
order average Hamiltonians (n = 0, 1,...), whose magnitude
decreases in order of n. So far, the scheme called as the Magnus
expansion* has been a working horse in the average Hamilto-
nian theory. For a system with its Hamiltonian being simply
given by a Fourier series, the Floquet theory” can be applied.
In the framework of the Floquet theory, a so-called operator-
based Floquet theory has been developed, which gives conve-
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nient forms of nth-order average Hamiltonians.®’ Hereafter,
we shall refer the expansion scheme based on the Floquet
theory as the Floquet expansion. Recently, Madhu and Kurur
adopted the Fer expansion® and pointed out its several unique
features by evaluating the Bloch-Siegert shift and continuous-
wave (CW) decoupling.’ In that work, it was claimed that the
Fer expansion has several beneficial points. Further, it was
stated that the effective Hamiltonian for a given situation as ob-
tained in the Magnus expansion and the Fer expansion could be
different. Mananga has applied the Fer expansion to examine
the magic-echo sequence and showed that the Fer expansion
is advantageous over the Magnus expansion in calculation of
higher-order corrections.'?

The most salient difference of the Fer expansion may
be that it expands a propagator in the form of a product
of propagators with nth-order Hamiltonians as U(t)
= [1,_oexp{—itH )(f)}. This enables us to appreciate, for
example, time-evolution governed by the Oth-order Hamil-
tonian separately from those by higher-order Hamiltonians.
However, to examine this feature, one has to reverse the array
of the Hamiltonians. For that purpose, we also examine a so-
called left-running Fer expansion and compare the three expan-
sion schemes (Magnus/Floquet/Fer) for three representative
experiments, namely, CW decoupling, cross-polarization (CP),
and rotary-resonance recoupling (R3)'! under sample spinn-
ing. CW decoupling is examined first as its Oth-order Hamil-
tonian is 0, so that we can naively expect that the higher-order
Hamiltonians are similar for the three expansion schemes. For
CP and R3, their Oth-order Hamiltonians are not 0, and we
expect to find some subtle differences among the three expan-

©2015 AIP Publishing LLC
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sion schemes. In fact for the R3 case, the 2nd-order average
Hamiltonian obtained with the Magnus/Floquet expansion is
different from that obtained by using the Fer expansion. We
show that the latter Hamiltonian can also be derived approxi-
mately for the Magnus/Floquet expansion. It is concluded that
the Fer expansion is more suitable for examination of solid-
state NMR experiments.

Il. THE AVERAGE HAMILTONIAN
A. Magnus/Floquet/Fer expansions

The propagator expressed in the form of an infinite expan-
sion for the three expansion schemes can be written as
U(t,) = exp(—ite. Z H (™) (the Magnus expansion)
n=0

= exp(—it, Z 7{}51")) (the Floquet expansion)
n=0
= l_[ exp(—iTc'Hé:r)). (the Fer expansion) 2
n=0
The first three terms for the Magnus expansion are given
by1—3

0)

k#0

J. Chem. Phys. 142, 134201 (2015)

HO) = i/ C'Ho(t)dt,
Tc Jo

—1

HOD =

Tc 5]
= [ [ ani s
Tc Jo 0

—1 Te 13 1
O - / s / dt, / dn{[H(15).
6TC 0 0 0

[Ho(t2), Ho(t1)]] + [Ho(t1), [Holt2), Ho(t3)11}-
3)

To apply the Floquet theory, we assume that the Hamilto-
nian is expanded in a Fourier series of the form

Ho(t) = ) Hye™", @)

n=—o0o

where w is the characteristic frequency and

H, = l/ dtHo(t)e ™" and w = 2—” (5)
7. Jo Te
Note that we assumed the so-called single-mode Floquet
Hamiltonian for simplicity. The average Hamiltonians can be
obtained by inserting Eq. (5) into Eq. (3), and the correspond-
ing Hamiltonians are given by’

[Hj’ [Hk—j’H—k]]

7'{F(l = Ho,
0D 1 1 1
HD = =N —[H_ H+ > —[Ho Hyl,
FI Zka[ k> H ka[ 0, H
k70
—o 1 1
7'(F(lz)z_ P2
k20,570, 12j KIW

1 1 1 1
+3 ;) G e o Hoall = 5 ;G o Lo 1]

k#0,/#0

Since these average Hamiltonians are derived directly from
those using the Magnus expansion (Eq. (3)), it is natural to
expect both to give identical results. In fact, we obtained the
same Hamiltonians for the three test cases considered later.
Hence, we shall use the notation used in Eq. (3) also for the
Floquet expansion.

The Fer expansion is obtained by representing the solution

of the time-dependent Schrodinger equation®!13
dU(t) .
=—iHU(t 7
T iHU(t) (7
as a product form of
U(t) = exp{Fi(1)} V(1) ®)
with
t
Fi(r) = —i/ H(t')dt'. 9)
0

These lead to the next stage of the equation, which may be
written as

> G L+ S Sl Hol ©)

k#0,j#0 kjw

dlfilt(t) = —iH, (U (2). {10

With iterative substitution, the nth-order Hamiltonian H,,(¢) is
obtained as

N Do _
7{"(:)_;(jﬂ)!adan(?{n_l(z)), n=12... (1)

where ad 4 is a linear operator whose action is written as

adaB = [A,Bl, ad’,B = [A,ad’,'B], and ad%B =B
(12)

and
F.(t) = —i/ H,_1(t"dr'. (13)
0

The (n-1)th-order average Hamiltonian is simply given from
F, as
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n— 1 [T oo,
7~{1£er V= T_c/() 7'{n—l(t )dt' = T—CFn(Tc). (14)

From these equations, it is clear that the Oth-order average
Hamiltonian for the three expansions are identical,

HO = 10~ 14

Equation (11) shows one of the salient features of the Fer
expansion, that is, the nth-order Hamiltonian is written as an
infinite series when n # 0. Here, we shall define the first few
terms in the nth-order Hamiltonian as

H(t) = Hoo(t) + Hyu 1 (1) + Hyo(t) + -+, (15)
with
Hoolt) = =510, Hy 0],
Hos0) = 3 TEO,E0), Ho s )],

Hoat) = =S LE O 0. (o) Ho a1

(16)
For future use, we define F), ;(¢) as
t
Fus®) =i [ Hoor 00 a7
0
and the corresponding average Hamiltonian is defined as
H = L, (7). (18)
Te
Note here that 7{;:) is given by
(n>0) _ - (n>0,j)
(}{Fer - Z 7"{Fer ”. (19)
j=0

B. Left-running Fer expansion

It is worthy to note that the conventional form of the Fer
propagator (Eq. (2)) is not suitable'* to calculate evolution of
the density matrix p because the propagator acts to the right of
the density matrix as

p(t) = exp(=it.H) exp(=it.H) - - po- -

X exp(iTﬂW) exp(ircm). (20)

Fer Fer

We shall refer the Fer propagator given in Eq. (2) to as the
right-running Fer propagator. The left-running Fer propagator
written as

U(z.) = - - explit. HED) explin. HED) 1)

may be obtained by starting from the time-dependent Schro-
dinger equation of the form'?

v
o = —iUWH 22)

with its first solution written as

U(r) = Ui(r) exp{ Fi(0)}. (23)

J. Chem. Phys. 142, 134201 (2015)

The resulting nth-order Hamiltonian for the left-running Fer
expansion (H(¢)) becomes

Ly N J J (L _
HY1) = ; o 1)!aan(7{n_1(t)), n=12,... (24)
with its expanded form being related to the right-handed ones
(Eq. (16)) as
Hy (1) = =How o),
HE (1) = H, (1),
7—{rll:z(t) = n,Z(I)’
: (25)

and

7_(]-(0) — 7_{(0)

Fer Fer® (26)
Alternatively, we apply the right-running Fer expansion to U~!
as

oo

U™l(t) = l_[ exp(i‘rc@) 27

with "
Fu(t) = i/rﬂ,f_l(t’)dt’ (28)

and 0
HD = ZE ). 29)

Note that this also leads to Eq. (25). In the following, we shall
use the right-running notation for simplicity unless otherwise
stated.

lll. APPLICATION TO SPECIFIC PROBLEMS

Prior to calculation of average Hamiltonians for specific
problems, we would like to discuss three key points envisaged
by simple inspection of the above equations. The first key point
may be realized if we compare the propagators with the Oth and
1st-order average Hamiltonians,

U(ze) ~ exp{_iTc((}{(O) + 7'{(]))}
(the Magnus/Floquet expansion)

~ exp(—iTC'H]ggz) exp(—iTc‘H}ig) (the Fer expansion).
(30)

These two are not equivalent unless H© = 7‘(}223 =0or [HO,

HD] = 0. In the following, we examine three representative
cases for a heteronuclear two-spin 1/2 system (/ and S); (1)

HO = H = 0 (CW decoupling), (2) [HO,HD] = 0 (CP),
and (3) [H©,HM] # 0 (R3). The relationship among the
average Hamiltonians for the third case is of particular interest.

The second key point is about the relative sizes of the
average Hamiltonians in the Fer expansion. The Oth and the

1st-order Hamiltonians to be considered should be 7—(;23 and

H'9 but which one is the 2nd-order? Is it H'"Y or H>?

Fer ° Fer Fer

How about the 3rd one? We will show in Sec. III A that it is
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not difficult to evaluate the relative sizes among the average
Hamiltonians obtained by using the Fer expansion; the 2nd-

order Hamiltonian is ﬂégl) and the 3rd one is ?(F(i;z).

The last key point is the relation between the left-running
Fer average Hamiltonian and the average Hamiltonian derived
by using the Magnus/Floquet Hamiltonian. Equation (25) indi-
cates some of the signs of the average Hamiltonians using the
Magnus/Floquet expansion have to be changed if we want to
consider the effect on time evolution of the density matrix in

order from the Oth to higher-order corrections.

A. CW decoupling: HO® = # =0

Here, we examine the three expansion schemes by using
heteronuclear decoupling as an example. In the doubly rotating
frame of the / and S spins, the truncated dipolar interaction and
the RF irradiation with intensity of w; along the X axis of the
I spin for CW decoupling is given by

7‘{=d12SZ+LU|Ix+Aa)Iz, (31)

where Aw denotes the off resonance, and the first term repre-
sents the dipolar interaction. The propagator U(t) = exp(—iFHt)
is divided as

U = UrfUO’
Uyt = exp(—iwIxt), (32)

t
Uy = Texp(—i/ Ho(t")dt'),
0

with the relevant Hamiltonian in the interaction frame defined
by Uy being

Ho(t) = U3 (dI2Sz + Awlx)Usg
= A(Iz cos wt + Iy sin wt) (33)

and
A= Aw +dSz. (34)
The cycle time 7, is defined by Uy(7.) = 1, i.e.,
T, =21 /w;. 35)

In the following, we describe the calculation procedure
using the Fer expansion rather closely. First, we calculate Fi(t)
as

t
Fi(t)=—i / Ho(t')dt’
0
A .
= _laT{IZ sinwit — Iy(coswit — 1)}, (36)
1

and the Oth-order average Hamiltonian is obtained as

iF(t.) _
Te

HO = 0, 37)

indicating good decoupling at the Oth-order. By using Eq. (16),
we have the leading term in the 1st-order term as

1 A?
Hio = —5[Fi(0), Ho(t)] = 5—Ix(1 - coswit), (38)
2 2(4)1

and the corresponding F ((¢) term thus becomes

J. Chem. Phys. 142, 134201 (2015)

A2 t
Fz’o(l) = —i—Ix/ (1 =cos wlt')dt’
2(,4)] 0

2

. sin wit
=—i—Ix(t - !
2&)1

)- (39)
The 1st-order average Hamiltonian is therefore

i F> o(Te A?
iFolre) _ A7) (40)
T, 2w

7.{(1,0) —

Fer

Note that this does not affect the spectrum of the S spin. Here,
we have two “next” candidates; one is 7-{}5;1) and the other is

?{F(Z’ro) as the sizes of these two terms are in the same order

(~ (A*/w})). To evaluate H, 20) we write Ho o(f) as

Fer 2

Hoolt) = =3 B0, (1)

1
= —= ([Fo0, Hio0l + [Foo,Hiil + [Fo 1, Hiol +---).

2
(41
Since F>(t) is just the result of integral of i o(r), they

commute. Therefore, the leading term in Eq. (41) becomes 0.
Note that this holds for the higher-order terms as well. Hence,

the size of 7{1%0) should be smaller than A*/w?, and the next

L L1
term we should examine is ‘H}ger ),

To calculate ?{él;l), we calculate H) 1(¢) as
1
Hia(t) = g[Fl(t), [F1(), Ho(D)]]

1
= g[Fl(f),—ZWLo(l)]
3
{Iy sinwit(cos wit — 1) + Iz(cos wyt — 1)},

= 3_('()%
(42)
and the corresponding F () is
t
Fp(t) = —i/ Hia(t)dt’
0
1A3 I
= —i——{—y(—3 + 4 coswit — cos2wit)
3(‘)% 4w1
3 2si t  sin2wqt
TG sinwit | sin 2wy 0, 43)
2 w1 40.)1
and its average becomes
—an iFa(te A3
D = D) _ A, (44)

Te Zw%
which is the 2nd-order average Hamiltonian in the Fer expan-
sion.
For further pursuit of the higher orders, we now have
to compare 7, , and the second and the third terms in Ha g
(Eq. (41)). First, we calculate H| > as

1
Hip= —g[Fh[Fl, [F1, Holll
1
= —§[F1,3'7‘(1,1]
4

A
= ——Ix(coswit — 1), (45)
4a)1
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The average Hamiltonian thus becomes

t
Fz’z = —i/ dt7‘{1,2
0

A4
= —i—41X(6a)1t — 8sinwif +sin2wt)  (46)
16w
and
a2 (T At
700 _ FalTe) —3—1x. @7

Tc 8(,4)?

The second and the third terms in Eq. (41) are of A’ order,
hence, the next term (the 3rd-order average Hamiltonian) to

be considered is ngl;z). In passing, the size of ‘Hp(z;l), which
is derived from H = —3[F(0).[F(), Hi(0)]] ~ 3[Fa(0),

FHoo(t)], is ~ A7/wS. Tt is clear that the 7-{}5::1) terms will
emerge only as 6th-order corrections and can thus be ignored
practically. To conclude, up to the Sth-order, the average
Hamiltonians obtained by using the Magnus expansion are

related to the 1st-order Hamiltonians by using the right-running

J. Chem. Phys. 142, 134201 (2015)

Fer expansion as H () = ?{F(i;i_l) with i = 1,...,5. In other
words, for most of practical NMR experiments, we only have
to consider the first two sub-propagators for the Fer expan-

sionU(7.) = exp(—in?-{égz) exp(—iTCﬂF(iz) and can neglect the

higher-order average Hamiltonians, (HF(Z:I).

As for the Magnus and Floquet expansions, after lengthy
calculations, we confirmed that the average Hamiltonians us-
ing the two expansion schemes are identical and written as

follows:

FHO) = 0,
AZ
H=_—
HY = 55T 48)
A3
(]'{(2) = _IZ

Note that HD = ngi;o) and H? = 7{;;1). As the labor of
calculation of the 3rd order for the Magnus/Floquet expansion
is too heavy, we have not tried to obtain this for them. The
propagators derived by using the three schemes become

J

U(t.) ~ exp{=it.,(HD + H® + .. )} (the Magnus/Floquet expansion)

. 1,0 1,1 1,2
~ exp{—ito(HEO + HED + HED )
(the right-running Fer expansion)

~ - rexp{=it (- HL" + HED — H D )

Fer Fer Fer

(the left-running Fer expansion) (49)

The propagator for the Magnus/Floquet expansion and that of the right-running Fer expansion is identical up to the 2nd order

for the case of CW decoupling, which can be expected because the Oth-order Hamiltonian is 0 (H© = 7-{1523 = 0). However, the
propagator for the left-running Fer expansion indicates that application to a density operator must carefully be done as the former
two propagators were built to appreciate the effects from higher-order to lower-order.

B. CP: [H©, 1] =0

The truncated Hamiltonian for the heteronuclear dipolar coupled two spins under double RF irradiation on both the 7 and §
spin at “on resonance” is given by

H = dlzS7 + wiIx + wSx. (50)
The relevant Hamiltonian in the interaction frame defined by Uy(f) = exp{—iw(Ix + Sx)t} becomes
d
(}{o(l) = E{IZSZ + Iy Sy + (Iysz + [ZSY) sin 2wt
+(Izsz—lysy) Ccos 20)1[}. (€28

In this section, we simply show the calculated results as they are not controversial. The Oth-order average Hamiltonian is
obtained straightforwardly as

— 0 d
HO = H = 7UzSz+ IySy). (52)
After lengthy calculation, we obtain the 1st-order and the 2nd-order average Hamiltonians using the three expansion schemes as
—1 d2
HO = HG = ———(Ix + Sx),
er 1 6(4)1
5 (53)
7‘{(2) = 7'{(1’1) = (IZSZ - Iysy).

o 64w?
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The propagators for CP thus become
2

160)1

d
U(re) ~ CXP[—iTc{E(IzSz + IySy) +

(the Magnus/Floquet expansion)

d
~ CXP{—iTL-E(IzSz + Iy Sy) } exp[—it.{

(the right-running Fer expansion)

2

60)1

(the left-running Fer expansion).

At first glance, the former two propagators look different.
However, these two are identical up to the 2nd-order as the
Oth-order Hamiltonian commutes with the 1st and 2nd-order
ones,

[12Sz + IySy,Ix + Sx] = [IzSz + Iy Sy, 128z — Iy Sy] = 0.
(55)

C. R3: [HO, H] £ 0

The truncated Hamiltonian for the heteronuclear dipolar
coupled two spins under on-resonance RF irradiation on the /
spin and MAS may be written as

H = d([)[zSZ+(1)1[x. (56)

Here, the geometric part of the heteronuclear dipolar interac-
tion d(t) is modulated by MAS, which may be written as

d(t) = dcoswit + dp cos2wit. (57)

Note that the MAS frequency is set equal to the intensity
of decoupling to fulfill the R3 condition. For simplicity, we

J
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d3
Ix +Sx)+ ——=UzSz = IySy) + - -~
(Ix + Sx) 64w2(zz ySy) 1

1

2

d—(z +S)+d—3(IS — IySy)}]
16&)1 X X 64(1)% yASYA YooY

. d d’ . d
~ ~exp[—l‘rc{—1—(lx +8x) + w(lzsz — IySy)}] CXP{—lTCE(IZSz + Iy Sy)}
1

(54)

(

ignore the second d; cos 2wt term in the following. The rele-
vant Hamiltonian in the interaction frame defined by U(r)
= exp(—iwIxt) is

Ho(t) = A(Iz + I cos 2wt + Iy sin 2wt) (58)

with A = 1dS.

In this section, we show the calculation process in some-
what detail as the average Hamiltonians are different for the
Fer expansion and the Magnus/Floquet expansion. The average
Hamiltonians for the Fer expansion are obtained as follows. We
have

A
F](I) = zg{IZ(Zu)]t + sin Zu)lt) + Iy(1 — cos 2&)1[)},
1
(39

and the Oth-order average Hamiltonian becomes

HO = AL, (60)

Fer
indicating reintroduction (recoupling) of the heteronuclear
dipolar interaction at the R3 condition. The Ist-order term is
obtained as

o 1 [T 1 1 [T A? A?
Heer ' = —/ (—=[F1@), Ho()Ddt = —/ (—Ix2wt sin 2wy t)dt = ———Ix. 61)
er 7. Jo 2 T Jo 4w 4w

Similarly, the 2nd-order term is obtained as

(Héu):l/ L Hold =
er Tc Jo 3

3

16w?

(4rly — I). (62)

Now, we calculate the average Hamiltonians using the Floquet expansion. We would like to mention that we have also calculated
the average Hamiltonians for the Magnus expansion using Eq. (3) and had identical results. The H, terms in (4) are given by

Hy = Aly,
A . (63)
Hyp = E(IZ Fily).
The Oth to the 2nd-order average Hamiltonians are obtained as
Hyy = Ho = Al (64)
0= _L L[H H]+—1 [Hy Hoo| + L[H Hy] + [Ho, H-»] ——A—21 (65)
Fl ) 2(1)1 -2, 112 —2(1)[ 2,113 2(4)] 0, £12 —2(,{)1 0, 41-2 - 4(,4)] X
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and
HE = 2 o (Ho Hoal) + o [Ho ol — 5 ( L [Ho. [Ho. Hall + [ Ho. [ Ho. Ho])
RT3 407 2, [Ho, H-» 4a7? -2, Ho, Hy 2\aa2 0, [Ho, H> 4072 0, [Ho, H-2
1 1 {1 1
+ | —[Ho, [Hoo Kol + — [Hoo, [Ho, Hool | + 5 | [ Ho, [Ho, Holl + — [H-2, [H-2, Ho]
4wy 4a)1 2\ 4wy dw;
1 A3 3
— [Ha,[H-2, Ho]] - [H—z, [Ha, Holl | = ——— (Uz —ily,Ix] — [z + ily,Ix]) - — ([Iz,Ix] + [Iz,Ix])
 4w? 2 32w? 2
)] 1 K 1 1
+ Tow? (=[z —ily,Ix] + [Iz + ily,Ix]) + 02 ([z —ily,Ix] = Iz +ily,Ix] + [Iz —ily,Ix] — [Iz + ily,Ix])
1 1
A3
=-—Iz 66
1602 (66)
[
It is thus apparent that the 2nd-order average Hamiltonian and
using the Fer expansion (Eq. (62)) and that using the Mag- A2 3
nus/Floquet expansion (Eq. (66)) is different, and the corre- Y =it (—Ix+ —12), (71)
. 4w, 16w
sponding propagators become 1
) we have
. A A3
U(Tc) ~ GXP{_ch(AIZ - —Ix - ZIZ)} A3
4w, 16w Z= lTC—]Y (72)
(the Magnus/Floquet expansmn) (67) 4w
~ ex p( ”_( AlL) expl=it. {__ Iy Hence, we approximately have
: A? A3
( I + dnly)}]. exp(X +7Y) = exp{—it.(Alz - o, —Ix " Too 2IZ)}
(the rlght -running Fer expansion) (68) ~ exp(=itcAlz) 2 3 A3
) o X exp{-it(-—Ix + —Iyr - ——Iz)}.
The different 2nd-order average Hamiltonians for the 4w 4wy 16wy )

Magnus/Floquet and the Fer expansions may invoke the discrep-
ancy found for the Ist-order Hamiltonians for the secular
averaging theory (SAT) and the average Hamiltonian theory
(AHT), which appears also for the case of non-zero Oth-order
Hamiltonian.? The present difference in Eqs. (67) and (68)
is, however, not directly related to the discrepancy, and as
shown below, the two propagators are, in fact, identical up to
the 2nd order. Since the discrepancy between SAT and AHT
arises by expanding its applicability to all times in SAT, the
equivalence of the two expansions examined in this work is
understandable as the present calculation is limited at multiples
of the cycle time (stroboscopic observation).!® Equivalence
between averaging theories, namely, AHT, SAT, and van Vleck
transformation, was discussed in details by Llor. 17 Relation be-
tween the conventional stroboscopic Hamiltonian and the van
Vleck effective Hamiltonian in the framework of the Floquet
Hamiltonian theory was discussed extensively by Leskes et al.”

The apparent difference in Eqs. (67) and (68) may be
explained as follows. We adopt the following theorem about
the exponential function of two operators, X and Y, and their
commutator Z = [X,Y]. When both X and Y commute with Z,
then

exp(X +7Y) = exp(X)exp(Y — Z/2). (69)

This theorem cannot be applied to separate Al from A—21 X

+ A 7 in Eq. (67) as they do not commute. Here, we assume

16 1602
that 1t1can be applied approximately. By putting

X = —it. Al (70)

Indeed, the difference in the 2nd-order terms for the Mag-
nus/Floquet expansion and the Fer expansion arises from the
separation of the Oth-order average Hamiltonian in the Fer
expansion.

With the left-running Fer propagator for Eq. (68), itis easy
to calculate time evolution of the S transverse magnetization
under R3 as

p(Tc) = U(TC)SXU(TC)_I

= Ui Sx cos( G 7 + Sy sin( G 1)} U (x)

(74)

with U, being the 1st-order correction term as

2

A
Ui(te) = eXp[_iTC{4_a)1 ( I7 +4rly)}] (75)

X 16w
and m = +1/2 being the eigenvalues of /. Note that Sx cos

dm TC) + Sy sm(—Tc) in Eq. (74) represents the desired and
1deally recoupled S resonance. It is notable that calculation
of the time evolution is not straightforward when we adopt
the right-running version (Eq. (68)) or the Magnus propagator.
Hence, we claim that the separation of the Oth-order average
Hamiltonian from the higher-order terms is one of the advan-
tages of using the left-running Fer expansion, which in certain
cases makes calculation easier.

Another advantage of the Fer expansion may be appre-
ciated if we consider a case of (mA)/w; > 1. Note that this
condition can be consistent with the convergence condition of
A/wp < 1 for these expansions. For (mA)/w; > 1, the leading
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term in U; becomes the Iy term:

3
Ui(re) ~ expl-it. “x Iy), (76)
4wy
which is different from that of the 1st-order average Hamilto-
nian derived with the Magnus/Floquet expansion. This clearly
shows that, in modification of a certain pulse sequence, the
largest correction term obtained by using the Magnus expan-
sion may not be the right one as some cross terms, which are
deduced automatically in the Fer expansion, can be larger and

thus must be considered first.

IV. CONCLUSIONS

Detailed calculations are shown for three common exper-
iments in solid-state NMR to highlight the similarities and
differences among the average Hamiltonian theories with the
Magnus expansion, the Floquet theory, and the Fer expansion
schemes. While the first two are common in solid-state NMR
field, the Fer method is a relative new comer although the
mathematical formalism has been known for several decades.

We showed that, while the Magnus/Floquet expansion
schemes give us a clear perspective of the size of the correction
associated with the order n, the Fer does not. Instead, the
calculation involved in the Fer expansion is much less than
that in the Magnus expansion. Our calculations suggest that
the Fer expansion is easier in the tabulation of higher-order
terms than the other methods. There have been experiments
suggested recently making use of such higher-order terms, and
we believe Fer expansion method could shed more light in such
a scenario.'®

Since the Fer expansion employs the form of a prod-
uct of sub-propagators, it appears that the Fer expansion is
suitable for examination of time-dependence of the density
matrix for each average Hamiltonian at different orders. It be-
comes, however, clear that the 1st to Sth-order average Hamil-
tonians, which are enough to examine an NMR experiment, are
included in the 1st correction of the Fer expansion. The most
salient feature of the Fer expansion is therefore appreciable
only when the Oth-order average Hamiltonian is not 0. We
showed that for a [H @, H (D] # 0 case, correction arising from
the separation of H© from others would manifest itself as a
second-order correction in the Fer expansion. This term can be
important as the relative size of this one can be larger than the
other 1st and 2nd-order terms.

It is shown that the average Hamiltonians obtained by
using the Magnus expansion are similar to those by using
the right-running Fer expansion. By comparing with those
obtained by the left-running Fer expansion (Eq. (49)), we

J. Chem. Phys. 142, 134201 (2015)

suggest that, when we appreciate time-evolution of a density
matrix evolved under Oth to higher-order average Hamiltonian
in order, the sign of the odd-order terms obtained by using
the Magnus expansion should be reversed. This, however, may
not be very crucial, since in some cases the eigenvalues of
the spin operators involved in the odd-order terms is binary,
i.e., =1/2 for spin = 1/2. Hence, the sign of the odd-order term
does not affect the result. Further, for most of the multiple
pulse sequences, the sequence is constructed to be symmetric
(Ho(t) = Ho(t, — 1)) to remove the odd terms.?
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